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Abstract
I build a symmetric two-country model that incorporates nominal rigidities, local-currency
pricing and monopolistic competition distorting the goods markets. The model is similar to
the framework developed in Martinez-Garcia and Sendergaard (2008a, 2008b), but it also
introduces frictions in the assets markets by restricting the financial assets available to two
uncontingent nominal bonds in zero-net supply and by adding quadratic costs on
international borrowing (see, e.g., Benigno and Thoenissen (2008) and Benigno (2009). The
technical part of the paper contains three basic calculations. First, I derive the equilibrium
conditions of the open economy model under local-currency pricing and incomplete asset
markets. Second, I compute the zero-inflation (deterministic) steady state and discuss what
happens with a non-zero net foreign asset position. Third, I derive the log-linearization of
the equilibrium conditions around the deterministic steady state. The quantitative part of the
paper aims to give a broad overview of the role that incomplete international asset markets
can play in accounting for the persistence and volatility of the real exchange rate. I find that
the simulation of the incomplete and complete asset markets models is almost
indistinguishable whenever the business cycle is driven primarily by either non-persistent
monetary or persistent productivity (but not permanent) shocks. In turn, asset market
incompleteness has more sizeable wealth effects whenever the cycle is driven by persistent
(but not permanent) investment-specific technology shocks, resulting in significantly lower
real exchange rate volatility.
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1 Introduction

Finding a macroeconomic model that can simultaneously replicate the volatility and persistence of the
real exchange rate (RER) has been a challenge. One strand of the literature in particular has focused on
imperfections in the goods markets (nominal rigidities) as a possible source of RER fluctuations. Not
surprisingly, many so-called New Open Economy Macro (NOEM) models have been written for the purpose
of investigating the stylized facts of the RER by looking more closely at the pricing decisions of firms. Most
of those models, however, isolate the frictions in the goods markets and take for granted that international
asset markets ought to be complete.

The functioning of international asset markets determines the extent to which households can efficiently
insure amongst themselves to smooth their consumption in the presence of country-specific shocks. Asset
markets are viewed as crucial for the propagation and transmission of business cycle fluctuations across
countries. Hence, a natural question becomes how sensitive the results in the NOEM literature are to the
assumption of complete international asset markets. In this paper, I extend the full-fledge NOEM model with
capital accumulation of Martinez-Garcia and Sgndergaard (2008a, 2008b) by abandoning the assumption of
complete asset markets in order to provide a tractable framework that would easily lend itself to quantitative
evaluation of the role of the complete markets assumption.

I adopt a standard incomplete international asset markets structure that restricts the financial assets
available to just two uncontingent nominal bonds in zero-net supply (issued in two countries) adding a
quadratic cost on international borrowing tied to the real net foreign asset position of the home country
(see, e.g., Benigno and Thoenissen (2008) and Benigno (2009)). This set-up represents a clear departure
from the complete international asset market assumption, but it also ensures that the solution of the model
would be stationary up to a first-order approximation (see also the discussion on closing small open economy
models in Schmitt-Grohé and Uribe (2003)). A more in-depth exploration of the complex role of asset
markets may reveal important insights that cannot be easily mapped into this reduce form characterization
of international asset markets, but that goes beyond the scope of this paper and is left for future research.

The emphasis of the paper is clearly on the technical side and the draft is predominantly focused on the
characterization of the first principles of this open-economy setting, and on the many issues surrounding
the determination of a steady state and a first-order approximation of the equilibrium conditions—specially
whenever the trade balance might be different than zero in steady state. Nonetheless, I extensively document
the simulated moments of the model under complete and incomplete asset markets and provide some basic
insights about the implications of these experiments that complement (and refine) the work in Martinez-
Garcfa and Sgndergaard (2008a, 2008b).

The intuition in Martinez-Garcia and Sgndergaard (2008a, 2008b) is rather straightforward. Adding
capital gives households in both countries a margin of intertemporal adjustment, thereby making the con-
sumption and RER paths smoother. Capital accumulation contributes to significantly lower the consumption
and RER volatility in the NOEM model—irrespective of the shocks driving the cycle. Adjustment costs slow
the response of investment to shocks, making it costlier for households to adjust intertemporally and pushing
the volatility of consumption and the RER up. Without severely constraining the use of capital accumulation,
only in response to monetary shocks we can expect sufficiently volatile RERs.

However, the persistence of the RER falls short if monetary shocks are the primary driver of the business

cycle (see also Chari et al. (2002)). High RER persistence tends to occur in response to persistent productiv-



ity shocks if the Taylor (1993) monetary policy rule also has a very inertial component. With non-persistent
monetary shocks, the persistence is often less but it is also tied to the specification of the Taylor (1993)
monetary policy and the adjustment cost function. Still, deviations from the law of one price are larger and
more important to account for RER fluctuations when the model is primarily driven by monetary shocks
(see, e.g., Betts and Devereux (2000)).

When I depart from the assumption of complete international asset markets, which imposes perfect
international risk-sharing and a tight link between the RER and relative consumption, I find that a bond
economy subject to international borrowing costs and the workhorse NOEM model with complete asset
markets generate very similar international business cycle patterns in response to productivity and monetary
shocks (see also Baxter and Crucini (1995), Heathcote and Perri (2002) and Chari et al. (2002)). Asset
market incompleteness, however, tends to result in significantly lower RER volatility whenever the business
cycles are primarily driven by (persistent but not permanent) investment-specific technology (IST) shocks.

Investment-specific technology (IST) shocks, however, also induce excessive investment volatility and
countercyclical consumption that are inconsistent with the data. Interestingly, the optimal decision to
postpone consumption to invest more in response to a positive IST shock leads the RER to appreciate on
impact while domestic output increases, but the opposite occurs with either productivity or monetary shocks.

The remainder of the paper is structured as follows: section 2 describes my two-country NOEM model
with capital accumulation and incomplete asset markets, while section 3 outlines the optimality conditions,
section 4 characterizes the zero-inflation steady state, and section 5 derives in detail the log-linearization of
the equilibrium conditions of the model. Section 6 covers a further refinement of the model to incorporate
variable capital utilization, and section 7 summarizes the parameterization strategy used for the simulations.
Section 8 highlights the quantitative findings, and section 9 concludes. There is also an Appendix that

describes the set of log-linear equilibrium conditions and includes all the Tables and Figures in the paper.

2 The Monetary Open Economy with Incomplete Markets

Here, I briefly describe the structure of the monetary open economy model with incomplete international

asset markets.

2.1 The Intertemporal Consumption and Savings Problem

I specify a stochastic, two-country general equilibrium model. Each country is populated by a continuum
of infinitely lived (and identical) households in the interval [0,1]. In each period, the domestic households’

utility function is additively separable in consumption, Cy, and labor, L;. Domestic households maximize,
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where 0 < 8 < 1 is the subjective intertemporal discount factor. The elasticity of intertemporal substitution
satisfies that o > 0 (0 # 1) while the inverse of the Frisch elasticity of labor supply satisfies that ¢ > 0.
T assume that domestic households are able to trade two nominal risk-less (uncontigent) bonds denomi-

nated in domestic and foreign currency, respectively. Hence, the domestic household maximizes its lifetime



utility in (1) subject to the sequence of budget constraints described by,
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and the law of motion for capital given by,
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where W; is the domestic nominal wage, P; is the domestic consumption price index (CPI), Pr; are the
nominal profits generated by the domestic firms, and and 7} is a lump-sum nominal tax levied on the
domestic households.! Moreover, X; is domestic real investment, K, stands for domestic real capital, Z;
defines the nominal rental rate of capital, and V; is an exogenous, investment-specific technology (IST) shock.

B, 14 is the payoff in period ¢+1 of the (uncontingent) risk-free bond denominated in units of the domestic
currency, acquired by the domestic household at the end of period ¢. The implicit nominal gross interest rate
on this bond is I;. B[ is the payoff in period ¢ + 1 of the (uncontingent) risk-free bond denominated in
foreign currency and acquired by the domestic household at the end of period ¢. The implicit nominal gross
interest rate on this bond is I}, while S; denotes the nominal exchange rate. As in Benigno (2009), I also
assume that there is a quadratic cost function (e.g. an international borrowing cost) that penalizes changes
in the real foreign asset position of the domestic economy, %, whenever it deviates from constant real
reference level of @. The quadratic borrowing cost is then re-scaled by % (for analytical convenience) and
multiplied by the parameter p > 0 to fix its size.

The foreign households maximize their lifetime utility (analogous to (1)) subject to a law of motion for
capital similar to the one described in (3). I follow Benigno and Thoenissen (2008) in assuming that foreign
households are able to trade only on (uncontigent) risk-free bonds denominated in foreign currency. Hence,

the foreign households’ budget constraint is described by,
1
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By, is the payoff in period t + 1 of the (uncontingent) risk-free bond denominated in units of the foreign
currency, acquired by the foreign household at the end of period t. As before, the implicit nominal gross
interest rate on this bond is I;. I assume that the foreign households receive the profits from the foreign
firms in equal proportion, Pr;. Foreign households also count as revenue the international borrowing costs

paid by the domestic households in trading foreign bonds, i.e.,
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where T'r; expresses the international borrowing costs paid by the domestic households in units of the foreign

currency. This asymmetry in the financial market structure between domestic and foreign households is made

! Fiscal policy is not fully incorporated into the model. However, I include a balanced budget rule (no government borrowing)
and lump-sum taxes to finance a subsidy to firms meant to neutralize the mark-up distortion associated with the assumption
of monopolistic competition. In case no subsidy was introduced, then the lump-sum tax would simply be equal to zero, i.e.
Ty = 0.



for simplicity. For an extension of this set-up in which domestic and foreign households can trade in bonds
denominated in both currencies, see Benigno (2009). I can re-interpret the model presented here as a polar
case of Benigno (2009) in which the costs of international borrowing are prohibitively high for the foreign
households, but not for the domestic households. These modelling assumptions introduce a rather standard
incomplete asset market structure (see, e.g., Benigno and Thoenissen (2008) and Benigno (2009)) that serve
to close the model down while inducing stationarity.>

The domestic- and foreign-currency denominated bonds are issued respectively by the domestic and

foreign governments in zero-net supply. The bond market clearing conditions can be expressed as,

Bt = Oa (6)
B! + B 0. (7)

I assume that there is no trade in either domestic or foreign shares of firms. Sole ownership of the local
firms rests in the hands of the local households. Money is purely a unit of account, but monetary policy has
a potential economic impact by regulating short-term nominal interest rates to affect the inflation rate in
the presence of nominal rigidities. Embedded in this model is also the assumption that both factor markets
(for labor and capital) are homogenous and perfectly competitive within a country, but segregated across
countries. In other words, factors can be used for production purposes in any firm within the same country,
but they are immobile across borders.

The capital accumulation in (3) may be subject to adjustment costs, ® (-). I consider three special cases:
the capital adjustment cost (CAC) case, the investment adjustment cost (IAC) case, and the no adjustment
costs (NAC) case. The NAC function is simply,

O (X, Xy 9, Ky) = 1. (8)

The NAC function for the foreign law of motion for capital is the obvious counterpart. This implies that
in steady state ® (Y, X, F) =1,9 (Y, X, F) =0, and ®” (Y, X, F) = 0. The CAC and TAC adjustment

cost functions, however, require a more detailed description.

Capital Adjustment Cost (CAC) Function. The capital adjustment cost (CAC) function (see, e.g.,
Chari, et al. (2002)) implies that the function ® (-) in (3) takes the following form,

2
X,
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where % is the corresponding investment-to-capital ratio, J is the depreciation rate appearing in the law

of motion for capital, and x > 0 measures the curvature of the cost function. Among the properties of this

2For more details and other alternatives to close down the model, see Schmitt-Grohé and Uribe (2003).



adjustment cost function that are relevant for my model, I note that,
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The same adjustment cost formula as in (9) applies to the foreign households’ problem.

I assume that in steady state the IST shocks are at their unconditional mean of V = V=1 Hence, in
steady state the adjustment costs dissipate and the investment-to-capital ratio is equal to the depreciation
rate (ie., X = 0K and X = 0K ) as in the NAC case. This implies that ® (§) = 1, & (§) = 0, and
Q" (0) = —%.

Investment Adjustment Cost (IAC) Function. Ialso explore the investment adjustment cost function
(IAC) used among others by Smets and Wouters (2003) and Christiano, et al. (2005). The IAC specification
implies that the function @ (-) in (3) takes the following form,
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where X)t(tl is the corresponding gross rate of investment, and x > 0 measures the curvature of the cost

function. Among the properties of the IAC function that are relevant for my model, I note that,
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The same adjustment cost formula as in (10) applies to the foreign households’ problem.

In steady state, the adjustment costs dissipate again because the net growth of investment is zero. Under
this adjustment cost specification it is costly to change the level of investment and the cost increases with
the size of the change, but there are no adjustment costs in steady state. Hence, the steady state expression
of the law of motion for capital is the same as in the standard NAC case. This also implies that ® (1) = 1,
®’' (1) =0, and " (1) = —k.

Aggregation Rules and the Price Indexes. I assume that investment, like consumption, is a composite
index of domestic and imported foreign varieties. The home and foreign consumption bundles of the domestic

household, C and CF', as well as the investment bundles, X7 and X/, are aggregated by means of a CES



index as,
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while aggregate consumption and investment, C; and X, are defined with another CES index as,
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The elasticity of substitution across varieties produced within a country is § > 1, and the elasticity of
intratemporal substitution between the home and foreign bundles of varieties is 7 > 0. The share of the
home goods in the domestic aggregators is ¢z, while the share of foreign goods is ¢r. I assume the shares
are homogeneous, i.e. ¢z + ¢ = 1. Similarly, I can define the aggregators for the foreign household. The
only difference being that the share of the home goods in the foreign aggregators is ¢}; = ¢, while the
share of foreign goods in the foreign aggregator is ¢3 = ¢ .

The model introduces home-product bias in consumption (Warnock (2003)) as well as in the composition
of investment. By assumption, investment goods can only be used for local production after aggregation. This
is also the case because of compositional differences across countries. However, all local and foreign varieties
can be traded internationally for either consumption or investment purposes. Moreover, the symmetry of
the aggregators implies that the corresponding price indexes are identical for investment and consumption
bundles. Hence, the relative price between consumption and investment is one as reflected in the budget
constraint (that is, in equation (2)).

Under standard results on functional separability, the CPI indexes which correspond to my specification

of the domestic aggregators in (13) — (14) and their foreign counterparts are,
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and the price sub-indexes are,
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where PH and P! are the price sub-indexes for the home- and foreign-produced bundle of goods in units of

the home currency. Similarly for PH* and Pf™*. T define the real exchange rate as,

S, P;
P’

RS, = (21)

where S; denotes the nominal exchange rate.

2.2 The Price-Setting Problem

Each firm supplies the home and foreign market, and sets prices in the local currency (henceforth, local-
currency pricing or LCP pricing). Firms engage in third-degree price discrimination across markets (re-selling
is infeasible) and, furthermore, enjoy monopolistic power in their own variety. Frictions in the goods market
are modelled with nominal price stickiness a la Calvo (1983). At time ¢ any firm (whether domestic or
foreign) is forced to maintain its previous period prices in the domestic and foreign markets with probability
0 < a < 1. Instead, with probability (1 — «), the firm receives a signal to optimally reset each price.

T assume that production employs a (homogeneous of degree one) Cobb-Douglas technology, i.e.

Yi(h) = A¢(K:(h)'"" (L (R)", Yhe[0,1], (22)
YP(f) = Ap (B ()L ()Y, vfelo ], (23)

where A; is the (aggregate) domestic productivity shock and A} is the (aggregate) foreign productivity
shock. The labor share in the production function is represented by 0 < 3 < 1.> By consistency and
market clearing it follows that the aggregate capital accumulated by households in the domestic and foreign
country is K; = fol K;(h)dh and K} = fol K, (f) df respectively, while aggregate labor is L; = fol Ly (h)dh
and LY = fol L (f) df respectively. Solving the cost-minimization problem of each individual firm yields an

efficiency condition linking the capital-to-labor ratios to factor price ratios as follows,

K, K/(h) 1-9W,
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3These expressions reduce to the standard case of linear-in-labor technologies if ¢ = 1.



as well as a characterization for the (pre-subsidy) nominal marginal costs,

MG, = LM W)” (2)' ", (26)

Mey - jw (W) () (27)
The labor force is homogenous within a country and immobile across borders, and the national labor markets
are perfectly competitive. Wages equalize in each country (but not necessarily across countries), i.e. Wy (h) =
Wy for all h € [0, 1] and W[ (f) = W for all f € [0,1], and so does the rental rate on capital, i.e. Z; (h) = Z;
for all h € [0,1] and Z; (f) = Z for all f € [0,1]. Then, since the production function is homogeneous of
degree one (constant returns-to-scale), this implies that all local firms choose the same capital-to-labor ratio
even though they end up producing different amounts. Moreover, the factors of production are compensated
according to their marginal product across all firms.

T introduce a government subsidy in each country that is proportional to the local firms’ production costs,
Le. §MC Y, (h) and & MCFY (f) respectively in the domestic and foreign countries. The pre-subsidy
production costs of a firm are simply a fraction of the (pre-subsidy) nominal marginal costs, M C; and MC},
in (26) — (27) times the output of that firm. Governments only subsidize the production of firms located
in their own country, independently of whether the goods are sold locally or exported. Governments set no
import tariffs or subsidize the local demand over the export demand, hence not distorting the international
relative prices (e.g., the terms of trade and the real exchange rate). Using the pre-subsidy marginal costs
described in (26) — (27), I can write the post-subsidy marginal costs that enter into the pricing decisions of

firms in both countries as follows,

1 1
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This characterization of the subsidies suffices for the purpose of either reducing or eliminating the mark-up

distortions associated with monopolistic competition in the goods markets.

Remark 1 [ must point out that any given subsidy that the government desires to set can be implemented
with a combination of wage subsidies, §tL and §tL*, and capital rental subsidies, ftK and §tK*, which satisfies
that,

-e) = (1-6)"(1-¢)" (30)
- = (1-g) (1-ge) (31)

Under these conditions it immediately follows that,
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which shows that the post-subsidy marginal costs are the same as before. However, the efficiency conditions
in (24) — (25) would not be the same with or without subsidies unless the wage and capital rental subsidies
are assumed to be the same, i.e. unless &, = £F = &5 and & = ¢5* = K~

In other words, I impose the assumption that both factors of production are subsidized in the same
proportion in order not to distort the allocation of capital and labor while trying to correct for the mark-up
distortion with the introduction of these subsidies. Hence, the nominal wage Wy and the nominal rental
rate of capital Z; denote the amounts perceived by the domestic households in the supply of each factor of
production, while the wage W[ and the rental rate of capital Z; are the amounts perceived by the foreign
households. In turn, the cost of a unit of labor and the cost of renting a unit of capital for the domestic
firms are (1 — &)Wy and (1 — &,) Z¢, and similarly (1 — &) W} and (1 — &) Z} are the corresponding costs
for the foreign firms. Still, the factor price ratios faced by the domestic and foreign firms would be unrelated

to the subsidy, and equal to Vg—: and VZth

respectively.

The Optimal Pricing Problem. A re-optimizing domestic firm h under LCP pricing chooses a domestic

and a foreign price, P; (h) and P} (h), to maximize the expected discounted value of its net profits,
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where M, 4, = 87 (Cé—t*) Pit is the stochastic discount factor (SDF) for 7-periods ahead nominal

payoffs (corresponding to the domestic representative household), subject to a pair of demand constraints

in each goods market,

~ —0
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Here, 5t,t+7 (h) and @* +++ (h) indicate the consumption demand for any variety h at home and abroad
respectively, given that prices P, (h) and P} (h) remain unchanged between time ¢ and ¢ + 7. Similarly,
X;44r (h) and )?;k ++- (h) indicate the households’ investment demand at those same prices.*
Similarly, I characterize the objective of the foreign firm as,

(Cuir (1) + X (1) (B2 = (1= &5,) MO, ) +

Sitr
(Crrer N+ Kirer (D) (Pr (5 = (1 - &5pr) MCE,)

41 derive the demand for variety h in the home and foreign markets by combining the first-order conditions in (46) — (49),
section 3.
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where M{,, . =03 (Ct“) PI:*'L is the foreign SDF. The demand constraints of the foreign firm are,
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given that prices P; (h) and P} (k) remain unchanged between time ¢ and ¢ + 7.5

2.3 The Monetary Policy Rule and Government Budget Constraint

The Taylor rule is often defined as the trademark of modern monetary policy. In that case the policy
instrument of the domestic and foreign monetary authorities are the short-term rates I; and I} respectively,
while T and T are their corresponding steady state values. I assume that the monetary authorities of both

countries set short-term nominal interest rates according to Taylor (1993) type rules,

NSRS AN
1) ()
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where M; and M;* are the (domestic and foreign) monetary policy shocks or the shocks to the interest rate

1—p;
Iy

: (38)
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policy rules, II; = Pfil and Iy = P?i are the (gross) CPI inflation rates, while Y; and Y;* are the respective
output levels. Finally, IT and I are the steady state (gross) CPI inflation rates, and Y and Y" are the
respective steady state output levels. In other words, the monetary policy rules in (38) — (39) respond to
local CPI inflation and output deviations from their respective steady state levels. The index captures both
a smoothing term and a systematic policy component. This index specification of the Taylor rule takes a
more standard form once it is log-linearized.

The fiscal policy in each country is characterized by balanced budgets in every period, and a subsidy
to the production costs of the local producers that is fully financed by a lump-sum tax on households. I

summarize the government’s budget constraints as,
1
T, = &MC [ Yi(h)dh =€ MO, (40)
0
1
T; = GMC; [ Y () df = MG (41)
0
where T; and T} are the domestic and foreign lump-sum taxes on households, and £, and &; are the domestic

and foreign subsidies expressed as a fraction of the production costs. Given the production functions in

(22) — (23), the pre-subsidy marginal cost equations in (26) — (27) and the fact that capital-to-labor ratios

5T derive the demand for variety f in the home and foreign markets by combining the first-order conditions in (46) — (49),
section 3.
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in (24) — (25) are equalized across firms within each country, it is possible to write the government budget

constraints as follows,

Kt 1— 1
T, = &MCA, <L> / Ly (h) dh
b 0

t
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= &W(th)w (ZK)' ™", (42)
K* 1—4 1
o= queia (3) [
= MO AT (K'Y (L)Y
1 .
S R (43)

1
where the second equality follows also from the labor market clearing conditions (i.e. L; = / Ly (h)dh
0

1
and L} = / Ly (f)df). As these government budget constraints illustrate, the value of the subsidy can
0

be expressed as a share of an aggregate function of the labor income, WyL; and WL} respectively, and
the capital rental income, Z;K; and Z; K] respectively. As expected, in the limit whenever the labor share
converges to one, i.e. ¥ — 1, the technology becomes linear-in-labor, and the subsidy becomes equal to a
fraction of the labor income for each country.

In Martinez-Garcfa and Sgndergaard (2008) this tax subsidy is completely ignored, so the implicit as-
sumption is that £, = & = 0 and Ty = T = 0. Often, however, these subsidies are used to neutralize the
mark-up distortion introduced by the assumption that firms produce and sell their varieties under monopo-
listic competition. In order to eliminate this distortion, suffices to set the subsidy in each country to satisfy

the following pair of conditions,

0
m(l—ﬁt) = 1,

o o
m(l—ft) = L

From here it follows that the optimal subsidy for both countries is characterized as,

f=g=g5<1, (1)

which is a function of the elasticity of substitution across varieties produced within a country, i.e. 6 > 1.
The mark-up is also a function solely of the elasticity of substitution across varieties. Since the elasticity is
time-invariant, so are the mark-ups and the subsidies (expressed as a share of the production costs) needed.

For simplicity, I treat the subsidies as a secondary policy instrument intended exclusively to deal with

the mark-up distortion and, therefore, I assume from now on that the subsidy as a fraction of the production
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costs will be invariant over time and identical across countries, i.e.,
S 1
fthtzge 0’5 ) (45)

where € also denotes the steady state subsidy in both countries. In turn, the mark-up and the subsidy—
independently of whether the subsidy is set to zero or neutralizes partially or totally the mark-up distortion—
only affect the dynamics of the model up to a first-order approximation because those terms enter into the
computations of the steady state investment share. Rather than choosing a specific value for the subsidy, I

view its share over the production costs as another structural parameter of the model.

3 The Optimality Conditions

Here, I present the relevant equilibrium conditions of the model. Since the model is built around two mostly
symmetric countries, all the first-order conditions reported correspond to the home country unless otherwise

noted.

The Optimality Conditions from the Households’ Problem. Given the structure described in (11)—
(12), the solution to the sub-utility maximization problem implies that the home and foreign households’

demands for each variety are given by,

C(h) = (P]gt(lf))e CH. X, (h) = (P;gl))exﬁ, vh e [0,1], (46)

Ci(f) = (P;E;f))_acf, X (f) = (P;EF))_QXf, vfelo,1], (47)

e = (B) e o= (B) e e oo (a9

) = (P;Z;f))_e CF*, X (f) = (P;i;{))_exf*, Vi efo.1], (49)

while the demands for the bundles of home and foreign goods are simply equal to,

Cff = ¢n (if)_" Cr, Xi' = ¢y <];;f)_nxt, (50)

Cf = ¢p <];§) - Ci, X[ =¢p (Z) B Xi, (51)

orr = oy () Tan x ey () T (52)

Ci™ = ¢F (1?:)-" Ciy X[ = ¢ (f)_nxzz (53)

where the share of the home goods in the foreign aggregator is ¢}; = ¢ and the share of foreign goods in
the foreign aggregator is ¢} = ¢5. These equations determine the demand functions in the model.

The equilibrium conditions of the households’ problem include a pair of labor supply functions (the

12



intratemporal first-order conditions) which can be expressed as,

Wy o7l rrs\e

B (Co)”  (L)7, (54)
Wt* _ N S%\ P

Bo= (55)

plus the appropriate no-Ponzi games, transversality conditions, the budget constraints and the law of motions
for capital in both countries. Furthermore, the equilibrium conditions are completed with a set of equations
that characterize the bond portfolio allocation of the domestic and foreign households as well as with a pair
of equations that account for the capital-investment decisions of each household. The capital-investment
conditions, in turn, depend on the choice of the adjustment cost function @ (-) in the law of motion for
capital in (3), while the bond portfolio allocations depend on the international borrowing costs paid by the
domestic households to trade on foreign bonds (in (2) and (4)).

The domestic households’ maximization problem in this bond economy (under incomplete international

asset markets) can be summarized generically in the following Lagrangian form,

l1—o™ 1 1+
7= (Crsr) = 1 (Ltgr) T
1 Fx
too P (Copr + Xigr) + Tigr + ﬁBt+r+1 + ITSt+TBt+T+1 + ...
ZT*O 6 By )\tJrT p Piyr (Sit B 2 B
= - B/
5T — 5% —a) — By, — Sy4-BE i~ WigrLiyr — Ziy 7 Kyyor — Pryy s
t+ t+7

)\t+TAt+T [Kt+7+1 - (]- - 6) Kt+T - Vvt+7'(1) (Xt+7'7 XtJrTfla KtJr'r) Xt+7']
(56)
The foreign households’ maximization problem in this bond economy (under incomplete international asset
markets) can be summarized generically in the following Lagrangian form,

* 1—o~! L*
1—0—1 (Ct+7) - 1+¢ ( f+r

Z*"o 87 | B, A\ P, (Ct*JrT + t+7’) + T, + 1* Bik+r+1
= t+1 * *
0 t+‘r WtJr‘r t+1 ZtJrTKtJrT Prt+‘r - T’rt+7’

)\;:+TA:+T [Kt*+7'+1 - ( - 5) K:Jr‘l' - V;fi'r (Xt*+‘l'7 Xt*+7'717 Kt*JrT) Xt*+’r]

)+

— .. . (57)

The optimal bond portfolio choices for the domestic and foreign households can be described with the

following set of equilibrium conditions,

Cy + MNP = (Ct)io_ s
1
By —)\t* + BE¢ [Ae41] =0

SiBfy
Bt+1 : _)\t St 1+ 1% T —a + ﬂ]Elt [>\t+15t+1] =0
t t
cr o A*P* =@,

B, IV i) =o.

tI*
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Then, after some additional algebra, it follows that,

,1 .
Cin\7 P
E L| =1 58
o |(S2) e | = (58)
1 ,
Ciy1\ 7 P S _
E rr =1 NFA 4 — 59
| (60) e = a0, (59
-1 .
* -0 P*
BE: ( “j) Ll o= 1, (60)
C Pl '
where I define the real net foreign asset position (in units of domestic consumption) of the domestic household
Fx
as NFA; 1 = St%“. Combining the Euler equations of the domestic household in (58) and (59), the
following relationship holds true,
-1
Civ1\ ° P (Sina -
E Iy — 1 =pu(NFA — 61
Py (Ct ) Pt+1<St t — i p( t+1 — @), (61)

which represents a variant of the uncovered interest rate parity condition where the risk premium appears
tied to the real net foreign asset position of the domestic household. This equilibrium condition governs the
terms of international risk-sharing in this environment with incomplete asset markets.

Finally, the domestic capital-investment decisions can be described with the following set of additional

equilibrium conditions,

Cy /\tPt:(Ct)_Ui )

A A 0P (Xyi1, X, K
Kivi @ A= BB, [letﬂ TR ((1 —8) + Vi (X1, Xy t+1)Xt+1>} 7

At At

Ay 0P (X4, Xt 1, Ky) Air1Aita
Xy o 1==V, |®(X;, Xy 1, K X, E V;
t 2 t [ (X, X1, Ky) + 0X, ¢| + BE; 5wz t+1

a(b (Xt+17 Xt; Kt-i—l)
00X,y

Xt+1} :

Let me define Tobin’s q as Q¢ = %f. Then, after further manipulation, it is possible to re-write the equilibrium

conditions as,

Ciia ) " [Zt+1 ( 0 (Xy41, Xt Kip1) )]
— BE + 1-8)+V, X ,
Q¢ BE; { ( c, Pry Qit1 | ( )+ Vit 9Ky t+1
1 — BE, { (%) [QHthJrl46<D(Xt+57)ét7Kt+L)Xt+l} }
Q: = .

Vi [(I) (X, Xo1, Ky) + %Xz_lm){t}

Under no adjustment costs (NAC), the pair of conditions added to account for the capital-investment deci-
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sions of the domestic households are summarized as,

C\ 7 [Z
Q¢ = PE { ( é,:l) {P:i + Qi1 (1 - 5)] } ; (62)
1
Q: = v (63)

A similar set of derivations allows me to write the following pair of equations for Tobin’s q in the foreign

countrys,
Q* _ ,BE t*-‘rl d Zt*-‘rl + Q* (1 - 6) (64)
t - t Ct* Pt*+1 t+1 9
1
Qi = = 65
t ‘/t ( )

The Lagrange multiplier on the law of motion relative to the Lagrange multiplier on the budget constraint
expressed in real terms, denoted @; and @ respectively, has the interpretation of being the real shadow
price of an additional unit of capital (or Tobin’s q). In the neoclassical case without adjustment costs and
IST shocks is well-known that Tobin’s q is exactly equal to one, as these equations show.

Under capital adjustment costs (CAC), the pair of conditions added to account for the capital-investment

Zita ,(Xt+1) (Xt+1)2
+ 1—68) =V @ 7 66
Pt Qi1 (( ) = Vi1 AV (66)

(67)

decisions of domestic households are,

m (%)™
1 .
CEIOE

A similar set of derivations allows me to write the following pair of equations for Tobin’s q in the foreign

* —o~ ! Vs X* X 2
* E t+1 t+1 * 1_ 5 _ * q)/ t+1 t+1
& = 8 {( )| EE e (a-a-vae (B2 (Z2) )] o
1
Q= - R (69)
vele (55) + o (75) %

The Lagrange multiplier on the law of motion relative to the Lagrange multiplier on the budget constraint

Q:

Q:

country,

expressed in real terms, denoted @; and )} respectively, have the interpretation of being the real shadow

price of an additional unit of capital (or Tobin’s q). Under investment adjustment costs (TAC), the pair of
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conditions added to account for the capital-investment decisions of domestic households are,

Q: = Pk { (Cé’? ) —o! [iﬁii + Q1 (1 6)} } , o)
1+ﬁEt{(Cgl>_U |:Qt+1‘/t+1(b (Xtﬂ) (X;gl)z}}
Qi = Vi [‘D (X)fil) + @’ (X)fjl) Xi{il] ) (71)

A similar set of derivations allows me to write the following pair of equations for Tobin’s q in the foreign

countrys,

* —0'71 Z*
Q; BE, {( Ct’tl) |:Pt*+1 +Qf, (1— 6)} } , (72)
t

t+1
o — 1+ﬁEt{(CTl)G {Q”lvt“q)/( m)(%ﬂ} (73)
t = vy [@( 1)+(I>’( *’*1> X)ti*l} |

Once again, the Lagrange multiplier on the law of motion for capital relative to the Lagrange multiplier on
the budget constraint expressed in real terms, denoted @; and @ respectively, have the interpretation of

being the real shadow prices of an additional unit of capital (or Tobin’s q).

The Optimality Conditions from the Firms’ Problem. The necessary and sufficient first-order con-

ditions for the domestic firm producing variety h give me the following pair of price-setting formulas,

0

SR, [Mt vir (Crr (W) + Krir (B) (ﬁt ()= 5= (1= &) Mcm)} = 0, (74)
0

Z+ o"E, [Mf e (G;HT (h) + X} s (h)) <St+7ﬁ; (W)~ 5= (1-¢..) MOHT)} = 0. (75)

7=0

Similarly, the first-order conditions for the foreign firm producing variety f give me the following price-setting

formulas,

Z:X; o By
0

ZJF o By { tf+T (O:t—i-r (f) + Xt t+T1 (f)) <13t* (f) - Oj (1 - f;fk+r) MC:+T):| = 0. (77)

- - B 0
M:,HT (Ct,t+r (f) + Xt,t+T (f)) ( Stt(j:) - m (1 - §I+T) Mct*+r>

= 0, (76)

7=0

Using the law of large numbers and the inherent symmetry of the firms’ problem, the price sub-indexes on

domestic varieties, P and PH , become,

1

pH = {a (PE) "+ (1-a) (ﬁt (h))lq (78)

1

Pl = {a (1) + (1= a) (P (h))l_q o (79)
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while the price sub-indexes on foreign varieties, PtF and PtF * are computed as,

1

PF = [a(PtIil)l_e—k(l—a) (E(f))l_e} o (80)

1

* * 1-6 o 1=0] 19
pre [a (PF3) "+ (1= a) (Pr (1) ] . (81)
Equations (78) — (81) are a convenient way to reformulate (17) — (20).

Aggregate Output and Relative Price ‘Distortions’. The production functions in (22) — (23) can be

re-written as,

1—4

Yi(h) = A @) Lo(h), ¥he[0,1], (52)
x\ 1—¢

v = a(G) mo.weal (53)

since capital-to-labor ratios are equated across all firms within a country due to factor price equalization (as
implied by equations (24) — (25)). Also because of factor price equalization, all households within a country
supply the same amount of labor and capital, that is L; and K; in the domestic country and L} and K
in the foreign country. In turn, factor prices equalize in each country because the factors of production
are homogeneous (though immobile across borders) and factor markets are perfectly competitive. However,
since the pricing decisions of firms are not synchronized, the amounts of labor and capital allocated to each
individual firm will differ in every period.

Across all firms, the capital and labor demands equal their respective supplies. Hence, output can be
added up to be expressed as a function of the common (aggregate) productivity shock as well as the aggregate

capital and labor supplied by the local households, i.e.

Y;

/1Yt (h)dh = Ay (K¢)' ™ ()" (84)
0

1
o= [V = an ), (55)
0
1 1
where, by labor market clearing, it follows that L; = / Ly (h)dh and L} = / Ly (f)df.

0 0
Equations (46) — (53) determine the demand function for each variety produced at home and abroad.

Equations (46) — (49) coupled with the market clearing conditions at the variety level allow me to aggregate

6There is a mass one of identical households in each country all of which follow the same optimal path in their decisions.
Then, L; and K; in the domestic country and L} and K in the foreign country represent simultaneously the average and the
aggregate supply of labor and capital respectively. Moreover, they also characterize the individual decisions of each household
since all households within a country conform to the country average.
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output demand as follows,

Y; / B+ X (h) + Cf () + X7 () dh

- [ ( ) oH+xH)+(Plitf,f)>_9(of*+ng*)]dh

( ) 0H+XH)+<Z§:>0(C{“+X{“), (36)
vy / £+ X0 (P + G (D) + X; ()] df

- [ ( DY (erexr) + (P]lf))e(cf*mf*)]df

() (Cf+Xf)+<§§i>_9(05*+)<f*), 1)

where,

o= | P dh} s [a (B2) " +a-a (B <h>)_9} M (38)
Bie = /01<P:<h>>‘9dhf=[a(ﬁgﬁ)9+<1—a) EONN (59)
o= [ @una] e o ()" w00 () ] (90
BF = :/01<P:<f>>9df} é:{a(ﬁfﬁ)_eﬂl—a) (é*(f))_e]é. (91)

Similarly, equations (46) — (53) coupled with the market clearing conditions at the variety level allow me to

aggregate output as follows,

v, = /01[ct<h>+Xt<h>+c:<h>+X:(h>]dh
LY () o [ () e () e

qu(PH) () <ct+Xt>+¢F<§§I) () e x, (92)

vo= | )+ X ()4 G () + X7 (D] df
V (P}g)) K /01<P§}f))_9 | o (50) e
T (PF> (55) "ot x40 (ii:)e (%) " vxa. )
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where the share of the home goods in the foreign aggregator is ¢3; = ¢ and the share of foreign goods in
the foreign aggregator is ¢ = ¢;. Equations (92) — (93) tie the aggregate output demand in both countries
to aggregate consumption, aggregate investment as well as relative prices.

If T define the aggregate output of the bundle of domestic varieties as Y, and the aggregate output of
the bundle of foreign varieties as Y;'*, then by market clearing it must hold true that each bundle of goods

must be either consumed or invested by the two countries, i.e.

<
T
|

CcH 4 xH ol 4 xH~ (94)

y;F Cf + X +of+ x}F~. (95)

Using these two resource constraints together with (84) — (85) and (86) — (87) it must follow that domestic

and foreign aggregate output supply can be expressed in the following terms,

YA = =fA (k)" (L)Y, (96)
v = =l A (k) )Y, (97)

where I measure the impact of the relative price dispersion on aggregate output with the following two

wedges,
[/ 5\ 0 H H S\ 7 Hx Hx -
=H — i Oy +X; + P Cir+ X (98)
B AV CHf + X{ + Cff + Xt Pt CH+ X+ o+ X )|
: =F —0 F F DF* -0 F'x Fx -
oFe _ pr cF + x| (B CF + x| ) (99)
LT pr Cf+Xxf+Cf+ X[~ pf CF+ X[ +Cf + X{™ '

Whenever the law of one price holds, then it is possible to re-write these wedges as,

~ [ ~ 0
t — PtH »=t — PtF*

Otherwise, the wedges have to explicitly incorporate the effects of the deviations of the law of one price, i.e.

-1

~a\ 0 ﬂ " . St?tH*
Y i h +( G + X, ) - | 2 (100)
=y = " P ’

pi 5. CH + X + CH* + X* S

t t
_ _ _ —1
=Fx  _ P; Sy PF~* . Sy P> ( i+ X ) (101)
— - PtF* SﬁgFF* S:z;* CtF + XtF + CtF* + XtF*
t t

These wedges are often interpreted as a measure of the ‘efficiency distortion’ caused by nominal rigidities
(whether the law of one price fails or holds). In the absence of those nominal rigidities there should be no

price differences across firms and the wedges ought to be equal to one. However, if prices are different across
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firms due to nominal rigidities, then the resulting relative price effect leads to resources (and demand) being
missallocated.

The wedges 2 and ZF* in (98) — (99) combine two measures of relative price dispersion corresponding
one to the domestic market and the other to the foreign market (expressed in their respective local currencies)
for the varieties included in the bundle of goods produced by each country. The wedges weight the relative
price dispersion of the same bundle of varieties produced by a country in the two markets in which it is
distributed based on the share that domestic and foreign sources of demand have on the aggregate demand
of the bundle. Those relative price dispersion measures can be re-written using (17) — (20) and (88) — (91)

as follows,

0 0

5 1 =T
[/ (P, (h))1(9+1)dh:|
= 0 1 5 (102)

[ ey an] ™ [y @y =?an]

2 1 0

(ﬁtH*>9 ) [/01 Py (h))‘(’dh] o [/01 (P ()4 dh} T=6FT)

) 5T — . (103)
" o 7 0y dn) ™ [P ) an] ™
1 ,% 0 . - 1 m )
(}1;{:) B [/o (P (f)) Gdf}l ) [/0 (P, ()~ OF )df}l | "
t o Pt ] o Py =" ar] ™
1 6 ) P
1 - ! L(paq) ] TEED
P TETE N YOSk
t Uol ) edf} Uol (P (f)° df} =

If the prices of all varieties are identical, i.e. P; (h) = P and P} (h) = PE* forallh € [0,1] and P, (f) = P}
and P} (f) = PF* for all f € [0, 1], then the numerator and denominator in each expression in (102) — (105)
must be equal too, i.e. ]StH = PH ]stH* = P~ ﬁtF = Pl and ]StF* = PI™*. Moreover, both the numerator
and denominator are of the CES form and special cases of a generalized mean often referred to as the
weighted power mean. It can be verified by the general means inequality proven below that ]BtH < PH,
ﬁtH * < pHx ﬁtF < PF, and EF * < PF* and that the equality holds only whenever the prices of all varieties

are the same. Therefore, it holds true that,
=<, =2 <1 (106)

In other words, these wedges conveniently characterize the output ‘distortion’ caused by the relative price
dispersion resulting from nominal rigidities and the possibility of deviations from the law of one price—since,
absent those nominal rigidities, the prices of all varieties within the domestic bundle should be equal and

the same should be true for the prices of all varieties within the foreign bundle.
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Remark 2 Given the nonlinear structure of the model, the wedges Ef{ <1 and Ef* < 1 also introduce a
source of asymmetry in the model. In response to any given shock (whether positive or negative in sign),
nominal rigidities imply that prices of varieties within the same bundle will diverge. Hence, the wedges would
be less than one and the supply of the bundle of those varieties (i.e. Y, and Y,F'™*) will be lowered (taking
as given the amount of aggregate capital and labor, as can be seen from (96) — (97)). Simultaneously, the
supply of the bundles of varieties may go up or down depending on the sign of the shock—resulting in an
asymetric effect on output. Let me consider a productivity shock for illustration purposes. On one hand,
a positive productivity shock will likely drive production up, but the distortion caused by the relative price
dispersion will attenuate that increase. On the other hand, a negative productivity shock will likely drive
production down, while the distortion caused by the relative price dispersion further aggravates the fall. It is
the fact that the supply of output is unequivocally lowered by the relative price ‘distortion’ that accounts for
the apparent asymmetry in the output response to a shock.

Finally, I want to point out that this relative price ‘distortion’ is of second-order importance and, therefore,
does not ‘appear’ in the log-linearized equilibrium conditions of the model. In turn, it can be of major

importance for welfare analysis where a second-order approximation of the welfare function is often needed.

Notation 1 Any of the price aggregators in (17) — (20) and (88) — (91) can be re-written as follows,

1
7"

[/Ol(Pt(h))’“dhr . /b 50 are o7

mass of firms with price P(i) at time t

min {P; (h) Yh €[0,1]}, P (by) = max{P, (h) Yh € [0,1]}, an < by,

1

where P (ap,)

1 % by )
[wora - i) PG| al (108)
0 ay N~~~
L mass of firms with price P(i) at time t 1
where P (ay) = min{P; (f) Vf e [0,1]}, P(bs) =max{P, (f) Vf € [0,1]}, ay < by,

where T can take the value of —0, it can take the value of 1 — 0, or it can be given any other real number

value.

Definition 1 The weighted power mean of degree r. Let f (i) be a positive real number for all i € [a, b]
such that f: f (@) di =1. For any real number r # 0, the weighted power mean of degree v of the positive real
numbers P (i) € [P (a), P (b)] (such that P (a) > 0) with respect to their mass f (i) can be defined as,

b »
My (P (i) Vi€ [a,b]) = l/ @) (P@3)" di] . (109)
For the case r = 0, the weighted geometric mean can be defined as,
b
N -\ F(i)di
M (P (i) Vi€ [a,b]) = [T (P @), (110)

a

which comes from taking the limit r — 0 on the weighted power mean M} (P (i) Vi € [a, b]).
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Proof. Using the Taylor series expansion e* =14z + O (xZ), where O (m2) represents terms of second
order and higher, I can write,

(P (i) =P =1 4 rIn(P(3)) + O (?).

By substituting this Taylor expansion into the definition of M} (P (i) Vi € [a,b]) I obtain that,

1
p

)
Mj (P (i) Vi€ [a,b]) = /f(i)(1+r1n(P(i)))di+0(r2)

3=

— 1+7«/ f@)InP (i) di+ O (r?)

= 1+r/b1n(P(i))f(i)di+O(rz)]T

) ,
= |l+4rh (H (P (i))f(i)dZ) +0 (ﬂ)]

{1 }
expq —1In ,
r

b
1+rln (H (P (i))f(z)dz> +0(r?)
where H denotes the product integral (the continuous counterpart of the discrete product operator). Using

}

now the Taylor series expansion In (1 +z) =z + O (xQ), I easily obtain that,

{1
exp{ —In
r

b
exp {i [r In (H (P (z’))f(i)dZ) + O (7"2)

a

b
= exp {m (H (P (i)' <i>di> +0 (7")} :

a

M7 (P (i) Vi € [a,b])

b
1+rln (H (P (z‘))f“)dl) +0 (1?)

o) o)

Taking the limit as 7 — 0, then I get that,

b
M}) (P (i) Vi € [a,b]) = exp {ln (H (P (i))f(i)dz) }

Proposition 1 General means inequality. For any two real numbers r < s, the weighted power means of
orders r and s of the positive real numbers P (i) € [P (a), P (b)] defined in (109) — (110) satisfy the inequality,

M7 (P (i) Vi € [a,b]) < M3 (P (i) Vi € [a,b]), (111)
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with equality if and only if all the P (i) for all i € [a,b] are equal.

Proof. Case (a): I assume that 0 < r < s. I write = £ > 1, and define y (i) = (P (i))" for all
i € [a,b] and (y (i))" = (P (i))® for all i € [a,b]. The function g (z) = 2% satisfies that its second derivative is
g"(z) =z (xz —1) 22 > 0 for all 2z (z being a positive real number) since z > 1. Therefore, g (z) is strictly

convex and according to Jensen’s inequality it must follow that,
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with equality if and only if y (i) = y for all i € [a,b]. By substituting 2 = £ and y (i) = (P (i))" back into
this inequality, I get that,

b G b
Vf@@WW4</f@@WWL

=

with equality if and only if P (i) = P for all ¢ € [a,b]. Since s is positive, the function zs is strictly increasing

o

and raising both sides to the power % preserves the inequality, i.e.

b G b =
Vf@wmw s/f@@WW]

Equality holds if and only if all P (i) are equal.

Case (b): T assume that r = 0 < s. MY (P (i) Vi € [a,D]) is defined as llir(l) M7 (P (i) Vi€ [a,b]). Since
M3 (P (i) Vi€ [a,b]) < M7 (P (i) Vi€ [a,b]) for all 7 < s with 7 # 0 but arbitrarily close, then the same
inequality must hold for the limit when r — 0.

Case (c): I assume that 7 < 0 < s. I write z = £ < 0, and define y (i) = (P (i))" for all i € [a,}]
and (y(i))" = (P (i))® for all ¢ € [a,b]. The function g(z) = 2* satisfies that its second derivative is
g"(z2) =x(z—1)2*"2 > 0 for all z (2 being a positive real number) since z < 0. Therefore, g (2) is strictly

convex and according to Jensen’s inequality it must follow that,

b v b
V f(i)y(i)di] = g( f(i)y(z')di>
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with equality if and only if y (i) = y for all i € [a,b]. By substituting 2 = £ and y (i) = (P (i))" back into
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this inequality, I get that,
b G b
Vf@@ww4§/f@@wwa

with equality if and only if P (i) = P for all i € [a,b]. Since s is positive, the function z* is strictly increasing

and raising both sides to the power % preserves the inequality, i.e.

b + b H
[/WWWW]ﬂfwwmww

Equality holds if and only if all P (i) are equal.

Case (d): T assume that r < s = 0. M{ (P (i) Vi € [a,D]) is defined as ili% M3 (P (i) Vi€ [a,b]). Since
M3 (P (i) Vi€ [a,b]) < M7 (P (i) Vi€ [a,b]) for all 7 < s with s # 0 but arbitrarily close, then the same
inequality must hold for the limit when s — 0.

Case (e): T assume that r < s < 0. I write 0 < 2 = £ < 1, and define y (i) = (P (i))" for all i € [a,}]
and (y(i))" = (P (i))® for all i € [a,b]. The function g(z) = 2% satisfies that its second derivative is
g"(z) =z (x—1)2%*"2 < 0 for all 2 (2 being a positive real number) since 0 < z < 1. Therefore, g (2) is

strictly concave and according to Jensen’s inequality it must follow that,

b x b
V f(i)y(i)di] = g( f(i)y(i)di>

b

f(i)g(y (i) di

a

b

(@) (y ()" di,

a

Y]

S

with equality if and only if y (i) = y for all i € [a,b]. By substituting # = 2 and y (i) = (P (¢))" back into

b
L/f@MP@YM]

b - b -1
/ﬂmmwﬂ <UJ@@WW],

with equality if and only if P (i) = P for all i € [a,b]. Since s is negative, the function 2z~

this inequality, I get that,

3k

b
z/fﬁﬂp@f@

or simply,

1
s

is strictly

increasing and raising both sides to the power —% preserves the inequality, i.e.

b G b H
[/fﬁﬂpmrm < /fﬁMP@fﬂ]-

Equality holds if and only if all P (i) are equal. m
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Real Rental Rates of Capital and the Firm’s Efficiency Conditions. Combining the implied pro-
duction equations in (84) — (85) with the efficiency conditions for firms in (24) — (25) and the labor supply
equations from the households’ problem (in equations (54) — (55)), I can express the real rental rate of capital

in terms of productivity shocks, aggregate consumption, output and physical capital, i.e.

Zy 11—y Wy Ly 1—9 _lte o1 l4e —(Ha-we)

_ 1YWLt 1TV AN o V) (K o) 112
2o LIl L) oy 0 ) (112
Zr L— Wy Ly 1% lbe o1 dhe o (1x0-ue)

- —* = AT e ) (K v 113
Pt* ,(/} Pt* Kt* Qp ( t) ( t) ( t) ( t) ( )

These two equations summarize the efficiency condition that requires the capital-to-labor ratios to be pro-
portional to the factor price ratios. This characterization is also convenient because it implies that I do not
need to keep track of wages or labor in the simulation of this equilibrium. Manipulating the same set of
equilibrium conditions a little bit more also allows me to re-write the real wages in terms of the real rental

rate of capital, the productivity shock, aggregate consumption, output and physical capital, i.e.

A—9)e (1—)e
%% 1— A e o1 ® Z,\ THa-)e
p: _ ( ¢¢> (Ay)” =97 (Cy) =917 (Y;) TFO-D% <Pz> , (114)
W 1— sl 7%\ TR
— 1 —Y)e oy — © « o1 N © * 1+(1—9)e
PE‘ = <¢> (Ar)” Fa=0% (CF)TFa=0% (Y, )TFa-9% (PZ*> ) (115)

These two equations suffice for the purpose of replacing real wages out of the marginal cost equations.

The Resource Constraint. The budget constraint in (2) of the domestic household can be expressed in

equilibrium (under equality) as,

2
1 1 P,

P, (Ci+ X))+ Ty + TBt+1 + FStB’i*l + gfﬁf ( — a> =B, + StBtF* + WiLi + Z; K + Pry.
t t t

S,BE
P,

Using the domestic bond market clearing condition in (6), the budget constraint can be reduced as follows,

2
S,BF* W,  Z

- Zir, + 2K, + Pr.
P T p Tt p et

Tt 1 StBtIikl 1 12 StBtF_‘:l
Cot X+ L+ = B (22w g
R R A R N G

The per-period profits of the domestic firms distributed to the domestic households can be calculated as

follows (including the labor subsidies),

P’l"t

/1 [P; (h) (Ct (h) + Xi () + 5. P (h) (CF (h) + Xi ()] dh — (1 = &) Wi Ly — (1= &) Z: K
0

/ LB (B) (G (B) + X0 (B) + SuPy (k) (G (h) + X ()] dh + E,MCLY: — WL, — ZiF,
0
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Therefore, replacing the expression for per-period profits inside the budget constraint of the domestic house-
hold T get that,

2

T 1 StBtPrl S B t+1 —
GrXt e T TR +3 r
1
S, BF* / [Pt (R) (Ce (h) + Xy (h)) + Se Py (h) (CF (h) + X7 (R))] dh + & MCyY;
_ t 4 Jo .
Pt Pt

Using the domestic government balanced-budget rule in (40), I obtain that,

1 [8,BEx S.BE 1\’
GrXer =1 7p +3 r
1
supre P00 (Gl X (1) + Sy () (CF (1) + X5 ()]
~Tp T P,

Then, T can use the demand equations in (46) — (49) and (50) — (53) to derive the following expression

for the resource constraint,

% |:StP:+1 + 2 t+1 o :|
1 * -0 *\ —
. / {th)asH( ) (Pp—) (Cot X0)+50 P (h)asp(ﬁ’;,;’i)) (%) ”<c;+x:>} dh
— tP,t + (0] - (Ct + Xt)
=2+ on [ /0 () } (s X +

,s;*)_ (G +X7) = (Ci+ X0),

B . 1-6
b 2P [/ (L) dh] (
0 t
Using the price indexes in (17) — (20) I infer that the relative price terms that enter into the resource
1 1-6
P (h
/ ( : S{)> dh = 1,
0 Py
1 1-6
Py (h
[05) -
0 By

and so I can re-write the resource constraint itself as,

constraint must be equal to one, i.e.

. 2
1 | SBf Sy S: B _z _
I Py 2 P -

- 5ol +¢H( ) o X+ on S () O XD - (G XD (116)
S, B 1=n pH\1=7
= 532 [osH( ) (G X+ opRs (B) (G XD~ (G X))

where I have also made use of the definition of the real exchange rate in (21). Defining now the real net
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F*
foreign asset position of the domestic household as NFA;41 = Stﬁ:“

, I can re-write equation (116) more

conveniently as,

F [NFAG+ 5 (VF A -3)°) = a17)
H\ 1-7 Hx\ 1—7
= S Peanpg, [¢H (57" (ot x0) + 0B (B) (O + X0 - (@4 X0)

Equation (117) is the resource constraint equation that is needed to close down the model with incomplete

asset markets.

4 The Deterministic, Zero-Inflation Steady State

I postulate a zero-inflation steady state where the nominal exchange rate equals one, S = 1, and where
absorption in both countries differs only by a factor related to the steady state real exchange rate, i.e.
(6 + Y) = (ﬁy7 (6* + Y*) This normalization facilitates the log-linearization of the equilibrium condi-
tions of the model. However, the normalization relating the absorption of both countries to the real exchange
rate imposes additional restrictions on the steady state aggregate productivity across countries that need
to be explored in greater detail. Moreover, it does not necessarily imply that consumption and investment
equalize across countries in steady state. For the purpose of this paper, suffices to consider the implications

of this normalization when also adding capital and non-zero real net foreign assets in the steady state.

First Step. 1 look at the steady state investment-to-capital ratio. The domestic capital accumulation

equation in (3) (and its foreign counterpart) require the following relationships to hold in steady state,

K = (1-0)K+V®(X,X,K)X, (118)
K = (14)F+V*q>(y*,y*,f*)y*. (119)

Operating on the steady state capital accumulation equations it follows that,

*

§=Vo(X,X,K) 2=V @(X,X,K)j*. (120)
K K
The two equalities in (120) simplify to % = %* = ¢ because I assume that the steady state IST shock is

normalized to one in both countries, i.e. V = V= 1, and because I know that: (a) under the specification of
the capital adjustment cost (CAC) function, it holds that ® (%) = (%) = ®(0) = 1; and (b) under the

=
Therefore, these adjustment cost functions have no steady state implications, and investment purely replaces
the depreciated stock of capital (i.e. X = 6K and X = 6K ).

specification of the investment adjustment cost (IAC) function, it holds that ® (%) =0 (Y) =®(1) =1.

Second Step. I look at the nominal and real interest rates as well as the real rental rate of capital and
Tobin’s q. Using the fact that the investment-to-capital ratio is pined down by the depreciation rate (from
(120)) and the properties of the adjustment cost function ® (-) (in (9) or (10)), I can write the steady state
household efficiency conditions—in either (66) — (69) or (70) — (73)—that summarize Tobin’s q and the real
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rental rate of capital as follows,

Q - slz+an-9). (120
Q =7 ]ZD +Q*(1—5)]» (122)
Q = Q=1 (123)

where T explicitly used the fact that @’ (%) =’ <§*> =®’'(0) =0 and P’ (%) =9’ <§> =9’ (1) =0,
as well as the steady state normalization of the IST shocks to V' =V = 1. These equations are satisfied
trivially in the NAC model without adjustment costs. Naturally, the steady state real rental rate of capital
is,

zZ
= =

The steady state interest rates given by equations (58) and (60) imply that,

B —(1-9). (124)

Sl N

g = 1, (125)

*

g = 1. (126)

Nominal and real interest rates must be equal in this (deterministic) zero-inflation steady state. These results
say that Tobin’s q is equal to 1 in steady state, and that the real rental rates on capital must be equal to
the real returns on bonds (where the real returns on bonds are T = 1" = 37! as given by (125) — (126)) after
taking into account the effect of the capital depreciation, 9.

Moreover, from equation (59) on international risk-sharing, I get that,
—F'%
—x B
BI =1+M<P—a>, (127)

where I have implicitly used that the steady state nominal exchange rate is S = 1. Whenever 1 > 0 and
=5 F*
(126) is satisfied, this expression holds true only if NFA = % = @. Naturally, given the foreign bond
SB"”

market clearing condition in (7), it must follow that %’?* = —=%— = —a. In other words, in steady state

there are no costs associated with trading in foreign bonds because the domestic households set their real

net foreign asset position at the reference level of a.
Equations (38) and (39) give me the specification of the monetary policy rules in the context of this

model. In steady state, it must follow that,

; (128)

= 7\ Y '
)" =
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which immediately reduces to,

" (130)

M
M o= 1. (131)

This gives a conventional normalization for the steady state monetary policy shocks in both countries.

Third Step. I look at the steady state investment shares v¥ = % and 7Y, = g Using the fact noted
in (120) that in steady state the investment-to-capital ratio is determined by the depreciation rate, d, I can

write the investment shares as proportional to the capital-to-output ratios in each country,

W o= 6L, (132)
F*
SA— 5?*. (133)

From the Cobb-Douglas specification of the firm production functions in (22) — (23), the efficiency conditions
on the firm’s optimization problem in (24) — (25), and the aggregate production functions derived in (84) —

(85), I get that the capital-to-output ratio can be expressed as a function of the productivity shocks and the
factor price ratios in each country. Hence, it follows that,

e () EE) (5 0 )
()57 - E) F)]

where 4 and A" are the steady state domestic and foreign productivity shocks.

; (134)

w
|

V=

I also know that in a deterministic zero-inflation steady state all firms charge the same price (the Calvo
parameter is irrelevant), the law of one price holds and the standard price setting formula under monopolistic
competition determines the pricing decision for firms. In other words, prices of the same goods in diferent
markets are equalized when expressed in units of the same currency, and prices must be equal to a mark-up
over marginal costs. Then, the pricing equations in (74) and (77) in conjunction with the marginal cost

functions in (26) — (27) reduce to,

(1= 1 1 Yy 1=

PY = v FEATI W’ (@2) ", (136)
P 9(1—?) 1 1 o\ ey 1

P= =g A ¥ (1) Y (W ) (Z ) ’ (137)

where the domestic firms’ subsidy in steady state, &, and the foreign firms’ subsidy in steady state, € , are
also incorporated. I assume that the steady state subsidy is the same in both countries, i.e. £ = E* Dividing

these expressions by P and P respectively and then re-arranging terms, I get that real wages are linked to
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real rental rates on capital by,

Lw\"  e-1 [, s Pz
= (P) - 36 lw (1-9)"~ = <P> 7 (138)
—\ ¥ —F'x —x\ Y1
I L R e S P SRR EC 2 S 2 . 139

If T replace the expressions in (138) and (139) inside the formula for the domestic and foreign investment
shares obtained before in (134) and (135), I get that,

b (5 @) e (o B @)
“o [5G 6
=) [ e G

o(1-¢ 5\ (7\]
6 (1—1) (01 ) (;F*> <JZD> : (141)

Then, using the steady state real rental rates on capital derived in (124), I can say that,

1— P
v o= 0 - ( > , (142)
(0(15)) B -a-o) |\

0—1

\
=S

Vor (143)

0—1

1—4 <PF*>
_ (9(1_5*)> -a-a) | \P )

In other words, the domestic and foreign investment shares in steady state depend directly on the depreciation
rate of capital, §, and the capital share in the production function, 1 —1, and depend indirectly on the mark-
up, 0341, the government subsidy, & and E*, and the real rental rate on capital, 37 — (1 = 6). The domestic

—H
investment share also depends on the relative price (%), while the foreign investment share depends on

HF*
the relative price (Pﬁ* )

Hence, the steady state investment shares will not differ across countries, i.e.,
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only if the steady state government subsidies are the same for all countries (i.e. & = E*) and prices are
equalized for all bundles of goods (i.e. P = P =P and P =P = ?F*). Otherwise, the steady state

investment shares can only depend on the steady state real net foreign asset position of the domestic country

—H F*
@ through its impact on the steady state relative prices (%) and ( = )

Fourth Step. I look at the steady state price indexes and sub-indexes as well as the real exchange rate.

I write the steady state price sub-indexes in equations (17) — (20) as follows,

P" = P, P =P(), (144)
P = P, P =P (), (145)

and,
P =P"s P =P, (146)

since the law of one price holds in the deterministic zero-inflation steady state. These results are derived
looking at the pricing equations in (74) — (77) as well. Using the consumption price indexes in equations
(15) — (16) evaluated at their steady state, I also can infer that the real exchange rate should be equal to,

s [ () e (7))

ARG
_ b+ oy (;“;)1" o , (147)
Ou + op (%{) !

—F
which is a function of the steady state terms of trade (;—H). The steady state real exchange rate will be

equal to one if it holds that P = P = P Moreover, given the definitions of the consumption price indexes
n (15) — (16), I can also note that,

P B ) =
P —_H\1" e\ 1-n] T - PrN\ITT ’ (148)
{qu (P") " +or (P") ] én +or (2m)
— - ) (57" =
P ( )1 17+¢H( *>1—n]11n N ép (S—PH*>1—W b (STF*>1—W
- (IZH% )1 7 7 ) (149)
| 6r+ 6 (Ln

which ties both relative price expressions (which enter into the derivation of the investment shares v¥ and

7Y.) to the terms of trade (g—f,). Naturally, since ¢ +¢p = 1, then % =1 and ﬁ;* —1ifP=P =P"
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Fifth Step. Ilook at aggregate output demand and the resource constraint. The aggregate output demands
in (92) — (93) implies in steady state that,

v o= 4, (J;H)n (C+T) +0p <P

P
—H\ " —H\ "
% (C+X) + 6y (RS)" (i) (@ +x), (150)

—F\ 7
_ — P (O ——
(C+X)+¢H(RS)"<P> (C +X). (151)
Moreover, the resource constraint in (117) can be characterized as follows,

—Hx

— 1-—n 1—n
1 S — __(P s — .
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—H 1—n — —H 1—n
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P

HH
P

) B (C+X)+¢r (RS)" ) B (€*+Y*> —(C+X)|, (152)

(II*I*>Q (f)y (C+X)

where I have already used the domestic aggregate output demand equation obtained in (150). Obviously,

: (153)

if the steady state real net foreign asset position of the domestic household is equal to zero (i.e. @ = 0),
then I obtain the standard result implying that ﬁHV =P (6 + Y) In turn, Y = C + X holds when it also

happens to be true that the law of one price holds and P = PH —P". In the more general case that I am
exploring here, however, the relationship in (153) implies that,

He = | s = 1-T

P'Y =P (C+X)+< = )a] (154)

32



where the real net foreign asset position of the domestic household, @, is expressed in units of domestic

consumption. Then, the resource constraint in (152) can be written as,

1T P\ o (PN L
( - )a ¢H<p> ~1 (C+X)+¢>F(RS)’<P> (€ +X)
—H —F

¢p (RS)" (133)1—77 (6* +y*) — ép (1;)1_" (C+X), (155)

where I have used the definition of the domestic consumption price index in (15), i.e.,
o . 1—n —p\1—n l%n
P lon (P") or (P1) ]

The expression for the foreign aggregate output demand in (151) can be expressed now as,

—F

V= (1;) B |06 (C+X) + 05 (RS)" (T"+X)] . (156)

Hence, combining this foreign aggregate demand equation with the second version of the resource constraint
in (155), it follows that,

Vo= (i) _¢F (f)l_n (C+X)| +on (f)_n (RS)" (C" +X")

ety () (@) (5 )a| won (5) ey (o)
= :be (;) (f)l_nw,{ (f) | @y (o +x) - (1}1 ) (}i)a

= _¢F (f)l_" +op (f)l‘" (RS)" (;F) (€ +X") - (1 }I ) (;) a (157)

Then, using the definition of the foreign consumption price index in (16), i.e.,

P () e ()

Il
N\
o
SN—

sg*)
)

the implications of the law of one price, and the definition of the real exchange rate in (21) (i.e. RS = =
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it follows that,

_— '¢ 5 p" 1‘"+¢ 5P\ (ES)” (P) (©+x)- T (P>a
T\ 5P "\ 5P P’ VAN
I ﬁH* ﬁ* 1-n ﬁF* P* 1- ” P . 1_7* P B
- ( P’ s‘1p> o ( P s‘1p> (75) <pF> (@3- ( T ) (ﬁ) ’
L pr\ PPN T (5PN PN e o [(1-T\ /P
= (oFs ( ik ) + oy <P*> () (RS) <PF> (C + X ) - ( T ) (PF) a
I

and,

Sl

P\ (o o P o1 1-T
P P RS 1
Obviously, if the steady state real net foreign asset position of the domestic household is equal to zero (i.e.
@ = 0), then I obtain the standard result implying that PY =P (5* + Y*> In turn, Y = (6* + Y*)
holds only whenever it also holds true that P = ?H* = ?F

here, however, the relationship in (158) implies that,

(o +%) - (1}1*) <R1S>a .

This expression differs slightly from the expression I derived for the domestic output demand in (154) because

*. In the more general case that I am exploring

PUY =P (159)

the real net foreign asset position of the domestic household, @, is expressed in units of domestic consumption.
Hence, the real exchange rate needs to be introduced in the formula in (159) in order to express everything
in consistent (comparable) units.

Using the second version of the resource constraint in (155) again, I get a steady state expression in terms
of domestic and foreign absorption,

—F\ 17 —g\ 1-n —x
or (1; ) (C+X) = ¢y (RS)" (i) (c*+x*)_<1;f>a. (160)
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. _ SH\1=-1 /o
This implies that (C + X) = (RS)" (;—F) (C + X ) holds only if the real net foreign asset position of
the domestic household becomes equal to zero in steady state, i.e. @ = 0. In turn, (U + Y) = (6* + Y*)
holds if it is also the case that prices equalize, i.e. P = P =P and P =P =P, Furthermore,
if prices and absorption equalize across countries, then the consumption shares will also be equal across

countries because the investment shares must be identical (as discussed before for (142) — (143)).

In summary, I have obtained the following three key equations in (154), (159), and (160), i.e.

v (;) (C+X) - (1-B)a]. (161)

v = (;F* [(C’ +Y*) +(1-5) (;g) a} : (162)
P\ L (PN e

(b)) @memy () @eX)r0o0m am

after replacing the steady state real interest rate derived in (125) and (126) (.e. I =1 = 87!). In a more
general setting where the real net foreign asset position is potentially different from zero (i.e. @ # 0), then
the assumption that absorption in both countries differs only by a factor related to the steady state real
exchange rate (i.e. (6 + Y) = (ﬁ) K (6* + Y*)) requires the following condition to be satisfied,

?F 1-n ?H 1-n
(%) @me(L) @0 a-pa (61)

which follows from imposing the assumption on absorption to equation (163).
The real net foreign asset position of the domestic household @ can be written as a fraction of the domestic

absorption, a®, and alternatively as a fraction of the domestic output, @¥, i.e.,

a

' (C+X), (165)
a’y. (166)

Ql
Il

I have characterized the domestic output demand, Y, in (161), so it is possible to re-write the real net foreign

asset position of the domestic household relative to domestic output demand, a¥, in the following terms,

o a__ @ C+X
Y C+X Y
@ C+X _ a° i
— 64_?(%) [(C+X)-(1-p)d] (1—(1—6)aa><p>v (167)

&0

—H
where (%) is again a function of the terms of trade ratio ( ) In fact, given (148) I can write a¥ as
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follows,

1
iy

a® 1
ay:< a) — . (168)
1-(1-p)a ¢H+¢F(%>ln

Hence, if T choose the real net foreign asset position relative to domestic absorption, @®, to (uniquely)
characterize the steady state terms of trade, then I can pin down the real net foreign asset position relative
to domestic output demand, @¥, from (168). I characterize the share relative to domestic absorption, a®, as
the reference level of the real net foreign asset position in the model, but I will use the alternative share
representation, @¥, whenever it is more appropriate (or convenient) to describe the steady state or to define
the parameterization of the model.

Condition (164) above—which links domestic and foreign absorption together under the proposed nor-

malization of the steady state—can be expressed more compactly combined with (165) as,

—F\ 1= —g\ -7
o5 <P> ~or (i) Ha- g (169

or simply,

ﬁF 1=n 1
oge (PH> =o¢p + AN (1-p)a". (170)
()
I concentrate on this expression in order to derive the terms of trade ratio (E—Z) as a function of a®.

—H —F
The price ratio (%) can be expressed as a function of the terms of trade (%{) as given in (148), so

operating on equation (170) I immediately obtain that,
—F\ 1—m —F\ 1—m
P P i
or | =¢ =¢p+ |outor| = (1-pB)a,
P P

or simply,

—F\ 1—n
P . Y
<PH> op (1= (1—=p)a")=op+ oy (1-p)a" (171)
In the extreme case in which %i =1 whenever P = FH = ?F, then it must follow from this condition that,
0=(1-p)a" (172)

Instances in which @* is non-zero can be characterized through the condition above in (171). In turn, that
would imply that the terms of trade are different from one, i.e. E—Z # 1, and so is the real exchange rate,
ie. RS # 1.

In fact, after a little bit of algebra with (171), I obtain a closed form solution for the terms of trade (E—z)

as a function of a® as follows,
—F 1
P 1-p3)a*\ ™
L. <¢>F +¢n (1-5) ) ' (173)
P
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Terms of trade (%j) are tied to the real net foreign asset position of the domestic households as a share
of domestic absorption, a®, as well as to other structural parameters of the model (i.e. the intertemporal
discount factor, 3, the share of the home goods in the domestic aggregators, ¢, and the share of foreign
goods, ¢r). Replacing expression (173) into the expression for the real net foreign asset position of the

domestic households as a share of domestic output demand in (168), I obtain that,

— ( a > 1
o \1-(1-8)a” bptoy(1—B)a”
W=D 6+ 65 (¢£f¢;{(lfﬁ)ﬁa>

:( as ) o (1— (1 - B)a) s
1= (1= 8)a") [6ubr — bubr (L 5)a" + dpop + dpoy (1- )

_ a 6 (L= (1L=B)a) ™ _ 0\ 1 graeyis
a (1—(1—@@@)_ (6 + 67) b5 } =a'(1-(1-p)a* ). (174)

In other words, there is a very straightforward mapping between the domestic real net foreign asset share

on domestic absorption and on domestic output demand, a® and a¥ respectively.
—F
Similarly, I can use the formula for steady state terms of trade (i;—H) in (173) to re-write the steady

state expressions for RS, % and ?;: obtained in (147), (148), (149) as follows,

. P\ T brtou(-B)a" | 7
5Pt |or+ou (Ln) or + bu (SEE5H)

RS = P B\ - dp+oy(1-p)ac
bu + O (?H) On+or (%—%(1—6)&&)
— 14+ (¢H¢H B ¢F¢F> (1 _ 5)aa,:| - , (175)
I b
P 1 B 1 B
P BN\ B Sptoy(1-B)a”
outor(B) | Low+er (SR |
= [I-({-p)a*]*, (176)
B —F 1777 T ﬁ r —a - i
—Fs P ¢ptou(1-B)a =
P (?) _ (¢F7¢F(1fﬁ>aa)
D - SF\1=n - ¢F+¢H(1*ﬁ)aa
F | 6r+ 0 (Zr) | [0+ on (32500 )|
_ ¢r+ou(1-p)a a} - (177)
L Op + (Ppdy — dpdr) (1 - pB)a

Interestingly, a non-zero domestic real net foreign asset position in steady state (i.e. @ # 0) does not
imply that the real exchange rate must inevitably differ from one. In the special case where the consumption
baskets are identical across countries (i.e. ¢ = @), then I get that RS = 1 independently of @*. Therefore,
if the consumption baskets are truly identical, then the assumption that absorption across countries must
be related to the real exchange rate in steady state (i.e. (6+Y) = (ﬁ)” (é* +Y*)) reduces to the

conventional assumption that absorption equalizes across countries (i.e. (6 + Y) = (6* + Y*>)
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Sixth Step. I revisit the cross-country relationship of aggregate output and the investment shares. It now
follows that a relationship can be derived between domestic and foreign output from the three relationships
summarized before in (161) — (163), i.e.,

—F\ -7 —H —H\ 1= —Fx
Op (i) ((1;) Y+ (1-8) a) = ¢ (RS)" (i) <<Z> Y - (1-p) (RIS> a>+(1 - B)a.

After some more algebra, I get that,

P\ T (P (PN (P 1 P\ P\
¢F<P> <P>Y:¢F(RS) <P> (P*>Y+ 1_¢F<RSP> _¢F<P> (1-75)

—F\ 1—7n
By the definition of the domestic consumption price index in (15) it must follow that ¢ (%) =

SH\ =7
11—y (%) , so I can write this relationship as,

P\ TP Bz A - P 1 P\
) () (3) ) o

and given the definition of the real exchange rate in (21) (i.e. RS = SP” ) and the law of one price (specifically,

P
P = STF*), it must follow that,

P\ 7T (P AN P\ |
o(7) (F)r=olmr) (F)7 () o (m

Then, after some more algebra it must follow that,

PN (1P [P\ (64 (RS- on B
) ) () o] o

— H—
Equation (179) implies that in steady state the output of both countries would satisfy that P~Y =

%

) fu-om

(178)

PH M =F+ . . - . . . _
(% %) PY" only if the real net foreign asset position of the domestic household is zero (i.e. @ = 0)

1
or in the knife-edge case when RS = (i—;) = (which also implies that RS = 1 if ¢;; = ¢pp = 3). Further-
more, the output of both countries equalizes in steady state if: (a) the real net foreign asset position @ is
zero (or, alternatively, if the consumption baskets are equal across countries because ¢y = ¢p = %), and (b)
prices equalize (i.e. P = P =P and P =P = PF*). In that case, moreover, the consumption and
investment shares equalize across countries as well and that must imply that aggregate consumption and

investment must be the same in both countries (i.e. C' = C"and X = Y*)
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—F —F*

Since £ = RS (P : ), I can also infer from (179) that,

P P
— (P \\ o (o5 (RS)' " -6 B
<R5<P*>>Y +< i )(I—B)a], (180)

— . 1—
P 1 P\
LI | v
P RS p"

where I already know from (147), (148), and (149) that RS, %, and %F: are all functions of the steady
state terms of trade (g—;) and from (175), (176), and (177) that RS, %, and %F: are all functions of

a®. Furthermore, I can express the real net foreign asset position of the domestic household in terms of the

domestic output as in (166), so the equation above can be re-expressed as,

—=H —H\ -1 =\ 1-n —H\ 1= —Fx
P 1P RS — — 1P P —=
= |- == Ou (15) or 1-@|YV=||l== RS | — Y.
P RSP br RSP P
(181)
I know that @Y is a function of @, the intertemporal discount factor 5 and the elasticity of intratemporal

substitution between the home and foreign bundles of varieties n by (174). Therefore, for any given value
of @* I can use equation (181) to determine how different the steady state aggregate output is going to be

across these two countries as follows,

(- -0)a)™ 1 (e ) (e ) - 0w | 7

_ . 0r=6:0-0)1"\ (Fg bptoy (1= H)" =i | g
= K(M)ln) (Seseetihim) (B9) (et } ’

)~.<

and,

bp—dp(1-B)a" op+or(1=B)T \ T (1 _ (1 _ oy may—1i5
(¢F+<¢HF¢H—F¢F¢F>(1—ﬁ>aa)( s ) 1-(1-pa) T

_ 1 br(br—0p)+ o (bubn—0re)1—B)T"\ (1 _ 2~
! (¢F+(¢H¢H—¢F¢F)<1—ﬁ>a“)( B o ) >(1 B)a*

*

Y = Y

which expresses (181) in terms of structural parameters only.
I define the domestic and foreign steady state investment shares relative to aggregate output (i.e. v%. in

(142) and ~¥. in (143)), while the investment and consumption shares relative to absorption can be defined
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as,

. _ X X Y _. 1—14p pH<y>
o T TiX YO+X <9gl:f)>(ﬂ—1_(1_6)) P J\C+X
1—¢ (C+X) - 1—5)&1
= 4 - — : (183)
(42) e -a-ay L T
a — 6 _ a
_ X X v =4 1= P v
ST x voax e A AT
) e (6*+Y*Z+(1;6)(%)6 s)
(“G2) - a-a) cx
Voo = C’*iX*Zl_ﬂ*’ (186)

after having used the aggregate output equations derived in (161) and (162). From here, using the definition
of the real net foreign asset position of the domestic household as a share of domestic absorption @* found in
(165) and the assumption that in steady state it must hold that (6 + Y) = (ﬁ)" (é* + Y*>, I can argue

that the consumption and investment shares relative to absorption must be equal to,

X - i
Ve = === - (1-(1-pB)a"), (187)
C+X (e(;f)) (51— (1-4)
« - _C .
Te = 64—?_1_%“ (188)
X* 1_¢ 1 1—n B
a* = —x* —x — (5 — _— _ aa
S (“G=) e -a-9) <l (a) e )
= 1-9 b + by (1— B)a
- (=2) - a-a) (5o ~aram =77 (189)
e = CiX =177 (190)

Let me denote the consumption and investment shares in the special case with a zero net foreign asset
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position, i.e. with a* = 0, as follows,

1-9
Vo = O — s Ye=1—",, (191)
(S2) a0
1-9
Vgr = O — s Yor =1 — . (192)
(%) -a-a)

Then, when the steady state real net foreign asset position is zero and the steady state subsidies are equal
across countries, the steady state consumption and investment shares in (187) — (189) reduce to the conven-
tional case where the absorption shares are equal across countries and equal to the shares expressed relative to

output, i.e. if a* = 0 and £ = E* then ¥4 =42, =44 =Y, =4, =7,. and 74 =% =¥ =% =9, = 7.

Seventh Step. I look at the pricing equations from the firms’ optimization problem. I can write the
monopolistic competition price-setting rule for the domestic firms with their marginal cost function combining
(26) and (74) and the monopolistic competition price-setting rule for the foreign firms with their marginal
cost function combining (27) and (75) as in (136) and (137), i.e.,

P (-9 1 WY 7
P 0l Ayt (P) (p)

_ (-9t 1 w\Y -

T 0-1 At (i)Y <P) (B -1-9) (193)
1‘“ B 6 1—?)i 1 E* o\ 1Y
P 0—-1 A” 1/}111 (1— w)lfw P B

0 (1 — g*) 1 1 W* P . -
T 01 A (- <P*> (B -=9) (194)

where I have divided each equation by the consumption price level of its respective country and I have
appropriately replaced the real rental rate on capital derived before in (124). The prices of all domestic
varieties are equalized, and so are the prices of all foreign varieties.

From the labor supply equations in (54) and (55), I obtain that,

@) (). (195)

V- @) (@) (196)

Given the firm production functions in (22) and (23) and the fact that capital-to-labor ratios are equalized

SRE

i

across firms within a country, it is possible to write the following steady state domestic and foreign aggregate
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output demand equations from (84) and (85),7 i.e.,

- 4@ (@)", (197)
vo- (&) (D) (198)

and, most importantly, I can establish that,

A )G
(

L
Y
Z* P . ’YZ* 1—9) f* P
Y 0 Y
where the second equality uses the fact that the capital-to-output ratio is proportional to the investment
=

d (13 > 1 =0 i
Using the labor market clearing conditions, i.e. L’=Land L =T , I can express the domestic and

% <§)w11 ’ , (201)

LN
W

and so the domestic and foreign price-setting rules in (193) and (194) become simply,

Ij:;* _ 0 (91:15*) e 1¢)1w Li*} I+o (ayg*)(w—l)v (61— (1 6>)1—w ((C*)U_l (Y*)w)(§04)

Then, appropriately replacing the investment shares v¥% and Y. derived in (142) and (143) it is possible to

share over output in each country as noted in (132) and (133), i.e. ¥4 = 6% and 7. = ¢

foreign labor supply equations as,

I =

| S
Il
/N
Q|

*
N—
Q
L
/N
~l
*
N—
RS
N
~| &
* *
~_—
Il
~—~
Q|
*
N—
Q
ey
~|
*
N——
©

"Given that the prices of all varieties equalize within a country in steady state, then the wedges in (98) — (99) must be equal
to one in steady state, i.e. EH == =1 Therefore, the supply of the aggregate output bundle (of varieties) in each country
obtained in (96) — (97) must be equivalent to the aggregation of each individual variety in (84) — (85). Then, it must be the

-  oH — —F . . . . .
case that Y =Y and Y =Y " and that there is no output loss due to price dispersion. However, the steady state can still
be distorted by the mark-up charged by each firm operating under monopolistic competition unless the subsidy fully eliminates
this distortion as it would happen in (44).
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—H
obtain the following general expression for the price ratios P? and Ii* , L.e.,

(=)
_ 1 P
o(1— _ BH _ 19 (o™t
= IR (%2 )1(;1(15)) (%) (- -9) ((C) (Y)@>
=@ 5
P K
(p=1)¢ .
9(175*) — pr* _ 1—9 —x\ 7 —x\ P
o-1 7/)’”(1—1'1))17"” ( Gl ))1(;}1_(1_5)) (Pﬁ* ) (8 Bt 2 <(C ) (Y ) )
_ |:7*i| 1+ i*
P )
or simply,
(=D »
0(175) 1 1— -1 _ . 1—9 < —~ol — Lp)
0-1 v (1—y)I=¥ (M)(B 1-(1-5)) (8 (1-9) e ) (205)
_ [ml-ﬁ-«p (g)lﬂl—w)w’
(p—1)p . ®
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-1 d,w(l_lw)lfw < (:} - )5(;’1 o) (5 - (1—5)) ((C ) <Y ) ) (206)

e fpre\ 1HI-0)e
_ [z P
-G

where I explicitly maintain that the steady state productivity levels are not normalized to one, i.e. A and

A may differ from one. Hence, after a little bit of additional algebra, it must follow that,

1
(1—v)¢] T+Fa-0)e

(%=2) (-0 [ (5=2) (571 -a-9) .

1+¢ —H
= [4] TG (11 )7
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1
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and,

1
_9)\ ITa-v)e _ T+A-9)¢
o(1-% - (=9)(1+e)
(%=2) (571 -0-9)) ’

N T (V) TR ¢
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¥ (1—ep) 1= (A+9) (C) (Y)
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1
Cme\ 1+ (—Y)e _ 1+(1=9)e
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(A —9)(1te)
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1+¢
— [z Fa-9e (pr-
= | -

Expressions (207) and (208) tie the relative price ratios (%) and (F;f) to aggregate consumption and
output in both countries as well as to the steady state levels of productivity at home and abroad.

I know from my earlier derivations in (161) and (162) that the domestic and foreign aggregate output
demands in (92) — (93) satisfy that,

Y

P = _
<PH> [(C+X)-(1-p)d], (209)

Y = (;;) {(C*+X*)+(1—[5’) (Rﬁ@)“} (210)

Hence, I can re-write the expressions above in (207) and (208) implied by the price-setting rules of the firms

in the following terms,

1
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and,

z -1 =0+ | TFOP% w1 L
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and,
(9(1€)> R <(5_1(15))w> ©) % (C+X) - (1-B)a)
0—1 OTEE (1_yp)1—v (211)
_A(EL
=A(%).
1+(11;;b)s0 (5—17(176))171& . 7/11:1;1 . . ) ~ 1@2

ﬁF*
).
I shall recall now that the real net foreign asset position of the domestic household can be expressed as a

share of the domestic absorption (consumption and investment) in the home country as in (165), i.e.,
a=a"(C+X).

Hence, the equations in (211) and (212) become,

z W -1 1=y o el e
<9(91—1§)> (W) (1-(1-5) a“)lﬂTﬂ (€) T (C+X)™+

wlfwww)l*w
—rpH
— A (7—) 5

H(0-9)e

(G0) 7 (S (@) (@ X)) e () @ 0) T,

_a (F;)

Expressions (213) and (214) are going to be decisive to pin down the steady state consumption level in both

—H —F* _
countries. Implicitly I treat (%), (PF* )7 and RS as functions of the structural parameters of the model
including the share of real net foreign assets relative to domestic absorption, a*. Therefore, at this stage,
these relative prices are viewed as composite coeflicients rather than as endogenous steady state variables.

Under the assumption that absorption in both countries differs only by a factor related to the steady state
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real exchange rate (i.e. (5 + Y) = (ﬁ)” (6* + Y*>), I can re-write equation (214) more compactly as,

0(1-¢") SR (B —(1-9)""" (1-gya" e e e o 25
$IHe (1)t (%3) (215)
—x (P
-7 (%

This expression offers a more precise characterization of the foreign equation in (214).

Eighth Step. I look at aggregate output, consumption and investment as well as the normalization of
steady state aggregate productivity in the model. It follows from the domestic aggregate output equation
derived above in (161) (ie. Y = (;) [(6+Y) -(1- ﬂ)ﬁ]) the foreign aggregate output equation
derived above in (162) (ie. ¥ = (;F) [(C +X ) (1-p) (%) *])7 the definition of the domestic
real net foreign share over domestic absorption a® in (165) (i.e. @ = a® (C + Y)) and the assumption that
absorption in both countries differs only by a factor related to the steady state real exchange rate (i.e.

(C+X) = (RS)" (C"+X")), that I can write,

1 = 1-(1-p)a )<: <C X) (216)

HEEET -

This implies that the consumption share in the domestic and foreign countries must be equal to,
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: <> 1+ () 5 (") e -a-ay )| -

where I have replaced the domestic investment share obtained in (142) and the foreign investment share

n (143). Moreover, with (216) and (217) I can also compute the domestic and foreign investment-to-
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consumption ratios in steady state as follows,

(1-(1-p)a?) <};) (1 + )é) , (220)

(EEE

Replacing (218) and (219) appropriately into these two expressions it follows that,
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where RS, Z, and F;: are all functions of @® based on my derivations in (175), (176), and (177).

P
As a result, I can infer from these calculations that the expression implied by the price-setting rule in

the domestic country in (213) can be re-written as,
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(224)

I can also infer from these calculations that the expression implied by the price-setting rule in the foreign

47



country in (215) can be re-written as,
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From (224) and (225) it clearly follows that the domestic and foreign consumption levels, C and C", can be
expressed as,
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while the relative prices (PT), (PT
Hence, it follows that,
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Given the domestic consumption-to-output ratio g in (218) and the foreign consumption-to-output ratio g
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in (219), it must follow that domestic and foreign aggregate output are equal to,
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Similarly, T infer domestic investment X from the domestic investment share 7% in (142) and the domestic

aggregate output Y in (230) and foreign investment from the foreign investment share in (143) and the foreign
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aggregate output in (231) as follows,
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The expressions in (228), (232) and (236) characterize the steady state solution for C, ¥ and X from the
perspective of the domestic country. Analogously, the expressions in (229), (233) and (237) characterize the

steady state solution for [ Y and X from the perspective of the foreign country.

Remark 3 Given the values for (6, X, 7), I can alternatively derive the foreign aggregate output Y from
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the following relationship previously obtained in (179),

()7 () [(5)r e (=)o o)

which, in turn, can be re-written as,

—F\ " ——\1-n N\ 1
V= |(®8)" <PH> Y<¢H<R5;F ‘¢F> <1;> (-8l . (238)

P

Foreign aggregate investment X" can be derived from the expression for foreign output in (238) and the

foreign investment share in (143),

e e 1— 1 P .
X =Y =5 — ()Y (239)
(G2) e -a-ay J\ P

where the level of investment may differ because the investment shares in both countries differ and/or because

aggregate output is not equalized between the two countries. Aggregate consumption in the foreign country
C" can be infered from the following relationship (previously derived in (163)),

Or (f) h (C+X)

—H

ér (RS)" (i) E (6* +Y*) +(1-f)a

—H

1-n
—— P —* —* — =
= ¢p(RS)" <P> (C +X ) +(1-p)a" (C+X),
which—after a little bit of algebra—implies that,

—F\ -7 —g\ —(1-n) —
C = (%) (;) —<1;> DT ) - X (240)

The expressions in (238), (239) and (240) also characterize the solution of the model with non-trivial domestic

real net foreign asset holdings in steady state.

Hence, from (216) and (230) I can now calculate the domestic absorption (consumption plus investment)
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as follows,
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(241)
which helps me pin down the exact form of the real net foreign asset position @ since I know from (165)
that @ = @ (C'+ X). Alternatively, I can combine (226) and (234) to obtain this other representation of

the domestic absorption,
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although it can easily be shown that (241) and (242) are—as could be expected—identical. From (217) and

52



(231) I can calculate the foreign absorption (consumption and investment) as follows,
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(243)
In fact, from (175), (176), and (177), I can express the domestic and foreign absorption in (241) and (243)

more compactly as,
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which determines absorption in both countries in terms of structural parameters only.
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Combining (241) and (243) it immediately follows that,
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246
where I have used the definition of the real exchange rate in (21) (i.e. RS = gﬁ*) and the fact that in

=l

steady state the law of one price holds, i.e. P =P"s. Then, under the assumption that absorption
in both countries differs only by a factor related to the steady state real exchange rate (i.e. (6+Y) =
(m)” (6* + Y*)) I can infer the following restriction on relative steady state productivity levels from the
ratio above in (246),
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or simply,
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The expression in (248) ties the ratio of the steady state productivities for the two countries to the structural
parameters of the model. Under the assumption that the real net foreign asset position of the domestic

household (relative to domestic absorption) is equal to zero, a® = 0, then (248) reduces to simply,

A o i(w—1)e—1 B
<j*> = (RS) e <PH> =1 (249)
P

47), then I can

Since the real exchange rate is also a function of the terms of trade as noted in equation (1
A
ar

easily see from here that terms of trade is a function of the steady state productivity ratio . However, |

1 1
know that ?H = (%) " and RS = [ (W) (1-5) 6“} t", so the second equality
in (249) follows under the assumption of zero real net foreign assets in steady state and I must conclude
that,

A=A (250)
In general, however, I should not expect the productivity of both countries to be identical in steady state.
For simplicity, I normalize the steady state productivity in the domestic country to be A = 1 and let equation

(248) pin down the steady state productivity in the foreign country.

95



Nineth Step. Finally, I look at the normalization of steady state aggregate productivity in the model one
more time. I need to revisit the price-setting equations that I already derived in (213) and (215), i.e

1+(1—v)

(009 T (5 —a-a)
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Given my previous derivations, I know that the price ratios (%) and (PF—*), the aggregate consumption

(252)

levels C' and 6*, and the absorption levels (6+Y) and (6* +Y*)’ are all functions of the structural
parameters of the model—including among them the real net foreign asset position of the domestic household
relative to domestic absorption, @*. Therefore, the equations in (251) and (252) need to be satisfied in order
for the steady state to be well-defined. Naturally, the long-run productivity levels of A and A" must be
chosen to satisfy these two conditions.

Let me assume that the real net foreign asset position is equal to zero, a* = 0, then the conditions in
(251) and (252) reduce to,
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However, under the same assumption that a* = 0 it must follow that % = ?;: = 1. Moreover, I can also
show that absorption equalizes across countries (from (244) — (245)),
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up to a scaling factor that depends on the productivity level in both countries (and possibly on the government

subsidies), and so does consumption (from (228) — (229)),
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up to a scaling factor that depends on the productivity level in both countries (and possibly on the government
subsidies).
Recalling the domestic consumption in (226) and the domestic absorption in (241), then the price-setting

condition in (251) reduces to,
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which is trivially satisfied for any value of A (as expected). Recalling the foreign consumption in (227) and
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the foreign absorption in (243), then the price-setting condition in (252) reduces to,
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which again holds trivially for any value of A (as expected). What this implies is that I can normalize the
steady state productivity level to take any value as long as the ratio satisfies (248). As I already know from
(250), in the special case with @* = 0 the productivity levels in both countries are equal and the conventional
normalization implies that A = A" =1. In the general case with @® # 0, however, I cannot ensure anymore
that the steady state productivities in both countries would be the same. The normalization, however, still
implies that the level of steady state productivity is normalized to one in one of the two countries, since the
only thing that matters in order to ensure that the steady state is well-defined in the general case where
a® # 0 is the ratio of the productivities as defined by condition (247) (or, more compactly, by condition
(248)).

For the purpose of cross-validating my previous results on the steady state productivity ratio, I can take
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the ratio between the price-setting conditions in

(251) and (252), i.e.,
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where the third equality makes use of the maintained assumption that absorption in both countries differs
only by a factor related to the steady state real exchange rate (i.e. (6 + Y) = (ﬁ)n (6* + Y*) ). In turn,

the fourth equality uses the definition of the real

steady state the law of one price holds, i.e. P"

exchange rate in (21) (i.e. RS = SP ) and the fact that in

— Fs—
P S. Then, using the aggregate consumption expressions
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for both countries given in (226) and (227) I obtain that
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Then, after a little bit of extra algebra, I end up with the following condition
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or simply,
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(260)
which is exactly the same condition that I derived for the productivity ratio in (247). Therefore, this confirms
that in a steady state with a real net foreign asset position for the domestic household (relative to domestic
absorption) different than zero, a® # 0, it has to be the case that the productivities across countries are
unequal in order to reconcile the model with the assumption that the net foreign asset position is different
than zero (and, consequently, the trade balance is also different than zero).

For simplicity, I shall assume that the long-run steady state productivity of the domestic country is
normalized to one, i.e. A = 1. Hence, the foreign productivity level would be characterized by equation

(247) (or, more compactly, by condition (248)).

5 The Log-Linearized Equilibrium Conditions

Here, I log-linearize the equilibrium conditions around the deterministic zero-inflation steady state. I denote

Ny = In N; — In N the deviation of a variable N; in logs from its steady state.

5.1 The Households’ Equilibrium Conditions

The log-linearization of the Euler equations in (58)—(60) is quite standard, and characterizes the consumption-

savings decisions of the households as follows,

Et ~ Et [Et+1] — 0 (/Z\t — Et [7/'(\'75_5_1}) y (261)
G o~ E[G.] -0 (7;‘ _E, [%;"H}) . (262)

The international risk-sharing equation comes from the log-linearization of (59), i.e.,

-~ NFA —
By |=07" (G =€) = Rt + (uin =50 +05 ] ~ K nfa
t ( t+1 t) t+1 ( t+1 t) t 1+,u(NFA—E) f t+1
= panfa,q,
or more compactly,
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iy — i + Mmyf\atﬂa (263)

Q
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where the second approximation follows from the Euler equation in (261). The steady state real net foreign
asset position of the domestic household @ is pined down by the definition in (165) as,

a=a"(C+X),

while the steady state domestic absorption is given by (244) as
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The steady state productivity of the domestic country is normalized to one, A = 1.
From here, after some easy manipulations on equation (263), I obtain that the uncovered interest rate
parity condition does not hold (even for a first-order approximation) since a risk premium term tied to the

real net foreign asset position of the domestic household appears now in the expression, i.e.,
O ~ ~ e
iy — iy + By [S441 — 5¢) = panfa, . (264)

More precisely, I obtain that the interest rate spread plus the expected changes in the nominal exchange
rate must be proportional to the real net foreign asset position of the domestic household. Alternatively, I

can represent equation (264) in real terms as follows,

(=B [7]) = (B = B [Roa]) + B [AFS01] & panfay., (265)
and,
Et [/C;k_,'_l — E:;] — Et [/C\t+1 — /C\t] + O'Et [A”%t-i-l] ~ ouanfatﬂ, (266)

using the log-linearization of the real exchange rate in (21), i.e. 78; = §; +p; — Dt and ATS;41 = 75141 — 7S¢,
and the Euler equations in (261) and (262).
The log-linearization of the resource constraint in (117) gives me the characterization of the dynamics of

the real net foreign asset position of the domestic household as follows,
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and,
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~T (= Fe) + (Bis — P+ 7fa) +

_|_
¢ (1—n) T <(PP)G(C+X)> (13{{ - At) +ép (1 - 77)7*

— ;) + -

pH* )171](6*4*?*)

—%

() ) o aray + o, [P
ngI( (P )a( )>T8t+f (Ct+$t)+¢FI< (P @

-SF —H —_
The steady state price ratios % and (%) and the real exchange rate RS are tied to the steady state

terms of trade by (147), (148) and (149) (or to structural parameters by (175), (176) and (177)), i.e.,

. BF 1-n7 19 L
RS = SP = Or + Ou (?ﬁ) _ [1 4 <¢H¢H - ¢F¢F> (1- ﬁ)aa:| e
P P\ ’
oy +op (%) or
- i 119
P 1 P
? = FF 1—n :[1—(1—&)@]1*77,
| on +dp (ﬁ) |
1
SF\1-n -
F'x i —a 1
r__ (%) :[ 6 +¢n(1—B)a
P bp + by (g)l_n op + (Ppdy — dpdp) (1 - B)a”
L P J
The steady state terms of trade (2—2) can be derived as a function of the structural parameters of the model

from condition (173), i.e.,

P (op+oy(l=pas\™
PH_<¢F—¢F(1_5)GG) ‘

All these complex expressions are derived under the assumption that steady state absorption (consumption

plus investment) in both countries differs only by a factor related to the steady state real exchange rate, i.e.

(é—l—Y) = (ﬁ)" (6* + Y*) Given the fact that ﬁi* P 5P’ L

—H
= S ﬁ% and replacing appropriately
the steady state interest rates given by (125) — (126) (i.e. I =1 = $71), then it follows that the resource

constraint can be re-written as,

0 e
—iy +nfa,

~ % ((gt —5i-1) + (Pe—1 — D) + nfat) + .

)(?{ +77).

S (1—n) 3 (W) (B —Fi) + op(1—1) & &) (Rf)n(c*+x*)> (B —pr) +
¢F% ((f)ln(Rf)n(C*JrX* ) P+ 1 <¢H(Pf)1:1> C+X G451 ¢F% ((‘3}5{)1"(35)"(0*+X
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1
_ _g\1-n _\1-n] T
Given the steady state domestic consumption price index (i.e. P = {d)H (PH) + op ( F) ] ) and
the fact that £ ? =RS (

) then I can further re-write the resource constraint in the following terms,
—i; +nf Gy1

~ L
~

8 (G0 = 51a) + (s — Po) + 1) +
¢H (1 - 77) = <(P"H)1U(C—i_x)> (]/7\{[ o ﬁt) + ¢F (1 B 77) % (@)1—%}35)”(6*4_?*)

1
B a
or (“’) (Rf)n(c*”*)> i - dr <(PP> : (C”)) @+7

or more compactly as

*?;k Jrnf@t+1

Pur (1

St—1) + (Pe— 1_pt)+nfat
(?) R N s e

¢rs (( o )> TSt~ drpg <(RS(I;*)2 7 (C+X)> (€ +2¢) + op =

‘u\m =

— @~
/—\

Since absorption in both countries differs only by a factor related to the steady state real exchange rate, i.e
(6 + Y) = (ﬁ)” (6* + Y*), then dynamics of the net foreign asset position can be expressed as

—if +77f\a't+1
) + Pt l_pt)+nfat
( PT C+X)> (]/)\F_ﬁt) +¢F(1_n)% (PP)G(CJ'_X)> (
¢Fﬁ < % T (E4xX) )rst ¢>F <(RS(’}IZ<)21"(C+X)>(

/C\t+ff\t)+¢F% (W) (€ +7).

Moreover, given my definition of the steady state real net foreign asset position of the domestic household

relative to domestic absorption in (165) as @ = @ (6 + Y), I can finally summarize the resource constraint
as,

it

= “’lw -3 s or -0

5 Bae |Pu \Py — Pt F Dy
A\ 1-7 =N =\ 1—n . S
o (5) " et orsts | (5) @ v an) - (5 (
Di—1, T8¢ = 5¢ + Py — pr and ATSt-H = 75141 — T8¢
I define the world price sub-indexes as pt

(267)

where 7; = p; —

—Fx I-n =N
Pﬁ* )) (Ct +th):| )

* ~SE W N ~Fx
= ¢upfl + ¢ppi™ and p; = ¢l + ¢upl*, and the
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relative price sub-indexes as ﬁfl R = pil — pH* and ;Bf " = pf' — pf'*. Then, naturally, I can write that,

~H AH w ~H,R ~H=x ~H W ~H,R

= +oppy T, Py =Dy — Opby T,
F ~F, Wk ~Fx _ ~F,Wx ~F,R
Py = D +oup ™ Bl =p0 " — ot

Analogously, I have defined the world CPI as p}" = ¢yp: + ¢pp; and D)V * = ¢pdr + ¢ i, and the relative
CPI as pI* = p; — p;. Then, I can write that,

bt = ﬁ?/""_(bFﬁfvﬁ::ﬁy/_quﬁf’
e = Db+ oubi, B =0 " — drbi-

Using these definitions, it is possible to express the relative prices (ﬁf *—pr ) and (ﬁf — ﬁt) in the following

terms, i.e.,
. ~H,W ~H,R
p{{* _1/7\: = (pt — ouby’ ) (PW ¢H )
~HW W ~H.R =
= b b —ou < pf’)
SF o FEW N N
P —p = +oub "= (P + dubt)
SEWs AW ~FR o
= b =P+ op (pt —pf>
where the world terms of trade is defined as t}V = ﬁf W — p/V*. The definition of CPI in both countries,

ie. Dy~ ¢pp! + oppl and P} ~ ¢pp* + ¢yDL*, can be written as,

oyst [ﬁf —ﬁt] +op [ﬁf —ﬁt]
Op [AH* _pt} + o [AF* ﬁ?] ~ 0.

0
=

Based on my definitions of the world aggregates, denoted with the superscripts W and W*, it is possible to
argue that,

o [ (77 ~38) 4 05 (52— 58)] 0 [ (5" —7) 4 (7~ 78]
= ¢ (P’ —pt) +¢p (B — D)
o [(B"Y = BY) = o (B = )] + ou (B = ") = 0p (51" - 511
=or (P = 07) + ¢ (07" —P7) =0,
since py = ¢y Pl +¢ppl and py = ¢ ppil* +¢upl*. Furthermore, I also know based on those same definitions,

that the following result must hold true,

(P =)+ (P i) = A G )
=¢H(pt —pt)+¢F( by — Dby )+¢F(pt —ﬁt)+¢H(ﬁf*—@k)
= [9u (O =21) + 0 (0 = P)] + [0 (01"~ P7) + ou (07— 77)] = 0.
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From here it follows that,

—gN\1—
= (B) " 3 [on (BF — ) + or (7 — 57)]
mn

= (-0 (5) s [-0r BF —B) +6r G - 57)]
—=H\ 1—7 N e % N _H. e N N
=(1-n) (%) e [—¢F (pf’w —p + by (pf’R —pﬁ)) +or (pf'w —p —bu (pfl’R —pﬁ))}
—g\1—7n N " I . . . " e N =
=—(1-n) (%) e [cbp (pf’w — V" + du (pf’R *pﬁ)) + oy (pf’W — " — (pf’R *pf)ﬂ
FE\ LT ~ * IV ~ ~ ~ ~
=-(1-n) (%) Fom [(d)p +ép) (pf’w -’ ) + Opdy (pf’R - pf) — pou (pf’R —pfﬂ
pH\LITT ~FWx W
=—(1—n)(%) ﬁ%[pt’ —ptW}
—=H\ 1—n
——(-n(5) &,
where the world terms of trade is defined as )V = ﬁf W _ plV*. Therefore, the dynamics of the real net

foreign asset position of the domestic households in (267) can be re-written more compactly as,

— ~

. ~ ~ , T —SH\ 17
nfa ~ 0+ b (-7 nfa) — (- (B) gAY
1

—=H\ 1—7 N —=H\ 1—7 N /= Fx 1-n - (268)
o (Br) " sersi+ ke [(Pp) @+ - (RS (%)) @ m)} ,
or simply as,
n/f\atJrlz/{;k""% A@t—%f‘f‘@t —(1=mn) (% o+ (269)

This expression allows me to close down the model with incomplete asset markets since the premium that
accounts for deviations of the uncovered interest rate parity condition in (264) is tied to the real net foreign
asset position, and all other variables in the model are determined endogenously even in the complete asset

markets case.

The Law of Motion for Capital. The log-linearization of the domestic capital accumulation formula
in (3) and its foreign counterpart without adjustment costs (NAC) allows me to obtain the following set of

equations,
- ~ =X\, .
k‘t+1 ~ (1 — (S) kt + (VK> (J,'t + Ut)
(1= 8) ke + 6 (T +71), (270)

Tok Tox **Y* ok A~
ti1 = (1—=0)kf + (V K*) (T} +75)

(1—0) ki +0(zF +77), (271)

where the second-equality follows from the steady state investment-to-capital ratio being tied by the depre-
ciation rate § and the normalization of the steady state level of the IST shocks to one (i.e. V = V= 1).

The investment-specific technological shocks (ISTs) in this model are labelled ¥; and ¥ .

66



The log-linearization of the domestic capital accumulation equation in (3) and its foreign counterpart

under capital adjustment costs (CAC) allows me to obtain the following set of equations,

b = -0 -7 (B) (2)| o+ [Fo (B) 47 (B) (B) ] oo+ -
Vo (%) X5
=(1=0) ke + 6@ +7y),

i ~ {( 6 -V (*) (Xi

~—

=<

) |5+ e (B) B v (B) (5) o+

K
e (T T

Ve K =0y

= (1= 0) ki +6(T7 +77),

where the second-equality follows from the steady state properties of the CAC function. The log-linearization
of the capital accumulation formula in (3) and its foreign counterpart under investment adjustment costs

(TAC) allows me to obtain the following set of equations,

fua —6} +[Vf DE7(3) (3)F]
[ (%) ) F|z 7o ()
8) ke + 9

’§>
o
s

k;‘+1z(1—5)k;‘+ Vo (X)X 47 (%) ()X w -
— — 2 — —
e [ X X" X" | o * X"\ X"~
[V o (Y) (z) X }xt—&—V <1>(y )?vt
= (1—0)k} +0 (3 +77),

where the second-equality follows from the steady state properties of the IAC function, and the fact that in
steady state X = 6K and X' =6K". Ttis interesting to notice that in spite of the fact that I am using
three different specifications for the adjustment cost function, the log-linearized law of motion for capital is
the same in all cases.

However, unlike for the law of motion, the log-linearization of the equilibrium conditions on capital-

investment is not independent of the choice of the adjustment cost function.

The Capital-Investment Decision under NAC. The log-linearization of the capital-investment con-

ditions coming from the domestic households’ problem in (62) — (63) are,

. 1 ~ e .
G ~ B {—0_ (Cp1—C) + (1= (1=0)B) T +(1-9) 5Qt+1} ) (272)
@ = U, (273)

and, analogously for the foreign counterparts in (64) — (65), the log-linearizations give me that,

S
Q

B {2 @)+ 0 - 0 - 99T+ (0= 963 ) 2m4)
(275)

=)
%
<
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where naturally ¢; and g are the real shadow values of an additional unit of capital (or Tobin’s q) in each
country, and 77,y = Zi41 — D1 and 775, = Z7, — iy, denote the real rental rates on capital in the domestic

and foreign countries respectively. This pair of equations can be re-arranged to show that,

o~

(== B E () ~ (0= Bi(Fin)) + (1 - 6) BBy (Brs) = By (276)

(1= =0)BB (7)) ~ (i B (7)) + (1—0) BB (57..) — 07 (277)

Q

by adding the Euler equations in (261) — (262). I could interpret this pair of equations as indicating that the
real rental rate on capital (the aggregate marginal product of capital) is proportional to the real interest rate.
The two rates are not equal, however, because capital depreciates over time, while borrowing and lending
in the bond markets is not subject to the same physical depreciation. The two rates also differ because of
the contribution of the IST shock (or Tobin’s q) to the capital returns. In other words, the real interest rate
should be proportional to the aggregate marginal product of capital only if there are no adjustment costs
and IST shocks.

The Capital-Investment Decision under CAC. The log-linearization of the capital-investment con-

ditions coming from the domestic households’ problem in (66) — (67) are,

~

—%(Ct+1—at
i~ By A (F)(F) e

% *
z+a(a-o-ve (3) (¥

)+
GE . o\ awmE
)2> ( ) )2> o

%+@<(175)7V<1>f(%) (%
1 N . N N ~
= [ {— @41 =)+ (1= (1—06)B)7iy + (1 —6) BGr1 + x5°B ($t+1 - kt+1>} ) (278)
X\ X X X
, (@& EDX] o oy,
LA X (X)X (xt_kt>_vt
(%) + (%)%
= X6 (ft - Et) ~ 5, (279)
and, analogously for the foreign counterparts in (68) — (69), I obtain that,
Sk 1 Sk Sk 2k Sk %k A*
¢ ~ E {_0 (Ct+1 - Ct) + (1= (1-0)B8)T5 +(1—0)Bg, + X8°8 (xt+1 - kt+1)} ., (280)
T o~ o (a; - %:;) S (281)

This pair of equations describes ¢; and gf as the real shadow values of an additional unit of capital (or
Tobin’s q) in each country, 77, = Zy41 — pr41 and 77}, = 2z, — p;,; denote the real rental rates on capital
in the domestic and foreign countries, while y regulates the degree of concavity of the CAC adjustment cost
function around the steady state.

The pair of equations that relate the current and expected Tobin’s q to the real rental rate on capital
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and the real interest rate can be re-arranged as,

a =~ BB [qi] + {(1 - (1-0)3) B (7Fy,) — (gt — (%t-&-l))} ) (282)
G~ BB (G + (- (- 9B B (7)) - (3 - B (7)) (283)

by adding the Euler equations in (261) — (262). I could interpret this pair of equations as indicating that the
differences between the real interest rate and the real rental rate on capital (the aggregate marginal product
of capital) are the result of fluctuations in Tobin’s q. In the polar case where there are no adjustment costs
and IST shocks (i.e., when x = 0 and ©; = 0} = 0), then ¢ = ¢; = 0 for all ¢.

The Capital-Investment Decision under TAC. The log-linearization of the capital-investment condi-

tions coming from the first-order conditions of the households’ problem in (70) — (71) are,

Z
R 1 R £ 1-6)
qr ~ Et {0‘ (Ct+1 — Ct) + - r )Tt+1 + = ( ) qt+1}

Z4+(1-90 Z 4 (1-94)
1

=B {2 @~ @)+ (L= (L= ) D) T + (1 6) B | (281
o @ @)
Qe 7~ —0t X\ o (X (X (Tp — Ty—1) +

ve (£)+ve (%) (%)
A (E)E) L e (E)E)
. o 1+ﬁv‘1>’<%>(%>2 (Cy1—Ct) + AV %) %)2 (Gra1 + Veg1) +
t (T HE T EHE))E
ove () (2)° (Tr1 = T)
= K [(Zr — Te—1) — BB (Tegr — Ty)] — o, (285)

and, analogously for the foreign counterparts in (72) — (73), I obtain that,

sk ]'A* sk ~zx ~x
@~ B {o @@+ 0 (=T (-0 AT | (256)
T~ k[ - - BB G - 7)) -5 (287)

This pair of equations summarizes g; and ¢; as the real shadow values of an additional unit of capital (or
Tobin’s q) in each country, 77, | = Zy+1 — Di+1 and 77} = Zf4 — Piy, denote the real rental rates on capital
in the domestic and foreign countries, and x regulates the degree of concavity of the TAC adjustment cost

function around the steady state.

The pair of equations that relate the current and expected Tobin’s q to the real rental rates on capital

and the real interest rate can be re-arranged as,

G~ (1-0) BB fGn] + [(1 - (1= 8 BB (774) — (0~ B lFi])] (288)
G~ (L= 0) BB [Gra] + [(1— (1= 0) B)B: (71) — (3 —Be [71n] )] - (289)
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by adding the Euler equations in (261) — (262). I could interpret this pair of equations as indicating that the
differences between the real interest rate and the real rental rate on capital are the result of fluctuations in
Tobin’s q. These equations are almost identical to (282) and (283) except for the fact that the expectations
term on the right-hand side is diminished by (1 — §). Hence, I conjecture that expectations about the future
play a potentially ‘smaller’ role in the dynamics of Tobin’s q under the IAC specification. In the polar case
where there are no adjustment costs and IST shocks (i.e., when k = 0 and v; = 0 = 0), then ¢ = ¢ =0
for all ¢.

Finally, I re-write equations (285) and (287) in a more compact form as follows,

~ 1 1 R
Ty & 1+ﬁ Ty 1+1—ﬁ|—[3 [xt+1]+m(Qt+vt), (290)
e 1 . 1 .

Ty ~ 1+ﬂ t 1+1fﬁ [xtJrJ +m(qt +’Ut). (291)

The presence of investment adjustment costs (IAC) changes equations (285) and (287) completely. First, it
introduces an element of inertia in investment captured by the lagged terms in (290) and (291). Second, the
investment decision also becomes forward-looking, captured by the expectations term, because it becomes
costly to adjust the level of investment. The elasticity of investment with respect to Tobin’s q (the shadow
value of an additional unit of capital) is inversely related to the curvature of the IAC function (regulated
by the parameter k). By contrast, investment under the assumption of capital adjustment costs (CAC)
responds immediately to movements in Tobin’s q (as can be seen from equations (279) and (281)), while the
elasticity of investment with respect to Tobin’s q is inversely related to the curvature of the CAC function

(regulated by the parameter x) and the depreciation rate (given by the parameter ¢).

5.2 The Monetary Policy Rules

A simple log-linearization of the Taylor indexes described in equations (38) — (39) gives me the following

monetary policy rules,

[AES pi/i\t—l + (1 —p;) [d@ﬁt + Zby@t] + My, (292)
i~ piy + (L= py) [Ty T + g, (293)

where m; and m; denote a pair of monetary policy shocks (expressed in logs and relative to their uncondi-
tional expectations). The Taylor rule for each country is symmetric, has a smoothing component regulated
by the parameter p;, > 0, and it also responds to fluctuations in output and inflation with weights ¢, > 1
and 1 > 0, respectively.

Fiscal policy plays only a supporting role in this environment and, in the end, the balanced-budget
equations in (40) — (41) do not need to be explicitly log-linearized to characterize the equilibrium of the

model (up to a first-order approximation).

5.3 The Firms’ Equilibrium Conditions

Efficiency conditions. The efficiency conditions are summarized by equations (112) — (113), as reported

before. The log-linearization of these conditions implies that the real rental rates on capital must be approx-
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imately equal to,

. 1.0 14+¢. L+(1-9)p\~ 14+
7 o~ = — — 294
Ty ot + ” Yt ( ” t " at, (294)
s =+ v — - ay . 295
t o t ’l/} t ’l/) t ,l)[} t ( )
. Ao W _ 192\
If T define the world consumption as &#"V = ¢y (1 ) Ct + dp ( ) ¢; and ¢ = op (1_11) ¢t +
O ( ) ¢ and the relative consumption as ¢ = (1:31) Ct — (111; ) c;, then I can write domestic
and forelgn consumption as,
. 1—1
ao= (k) @ o).
— Ve
o = (1 — ) (@™ — ppet™).

Then, I express the efficiency conditions in (294) — (295) as

N L (1=7\ uw 11—\ wr l4+e. 1+(1—=9)p\~ 14+p..

o, 1 z 2 x _ E, — . (296
" U<1—’Y$>Ct tory <1—7$ T b =~ v (29)
. T (1=, \ aw 11—~ 1+¢ I+ (1—=9Y)p\ 2 1+e.
N a(l—vg*)ct r; (1—%* BT " ¢y G290

These equations are necessary to close down the model without having to keep track of either labor or wages

explicitly.

Aggregate Output. Using the demand constraints of the domestic firms in equations (33) — (34), the
demand constraints of the foreign firms in equations (36) — (37), complemented by (50) — (53) and the
corresponding foreign counterparts, I define total output demand as Yiy, (h) = Ciyr (h) + Xipr (h) +
Ct ., (h) + X;, . (h) for a domestic firm h and Y, . (f) = Ciyr (f) + Xoar (f) + Cfr (f) + X (f) for a
foreign firm f. Then, it follows that the log-linearization around the steady state of the output demand for

a given re-optimizing firm, i.e. iy, (h) for a domestic firm h and y7, . (f) for a foreign firm f, takes the
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following form,

*)"(cwx*)) (Brsr (h) = PPr) —

=
b (BN (O X N N
n( _e(F)'em >(pﬂ7_pt+7)+...
on ( d

_ w(F) T Gror +
ou(B) " (C+X)+op(B) (T )
on (BL) (04 )0 () (@ 4x) ) T
or(B) "(C4+X7) . i
9 B) —pH*) — ..
¢H(§)f’(5+f)+¢p(%’ﬁ)7'(5 =) (pt+7—( ) pt+7’)
or (=) (€ +X) SHe o
T o ) @) ror () @y ) P ~Pie) + o
ou (%) "(CX)rop(Be) T(@4x) ) T
ér %)7 X s

P ~ _ o _F _
Yetrr (f) ~ —0 (¢F(}f)n( X)+¢H(Pli*)n(0*+X*)> (pt-‘rT (f) pt+7’)
or -

7 (w(}f)"(c+x)+¢H(’f:)"(c*+x*)> (Plsr = Pror) -
o () © Crr +
or(E2) T (C4R) o (Bn) "(@4x) ) T
¢F(§)7"(E+Y +¢H(%FX)7"(5 +X T
on(5=) (@ +X) S
f ¢F(ff)"7(c(+x)i¢H(l;i* (T4 (Pisr (F) = PiE7) =
by % (T =
7 ¢F(ff)"(c+x)z¢}, 2T (@) (i = Pie) +
¢H<%F:)ﬂ€ C +
or(5) " (CHX)+ou (5n) (X)) T
ou(Ge) "X .
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F*
Using the fact that in steady state it must be the case that ( ) =
then I can re-write these two expressions as follows

N
—~ ¢ (C+X ¢ (C+X
Yt+r (h) ~ —0 <¢H(C+X)+¢E‘ (%))"(C*+X*) (pt+7' (h) pg-‘r) n <¢H (C+X)+¢E~(1—;S))W(C*+X*)> (pt+7' pt+7-) +
( L AR (VD SN— >§t+7 -
o (C+X)+or(RS)"(C7+X7) ¢1 (C+X)+¢p(RS)"(CT+X")
6p(RS)" (T +X* s ¢ (RS)"(C"+X" NP
b (C+X()+¢) (( st(é* ) Piyr (h) — pgrf) - ¢H(C+X()+¢)F((1w;”(c*+x*)> (Pﬁr - pt+7) + .
¢ (RS)"C” e ¢ (RS)"X e
<¢ (C+X)+<z(5p() S)"(CT+X7) Cor T <¢H(C+X)+<55F(I)%S)"(C*+X*)> Litrs
~ r(C+X ~ ~ or(C ~ —~
Yitr (f)~—06 <¢F(C+X)i¢i(+§)n(0*+X*) (pt+7' (f) *Pf+r) - <¢F(C+X)+¢E, (:;))"(CWX*)) (pf.H - pt+T) + ...
( d)FZ M= o ) Citr + Y— = (,Ct+7— -
¢>F(c+x)+¢i(R ) (CT+X7) ¢p(C+X)+oy(RS)"(CT+X7)
u(RS)"(C"+X~ . A u(RS)"(C"+Xx~ s
. (cjxgwl(( J:’ CTHX7) (pt+7 (f) pfj‘rT - ( 2 e X)) )) ( i
)

ou(R

<<sz(0+x)+<;>HEq )"(c*+x*)> G + <¢F(C+X)+¢H

~¢
(©X)ton(RS) (© +x7) ) \Prer = Prir) + o

S (T +x" )) Tiar:
Then, in a steady state where absorption (consumption plus investment) in both countries differs only by a

factor related to the steady state real exchange rate, i.e. (6 + Y) = (ﬁ)" (6* + Y*) the output demand
of each variety can be expressed more compactly as

@\t+T( ) —0dy (Pt+¢ (h) _ﬁtfi'r) -

Py yloyes (ﬁi’ir _ﬁt+r> + ...
bn (@%) Ct+r + On (%) Tipr —
6¢F (]?thr'r(

h) = piys) = nop (B — Piyr) + -
(o

=5 ) Ciar T 0r (40 =) Tirs

) %7—0 F (pt+7' (f) _£t+7') - "7¢F (ﬁf—&-r _ﬁt+7) + ..
( t )Et+7' +op @%) Tipr —

9¢H (@i—r (f) ﬁij) 77¢H (pt+7' Z/)\t-‘rT) + ..
P (5*iy )Ct+r +on (C X )xt+'r'
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I define the steady state investment and consumption shares relative to absorption in (187) — (190) as,

X L-v _
= Frx ! z (1-(-p)a),
C+X (0(91_5)) (ﬂ_l _ (1 _ 5))
Yo = €+y: — Ve
P L:d 1-9 < bp + ¢y (1 - p)a” >
C+X (9(;—{)) (51— (1)) | \Pr Onu = oror) (1= p)at
a = L*: _ AQ
Vex = 6*4—?* 1 e

With these expressions at hand, I can write the log-linearized aggregate output equations as follows,

Utr (h) =~ —0 [¢H (Z/)\f,"rT (h) — ﬁgw) +op (ﬁw (h) — ﬁfi*r)] -
Ui [¢H (@{if —ﬁt+r) +op (@{i*r - @Jrr)] + .
o (L=73)Crr + 0p (L= 75+) Gpr + OuVaTtsr + OpVe-Titr,
Uier (f) = =0 [0p (Perr () = Piir) + 0u (Brsr (F) = Brsr)] — -
Ui [¢F (ﬁf+r - ]/Q\tJr'r) +on (ﬁﬂr - ﬁtJrT)] + .
¢p (1 =75) Copr + O (1 = 73+) Gy + 0pVeTttr + OuVe-Tipr

The consumption and investment shares in the special case with a zero net foreign asset position, i.e. with
a® =0, are defined in (191) — (192) as follows,

Yo = O — 1= Y.=1—"7,
_ (0(;_—5)) (,8_1 . (1 7 6))
1-9
Vpr = O — s Yer =1 — Y.
(%) -a-a)

Hence, I can re-write the expression for the output demands in the following terms,

Q

~ ~ ~H,W ~HW N
Gor ()~ =0 [, () =Bl | = [P =AY, + (1 =) @l + 2,30,

A~k ~ ~WV % ~F W ~F W % A~V * W ~aW x
Yt+r (f) ~ —0 |:pt+7' (f) — Piyr :| -n |:pt+7' - pt+‘l’:| + (1 - ’yw) E?+T + ’Ywm?+7 ’
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where the weighted variables are,
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p" (h) GuDr (h) + ¢pp; (h), B (f) = dpbre (f) + ubi (f),
~HW  _ ~Hx  ~F,Wx ~Fs
Dy oubr +opby ", By = dpbi + dubi

duDe + OpD;, Z/)\t Y= Gppi + duD;-

W
Py

The expression above is essentially the same expression that I would expect to find in the standard case with
a zero net foreign asset position in steady state, except that world aggregate consumption and investment

are defined from the perspective of each country, i.e. c@W, coW* zeW  and zeW=.

These measures are
not computed based solely on the weights in the consumption basket of goods (i.e. ¢y and ¢p), but are
re-weighted depending on the gap that exists between the steady state consumption and investment shares
with a non-zero net foreign asset position and the steady state consumption and investment shares whenever
the net foreign asset position is zero.

Keeping that distinction in mind I can proceed ahead with the derivation of the rest of the log-linearized
equilibrium conditions in a similar fashion. I can re-express the aggregate price of all domestic and foreign
firms as proY ~ [o 5¥, (h)dh and P " & [ Vs (f)df. Adding up the output functions for all firms

within each country, I obtain an expression for aggregate output in these terms,

~ ~H W P

Yter = —N (pt+‘r m-:—) + (1 'Yw) Ct+7‘ + ’wa?K7 (298)
P ~FW IR ~a W

Yipr = 7 (pt+7' : pﬁi) + (1=, e + .20 (299)

These two equations will become very important in my posterior derivations of the Phillips curves. Further-
more, if I combine the efficiency conditions in (296)—(297) with the output equations derived in (298) —(299),
it follows that,

1—
(L (ER)+0-) %) A b R oy () 01 -
1+(1—v)e

Vg 1—v¢ (300)
~H,W —
e (pt B ) ( ) - ea,,
* Ay 1—v, 1 * 1 S * 1—,
N (i (17%*) +(1-7) W) G PR~ org (17%* ) et = (301)

1+ ~F Wk W * 1+(1—9 * 14+p~x
Tsa(pt — Py )_(¥)kt_7wat'

These conditions will be appropriately used to simplify the description of the Phillips curves in this model.

The Open Economy Phillips Curves. In steady state the standard pricing rule under monopolistic

competiation of charging a mark-up over marginal costs holds. Accordingly, the log-linearization of the

(0]



optimal pricing equations in (74), (75), (76) and (77) can be compactly expressed as follows,
i +oo o~ ] i +o0 T -

By Y (B0) Fear| + (1= Ba)By [ D2 (B) (ewsr — Biar)|

=k o~ I too T~ I Foo T (= -~ X

by (h) - B [ (B0) iy + (1= Ba) By [ D2 (B) (erss — Brer — P14r)]

Py (f) — D By Z ) (Ba)" Tipr | + (1 — Ba) By ZT o (Ba)™ (Meyyr — Prar + 7’A=9t+7)} ,

PN -F o~ B (e w0 B B[S (B) (e, — B ]

:s

=
S
2 2

%

%

which defines the distance between the optimal price decision of a given re-optimizing firm and the CPI
level prevailing in each market as a weighted function of current and expected future CPI inflation and real
marginal costs. Here I must recall the assumption that the government subsidy is time-invariant and equal
to its steady state value in every period, which explains why the government subsidies do not appear in the
log-linearized pricing equations. I derive the (pre-subsidy) marginal cost equations in (26) — (27), and they

can be log-linearized as,

_ P e . ~
~ T ’
MCyyr YWy r + (1 =) (TH +pt+7) — Q41

W/l\c:-&-'r ~ wwt—i-r (1 - w) (iﬂ\tzjﬂ' +ﬁ:fk+7') - a:-‘rT?
while the labor market clearing conditions, which are implicit in (114) — (115), can be approximated as,

Wiy r A —mawr + m%/c\ﬂ»r + ﬁyuﬁ + % (?ﬁf +1/9\t+r) + mﬁwn
©
¥)

sk ~ ® Ak 1 1~ @ 1—9 zk foc 1 fors
Bfsr ~ —Ta=pp e T TOPg o O T TSP+ T =0 (iir T Pir) T TP

Naturally, the labor market clearing conditions and the marginal costs reduce to the standard linear-in-labor
case without capital if the labor share in the production function goes to one (i.e., v — 1). If T combine

these two log-linearized equations, it follows that the marginal costs can be expressed as,

—~ ~ 1/\ o~ A~ o~ ~
Mlttr N Ta—pp o Ctbr T Titemp it~ Tliogpe (@err = (L= ¥) (s + Pesr)) + Ta—gpp P
— * ~ P 1 P 14 * po 2 P

MClsr X T A5 2 Ot + Trgya Ve — Tre (@er — (L= 0) (FEfr + Pir)) + ra—gyaPier

where 7y, and 7/, , denote domestic and foreign aggregate output. Finally, if I combine the marginal cost

equations with the output equations derived before in (298) — (299), it follows that,

o~ —~ ~ 1~ /\H7W PN
MCtt7r — Ptdr =~ ﬁ;cﬂﬂ' - %n (thrT —pKiT) + % (( — V) O} Ct+7— + 7w$t+7—) -
14+ ~
m (at+T - (1-9) ?’Vf-s-f) )
% ~ 1 ~F, W W+ 1 w w
Mep iy = Pir & m;fcﬁ-r - %7) (pt+7' pt+7’> + ﬁ ((1 — V) G+ 'le'?+r*) BRREE

14 ok *
ﬁ (@ — (L—9) 7L, -

I can use my characterization of the real marginal costs with the pricing formulas log-linearized before
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to write that,

Py (h) =i =

~ ~H W =~ ~a
(1 o) (et S (o, | 7 TP O B ) o (OB 4 -
a I+(1—v e t ~
(1-9)¢ 0 (H‘T‘P) (aH_T —(1—1) ;:@ﬂ)
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S () B (R
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o - CJFT@) (@i — (L= 9)7E,) + (W) TSi4r
+oo - R
ZT:I (ﬂO[) Et (ﬂ-t'i“l') ’
b (f) —pi =
priy Dy * ~aW *
(1-Ba) ( P ) Z+oo (Ba)" B %atk-&-r —en (pt+r _pK{/-T> + ¢ ((1 — %)ggr; + ,ythr; ) _
_ 07 ) 2 \ ) *
o 0 (%) (@i, — (1=v)7r,)
+oo - o
> (Ba) By (7)) -

I log-linearize the price sub-indexes in (78) — (79) and (80) — (81) and re-arrange them to obtain that,

= —~ ~ —~ o ~H
pe(h)—p =~ (B —pi) + (1_a>7rt :

o~k

B ~ (ﬁf*—ﬁi‘)Jr( o )?rf*,

l—«

= ~ I ~ @ ~
P - ~ (BF—p)+ (1(1)7{,

~k

~k ~F % ~k « ~Fx
p () =07 = (bf —pt)+(1_a>m,

which is quite convenient for my purposes. I replace the isolated terms %

cost equations. If I define the world consumption as &#" = ¢ (1:7/%) ¢ + ép (11:73: ) ¢ and MW =

¢ and 1¢; out of the marginal

11—\ A 1%, . . 1=\ A 1—%,
dp (72 ) G + dy ( 7===) ¢ and the relative consumption as ¢ff = (2= )¢ — (=) ¢}, then I can
Yz Yo Yz Yz

write that,
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“ = (1—3“)(% +orci"),
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Hence, the pricing equations can be expressed more compactly as,

T+ (150) 0 - 1) =

1- - ~a
((1—3‘5) o+ (1- %)w) W+ v TV +
) Feo T 1-v,\ —1R ~HW -~y
v (1—‘,—(1—1,/))90) ZT:O (ﬁa) Et ¢’F (1_25 g E?+T —@n (pt+7 7pt+7-> — e + ...
HTSO) (atJr‘F - (1 - w) ?§+T)

(1_Ta) Z:—: (50‘)7 E¢ (T4r),
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((%) ot (1 %)90) W 4y ozt L
v (ﬁ) Zj:) (Ba) B | ¢p (%) ot — (W) TSt4r — 1] (ﬁf;ﬁv —ﬁﬁr) _
(22) @r - (0 - 0)7)
(52) 377 (B0) B (7).

o+ (50 B - b) ~

((11;”5;) ot (1=7,) so) W 4y T — .

¥ () X, (B0 B | o (15 ) o7 @l 4 (MHHE02 ) Feer — o (B - BY7) -
(152) @, - (0 - 0)Fit)
(52) 37 (B0) By (Rovr).
w150 (0 - pr)
((%) o+ (1-1,) w) AR U
v (ﬁ) Zj:) (Ba) B | ¢p (ffjf ) ol — on (ﬁfff* —ﬁXY;;) — |+
1

*

(152) @1, — (0 - 0)7it)

(52) 37 (Bo) B (71)

where the composite coefficient is defined as ¥ = M
Furthermore, this system of pricing equations can be expressed in the form of a system of expectational
difference equations. Let me focus on the first equation as an example. If I re-write the equation at time

t + 1 and take conditional expectations on information up to time ¢, it should follow that,

~H —oN fe N
B {Wt-s-l + (1a ) (pf'ﬂ —pt+1)
1— _ Y
((22) 07 + (1= ) o) s +7apBEl +
e T 1=, — ~H W ~]
(ﬁ) v ZT:O (Ba)" Eq Op (11:() I/C\?flJr'r —¥n (pt+1+-,— - pK1+T) — .. + ...

o
L2) (@147 — (1 - ) Fs1sr)

(1:1) Zj: (Ba)" By (Reg14r) -



Hence, using this conditional expectation, the pricing equation can easily be decomposed in two terms as,

m +( )(pt —lat) ~
((tlj) o1+ (1- %)w) EW oy W
()| or(B) ot )|
(55%) @~ (1 -0)7)

(1 ) BBy (Fe41) + BB, [714 + (152) (pt+1 piin)| -

Further re-arranging allows me to express the expectational difference equation as,

— BE;, {ﬂtﬂ} + W (pf' —pr)

(G%) ot 4+ (1- %;) w) & e’
~ Y 17, g—1ga SHW oy
~ (o) ¥ | or (58) @t —on (30 ) -

(%)( —(1-9)7)

I can apply the same approach (and algebraic steps) to re-write all other pricing equations as expectational

difference equations, i.e.

AH* /BEt (7Tt+1) + ] (AH* _Z’)\tk)
((1 ”’”) ot (1=7,) w) G+ ypEt +

1 x
~ (ﬁ)\p b (1:1) ”7 ( 11— w)cp) Py — on (pt’ 7]7?’) -,
i (%) @ — (1 -v)7)

%f — BBy (%fll) + W (ﬁf — D
((11 e Jot+ (1=7,) 90) Gl ezt -
1— 14+(1— ~F W WV %
~ (ﬁ) U op (17]5”) Ca ( = W) 8¢ — 9077( -t ) e |

e @ - (1-4)77")

#F* _ BE, (7?5:1) + (PF — 57

(( = )U + 1—%)@) G T —
~ (ﬁ) v PF (11—75*) —lgt 8077( o ﬁyv*) .
(%)( —(1-9)77")

These equations provide a very simple characterization of the price dynamics at the price sub-index level.

Now, I use the pricing equations described above to infer the dynamics of the relative price sub-indexes

AHR ~H ~Hx (~H,R ] ~F,R ~Fx (~F R PN
Al =wl w0 (" =pf - pi) and 70T =77 70 (50" =B — Pl as follows,
— B, (FLF) + v (B - BF) ~ wis, (302)
%va — BB (R5) + v (B07 - Bl) ~ Wi, (303)

where pi* = p; — P} is the relative CPI across countries. Using these relative price sub-index dynamics, I can
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re-write the pricing equations further as follows,

7 ~ BE, (7rt+1> + ...
((%3”) e (1 —%)sO) " +yaem +
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I have defined the world price sub-indexes as ﬁtH’W = ¢l + ¢ppt* and ﬁf’w = ¢ppl + dypl™, and the

H

relative price sub-indexes as ﬁf R = pH — pH* and ﬁf R = pE — pf*. Then, naturally, I can write that,

~H _ ~HW ~H,R ~Hx _ ~HW ~H,R

Py = D +orpy s D =Dy — ouby
~F AF W ~F\R  ~Fx _ ~F,Wx ~F.R
Py = +éuby Dy =Dy —QrDy

Analogously, I have defined the world CPI as p}" = ¢y + ¢pp; and " * = ¢ Dt + ¢ yD;, and the relative
CPI as pF = p; — p;. So, I can write that,

Py = AW +¢Fﬁ57 i = AW - ¢Hl/’f7
peo= D+ oubl, By =0 — ¢pbi-
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Therefore, I can re-arrange the

pricing equations as follows,
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(301), and after a little bit of algebra, I can
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efficiency conditions in (300) —
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now re-arrange the pricing equations for the sub-indexes in (304) — (307)
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as follows,
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I derive the dynamics of 7,
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from the equations above as,
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I define the CPI indexes of both countries as p; ~ ¢up + ¢ppl and p; ~ ¢pp* + ¢ L™, respectively.

Therefore, it is easy to derive the dynamics of 7;

o~ ~ ~k o~
=Pt — Pt—1 and Ty = Py
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as follows,
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certain terms inside the brackets of the Phillips curves more compactly as,
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Based on the definitions of the world aggregates, denoted with the superscripts W and W*,
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me to argue that,
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since Py = ¢upll + ¢ppl and p; = ¢ppll* + ¢yl *. Furthermore, based on those same definitions I also

know that the following result must hold true,
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I conclude that both Phillips curves in the model take the following form,
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(0~ o) () (o4 00— 0) (52 ) ) (AFW*—@W*) -
_ (1—0) (52 RV = (152) [ortn + 617]
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which extends the characterization of the inflation dynamics in models like those of Steinsson (2008) b,

adding capital and investment.

With a little bit of additional algebra, it is possible to obtain simply that,
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and, naturally,

Ty~ @Et (Teq1) + -

(1—7,)¢ (%

() o+ (0

)1+

o]

P+ (1—2) 2

o| e AR it gt
or (o (235) - or (+55)) o'+ o 4.
(o gn) (SSENEE) (5P i) -

((17¢)(1+w)) W 1+<p
’l,b t

I [mar + ¢pa;]
T~ ?Et (%:+1) + .
ot [(1 o )cﬁFctW + 1 l’i)(bHEaW*} + ...
(1=7)¢ (%) [orct™ + oued™ ] + .
o e (‘”fiﬁf DT (6, 50 4 gmaW] — .
bp (¢H ( - oF }:zg o e — pprEy —
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Capital appears in the equation dynamics because it captures the impact of the efficiency conditions on the

marginal costs of firms.

Let me define £}V = pr>"V* — pi

=D’ — Dt

as the world measure of terms of trade in the model. Then, the Phillips
curves under price stickiness and local-currency pricing (LCP) can be re-expressed as
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These equations constitute the aggregate supply block in this environment.

The International Relative Prices. I have defined the world price sub-indexes as ﬁf{ =4 Hpt Hyopppl
and pi""V* = ¢pF + ¢ pF*, and the relative price sub-indexes as pr-" = pH — pH* and pi" = pF ﬁf*

Then, naturally, I can write that,

~H AH R ~Hx ~H W ~H R

pe = "' Oppy T Dy =Dy —ouby ",
~F _ ~F Wk ~F'x ~F W % ~F\R
by = Dt + ¢Hpt y by =Dy’ — ¢ppy

Analogously, I have defined the world CPI as p}V = ¢y + ¢pp; and pIV* = ¢pp: + ¢ D}, and the relative
CPI as p* = p; — p;. Then, I can write that,

P = D+ oubi, Br =D — ¢rbi-

The definition of CPI in both countries, i.e. p; ~ ¢ pil + ¢ppl and P} ~ ¢ppil* + ¢ pl™*, can be written
as,

oyes [ﬁ{{ —ﬁt] + ép [ﬁf —ﬁt] ~ 0,
or D7 =i + ou [pF " — D]

l
e

Then, based on the relationships described before, I can re-write the definitions of the CPI indexes as,

| R i R e I A A R s v | I
or (B = B1) = on (5" ~ )| + ou (0" ) —op (50" -F)] ~ 0.

Let me define 2V = pr""* —p?V* as the world measure of terms of trade in this model. World terms of trade

are implicitly characterized by the previous pair of equations.
I already know that by construction (ﬁfIW —ﬁfv) + (ﬁfw* —@W*) ~ 0 (see equation (312) for a

demonstration), hence the two expressions above become simply,

onor (0" —5F) + (57" -7
ouor (A" —51) + (0" - )]

In summary, the only constraint that pins down the world terms of trade in this environment is given by,

Q

(6 — or) (B = B1)
(6n — 0r) (B =)

Q

(o — o) (AFW*_A ) Pudrp [(AHR—@E) + (pr_ﬁﬁ)} . (321)
If the model has no home-product bias in consumption and investment, i.e. ¢ = ¢, then (ﬁf Wk — W

only matters because it affects output and output enters into the specification of the Taylor rules in (292) —

(293). Therefore, it must follow from (321) that (AH R ﬁﬁ) + (ﬁf’R - ﬁﬁ) ~ 0. In that case, this constraint

imposes no restriction on the world terms of trade tt = ﬁf W —pV*, and I would need to keep track of the
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price sub-indexes in order to close down the model.
If the model assumes home-product bias in consumption and investment, i.e. ¢y # ¢p, then ftW =
;BtF W _ v *) matters because it affects output in both countries and it also matters because it affects the

inflation dynamics directly through the Phillips curves. Moreover, I can write the world terms of trade as

follows,
SEWx _ ows _ P9 SHR _ - -
R R o sl | A 7 Ra (7R T | B (322)
n — OF
In equations (302) and (303) I already derive a simple characterization for the relative price sub-indexes
~H.R #PR ;
m, " and w7, ie.,

— By (7t+1) + v (AHR 235) ~  Wrsy,

~F,R ~F,R ~F\R  ~ ~
T, — BBy (7Tt+1) + U (pt — pf) ~ Urs;.
Simple manipulations allow me to write this pair of equations as,

~HR ~R ~HR ~R ~H,R
(7‘} - T ) — PEy (7‘}4-1 7Tt+1) + W ( —ptR)

Q

Uis, — 71 + BB, (7Tt+1>

(%tF’R /\R) 5Et (ﬂ-t+1 7Tt+1> + )\ ( - ]/9\5) ~ \I/T'St — 7Tt =+ BEt (ﬂ-t+1>
where the relative CPI is defined as pf* = p, — pr. If I use the definition of world terms of trade )V =
ﬁf W — pV* and I combine it with these two equations, I can write the dynamics of ﬂ’v as
ATV — BB, (ATY,) + WEY ~ ¢¢H¢g {qmt — 7R 4 gE, (ml)] : (323)
H F

where I define the first-difference of world terms of trade as At)Y =tV — V. This suffices to close down
my model.

Following on Engel (forthcoming), I can show that when the degree of price stickiness is the same across
firms and markets then the relative prices in each country must be equalized even if the law of one price
fails to hold, i.e. (ﬁf - ﬁf{) (ﬁf* - ﬁf{*) must hold true. To show this, I start by computing the inflation

rate for the relative prices in each country (%f — 7?{{) and (AF* — %f*) from the dynamics of the price
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sub-indexes in (308) — (311) as follows,

#F _ 78 ~ BE, (%f+1 . %fil) T
[ ot (=) e - () @) + ]
(=) (s (o @ -0) (52)) @ e+
v Vo (1+(17¢)¢> (SO + 1 —) (1?’)2) W — g
oo ({152) () |
e () (</9+ (1-v) (15*’)2> (" =) = (3" =) - -
| (o (07 = 58) = or (5 —5F) ) - (1w (2) (B o) - (452) @ - |
RO — A BB (R - R ) +
' o (=) e - (=) @) + |
(=) () (o4 -0 (352) ) @ - a)
. 7. (i) (so + (1) (1;:@)2> (@ — W) -
oo (#5) + (15) ) o+ e -
Vi () (o4 -0 (352))) (8 =) = (0 =) +
| (or (B - 0F) — o (07 - 5F)) - - (2) (B —R) - (552) @i - |
I noted already that by construction (ﬁfl W v ) + (ﬁf W _ v *) ~ 0, hence the two expressions for the
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relative prices above become simply,

~F ~H _ ~F ~H
T, — 7 ~ OB (7rt_~_1 — Ty )+

i 1 1=, \ 2aws 1=, \ 2aW i
o ((1775*)@ — (kyé)ct ) =+ ...

Vo (ﬁ) <¢+ (1-v)
oro ((122) + (F2) ) @+ 7 —
2 (1 () (o @m0 (22)7)) (B —a0) -
| (0m (007 =58) —or (077 - 5F)) - (1= ) (552) (B = ) - (52) @ — @)
R —R BB (R - )+
_ o (= ) e - () @) + ‘
(=72 (s ) (9 + (-0 (1)
7. (i) <90+ (1—)
orot ((52) + () ) @+ —
2 (10 () (o @m0 (52)7)) (B0 -0+
i <¢F (@F’R —ﬁf) ~ ¢n (ﬁf’R —ﬁ?)) —(1-v) (1*7“’) (Et —Et) - (HT@) @ —a)

Let me define the variable Z; as the difference between the relative prices in both countries, i.e. z; =
(pf —pf') — (pF* — pf'*), and the first-difference of z; as AZ; = (%f - %f{) - (%f* — %fI*) Using the two

equations I derived previously for (%f — 7 ) and (%f e *), it immediately follows that,

~F ~H ~F'x ~Hx\ __ E ~F ~H ~F'x ~H %
T —my ) = (T =T ) R BB (T — T ) — (T — Tea ) ) — o

0 [(0n (P07 = 5F) = or (3" = 5F) ) + (o (507 = 5F) — o (51" —517) )]

- ~F ~H ~Fx  ~Hx ~F\R ~R ~H,R ~R
~ OB, Tpp1 = Tpg1 ) = (Te41 — T -V (pt — Pt ) - (Pt — Pt )}
- BE ~F ~H ~Fx ~H U ~F\R ~H,R

N PL AN\ T = Teqr ) = \Tgp1 — Ty ) ) — by — Dy .

Finally, since I have already defined p;>" = (pf' — pf'*) and i (pi —pf™), I can also infer that,
(50" = B| = (5F - 5E) — (B = 5) = (BF —B) — (BF" — ¥1") = %, (324)
and, accordingly, I can re-write the expression above for the dynamics of AZ; as,
Az ~ [B (AZi41) — UZ;. (325)
Naturally, as Engel (forthcoming) emphasizes, if I combine equation (325) with the initial condition zy = 0,

then it has to be the case that the solution implies that the relative prices in both countries ought to equalize
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as I postulated initially, i.e.,
=@ -p) - (B —p) ~0, (326)
or simply that,
(=Pt~ (7" —pi)- (327)

Furthermore, if I combine equations (324) with the solution in (326), I obtain the following result,
(50" = 58) = (31" - 5F) ~0,
or simply,
(50" =) ~ (A" - ). (328)
Therefore, I can re-write the world terms of trade defined in (322) as follows,

_FWx s Ou® - A
A R T (pf’R—pf)- (329)
by — Pp

Equation (329) is going to be particularly helpful to simplify the log-linearized equilibrium conditions of the
model later on.

5.4 Other Relationships

On Aggregate Output. I have shown in equations (298) and (299) that the aggregate output in each

country can be expressed as,

~ SHW A ~
U o~ - (pt *pfv) + (1 =7) " + 7,27
~F W % A~V % ~
= (B ) + (1) @Y EY
~x ~F W % WV * ~ *
o~ - (pt - ) + (1 —7,) &V + 3V,

since (ﬁfw — ﬁy) + (ﬁfW* — ;EXV*) ~ 0. Most notably, I can write both output equations as functions of
world terms of trade without having to keep track of any other international relative price. Using the world

terms of trade definition I can write aggregate output as,

gt ~ 77%?/ + (1 - P)/t) E?W + FYmEE?W7 (330)
U~ oty 4 (L= T (331)
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This also means that world aggregate and world relative output must satisfy the following conditions,

= ¢Hyt + ¢Fyt ~-n |:¢H (pHW W) + éF (ﬁfw* ﬁyv*)} + .
(1 —Yz) [¢H0t + ¢FAGW*] + 7z [¢H$t + ¢F9CGW*}
=1 (n — ) [AF VIR 4 (1= 0) [0S + 6T ]+, [0 + 0pE ]
=n(og — ¢F) t +(1—=,) [¢Hct + ¢FA“W*] + Y2 [¢H§3\?W + ¢F§?W*] ;
V= Gpl 4+ Opl; ~ — [¢F (ﬁfl _@/V) + éy (AFW* _@W*)} + .
(1-7,) [¢FCt + ¢HAGW*] + Yz [¢F§? + QSHIGW*}
=0 (@n — op) B0 =B | 4 (=) [6pE + 0™+, (00 + 0y
= (¢ —op) B + (1 =7,) [0 + o™ "] + 7, [¢pZt™ + opzi™ ],
=g -7~ —n (P - 5) - (B0 - )] + -
(1 _ ’ya:) [/\aW /C\?W*] +'7z [ aW __ aW*]
=2 [AFW* B+ (=) [V -] 4y, [ - 3]
=t + (1 —,) [@W — W] 4+, [B¢W — 2¢W*].

W %

I could use the equations derived before for ;" and 3;"* in order to substitute out consumption in the

Phillips curves, so I can write everything in terms of output instead of consumption. I can also replace

tt (ﬁf W ﬁ?*) out using the equation for relative output.

On the Efficiency Conditions. Using the efficiency conditions in (300) and (301) together with the

definition of the world terms of trade tt (ﬁf W _ v *), it follows after a little bit of algebra that the
real rental rates on capital can be expressed as,
1- = 1—7,
(L () + (1) B2) @Y 40, B2 4 op (22 ) 071 R 4 lEERY — . 439
1+(1—¢)¢>E 14 (332)
2 tT Ty T
X 1—v, . ~aW s 1—v, _
i (3 (55) + () B2 ) @ R - op (15 ) o @ el - 333
(1+(1—¢)<P> 7%* _ ltegs (333)
P t P Tt

This simply re-writes the previous conditions replacing the international relative prices with the definition
of world terms of trade. However, for the purpose of simulating the model, suffices to use the expressions
derived in (294) — (295) or in (296) — (297).

On Aggregate Employment. The aggregate employment can be easily derived by log-linearizing the
aggregate production equations in (84) and (85) as,

Y = at"ﬁ‘(l—’lﬁ)Et‘*‘WAn
Ui~ ar+ (L— )kl

Naturally, the linear-in-labor case for employment can be derived as a special case of this log-linearized

aggregate production equation in which the labor share converges to one, i.e. 1 — 1.
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On Real Exports, Real Imports, and the Net Exports Share. In a two-country model, suffice to
determine the net exports share of the domestic country. Let me denote the deviation of net exports / GDP
from its steady state as tAbt.8 Then, because the trade balance is easily computed as the difference between
domestic aggregate output and domestic aggregate consumption and investment in real terms (or domestic
absorption) (see, e.g., Gali and Monacelli (2005)), I obtain that,

tbt = @\t — (1 — ’yg)/c\t — ’YZ%}.

I have defined the world consumption as ¢V = ¢, (l_j/a) G+ op (1:7;* ) ¢t and W = ¢ (1 o ) ¢t +

1—7,
oy (1 Yo ) ¢ and the relative consumption as ¢¢F = % Cr — (ll_jg* ) ¢;. T have defined the world
investment as ¢ = ¢y ( ) e + ¢p ( ) 7y and T¢V* = ¢p (j{—:) Tt + oy (?") Z7 and the relative

investment as T¢f* = (z—f Ti— ’LT Z7. Then, I can write domestic and foreign consumption and investment
N =

as follows,

- 791) +¢F )7

Using the formula derived above for domestic aggregate output in (330) and the expressions above for the

net exports share, I obtain the following equation for the trade balance,

tbt ~ 77%?/ + (1 - 'Yw)/c\?w + ’szt (1 - Vm) Ct — ’Yw:/gt

1— R 2\ .
- s (3 (22)a) e (- ()2

1—7% 1- ~ o ~ ~
- o= () (2 o) (- () () )

= UQ/V - (1 - ’Yx) ¢FE? - ’Yw¢FAaR~

In other words, adjustment in the domestic trade balance comes through movements in the world terms of
trade ﬂ/v, or from relative adjustments in either the consumption or investment paths.
The real exports and imports of domestic goods in the model can be inferred from equations (46) — (53)

as follows,

EXP,

/01 [CF (h) + X{ (h)] dh = ¢ /01 (ng(ﬁ)ye (iti*)_n [CF + X[]dh,
IME = /Ol[Ct(fHXt(f)]df:%/ol(P;g)>_e(]§>n[CﬁXt]df,

8T use ﬁ)t instead of the more conventional 7Z; notation in order to avoid possible confusion with the investment variable.
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where ¢} = ¢ under my assumption of (symmetric) home-product bias in consumption and investment.

A simple log-linearization of both definitions allows me to obtain the following pair of equations,

1 ol X"
E/ZE\ ~ —0 Dy h)dh — AH*) — pi* _ p* + —  —= E* + —  — E*,
Pt </0 p; (h) Py 77(pt pt) C 1+ X t 41X t

— v N BT C N X
1Mmpy _9(/0 pt(f)df_Pf>_U(pf_Pt)‘f'(C_’_X)Ct'i‘(C_’_X)xr

I define the steady state investment and consumption shares relative to absorption in (187) — (190) as,

Q

X 1— _
Vo = m=—=90 = (1-Q1-p)a*),
C+X (9(91_15)) (ﬂil—(l_é))
a 6 1 _ A0
7(: - 6-'—?7 7,@7

R SR ) R < bp + 65 (1— BT )
C +X («%:}—_{)) (5_1 —a _5)) bp + (dpoy — drpdr) (1 —-B)a

_C
6* +y*

Ve =1-75-.

With these expressions at hand, I can write the log-linearized import and export equations as follows,

1
exp, N —9(/mh)dh—ﬁf*)—n(@H*—@*)+<1—vz*>a+v;@r,
0
1
oy —9(/ @(f)df—ﬁf)—n(ﬁf—@)+<1—~y;)a+v;@.
0

Recall that the log-linearization of the price sub-indexes in (17) — (20) clearly implies that fol p; (h) dh ~ pH~
and fol Pt (f) dh =~ pf'. Therefore, the first-order effects of relative price dispersion at the variety level are
negligible, and I can re-write the export and import equations as,
exp, ~ —n (B —pi) + (1 -5 + 7875,

1

—
~

mp, N~ -7 (ﬁf — D) + (L= 78) ¢ + oy

These expressions for the export and import equations are rather convenient.

I have defined the world price sub-indexes as ﬁfIW = ¢yp? + ¢ppl* and ﬁfw* = ¢ppl + ¢ypl*, and

the relative price sub-indexes as ﬁf’R = plf — pH* and ﬁf R = pI" — pI'*. Then, naturally, I can write that,

~H ~H,W ~H,R ~Hx _ ~HW ~H,R

Py = Dy +QEby T, by =Dy — ouby
~F ~F W ok ~FLR  ~Fx _ ~F Wk ~F R
Py = D A ouby s D =Dy — Gpby T

Analogously, I have defined the world CPI as p}" = ¢yp: + ¢pp; and DYV * = ¢pdr + ¢y i, and the relative
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CPI as pf* = p; — p;. Then, I can write that,

Py = AW +¢Fﬁ?v D = AW - ¢H]/5?7
P = “+ ouby, Dy = — ¢ppy.

Using these definitions, it is possible to express the relative prices embedded in the definition of real exports

and imports in the following terms, i.e.,

~H % ~k ~H W ~H,R ~W ~R
P - = (pt — ¢ub; ) — (01" — oubi’)
~H W ~H,R ~
= 5" —p) — oy ( — pf)
~ ~ /\F W % ~F.R PN
pf—pt = + ¢y ( W*+¢Hpt)

~F W AW« ~F,R A
= Dt — Pt +¢H( —pf)

where the world terms of trade is defined as £}V = p;>"V* — pW*. The definition of CPI in both countries,

ie. Dy~ oppl + ¢ppl and P} ~ ¢pp* + ¢yDL*, can be re-written as,

by [P —Di) +op [Pf —Di) =~ O,
op D7 =] + ou [pf 7 — i 0.

Q

Then, based on the relationships described before, I can further re-write the definitions of the CPI indexes

as,
~HW A ~H,R = N R Iy -
o [ (P ) 4 0 (1~ )]+ [(PE ) 4 (567 58)] = o
~HW ~H,R = ) N _F, _
¢ [( *pXV) ¢H( *pf%)]ﬂbH [( FW**}?X"*)*cbp(pr*pf)} ~ 0.
Using the second equality derived above and the definition of the world terms of trade tt = ﬁf W —pV 1
can write the relative prices embedded in the definition of real exports and imports in the following terms,
ie.,
~H * o~ ¢H /W /\FR ~R
by —Dr = b —¢p P — Dt )
P-p o~ B +on (B0 -5E),
and,
op (B —57) ~ —ou [0 —or (37" - 0F)] .
. ~F,R
or (D 1)~ op FZVJF¢H (pt *p5>}~
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Under these conditions it naturally follows that,

~ou [B = o (07" = )] - 0r [ + 0u (507" — 5F)]
= —(u+op)tl =1,

or (P = 57) = (B —Pv)]

Q

and, based on equation (329), I also get that,

e o K w FR g\l _ | % oy —Pr \|w _ L\ -ow
i - bp [ ¢F( —Pf)} = [_%+( %, )] 2 <2¢F)tt
F o~ W FR R\ _ by — ¢r (1 \ow
by — Dt ty +ou (pt _pt) = [1+< 2%, )} ty <2¢F>tt )

Hence, the import and export equations can be re-written as follows,

Q

Q

— 1 a a ok

erp, ~ 1 <2¢ ) t + (1 —ve) ¢ + 7oy, (335)
F

— 1 s~ o

mp, R~ <2¢F> t" + (1 —95) ¢ + o (336)

These two equations show that the strength of the demand for consumption and investment purposes is likely
to have a major impact on both exports and imports. However, they also show that exports and imports
depend on world terms of trade, ftw, which is the sole variable that summarizes the impact of international
relative prices on both real exports and real imports in the context of this model.

Therefore, I can compute the real trade balance (relative to steady state domestic output) in this model

straight from the definitions of real exports and imports in (335) and (336) as,

1 N 1 o
dp(n( = )8 + (1 =228 +7%37 ) —dp (-0 = )& + (1 —2) & + 53,
205 20p
= UW+¢F((1—V;*) P Ve Ty ) — op (1 —vg) C + 7eTt)
= ) +ép (1 —72)C — (1 =79 C) + dp (YouZ] — 75T4)

1 1 a a
W ) Y+ A«* )acA Ya* ~x
= nt) —(1—7,) ¢ — — 7, b — T

- FYx(erxtR ~ tbt’

Q

OF (6/377715 - impt)

0

“2

I

a

1- 1- ~ .
where 3t = ( 7“) Ct— ( T 17 ) ¢ and T3 = (7 ) Ti— (1’ ) ¢. In other words, my measure of domestic

1=,
the trade balance in (334) is equivalent to the difference between the log of real exports and real imports

(in deviations relative to their respective steady states) scaled by the parameter ¢p. In the deterministic

97



steady state of the model, it follows easily from equations (46) —

(53) that,

= oy (f)c X" =gy (f)x
éF = ¢p (f) néa YF =¢r (ij) 77]Y7
a4, (i*)"cx’ g, ii*)"X*?
o (1?*) _"6*, X" — g, (i") _"Y*.

Under the assumption of (symmetric) home-product bias in consumption and investment (i.e., ¢3; = ¢p), I

write the domestic real import and real export shares over domestic output as,

Y o’ x4 x™ . (%)7 (C+X +¢F( ) (C +X> ,
TMP o’ +x" - or (%) (C+X)
Y o ixtyeoTex™ ’

bp (%)777 (C+X) +¢H(

P\ —* —x*
5) (@ x)
where the first equality follows from the steady state goods market Clearing condition (and the fact that

in steady state there is no price disperion at the variety level and ¥ = Y ).

Py (B and PH* — (B , then I can re-write these two steady state shares as follows
P ) RS \P P )T ®mRS\P y ’

Using the equivalences that

o (RS)" (C"+X7)

EXP _

Y bx (C+X) + 0 (RS)" (T +X)
IMP ¢p (C+X)
= -

o (C+X) + oy (RS)" (C+X)

Then, in a steady state where ¢ ;;+¢r = 1 and where absorption (consumption plus investment) in both coun-
tries differs only by a factor related to the steady state real exchange rate, i.e. (6 + Y) = (ﬁ)" (6* + Y*) ,

the import and export shares can be expressed more compactly as,

5 - ( RS e +X>>:¢F’
()

Indeed, the parameter ¢ denotes the share of real imports and real exports for consumption and investment

purposes relative to domestic output in steady state.
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The world terms of trade, ﬂ”, can be expressed in terms of the relative price of each country as follows,

— /\F,W* A~ 3 A~ ~ o~
Y = p," =P = bpbr + dubr " — dpbr — duby

= ¢p (ﬁtF*ﬁt)JréﬁH (ﬁf**ﬁ;)

~ ¢p (B — oubi — 0Py ) +on (B — 0pby " — ubi )
= ¢pdy (B — i)+ dpdy (07— 1)

= ¢poy (67 —B1") + (57 —B1"™)]

while using the definition of the CPI for both countries, i.e. p; ~ ¢y Pl + ¢ppl and 9} ~ ¢pp* + ¢dl™.

I can re-write the real exchange rate, 75, as,

TSt = S¢+DPf— D
~ S+ (0pD + oubr ") — (dubr’ + dpbr )
= S+ ((1—ou) ™ +oubi ) — (oubr' + (1 — )b} )
= S+ —-B) +ou [(BF —B) + (B - )]

The international relative price effect on trade can be partly captured by the cost of replacing one unit of
the foreign good with one unit of the exported domestic good, i.e. it is in part a function of the domestic
terms of trade fot, = (ﬁf — 5 —p *) If the law of one price holds (as it is the case under producer-currency
pricing (PCP)), then I can express domestic terms of trade as the opportunity cost of replacing one unit of
the foreign good with one unit of the domestic good sold locally, tot, = (ﬁf —pH ), since p ~ 5 + pi*.
However, in the local-currency pricing (LCP) case with deviations of the law of one price considered in this
model I have to use the definition of world terms of trade, ftW, to re-write the real exchange rate, 754, as a

function of domestic and world terms of trade as follows,

. _ 1
Sy X _tOtt + <¢> %;VV
F

World terms of trade, ftW, can be expressed now as a function of the domestic terms of trade, tot, =

(ﬁf — 5 — ﬁf*% and the real exchange rate, 75, as,
Wy (t/o\tt + ﬁ:t) . (337)

The advantage of this transformation is that the world terms of trade can be expressed as a linear function
of domestic terms of trade and the real exchange rate which are both measurable in the data—unlike world
terms of trade itself. Hence, the trade balance, the real export and the real import equations can be all
re-expressed in terms of international relative prices that are easier to match with the data even in the

presence of nominal rigidities and LCP pricing (that is, even when the law of one price does not hold).

6 An Extension: The Role of Capacity Utilization

For this extension, I follow the definition of capacity utilization as presented in Christiano, et al. (2005).
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6.1 The Structure of the Model
6.1.1 The Intertemporal Consumption and Savings Problem

I assume that both countries operate in the same environment described before under incomplete asset
markets. The domestic household maximizes its lifetime utility in (1) subject to the sequence of budget
constraints described by,

~ 1 1 P, (S,BE* 2 -
P, (Ct + X+ A(Uy) Kt) +Tt+—Bt+1+—*Sth;‘1+§I—j (”*1 - a) < By+8,BI* + W, L+ Z,U, K4+ Pry,
t t

I; I P
(338)
and the law of motion for physical capital,
[?t-i-l <(1-9) K+ V& (X, X1, Ky) X, (339)

while the foreign household maximizes its lifetime utility (the foreign counterpart of (1)) subject to the

sequence of budget constraints described by,
~ 1 ~
P; (C’t* + X7+ AU Kt*) + 17 + FB:H <Bf+W}!L; + Z;UK] + Pr; +Tr}, (340)
t

a law of motion for capital analogous to the one described in (339), and a transfer function T} that implies
that foreign households receive all the revenues from the international borrowing costs paid by the domestic

households in trading foreign bonds, i.e.,

2

* 14 Pt StBtF:Q:kI —
Ty =4 —a) . 341
T8I ( r (341)

Here, W; and W} are the domestic and foreign nominal wages respectively, P; and P/ are the domestic and
foreign CPI indexes, and T} and T} are domestic and foreign nominal (lump-sum) taxes. Moreover, X; and
X} are domestic and foreign real investment, f(t and f(t* stand for domestic and foreign physical capital, Z;
and Z; define the nominal rental rate on capital in the domestic and foreign country, Pr; and Pr; are the
nominal profits generated by the domestic firms and by the foreign firms respectively, and V; and V;* are the
exogenous IST shocks in the domestic and foreign country.

Moreover, B;i; is the domestic demand for the (uncontingent) risk-free one-period bond denominated
in domestic currency (maturing at time ¢ + 1), Bf% is the domestic demand for the (uncontingent) risk-free
one-period bond denominated in foreign currency (maturing at time ¢ 4+ 1), and By, is the foreign demand
for the (uncontingent) risk-free one-period bond denominated in foreign currency (maturing at time ¢ + 1).
The nominal gross interest rate on the domestic and foreign bonds are I; and I} respectively, while S; denotes
the nominal exchange rate. As in Benigno (2009), I have assumed that there is a quadratic cost function
(i.e. an international boFrrowing cost) that penalizes changes in the real net foreign asset position of the
S, 1}3;: i
the size of this international borrowing cost in units of the consumption good, which is then re-scaled by %‘:

domestic household, , away from a constant real reference value of @. The parameter u > 0 measures

for analytical convenience.

Capital services in both countries, K; and K}, are related to physical capital, K, and IN(t*, by the following
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expressions,

K, = UK, (342)
K = UK} (343)

Here, U; and U} denote the domestic and foreign utilization rate of capital—which I assume is set by the
households in each country. Hence, Z,U, K, represents the domestic households’ earnings from supplying
capital services to the domestic firms and Z; Ut*I?t* represents the foreign households’ earnings from supplying
capital services to the foreign firms. The increasing, convex functions, A (Uy) K; and A (U;) K}, denote the
cost, in units of their respective consumption goods, of setting the utilization rate in each country. Hence, I
allow capital services to be different from physical capital as in Christiano, et al. (2005).

Physical capital accumulation may be subject to adjustment costs too. I consider three special cases:
the capital adjustment cost (CAC) case in (9), the investment adjustment cost (IAC) in (10), and the case
with no adjustment costs (NAC). I define capital adjustment costs in terms of capital services rather than
physical capital because I want to capture the idea that the intensity of capital utilization can also influence
how costly it becomes to accumulate physical capital. However, this distinction does not matter under IAC
adjustment costs. All other assumptions of the model are maintained in this extension.

The home and foreign consumption bundles of the domestic household, Cf and CF’, as well as the in-
vestment bundles, X/I and X[, are aggregated by means of the CES indexes in (11) — (12), while aggregate
domestic consumption and investment, C; and X, are defined with the CES indexes in (13) — (14). Under
standard results on functional separability, the indexes which correspond to my specification of the aggrega-
tors for consumption and investment are (15) — (16), and the price sub-indexes are (17) — (20). An analogous
set of consumption and investment aggregators for the foreign household and price indexes and sub-indexes

for the foreign market apply. I still define the real exchange rate as in (21).

6.1.2 The Price-Setting Problem and Monetary Policy

Neither the problem of the firms’ nor the simple monetary policy rules a la Taylor (1993) change in this
environment with variable capital utilization. The only point that is worth emphasizing is that firms in this
model rent capital services rather than physical capital. Therefore, the capital utilization rate set by the
households and the physical capital they accumulate will have an impact on the firms’ marginal costs by
influencing the overall amount of capital services supplied in equilibrium. Everything else is unchanged.

I assume that production employs a (homogeneous of degree one) Cobb-Douglas technology as in (22) —
(23). Solving the cost-minimization problem of each individual firm yields an efficiency condition linking the
capital-services-to-labor ratios to factor price ratios as in (24) — (25), as well as a characterization for the
(pre-subsidy) nominal marginal costs as in (26) — (27). The government subsidizes firms as in (28) —(29), and
each country fully finances its subsidies with a lump-sum tax on households as specified in the government
budget constraints in (40) — (41). The firm subsidy is time-invariant and common across countries as in (45).

A re-optimizing domestic firm h under local-currency pricing (LCP) chooses a domestic and a foreign
price, P, (h) and P; (h), to maximize the expected discounted value of its net profits in (32), subject to a
pair of demand constraints in each goods market in (33) — (34). Similarly, I characterize the objective of the

foreign firm f under LCP pricing as in (35), subject to the demand constraints in (36) — (37).
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The Taylor rule is often defined as the trademark of modern monetary policy. I assume that the monetary

authorities set short-term nominal interest rates according to Taylor (1993) type rules as in (38) — (39).

6.2 The Optimality Conditions

Here, I present the relevant equilibrium conditions of the model only when they differ from those reported

before.

The Optimality Conditions from the Households’ Problem. Given the structure described in (11)—
(14), the solution to the sub-utility maximization problem implies that the home and foreign households’
demands for each variety are given by (46) — (49), while the demands for the bundles of home and foreign
goods are given by (50) — (53). The intertemporal first-order conditions result in the equilibrium conditions
reported in (58), (59) and (60), i.e.,

BE, <Cg1 > - Pj:,t-l 1{ = 1, (344)
BE, (Ogl)_gl Pit»l Sgl I;‘: = 14 u(NFA, —a), (345)
where I define the real net foreign asset position of the domestic household as NF A1 = St%fﬁ. Combining

the Euler equations of the domestic household in (58) and (59), the following relationship holds true,

fe)

Cr\" P (Sin _
I -1 =u(NFA — 347
( Ct ) Pt+1 < St t t)] iu’( t+1 a’)? ( )

which gives me a variant of the uncovered interest rate parity condition with a premium tied to the real
net foreign asset position of the domestic household. This equilibrium condition governs the international
risk-sharing in this environment with incomplete asset markets.

The equilibrium conditions of the households’ problem also include a pair of labor supply functions (the
intratemporal first-order conditions) which can be expressed as in (54) — (55), plus the appropriate no-Ponzi
games, transversality conditions, the budget constraints in (338) and (340), the transformation functions
between physical capital and capital services in (342) and (343), and the laws of motion for physical capital
in both countries (analogous to (339)). Finally, the equilibrium conditions are completed with a number of
equations that account for the capital-investment decisions of households. The capital-investment decisions,
however, depend on the choice of the adjustment cost function ® (-) and the the capital utilization rates.

The maximization problem of the domestic household can be summarized generically in the following
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terms,

- - _ —1 1+ - -
e (O L T (Lesr) 77—

Py s (Ct+r + Xtvr + A(Usyr) R:t—&-'r) + T r +

Fx 2
4 &P StirBiirin &) _ —
ST Piir

+o0 - E A\
ZTZOB t| At 1,+ Bt+T+1+[* 5t+r e

BtJrT - StJr'r tJrT Wt+7'Lt+'r - Zt+TUt+TKt+T PTH»T
L At+TAt+T [Kt+T+1 - ( - 6) Kt+7' - ‘/t-‘r'r(b (Xt+T7 Xt+7'—1a Ut+‘th+‘r) Xt—i—r]

(348)
while the maximization problem of the foreign household can be summarized generically in the following

terms,

* -0t * 1+¢
== (Ci4r) — 1 (L) T
Z+OO 5 |E, | A7 Pir (Ct+r + X+ A (V) t+r> + T + Bt*+7+1 ]
7 t t4+7 — ...
0 Biyr = Wi iy = 24Ul Ky, Prt+r Tri,

)\:+TA:+T [Kt+r+1 ( 6) K;Sk+‘r V;EH'(I) (X;+T7 t+’r71’ Ut*Jr’r t+7') X:+’Ti|

(349)

Then, I derive the following set of equilibrium conditions from the domestic household’s problem,

Cy /\tPt:(Ct)_U ,

5 (Ze41 U — Pyr A (Uei)) +

80 (X 41,X4,Up41Kit1 y
EE ((1 )+ Vi T M

Kt+1 : AtZﬂEt

o (Xt,XH, Utf(t)

Xl + ..
X, ot

X, o 1==V @(Xt,th,Uth)‘*‘

Nt A 0P (Xt+1,Xt7Ut+1f(t+1>
BE, | Aerheery

X,
P, X, L
I SE Mg1 [ P14 (Upsa) K1 — Zii1 K1 — 0
t+1 - t 0P (Xy41, X, Ups1 Kot =0
AP\ A Vi (X aUtmt+1 = )Xt+1

After further manipulation on those first-order conditions, it is possible to re-write the equilibrium conditions
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as,

Qi = BE (Ctﬁ)_ol Ui = AU+
= OP( Xty1,Xe, U1 Keya ’
t ' Ci Q41 <(1 —0) + Vit (e 8I~(t+1+ . )Xt“)

—o! Xy, Xe, U1 K
1 — BB, {(Ct“) |:Qt+1vt+1 P(Xers o e t+1)Xt+1:| }
Qt = )

T 0P( X, Xt 7Uti€t
v, [@ (X0 X0 UKL + (dX)Xf]

-1

C I A
BE, ( t“) Kip1 |25 — A (Uir) + Qe Vi
Cy Pt+1

00 (Xes1, Xe,Unia K ) x,,,
8th«kl I?t—i-l

=0,

where I define the domestic Tobin’s q in terms of the Lagrange multipliers as @Q; = %:. A similar set of

derivations implies that the equilibrium conditions for the foreign country can be expressed as,

}ZD*l f— AUR) +

Qi = BE, ( H;l) 0D (X}, X; U K] ;
Oh Q:—&-l ((1 —9)+ Vi (X +1 +1)Xf+1>

oK,
-1
cr\7° v e OO(XELXPURLKEL) vk
1 - BB, {( ctl) [QtJrl t+1 (X X7 — )X }}
t — )
~ 08 (Xy X7 L USKY) oy
vy {fb (7, X7y, U7 Ry ) 4+ 22 )Xt}
-1 * * * T
* -7 7 0P (Xt+17XtaUt+1Kt+1) X5
BEt ( ttl) K* t*+1 A/ U* + Q* 1V* . t+ — 0’
C; t+1 P ( t+1) t+1 V41 o7, Kf+1
where I define the foreign Tobin’s ¢ in terms of the Lagrange multipliers as Qf = AL These conditions

Py
describe the equilibrium generically, for any well-defined adjustment cost function @ (-) and utilization cost
function A (+).
Under no adjustment costs (NAC), the set of conditions added to account for the capital-investment

decisions of households are summarized as,

Q: = BEy { (Cgtrl> []ZDZE Uip1 = A(Upg1) + Qi1 (1 — 5)} } ) (350)
Q=1 (351)
(%) Rl -]} - o
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A similar set of derivations allows me to write the following system of equations for the foreign country,

Q; = BE, {( th*l) [Pt*ﬂ =AU + Qi (1— 6)} } , (353)
t t+1
L
Qf = v (354)
C* —071 . Z*
BBy { ((t;l> Ki [Ptjl —A'( t*+1)] } =0. (355)
t t+1

The Lagrange multiplier on the law of motion for capital relative to the Lagrange multiplier on the budget
constraint expressed in real terms, denoted @; and ); respectively, has the interpretation of being the real
shadow price of an additional unit of capital (or Tobin’s q). In the case without adjustment costs (NAC)
Tobin’s q is exactly equal to one, if there are no IST shocks.

Under capital adjustment costs (CAC), the set of conditions added to account for the capital-investment

decisions of domestic households are,

@ =gm () o Ui =AU+ (356)
t = t : t |
c, o ((1 =0 -V (5255) (555) U)

1 X X\ X
Qt{@( i)+<1>’< i) i] 7 (357)

Vi UKy UK/ UpkKy

L Zex AN () — .
BE, Cit1 t+1 e ’ - -
C Vi @ (e At
t Qt+1 t+1 (Ut+1Kt+1) (Ut+th+1

A similar set of derivations allows me to write the following system of equations for the foreign country,

Z:+1 * *
—1 ﬁ t+1_A(Ut+1)+"’

QF = BE; ( tjl) . . 2 , (359)
t C. @ (-0 - v () ()

Ui Ky Ur Ki

-1

Qf = 1* o ) par [ KL ) X (360)
‘/t Ut*Kfik Ut*Kz‘ Ut*Kt*
z; .
Cra\ " - ey — A (Uia) =
P * 2 _
BE, (CZ‘ ) K Qr v d X Xin 0. (361)
i1 Vet e A G

The Lagrange multiplier on the law of motion for physical capital relative to the Lagrange multiplier on the
budget constraint expressed in real terms, denoted @); and @)} respectively, has the interpretation of being
the real shadow price of an additional unit of capital (or Tobin’s q).

Under investment adjustment costs (IAC), the set of conditions added to account for the capital-
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investment decisions of domestic households are,

Ce Py
1+ BE {(Cc*)_o [vam@f (%) (X;ﬂ }
v, [@ (X"fjl) o (X)fil) (Xxi)} ,
. { (Cgl)_al i [JZ’Z: - (Utﬂ)} } - (364)

A similar set of derivations allows me to write the following system of equations for the foreign country,

Q¢ = PE; { (CtH ) o [ZtHUtH — A(Up1) + Qipa (1 — 5)} } . (362)

Q= (363)

Q; = BE; { ( Ct*,?)a_ LZDZZE o~ AU + Qi (1 - 5)} } ; (365)
1+ BE, {(Cg)_ v (%) (%)}
Q = X Xy X; ’ (366)
viele(55) o (55) (=5)]
oE, {( D) R [Ee oo } -0, (367)

Once again, the Lagrange multiplier on the law of motion for physical capital relative to the Lagrange multi-
plier on the budget constraint expressed in real terms, denoted @y and @} respectively, has the interpretation

of being the real shadow price of an additional unit of capital (or Tobin’s q).

The Optimality Conditions from the Firms’ Problem. The necessary and sufficient first-order con-
ditions for the domestic firm producing variety h under local-currency pricing (LCP) give me the pair of
price-setting formulas in (74) — (75). Similarly, the first-order conditions for the foreign firm producing
variety f under LCP pricing give me the pair of price-setting formulas in (76) — (77). Using the law of large
numbers and the inherent symmetry of the firms’ problem, the price sub-indexes on domestic and foreign

varieties, P1, PH* PF and PF*, become equal to those reported in equations (78) — (81).

Aggregate Output and Rental Rates on Capital. Equations (46) — (53) determine the demand
function for each variety. Those demand functions coupled with the market clearing conditions at the

variety level allow me to calculate the aggregate output demand as follows,

Y, — A(U) K, = /1 [Cy (h) + X¢ () + CF (h) + X7 (h)] dh (368)

- 0
- _/01 (Pﬁfg))_edh] o (%) " (Co+ X+ [/01 (ﬁé’i))_edh} o (%) (€ +X),
Yy —AU;)

K}

1
_ / (Pf,(f)
_ ]
LJO t

_ / (Cr (f) + Xe (F) + CF (f) + X7 (f)) df
o (369)
df

) } o (5) " €+ X0+ [/01 (Pgéi’)edf] or (%) " (Cr+x0).
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Equations (368) — (369) tie the aggregate output demand in both countries to consumption as well as to
relative prices, after adjusting for the costs of capital utilization. When the utilization costs are set equal to
zero, these aggregate output equations correspond exactly to those reported in (92) — (93).

Given the production functions in (22)—(23) and the fact that capital-services-to-labor ratios are equalized
across firms within each country, it is possible to write the aggregate output equations as in (84) — (85).
Combining these aggregate production functions with the efficiency conditions in (24) — (25) and the labor
supply equations from the households’ problem (as in equations (54) — (55)), I can express the real rental
rates on capital services in terms of productivity shocks, consumption, output and capital as in equations
(112) — (113). Manipulating the same set of conditions a little bit further also allows me to re-write the real
wages in terms of real rental rates on capital services as well as productivity shocks, consumption, output
and capital services as in equations (114) — (115). Those two equations suffice for the purpose of replacing

real wages out of the marginal cost equations, as in the model without variable capacity utilization.

6.3 The Deterministic Steady State

I impose two restrictions on the capital utilization cost function A (:) in steady state. First, I require that
the rate of utilization be set at U=U =1in steady state. Naturally, this also implies that K =K and
K " =K . In other words, physical capital and capital services are equated in steady state. Second, I assume
that in steady state A (U) =A (U*) = (0. Hence, in steady state, the capital utilization cost drops from
the first-order conditions (350) and (353), (356) and (359), and (362) and (365). Furthermore, it also drops
from the steady state market clearing conditions implied by (368) — (369).

By the first-order conditions in (352) and (355), I can easily derive that,

A (D)

A (U) z

These expressions are derived under the NAC version of the model without capital adjustment costs. For

*

N| ol N

)

the CAC case, I can derive exactly the same steady state conditions from equations (358) and (361), and
the same can be said for the IAC case based on equations (364) and (367). Hence, the steady state with
capital utilization is identical to that without capital utilization, as described earlier in section 4.

The only difference is that the first derivative of the capital utilization cost function must satisfy that,

=7 —(1-9), (370)

A (0)

A (U) Z o —pto1-9), (371)

N| Yol N

v

where the second equality follows from my derivations of the steady state real rental rates on capital services
in (124).
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6.4 The Log-Linearized Equilibrium Conditions

Here, I log-linearize the equilibrium conditions around the deterministic zero-inflation steady state. I only
report those equations that differ from my previous derivations. For instance, I maintain the exact same

specification of the Taylor (1993) rules described in (292) — (293) as my benchmark for monetary policy.

6.4.1 The Households’ Equilibrium Conditions

The log-linearization of the Euler equations and the international risk-sharing condition under incomplete
markets is the same as reported in equations (261), (262), and (263). The dynamics of the real net foreign
asset position of the domestic household can still be written as in (268). The log-linearization of the domestic
capital accumulation formula in (339) and its foreign counterpart in the case without adjustment costs (NAC)
is unaffected by the addition of variable capital utilization. Hence, simple re-labeling allows me to write
that,

ki1 o~ (1—=08) k406 @ +70y), (372)

(1—0)k, +6 @ +707), (373)

%

kt+1

A~k

where Z:t and Et denote the physical capital in both countries, and v; and U5 are the IST shocks.
The log-linearization of the domestic capital accumulation formula in (339) and its foreign counterpart
under capital adjustment costs (CAC) allows me to obtain the following set of equations,
P 5 7o () (XY 1|7
tt {( ) oxk/)\x) U™ +

Ve () %7 (%) () 8] @ormo 7o () (

=(1=0) k46T +7v),
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7 X" X e [ X X" 1 S| ok T [ X" X" 1~
l:V [} (W) ? + V [0} (ﬁ*—*> (F*) U*:l ($t + Ut) — V ) (ﬁ*f*) (§*> T ut

=(1—-8k, +6@ +77),

=

where the second-equality follows from the steady state properties of the CAC function, and the fact that
X = 0K, X" =6K and V=V =1. The log-linearization of the capital accumulation formula in (339)

and its foreign counterpart under investment adjustment costs (IAC) allows me to obtain the following set

108



of equations,

o= 0T [T (3) £ 700 (3) (3) 2] -
7o (5) (R) F|m e (R) 3
= (1= 0)k+06 (@ +71),
Ty ~ (1—0) &, + Vo () X+ v () (£) &)@ -
v () (F) Ea e ve () S
= (1 0)k, +6 (@ + 7).

Where ‘the second- equahty follows from the steady state properties of the IAC function, and the fact that
= (5K X = (5K and V=V =1 In spite of the fact that I am using three different specifications for
the adjustment cost function ® (-) and introducing capital utilization, the log-linearized law of motion for
physical capital is still the same in all cases.
A first-order approximation of the link between capital services and physical capital in (342) and (343)

also gives me the following relationships between these two variables,

Q

Uy + ky, (374)

ki o~ W +k,, (375)

e

where Et and %2‘ denote the capital services in the domestic and foreign country, respectively.

The Capital-Investment Decision under NAC. The log-linearization of the capital-investment equi-

librium conditions coming from the domestic households’ problem in (350) — (351) is as follows,

R

i~ B2 @ -0 +8 (5 )+ 8| F - A (O)] T + 50 - 0) G

= B{- 2 @ -0+ (- =)+ 8- ) | (376)
G~ U, (377)

and, analogously, for the foreign counterparts in (353) — (354),

~k 1 ~k ~k ok ~k
i~ Bl ) a-s0-En 8- 0E ). (379
i~ (379)

where ¢; and g are the real shadow prices of an additional unit of capital (or Tobin’s q) in each country.

These are the same equations derived under no capital utilization. These capital-investment equations can
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be re-arranged to show that,

(~

(1-B(1=0)E (7,,) =~ (it — By (%t+1)) + B8(1 = 6) By [Up41] — o,
U-BA-NE (L) ~ (i~ (Rih)) + 81— 0)Be [07] - 77,

by adding the Euler equations in (261) — (262). Finally, I must add the log-linearization of (352) and (355)

as follows,

By (Fip1) = B¢ (Urg1), (380)

E; (?fj;l) ~ ME; (ﬁ;‘H) , (381)

ANTVT A (T)T
aU) — a(U)

on capital services to the capital utilization choice made by the households.

where \ = and U = U = 1. These two first-order conditions link the real rental rate

The Capital-Investment Decision under CAC. The log-linearization of the capital-investment equi-

librium conditions coming from the domestic households’ problem in (356) — (357) are as follows,

L@ -a)+ (1 -1=-8)B) 7T+ (1 =0) BG4 + x6*p (ftﬂ - 76it+1) + ..

(
2 O)T+a (Ve () () ()7 (2)(£))7]
- U1 — -

%UfA(ﬁ)JrQ((lfﬁ)fV{)’ i)(ﬁ%)%) has

= E {_a (Cyr—c) + (1= (1 =9)B) T, + (1 =90)Bgir1 + x0°B (ZE\tJrl - ZtJrl - a1k+1) } ,(382)

- — - — — —\2
Vo (X)) (X Vo (X)) (X vo( X)) (X
~ ~ 7 Ve (UE) (U?) +ve (U;?) (m?) +ve (m?) (m?) ~
G ~ x0(xy— ki |+ — — — ——— Uy — Uy
Ve (X)+ve (X)X
UK UK/) UK
= X6 (@ —ky — at) — Ty, (383)
and, analogously, for the foreign counterparts in (359) — (360),
Sk 1 ~k Sk %k Sk A~k =* A~
@ ~ L {_U (Ct+1 - Ct) + (1= (1-0)B)T{1 +(1—6)Bgq + X525 <33t+1 — ki — Ut+1) } (384)
T ~ X6 <§;; —k, — a:) -7 (385)

This system of equations describes ¢; and g; as the real shadow prices of an additional unit of capital (or
Tobin’s q) in each country, while y regulates the degree of concavity of the CAC function around the steady
state.

The pair of equations that relate the current and expected Tobin’s q to the real rental rate on capital
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and the real interest rate can be re-arranged as,

G~ BB G+ [(L= (1= 0) BB (71) — (3 — B Ren) ) (386)
G~ BB (G + (- (- 9B B (7)) - (3 - B (7)) (387)

by adding the Euler equations in (261) — (262). These equations are exactly the same ones that I found in

(282) — (283) without variable capacity utilization. I can re-write (383) and (385) in terms of capital services
as,

T X(S(@—k‘t)—ﬁu
i~ Xa(@:—k:)—ap

These equations are effectively the same ones that I found in (279) and (281), although capital is here

interpreted as capital services rather than physical capital. Finally, I approximate the first-order conditions
on capital utilization in (358) and (361) as follows,

E; [Et+1 +7/“\f+1} ~ [

[ AT -Q Ve () (s ’ RV () (= N\ N |

A/(U*)Jra*v*q)’ U?%* ) (U*Y%* )2 ut+1

1-— Ve Ufé*) U*Y%*)S—FQ@*V*(DI(U*Y;*Q (Uf%*)2 :]i:)* +

= ~2x A’(ﬁ*)-l—@*v*(b’(ﬁff%* ) (ﬁ?%*> s
B [kt+1 Jr7't+1} ~ B TV () (2 )3+2§*V*¢/( ) (X )2 ’

T K J\T*K" - UK J\T* K" TE 4

< Al(ﬁ*)‘i’a*V*@,(Uf%* ) (Ui(%* )2 > t+1

v () ()] N
U U L | U
i () Ve (F) (F5)
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so I obtain that,

7 [?tZJrl}

E: (7714

)

O ) () A EE)
7A/(ﬁf)+7\/qi(%)(ﬁ%)i B
(TG G @),
E v (@)+ave () ()
' ave (X)) (X) vagve (X)(X)")
UK/ \TRK/ . TR/ \TK Ta1 +
Al U)+QV<I>’<§%) (E%)
( iTWiﬁ%)E%)f 2)5t+1
Ve (2)(X)
— A ﬁ)—ﬁ —= | Upg1 +
E A’(U)-«—QV{)’(%) %)
Al U)+T¢I(%)(%)2 <$t+1— t+1—ut+1)
- —\3
7\ 7 X X
@y, () G | G n .
Tip1 — K41 — Ut

)

By

)

) <~/r\t+1 - 7<;75-%-1 - at—&-l) }
X626> (Et-‘rl - Et-ﬁ-l - aH—l) }
—(1-0)p ’

i) (i —Fo =)

~%

~xk
kepr — uigq

Using equations (383) and (385) I obtain that,

B [?§+1}

i (i

op

1-(1-98

op

> (@1 +5t+1)} )

A"(T)T

E [f] ~ B {/\ﬂ;*+1 - (1_(1_5)5> o +a;;1)}, (389)

A(T\T" = === .- . e s
() and U = U = 1. These first-order conditions on capital utilization are

where A = — @)

A(T")

similar to those derived in the case without adjustment costs (NAC), but they show that the real rental

rates on capital services are tied to capital utilization, Tobin’s q and the IST shocks as well.

The Capital-Investment Decision under IAC. The log-linearization of the capital-investment equi-

librium conditions coming from the first-order conditions of the households’ problem in (362) — (364) are as
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follows,

~ 1 {% — A (U)} v
@B g ——(Cry1—c)+ (1= (1=6)8) 77 +( ) Bli1 + =— — U1
[20-4(0)+Q(-5)]
1
5 {2 @ @)+ (- (1= BT + (- 0) B | (300)
e TR O,
QG ~ —0 Y — T\ (% (T — T1) +
?) V(%) %
T o s (SFEOE Yoo
o 1+ﬂv¢,(§)<§)2> (Ct+1 Ct) + <1+ﬁv<1>'(§§) (%) (Qt+1 + Ut+1) + ..
LGOI CACINE AT
e ) ($t+1 —l‘t)
D)
=k [(Tt — Tt—1) — BB (Tpp1 — Tt)] — Uy, (391)
and, analogously, for the foreign counterparts in (365) — (366),
1 ~z* ~
@~ B @ @)+ U (=T (1= 0) AT | (302)
@ ~ k@ -7 ) - BB (T —F)] -7 (393)

This system of equations summarizes g; and g; as the real shadow prices of an additional unit of capital (or
Tobin’s q) in each country, and x regulates the degree of concavity of the IAC function around the steady
state.

The pair of equations that relate the current and expected Tobin’s q to the real rental rates on capital

and the real interest rate can be re-arranged as,

& o~ (1= 0)BE G + (1 - (1= 0) ), () — (3~ BulFea] ) (394)
G~ (1= 0) BB [Gra] + [(1— (1= 0) B)Be (71) — (3 —Be [71n] )] - (395)

by adding the Euler equations in (261) — (262). Finally, I re-write equations (391) and (393) in a more

compact form as follows,

~ 1 B N 1 ~ o~

Ty =~ T+ ——E [z 4+ —— (¢ + V),
t 1+ﬂt1 145 [T 41] H(1+5)(qt t)

~ 1 B ~ 1

* ~ * E * ~ ~k )
T 71+ﬂ$t_1+71+5 t[$t+1}+7l€(1+ﬁ) (@ +77)

The presence of investment adjustment costs (IAC) makes equations (391) and (393) different from those
under capital adjustment cost (CAC). These equations are the same equations derived before in the model

without capital utilization. Capital utilization, however, adds an additional pair of equations to the system
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of equilibrium conditions, i.e.,

By (Fip1) = B¢ (Ur41), (396)

E, (?fj;l) ~ AE (ﬁz‘H) , (397)
A A,((UU))U =4 A,[(%*aj and U = U = 1. These conditions link the real rental rates on capital to
the capital utilization choice of the households, and they are identical to the conditions derived in the case
without adjustment costs (NAC).

where \ =

6.4.2 The Firms’ Equilibrium Conditions

Efficiency conditions and Aggregate Output. The efficiency conditions can be described by the same
pair of equations reported in (294) — (295) (or in (300) — (301)). Those efficiency conditions are necessary
to close down the model without having to keep track of either labor or wages explicitly. Using the demand
constraints of the domestic firm in equations (33) — (34), the demand constraints of the foreign firm in
equations (36) — (37), complemented by (50) — (53), it follows that the log-linearization around the steady
state of the output demand for a given re-optimizing firm, i.e. 74, (h) for the domestic variety h and 7, . (f)

for the foreign variety f, takes the following form,

~ ~ ~H,W ~HW =
Uiir (h) ~ —0 {ptVL (h) — Piyr ] n [pf+T ptVKT} + (1= v,) et + vz,

WV ~F W ~F W % PN ~
g:—i—r (f) =~ -0 |:pK‘,/-T (f) Diir } n |:pt+7' pKi/-T:| + (1 — 'Y;c) Ct+7' + ’Yxxﬂi‘;*,

where the weighted variables are,

¢
&
M1l

ie)
S
*
Il
-
B!
i e N N
o
(.
=2 |2
8 82 5
N~——
Q)
+
-
Iy
A/~
—_
[ ]!
N~——
Ry);

N Vo \ ~ Yo\ A
o = o () rer ()5
' s "\ )
N ,ya R ,ya* N
an* = ¢ :v) xt+¢ ( T )$*7
' "\, T\ )
pl(h) = bube(h) +opby (h), 0" (F) = érbe () + bubi (f),
~HW SHx  SFWs ~Fx
P = ouby +¢pbr T, B = 0D + oub
Pt = bubi+ ¢pby, By = b+ Oub;-
I can re-express the aggregate price of all domestic and foreign firms as pt +T ~ fo piv, (h)dh and ﬁf +‘/TV* ~

01 ﬁﬁ’; (f)df. Adding up the output demand equations for all varieties (firms) within a country, I obtain
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an expression for aggregate output in these terms,

1
[ man (G =AY, ) + (1) v at (398)
0
1
[t = —n (Y =B+ (- E (399)
0

These two equations are essentially the same ones derived in (298) and (299).
Adjusting aggregate output to account for the costs due to variable capital utilization, as per equations

(368) — (369), I obtain an expression for aggregate output in these terms,

~ 1~
— G — (225 6~ fo Yesr (h) dh

~H. W W ~aW

~ (pt-‘rT - pt-‘r‘r) + (1 F)/ar) Ct+7’ + VaeTltirs
v g (A@ET NG ((ACIE N\
voa@)r )V T\ oaer ) T\ oaR )
A(TVKE TN A, 1
= Ui — <(y)*) Upyr ™ fo Yirr () df
W i ~aW s

~ - (pt+7' pt+7) + (1 - ’Yx)/c\?r:-* + Vaelttr s

since A(U) = A (ﬁ*) = 0. Using my characterization of the steady state, these output equations can be

further simplified as follows,
~ -1 F ~ ~H W W ~aW
Yt+1 — (6 - (1 - 6)) ? Utyr = —7 (thrT pt+7> + (1 rYx) Ct+T + VaLttrs
~x -1 F* ~x% ~F Wk ~W % ~aW x
Ui — (B —(1-9) v Uppr =0 (pt+7' pf+7') + (1 =7,) ¢ Ct+7— +Vaolitr -

I know from (132) and (133) that in steady state I can write the investment shares as proportional to the

capital-to-output ratios in each country, i.e.,
F*
?* )

K
Y=6=, v
=0z,

where physical capital and capital services are equated because the utilization rate is set to U = U =

Therefore, I can re-express the aggregate output equations in the following terms,

~ . s —a 1-B(1-6)\~

r xR A (et el oot (U ) an ao
~k PN * WV % aW * 1- ﬂ (1 -9 ~x

Y4r = —N (pf‘JrI‘/rV pKT) + (1 ’Y:p) ctJr‘r + ’metjr/[‘/r + ’Ya:* <65)) Uty r- (401)

These equations become very important in my posterior derivations of the Phillips curves. Equations (400) —
(401) are identical to those derived in the model without variable capital utilization in (298) — (299) only
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if 4y = uy = 0 for all t. These equations compute aggregate output from the demand-side by incorporating
the capital utilization costs at the same time. I also can write both output equations as functions of world
terms of trade t;¥ = (ﬁf W —p{"*) without having to keep track of any other international relative price
following the same logic behind the derivation of equations (330) — (331)

I define the world consumption as ¢*V' = ¢, (1 o ) ct + op (

192\ ~
)ct and ¢ = F(l_j,:)ct"’

. (1 Vo ) ¢; and the relative consumption as ¢¢f = G:z’) ct — (11_7; ) ¢, then I can write that,

& = (1_320 (@Y +opc™)

1 _
1—
@ = (o) @ o).

As a result, I can express the efficiency conditions in (294) — (295) as

. l+o. 1 [1—7, 1/1-7, l+¢  [(1+(1— ~
7o soatJr( ’Y>E?W+¢FO,( 7>/C\?R+ wyt_< ( wm)kt,

R

() o \1-7¢ - (G (0
Tt ~ 77at+ <1_'Y >A?W 7¢F; <1_’Ya E?R‘i’Tyt* T kt'

Furthermore, if I combine the efficiency conditions with the output equations derived in (400) — (401), it
follows that,

- ~ —B(1=6) ~ A,
i (3 () + 0 ) e ot e on e (S akord () At -
nlJthp (]/)\fl’w — ! ) _ (1+(11b U’)S@) Ky — 1;90&“
* 1—v, * * 1 1-96 1—v,
()£ ) e () - ()
~F W % W * * 1+ ~x
S T

These conditions can be used to simplify the derivation of the Phillips curves.

The Optimal Pricing Equations In steady state the monopolistic competition pricing rule of charging
a mark-up over marginal costs holds. Accordingly, the log-linearization of the optimal pricing equations in
(74), (75), (76) and (77) can be compactly expressed as follows,

) =B~ B[S (B0) Run| + (1 - Ba) B [30 7 (Ba) (ess — Prsr)]
P -5~ B[ (Ba) Ry + (1 Ba) B[S0 (B0) (Mess — Bir — Puen)]
B =B~ B[S (Ba) Ruse] + (1= Ba) By [30) 7 (B0)T (70t r — By +75047)]
PN -F o~ BY T (e w0 B B[S (B (e, — i) ]

which are the same pricing formulas that I obtained without variable capital utilization. Here I must recall
the assumption that the government subsidy is time-invariant and equal to its steady state value in every

period, which explains why the government subsidies do not appear in the log-linearized pricing equations.
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I derive the (pre-subsidy) marginal cost equations in (26) — (27), and they can be log-linearized as,

MCiyr = YWy + (1 —19) (?,524_7 +]3t+r) — Utgrs

Tﬁ\C:—Hr ~ q/}wt+7 (1 - w) (?f-t‘l' +§,tk+7') - a;k-‘rT?
while the labor market clearing conditions, which are implicit in (114) — (115), can be approximated as,

0 ~ a 1 14 » 1—9)e =~ 1 ~
Devr &~ Trsgp Ot + THI=gp oot + SRR Ier T T g)p Uier T Pier) + rprsgypPeer
1-9)

A ~ @ I~ 1 1~ ® e P (7z ok 1 Tk
Bfr X~ T igyp Ot + THI=Dp o Ctr T TTmIp Uit + Titioye (Tier T Pier) + Tra—gypbisr

If I combine these two log-linearized equations, it follows that the marginal costs can be expressed as,

— - ~ ~ 14+ ~ ~ ~ —~
Mectr X Ti=gys o ottr + Tgpdet ~ Ta-gp (@ = (1= ¥) (Feer + Prar)) + ma—gpaPrers
mer ~ Y 1 P 1+ ~x o )

MCiyr R T 095 o Gr T Tioeme Vitr — i o0)e (@r — (1 =9) (P75 +Diyr)) + S grr ey AR

where Jy4, and 7, reflect domestic and foreign aggregate output, respectively. Up to this point, the
derivation of marginal costs is the same independently of whether the model allows for variable capital

utilization or not. If I combine the marginal cost equations with the aggregate output equations derived
before in (400) — (401), it follows that,
_— ~ ~ ~HW  ~
MCiyr — Prir = ﬁictw - m (Pt+f —Ptvir) .
/ 1-8(1—6
1+(fib¢)<p ((1 = 72) Gy 7B+ (7ﬁ( )> t+r) -
1 ~ —
1+(1+f;p)¢ (at+f -(1-9) Tt+r) )

~ % ~ ~ P 1 _ ~F W W %
MCitr = Pr4r = THA—¢)p o Ct+7 1+(1 w)so (pt+T pt+r) uER

* 1—-8(1-6
% ((1 - FYI)E?K* +’}/ILE?K_ +7x* (#) t+7’)

14 A~k mzk
ﬁ (atJr'r (1-19) Tt+r) .

This characterization of the marginal costs is central to my derivations of the Phillips curve. It naturally
shows that now marginal costs have to account for the costs of variable capital utilization.

I can use my characterization of the real marginal costs with the pricing formulas log-linearized before
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to write that,

(1-Ba)y Foo T
1+<1—w)¢>) > (B Ey

/

+oo T
ZT:1 (Ba)" B (Te4r)
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O'

—n (pm — ﬁtVL) + .o
(1-*-7%7) (at+7' —(1—1) rt+’r)

~ HW
LCipr —om (pt+7 - ptVL) + ...

Yz )Ct+7— + ’szt-w + 7Y (

(42) . -

M) ’U,t_;,_T) — ... + ...
— ) Tt+r) - (W) TSttr

1 ASE W S
>Ciyr — N (thr‘r _pt+r) + o
¥ 1-8(1=6
ze 44l ﬁﬁ(é DNag )= [+

t47 (1 - 7/}) Tt—T—‘r) + (W) T'St+r

~F W % %
Lo, —en (B - P ) + -
* * 1-5(1-§
w((l—vx)E?XVT + 7,28 +’YZ*( 1BG- ))ut+7) e |
1 ~
() @, — (1 - 0)71,)

I log-linearize the price sub-indexes in (78) —

~k

pe (f)

-y

Pt =
Dy =
-pr =
~

(79) and (80) —

ﬁt)+<1fa>

(o'

(Pt —

(7

(81) and re-arrange them to obtain that,

~H
Tt

A;")+(1fa>?rf*,
ﬁ)+<1fa>
-+ (75

~F
T

~F'x
T

I replace the isolated terms %ct and 7ct out of the marginal cost equations. If I deﬁne the world consump-

tion as c?

¢H( _%)Ct'i‘(bF(

)ct and " = ¢ G

) ¢f and the relative

)2+ o (12
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. 1-79\ ~ 17, .
consumption as ¢¢F = ( 7“) Cy — ( e ) ¢f, then I can write that,
x

1=7, 1—v
~ 1-—
& = ( 71;)(/0\?W+¢F/C\?R>7
177.%
= (o) @ o).
— e,

Hence, the optimal pricing equations can be expressed more compactly as,

T+ (150) (0 - 1) =

1- - sa — —4 ~
((1_7,5) ot (1-1,) w) W+ v, 0T + oY (%) Upr + ...
oo ™ 1— - SHW
¥ (mri) 2, (o) B or () o @l - on (07 - 1) -

1+7<p) (@err — (1 =) 7F,)

(52) 37 (B0) By (R

o+ (45) (B i) =

1— _ N B8\ ~
((1*13) o7+ (1-7,) 90) S+ 1T + 07 (%) Uttr + ...
+oo 1=, ) — 1+(1— ~ SHW
] (ﬁ) E o (Ba)” By dp (1—%) i (w) Forar — O (Pt+T —PKT) _

(4£2) (@sr — (1 —0)72,.)
()Y (B0) B (7).
T+ (15%) (0F — b)) ~
: ) T+ 12 PTHY + e (#) W —
o ) 005 | o () + (S92 e o2 t7)
(452) @, — (1 - 0)751,)

— +OO T ~
(+3%) ZT=1 (Ba)" By (Te4r)
~Fx -« ~Fx ¢
T+ (55 B - pr) &
1= - * ~aW = 1— —6 ~
(=) o7t + (U= va) ) B+ va@ell + onle (2250 g, — .
- i 1— - ~F, W .
¥ (i) 2o, (o) B or (1) o @ — on (PR ~BH) -
(152) @5 — (1 - 0)771,)

(52) 3 (Ba) B (71)

where the composite coefficient is defined as ¥ = M
Furthermore, these pricing equations can be expressed in the form of a system of expectational difference

equations. Let me focus on the first equation as an example. If I re-write the equation at time ¢ + 1 and

119



take conditional expectations with all the information available up to time ¢, it should follow that,

B |74+ (52) (0 —Pen)|

1—v.\ ~a 1-8(1=6) \ ~
((173§> g ! + (1 - ’71) 90) /c\?riﬁﬂr + ’Yx(pxtr/l+'r + (Ppyg (%) Ut4141 + ...
+oo . 1— _ ~H W
(ﬁ) v ZT:o (Ba)" Eq ¢r (11@) ot - —em (pt-‘rl—i-‘r - ﬁtVYHH) -

(HT‘/’) (/dt+1+7' - (1 - d)) :r\tz-‘rl"rT)

(17711) Zj: (Ba) By (Tey14+7) -

Hence, using the properties of the conditional expectation, the pricing equation can easily be decomposed

in two terms as,

~H l—a ~H -~
7+ (55%) (B - P
() o+ (=7 0) @Y + 7,0 + o9 (Z2572) @ + ..
1— Z ~HW A
(1+(lw_w> v ¢r (1_11?) o et —on (pt —ptW) - ¥
(12) @~ (1 - 0)77)
) (fis —Fir) |

(1 —a) BB (Try1) + afE, {%{il + (1_701

«@
Further re-arranging allows me to express the expectational difference equation as,
i — BB (%fil) + ¥ (pf" — D)
1— - N 1-8(1=8)\ ~

((1—15) ol (1=, w) Gl A ot (%) Uy + ...

1=\ — ~H,W
~ (1+(1diw)¢) v ¢ (%) S (pt —ptW) —
(22) @ - (1-0)7)

I can apply the same approach (and algebraic steps) to re-write all other pricing equations as expectational
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difference equations, i.e.,

((%) o+ (1 =72) ) Y + 038"V + oY (W)a ¥
1— 1— ~H W ~
~ (14(—{5@@) v Or (171 )(’ et - ( = W) e “”7( _pfw) ’
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i 1— — aW x - -0 Ik T
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R — BB (R15) + v (BF —57)
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~ 1—v, _ R ~F W % N

~ (1+(1¢7w)(‘0> v ép (1,77;*) g 1Ea —®n ( — Dt ) e
() @ - 1 -w)7)

These equations provide a very simple characterization of the dynamics at the price sub-index level.

Now, I use the pricing equations described above to infer the dynamics of the relative price sub-indexes

sl =7 _gH pHR = pH _ pH*y and 708 =78 — 2 (pFR = pF — pE™) as follows,
_ BE, (ml ) U (AH R ]35) ~ UF%,, (404)
#PR _ g, (%fj) r v (AFR ﬁf) ~ U, (405)

where pI* = p; — p; is the relative CPL I can re-write the pricing equations at the price sub-index level

121



further as follows,

7 ~ SR, <7rt+1> + ...
((132) ot (1-,) <P) W v, 0TIV + oY (#) Ug + ...
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((11:3;“1 ) o+ (1= 7,) 90) e A (M) s —
1- - +(1- ~ ~E W s

(ﬁ) )\ Op (17’7:1* ) o 1E?R + (J"(TW TSt — ©n ( —pXV ) — ... ,

) (5 ~p) - (57) @i - (0 - 0)F)

AF* ~ ﬁEt (%tFjl) + ...
i — — * alV *x - =4 Tk i
(Z) ot + (1= 7)) @™ + 7,08 + b (S25=2) a7 - ..

(1+(1w—w)s0> v or ( = ) oIEt g (AFW* _W*) B
(M) (5 —7) - (452) @ — 1= 9) ")

I have defined the world price sub-indexes as ﬁtH’W = ¢l + ¢ppt* and ﬁf’w = ¢ppl + dypl™, and the

H

relative price sub-indexes as ﬁf R = pH — pH* and ﬁf R = pE — pf*. Then, naturally, I can write that,

~H _ ~HW ~H,R ~Hx _ ~HW ~H,R

Py = D +orpy s D =Dy — ouby
~F AF W ~F\R  ~Fx _ ~F,Wx ~F.R
Py = +oupy Dy =Dy —QrD

Analogously, I have defined the world CPI as p}" = ¢y + ¢pp; and p)V* = ¢ Dt + ¢ yD;, and the relative
CPI as p? = p; — p;. Then, I can write that,

Py = AW +¢Fﬁ57 i = AW - ¢Hl/’f7
peo= D+ oubl, By =0 — ¢pbi-
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Therefore, I can re-arrange the pricing equations as follows,

7 ~ BE, <7rt+1> + ...

1=y, ) —— 1+(1—9) D)
(7o) ¥ o () e = (0722 4 o) (51 =5 -

(28) 0 1 -31) - (49) -1

7 ~ B, (%fi*l) + ..

Lo [ e e
(H022) 6,0 (507 - ) — (452 @ — (1 -

=

7l ~ BR, (7rt+1) _+

() o + Q=10 0) @Y + 7,088 + oy (#) T+ o

- 1_ _ — 75 m
((1_”2) o4 (1 —%«)@) " taem ey (%> !

(£2) o7 + (= 70)9) @Y 4,08 + oyl (22572 3 -

1—v, _ 1+(1—¢) 1+(1 ) ~F, W "
(o) ¥ | or (150 Yo et (120202) o — (204 ) 56 ) -

AF* ~ ﬁEt (%tFjl) + ...

i 1— _ aW —B(1-5
((%)U (=) @) B v, 0T+ ovhe (%
b 1-7, —12aR 1+(1-9) SFWH N«
(s @ or (1550 ) o a" = (H0522 + on) (57" —B17) +
R

() (5 31) - (52) 6 - 017

(H422) o (55" - 5F) - (W)( —(1-9)7F)

By appropriately replacing the efficiency conditions in (402) — (403), and after a little bit of algebra, I can
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now re-arrange the pricing equations for the price sub-indexes in (406) —

#1 ~ BE, (%fil) ¥

(409) as follows,

(=)o + =) (i) (o + -0 (HJ)Q))E%W+~--
1o (o) (o + 0= (52) ) v .
: (o) (-0 -0 (2°) (42 s
or (1) o - (140 (i) (o + -0 (32)) (ﬁfIW ) -
_ o (P17 - BF) = (1 - 0) (12) b - (122) @ |
wilt BB (710) + -
_ ( z) (-7 () (¢+(1¢)(1y)z)>5¢w+...
Yo (s ) (so +(1-9) (15”)2) L
v ot () (o4 0 -0 (22)°) (229 0+ )
or (12) oer = e~ (140 (rags) (o -0 (52))) (Y - t) +
_ on (P07 =9F) — (1= ) (52) k= (42 @ _
7~ BB, (wm) + ..
(#2) o7+ =) (i) (o (-0 (222)°) )@+
e (o) (o4 0w (22) ) ape .
: ) (s 0 () (o) "
or (52 ) o et o+ 3 - (1 +1 () (¢+ (1) ()’ ) (P — )
_ on (P17~ ) - <1 - ) (M52 ) Ry - (42 ar _
A" ~ BE, (7)) +
(=) o + a2 (i) (o @m0 (22)7) )
7o (st (o 00 (452) ) 7+ 4
v e (i) (so+ (1) (12“”)2> (=252 @ Y
or (1) oa = (140 (vt (o4 000 (552) 7)) (37" - 2°) o+
_ or (77— BF) - (=) (S2) By - (B2 @ _
I define the world price sub- indexes as piW = ¢ + ¢ppH* and pr"V = ¢ppr + ¢ pE*. Therefore,
I can derive the dynamics of 71" = /" — pioW and 7" = p"™"* — pV* from the equations above
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as,
~HW _ ~H,W
m &~ OBy (7rt+1 ) + ..

_ (() o+ (1-7) (v <so+<1—w) (1,;“")2>)62W+... '

7 N\
—
+
3

/N
=

*
Tl
&

A}
SN—
N
) \

+
—
—

I
<
—

—_
@\+
A}
= N——
[\v)
€ N—e— »

ROV BB (RO +
((F5) o+ 0= () (o 0w (332)) e+
e (o) (4 0w (32) 2+

. e () (o 0w (32)) (22 -
op (152 ) oG 4 Gprsy — .
(Hn(M) (sa+(1w) (1£2)”
(—v) (55) - (52 @

N————

N—

I define the domestic and foreign CPI indexes as p; ~ ¢ pl + ¢ppr and pf = ¢ppit* + ¢ypr ¥, respectively.

Therefore, it is easy to derive the dynamics of 7y = p; — py—1 and 7; = p; — p;_; from the pricing equations
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above as follows,

;T\t ~ @Et (;T\t+1) + ...

=)
(1—1.) (H(fﬁw)@) (<p +(1-9) (ly)2> (oW + ¢peaW*] + ...
) oz + opait ]

(5 [+ ()05 -

—12aR

=, )U At oprs —
{¢H (" =Y ) + o (pf“W -] -
| = =) (52) [ohi +okt] - ..

gt + ¢paf]

=) —or
<1+77(1+<1wu>¢)(%0+(1 (1}% 2)

opom | (P17~ BF) + (ﬁ; —pf

QWH

=
@ %) > [0pet™ + Gyt ] + ...
ol (¢+ 1-) (;“’)2> [6p78" + o] + .
o] e Crmte) (o 00 () (249 [(5) o () ] -
F(t%))‘f et — pprs —

(65 (B =51 + 0 (ﬁfW —p7)] + -
dron [(AHR —5f) + (A" = 5F) | = (1 =) (152) [orke + onhi] — -
(lﬂj) [Ppa: + dpa;]

where world aggregate capital is defined as kY = ¢k, + ¢pks and kV* = ¢pk, + ¢yki. 1 can also write
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certain terms inside the brackets of the Phillips curves more compactly as,

- (1+77(1+<1ww)¢) (<P+(1—1/J) (lfzﬁ’)z» (0m (B =81 ) + 0 (B = B1V)] -
ouor (P 5F) + (ﬁfR—ﬁf’)] =0 (e (o =9 (52) ) fow - o] (0 -t
o (i) (o 0= (252) Yo (68— 307) + (55 ~57°)] - .
¢H[(AHW_23¥V>+¢F(P¢ PR)] = or [(B0™ = 817) + on (7 - 1))

(140 (o) (4 09 (52))) [or (5 ) 400 (507 307 .
oro [ 5) (427 ~52)] = (i) (54 0= (25" ) oo (5 -
o (mrrters) (o4 =0 (482)) o [ =) + (5" - 317)] -

or (B =) = ou (0" = )] — ou [ (A" = B17) — 0r (51" — )]

Based on my definitions of the world aggregates, denoted with the superscripts W and W*, it is possible to
argue that,

ou (B =B ) + 0 (B =) + 00 (B = B*) + 0 (517 - 5)
:¢H(@{{ t)‘f'(bF(pf_pt):O,
o[BI =) = on (B = )] + o [(BF" —B) = or (517 - 1)
=¢p (P — D7) + ¢u (P — 1) =0,

since py = ¢y pl +¢ppl and pf = ¢ppil*+¢ypl*. Furthermore, I also know based on those same definitions,
that the following result must hold true,

(B =) + (B =) =B B0 - (B )
= oy (pt pt) +or (AH* Dy ) + dp (pt —pt) + oy ( —@k) (414)
= [¢H (pt _pt) +or (pt IB)] [¢F (lat _pt) +on ( £ /;k)] =0.

Hence, I argue that those particular terms inside the brackets of the Phillips curves can be simplified as,
2
- (1+n(1+<1¢>¢) (<p+ (1-v) (152) )) (o (B = 81) + 0 (B = 517)] - -
Pudr [(AHR — P W) <<,0 +(1—v) (Hw) ) [O5r — ¢F] (AFW* -

) (
- (1+77(1+(1¢,)¢) (‘P‘F(l—w) (17@)2 ) {(bF (ﬁf’w —ﬁtW> + ¢n (hW* —ﬁy*)} + -
brom [ (P17~ 5F) 0] = =0 (se) (o @m0 (52) ) 1o - 0] (55 -5
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I conclude that both Phillips curves in the model take the following form,

%t ~ @Et (%t+1) + ...

] [(1 m) e ( 1_772)¢ AaW*] 1
2

(1 -7.) () (so +(1- ) (1) ) [6ue™ +opep™ ] + .

Y (i) (sa +(1—v) (12“)2> [6uEE + 6pW*] + . -

2 415

| e ) (-0 () (22) [(2) e (B o]+ |-

OF (¢H ( ) Op ( )) e+ ppTs +

(6n - 65) 0 ( iy (15*”)2) (5" f@W*) .

(1—1) (+T Et - ( > [¢nar + dpa;]

7 BB (71) +

Q

(=2 (o) (o 1= 9) (z“’)Q) 0™+ ] ..
7. (7o) (so+(1—w> ) [0pT™ + 6pz" "] +
| (e (o4 00 (5)°) (422 [(2) ot () o] - [
or (0n (15) —or (12) ) 01807 — 6751 — .
<¢H—¢F>n(m) e+ (1-v)(
(1 =) (152) B = (152) 0501 + og]

which extends the specification in models like those of Steinsson (2008) by adding capital, investment, and
variable capital utilization.

With a little bit of additional algebra, it is possible to obtain a simpler characterization of the Phillips
curves as,

[ ((1=72) -1 e+ (1=9) (1+¢)* w e +(1=9)(1+¢0)° | ~aW
((1—72) o+ (-7)e PP T=9)0p" ) G7 H ( P +(I—9) P ) Tt
W2+ (1—9) (149)* | (1-6(1-8) ~
v 1Ee \(Z o= eivet ( 55 )“t NG (417)

1— _ ~ 2+(1—9)(1+p)? ~HW
¢F( “)U 15?R—¢Frst—(l+w(%)) (pt ptw)—m

((1_w2b(1+¢)) ey — (HTsO) @

~FW ~FW
7"~ BB (wt+1 *) + ...

() ot v +(1-¢)(1te)* W PV?+ (=) (1+0)* | ~aWx
((1*72*)0 +(1_71)¢( PUH(I=9)Pp? ))Ea TV ( P+ (1—)pp? )x? + .

e’ +(1-9)(1+¢) —8( 1 9)
v %*‘/’( POF+(1—9)Pp? ) ( (4)
1— — 1 ~F W s IV % ’
oo (35 a8 g (1w (BT G )
(m)g*_ (Hw ar
L w ’ w !

128



and, naturally,

;T\t ~ @Et (%t+1) + ...

A~

V=¥ (

V=¥ (

-1 1%

g

ww +(1 1+w W W
(17797)90( oP+(1— w>w<p ) +opct ]Jr
b 1 1 ZaWx
o (SEEIRIER) (0,507 + 0,31 +.

eV +(1=)(14+9)?\ (1=(1=8)) [ (% 7
op+(I—1)p? ( Bs ) Kvw) Prs + ( 5
b (¢H (tj —¢p ( L )) ot 4 prs +

P FWs s
(b5 — )19 (%) (pf’W - ) —
(%ﬂ) k" — ng) [ppar + ¢ pay]

1 ’YT) ’\aW*:| 4

~ ?Et (/ﬂ\':+1) + ...

(e () 0]
(1—=7)e (%) [¢Fct + éf)HAaW*] + ...

P2 +(1—) (1+¢)* SaW s
VP (%) [opZt™ + ozt ]

ULl ) (1800 [(2) gy + (L) 0l ] — -

1%

or (6 (322 ) — or (1222)) o710 — 055,
2 _ 2 ] * N *
(6 - o) (220 (Grave gy

(7(1_d}2¢(1+¢)) E/V* - (H@) [ppa; + ¢pay]

': ) (bF@f} + ...

(419)

(420)

Capital appears in the Phillips curves because it captures the impact of the efficiency conditions on the

marginal costs of firms.

amount of capital services made available to firms. Let me define ¢}V

~F W % W %
=p;’ - Dy
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A similar argument can be made regarding the role of capital utilization on the

as the world measure



of terms of trade in the model. Then, the Phillips curves can be re-expressed as,

;T\t ~ @Et (%t+1) + ...

o1 1—1 bW (1 71) AaW*} L T
(1= 70) o (ELEUEDUEDS) [ e + e "] + ..
b 1 1 ZaWx
1o (R [0, 1 0yt ..

(421)

e +(1=y)(1+¢)?\ (1=(1-0) AV Y, .,
v ’Yz<P( PP +(1-)e? ( Bo ) [(%) bpts + ( 7 )(bFut} +... 0,
PF (¢H (1:7 —op ( Ll )) 071/\111?, + OpTS + ..
(6 — dp) 09 (%) 0
((l_wzﬁﬂ) k" — (HSO) [prra; + ¢pay]

o1 [(1 1T> eV ( ) A"W*] + ..
I=7)e (wquﬁﬂ ¢)11;;¢ ) ¢Fct +ouctr] +

1 1 /\a *
%@(%)[W@: +¢op7 W]+~-~

b | 2o (2atoni ) () [(2) g+ () py] - [ O

b (¢H ( e ) — oF (ﬂ)) o 1 — pprs, —
(om — ¢F) ne (W) 2
(U= ) R — (%52 [0 + onar]

These equations constitute the aggregate supply block in this economy.

The International Relative Prices. 1 define the world measure of terms of trade in the model as
t; (ﬁf W _pw *) As in the variant of the model without variabla capital utilization in (321), the only

constraint that determines the world terms of trade is given by,
(6 — o) (B0 =) ~ oo [ (07 = 5) + (50" - 57| - (423)

If the model has no home-product bias in consumption and investment, i.e. ¢y = ¢p, then ﬂ/v =
(ﬁf W _ v *) only matters because it affects aggregate output and aggregate output enters into the

specification of the monetary policy rules. Therefore, it must follow from (423) that <ﬁtHR —ﬁf) +

(ﬁf R _ ﬁf) ~ 0. In that case, the constraint imposes no practical restriction on the world terms of

trade ﬂ’v = (;Bf W - *), and I need to keep track of the price sub-indexes in some other way in order to

close down the model.

If the model has a home-product bias in consumption and investment, i.e. ¢y # ¢p, then ﬂ’V =
(ﬁf W -V *) matters because it affects aggregate output in both countries, and it also matters because
it affects the real marginal costs of firms. Moreover, I can write the world terms of trade as follows,

_FWs s dud . . . .
t =p "V g = T [(pfm*pf’)+(pf’tpf>] (424)
by — Op
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This expression is crucial to derive the dynamics of world terms of trade. In equations (404) and (405) I

already derived a simple characterization for the relative price sub-indexes 7, and 7, ™", i.e.,

— BE, (nm) + U (AHR ﬁf) ~ Uiy,
AFR—ﬂEt (’/Tt+1)+\II(AFR—ﬁ§> ~ \Ilf:st
Simple manipulations allow me to write this pair of equations as,
~H,R _~R ~H,R =
(ﬂ't i ) PE, (7‘}+1 7Tt+1> + v ( - pf)
~F.R _ =R ~F,R _~R ~F\R
(Wt ) Py (7Tt+1 7Tt+1) + v <pt - pf)

where the relative CPI is defined as p¥ = p; — p;. If I use the definition of world terms of trade and I

%

Urgy — 7rt + BB, (7Tt+1)

Uis, — 70 + BB, (7Tt+1)

Q

combine it with these two equations, I can write the dynamics of /t\tW as,

Pudr

AT — 9, (AT, ) + i)Y ~ 280r
O — op

{\Il":\st 7Tt + BBy (7Tt+1):| ) (425)

where I define the first-difference of the world terms of trade as At} =t} — V. This suffices to close
down the model, but it is the same equation as in (323) without variable capital utilization.

Following on Engel (forthcoming), I can show that when the degree of price stickiness is the same across
firms and markets then the relative prices in each country must be equalized even if the law of one price fails
to hold, i.e. (ﬁf —pH ) (ﬁf *—pH *) To show this, I start by computing the inflation for the relative prices

in each country (%f - wf) and (wt -7 ) from the dynamics of the price sub-indexes in (410) — (413)

131



as follows,
P R _
T =T BE; (T t+10_1 (( 1—v, )E?W* _ (}f::g) E?W> o
I=72« -7
4 2
1+¢ ~aW E“W) 4o
) _ 7) ) % ‘
(=72 (s ) (9 + (1= 0) ; (@
1+ ~aW s ~aW 4o
Ve (ﬁ) <<P +(1-9) (7“0) (2 z")
e — 2 U )
1+p 1-B(1-9) ( y*ﬂ* _ ,_qut) —
L2 1- ( P ) > ( K] VUt x
v <1+(1—w)w) <‘P+( V) (75 1 5 i
— - L /\(l T e
ppo! ((11_;1@*) + (1_%>) 4 7y,
)2 SEWs ows) _ (SHW  ow)) L
E +(1_¢)( +<'9) ( Dy — P ) (pt y ))
1+mn = ® ”
1+(1—v)e HR R (1— ) (1+<p) (/k?* _’k\t> _ (1;&) (@ —ay)
BN N ~H,R o 1tg ; |
o (51" = BF) = op (" = 5)) :
i ~F'% ~H * -
7 —7H ~ BE, (7rtF+1 — Ty ) e
_ o1 (( 1—v, )E?W* _ (1*12) /c\taW> 4o
I=72« -7
4 2
1+e ~aW E“W) 4
) _ 7) ) % ‘
(=72 (s ) (9 + (1= 0) ; (@
1+ ~aW ~aW 4o
Ve (ﬁ) (tp +(1-9) (7“0) (% z")
2 A~
1+p 1-B(1-9) ( y*ﬂ* _ ,_qut) —
L 1- ( ) > ( K] VUt x
v <1+(1—w)w) <‘P+( V) (75 1 5 i
— - L /\(l T e
ppot ((11_;1@*) + (1_%>) 4 7y
g 2 GEWs _swe _ (GHW _sw) o
= +(1—1) 1+<p) ((pf — P ) (pt Pt ))
1+mn = 2 %
T+(1—v)e H,R R 1+<p) (/k?* ’k\) _ (1+<p> (@ —ay)
_H, N o 1te - |
bp (ﬁf’R_ﬁﬁ)_¢H (pt — Dt )) (1 w)( P t P
ﬁF’W* -V *) ~ 0, hence the two expressions for the
t

on )
I noted already that by construction (p; Dy
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relative prices above become simply,

o () v — (122) )+
2
(1=7,) (ﬁ) (so +(1—1) 1+7¢> ) (epWr —eW) + ..
2
Vo (ﬁ) <¢ +(1-v) (”7“") @V —2gW) + ..
2
—B(1=6 e ~
Y (072 <<P+ (1-v) (45) >(lﬁé§)) (VL@ — L) — ... :
orot (((52) + (B2) ) @+ 7 —
2
~F W WV
2 <1+n(1+(1¢¢)¢> (¢+<1—w) (%") ) (ptF -p) =
| (o (0" =5F) — o (7 —5F)) - (1= ) (12) (B = o) — (452) @ —a0)
R R~ B (Ri - RO
o ((fm)a - (=) @) +
2
1+
(1—,) (ﬁ) v+ (1—-19) 790) )
Va (ﬁ) (Wr(l—w) T
2
1
Y (=) <‘P+(1¢) (45¢)
oro ((12) + (B2) ) @+ /0 — .
2
~F Wk WV %
2 (10 () (o4 -0 (52))) (0 -9+
| (o0 (07 = BF) = ou (7 —5F)) — (1= ) (12) (B = ) — (452) @ —a0)
Let me define the variable z; as the difference between the relative prices in both countries, i.e. z; =
(pf —pf') — (pF'* — pf'*), and the first-difference of z; as AZ; = <%f — ﬁf) _ (%f* B %fi*> Using the two

equations I derived previously for (%f — %tH ) and (%f* — %fI *), it immediately follows that,

~F ~H ~Fx ~Hx*\ E ~F ~H ~F'x ~H %
Ty =T ) = \Ty — Ty ~ BB ((Tppr — T ) — (Mg — T ) ) —

W [(60 (P57~ 58) = 6 (" = 58)) + (00 (P57~ 2F) — 6 (57~ 2) )|

- ~F ~H ~Fx  ~Hx ~F,R  ~R ~H,R ~R
~ P, Tpp1 = Tpq1 ) = \Tpp1 — T4 ) ) — v (pt — D ) - (pt — Dt )}
~ BE ~F ~H ~Fx  ~Hx o |pFR _ pHR

~ t\\Tt+1 = Ter1 ) — \Ter1 = Teg1 - by — D¢ .

Finally, since I have already defined p;’ " = (pi' — pf’*) and = (pf — pf™), I can also infer that,

~F,R _ ~H,R ~F  ~Fx N ~H % ~F = N =

[pt — Dy ] =0f =)~ B b)) =@ —p) — (B —PT) = % (426)
and, accordingly, I can re-write the expression above for the dynamics of AZ; as,

A»/Z'\t ~ ﬂEt (Agt—&-l) — \IIEt (427)

133



Naturally, as Engel (forthcoming) emphasizes, if I combine equation (427) with the initial condition zp = 0,
then it has to be the case that the solution implies that the relative prices in both countries ought to equalize

as I postulated initially, i.e.,
2= -p) - (7 —5") =0, (428)

or simply that,
(B =) ~ (B0 = i) (429)
Furthermore, if I combine equations (426) with the solution in (428), I obtain the following result,
(pF" - 8) = ("7 - BF) =0,
or simply,
(0" - p) ~ ("7 - 5. (430)
Therefore, I can re-write the world terms of trade defined in (424) as follows,

SEWs _ swx _ o @ ¢ FR -

R S vl (AR T B (431)
¢>H o

Equation (431) is going to be particularly helpful to simplify the log-linearized equilibrium conditions of

the model later on. This simplification is exactly the same one that I derived in a model without variable

capacity utilization in (329), indicating that this result is not sensitive to the addition of variable capital

utilization into the model.

6.4.3 Other Relationships

On Aggregate Output and the Efficiency Conditions. Using the definition of world terms of trade

W =+ <AF W x WV

and the fact that by construction (ﬁfl ' — Py ) ~ 0 (see equation (414) for a demonstra-

tion) I can write aggregate output from equations (400) — (401) as

R - (1B -
R e L (432)
~k * —~aW % 1- 1-9¢ o~

U~ ot (L= G+, 3 44 (ﬂﬁ(a)) u; . (433)

Using the efficiency conditions in (402) and (403) and, after a little bit of algebra, it follows that the real

rental rate on capital can be expressed as,

1— A~ 1-8(1-6 ~
TP & (% (171“) +(1=7,) %) oW 4+ vxlzwmi‘w +oyite (%) Up + ..
bt (1—"71) R +7ll+ ( )’\ lchat
o -vg ’
* 1—v, * 1-5(1-0) | ~«
i (3 () 00 S A b e ol e ()
bl ( 1, )AaR nlzwgtw _ (H(lwd} )k* 1?:@;

This simply re-writes the previous conditions replacing the relative prices with the definition of world terms
of trade 7}V
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On Aggregate Employment. The aggregate employment can be easily derived from the production

functions in (84) and (85) as,

i A+ (1= ) ke + s,
U o~ oar+ -9kl

Q

These are the same equations that I obtained in the model without variable capital utilization. However, Et

denotes now capital services rather than physical capital as before.

On Real Exports, Real Imports, and the Net Exports Share. In a two-country model, suffice to
determine the net exports share of the domestic country, tAbt. The net exports share can be easily computed
as the difference between domestic aggregate output and domestic aggregate consumption, investment and
capital utilization costs (domestic absorption) in real terms, i.e.,
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Using the formula derived above for domestic aggregate output in (432) and the expressions above for the

net exports share, I obtain the following equation for the trade balance,
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In other words, adjustment in the domestic trade balance comes through movements in the world terms of
trade ﬂ”, or from relative adjustments in either the consumption or investment paths. The trade balance is
not directly affected by capital utilization costs because aggregate capital cannot be traded across countries
(only varieties are tradable). Therefore, the capital utilization term appears on the domestic aggregate
output demand and it also appears on the domestic absorption, so it cancels out.

Naturally, the derivation of the real export and real import equations, ezp, and i?n\pt, is the same as in
(335) — (336). The same logic applies in this context to the derivation of the transformation of the world
terms of trade, ftW, as a linear function of the domestic terms of trade, E)\tt, and the real exchange rate, 73,
as in (337).

7 Model Parameterization

Table 1 summarizes the model parameters adopted in my simulations. The parameterization is roughly

similar to that in Chari et al. (2002), except where otherwise noted.
[Insert Table 1 about here]

The intertemporal discount factor, 5, equals 0.99 and the intertemporal elasticity of substitution, o, is
1/5. The share of foreign goods, ¢, is set to 0.06. The elasticity of substitution across varieties, 6, is chosen
to equal 10. The choice of # is consistent with a price mark-up of 11%. Moreover, # serves to pin down the
steady state investment share (over GDP), «,, at 0.203. I set the government subsidy, &, at zero, the labor
share in the production function, 1, equal to 2/3 and the depreciation rate, 4, equal to 0.021.

I choose the intratemporal elasticity of substitution, 7, to be equal to 1.5, which is similar to Chari et al.
(2002), but significantly lower than in Steinsson (2008). The inverse of the Frisch elasticity of labor supply,
¥, is set at 3 (see the micro evidence in Browning et al. (1999) and Blundell and MaCurdy (1999)). When
appropriate, I set the elasticity of the capital utilization cost, A, at 5.80.

The Calvo price stickiness parameter, «, is assumed to be 0.75. This implies that the average price
duration in the model is 4 quarters—the same average duration as in Chari et al. (2002) and Steinsson
(2008). The interest rate inertia parameter, p,, equals 0.85, while the sensitivity of the nominal policy rate
to the inflation target, ¢, equals 2, and the sensitivity to the output target, ¢, is 0.5 as in Steinsson (2008).

As in Ghironi, et al. (2009) and Benigno (2009), I assume that the costs of adjusting the foreign bond
holdings with respect to the steady state are such that pu = 0.01. This parameterization is also consistent
with the estimates of Kollman (2003), which imply a value of 0.012 as noted in Benigno (2009, footnote
9). T choose @ to match the 1970 — 2007 average of the U.S. annual ratio of net foreign assets over GDP of
—4.06% from the Lane and Milesi-Ferretti (2007) dataset.

Remark 4 For a parameterization of the model that implies n = 1.5, ¢p = 0.06, ¢y = 1 — ¢p = 0.94,
B =0.99 and a® = —0.04065, the numerical solution to equation (173) gives me that steady state terms of
trade are equal to %fl = 1.0137. This implies that this steady state with the domestic country holding a
negative amount of real net foreign assets (i.e. a* < 0) can only occur if the terms of trade are higher than
one (i.e. %:’ > 1). In other words, only if import prices are a bit more expensive in steady state than export
prices can I reconcile the fact that in steady state the domestic country is a net borrower from the foreign

country.
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Based on (174) and the same parameterization, I can say that the ratio of real net foreign assets of the

domestic household over domestic output must be equal to,
av =a"(1—(1—B)a*)™7 = —0.0406.

Therefore, the parameterization is consistent with real net foreign assets over output around —4.06%, which
corresponds to the average annual ratio for the U.S. during the 1970 — 2007 period based on the data compiled
by Lane and Milesi-Ferretti (2007).

Shock Processes and Adjustment Costs. I assume that the persistence of the productivity shock, p,,
is fixed at 0.9 as in Steinsson (2008). Likewise, I set the persistence of the IST shock, p,, at 0.9. I set the
other parameters of the stochastic processes to match certain features of the U.S. real GDP data. The aim
is to investigate the properties of consumption, investment and the RER under different assumptions on
capital accumulation while replicating key empirical moments of U.S. real GDP.

I set the standard deviation of all shocks to match the U.S. real GDP volatility (1.54%). In addition, I
parameterize the cross-country correlation of the innovations to replicate the observed cross-correlation of
U.S. and Euro area real GDP (0.44). In experiments where productivity shocks drive the business cycle
in combination with either monetary or IST shocks, I set the standard deviation of the productivity shock
innovation always to 0.7% and the cross-country correlation to 0.25 (e.g., Heathcote and Perri (2002) and
Chari et al. (2002)). In turn, I parameterize the volatility and the cross-correlation of the innovations of the
other shock—the monetary or IST shock—to match the volatility and cross-country correlation of U.S. real
GDP. When appropriate, I select the adjustment cost parameter, either x (CAC) or £ (IAC), to ensure that
the volatility of investment relative to output roughly matches the data (3.38 times the volatility of U.S.
real GDP).

In the simulations with IST shocks an exact match of the investment and output volatilities cannot be
attained without pushing the adjustment cost and the shock volatility parameters beyond a reasonable range
of values. In that case, I match the volatility of U.S. real GDP with the volatility of the IST shock bounded
to be below 10%, and I pick the adjustment cost to keep the volatility of investment low.

8 Quantitative Findings (Highlights)

The model described previously in the paper incorporates the basic features of the NOEM literature—
price stickiness and local-currency pricing—while departing from the conventional assumption of complete
international asset markets. Moreover, the model nests a wide range of alternative capital specifications from
linear-in-labor technologies and no capital to different model variants with capital accumulation, adjustment
costs of different types and variable capital utilization rates.

I start by revisit the conventional case under complete international asset markets that was originally
covered in Martinez-Garcia and Sgndergaard (2008a, 2008b). Tables 2 and 3 collect the results for different
variants of the model with capital accumulation. The case with no capital (NoC), which is closer to Steinsson
(2008), is compared against a variant of the model with capital but no adjustment costs (NAC), a variant

with investment adjustment costs (IAC), and another alternative with capital adjustment costs (CAC). I
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report all those simulations in Columns 3 — 6. I conduct some sensitivity analysis in Columns 7 — 10. I
also contemplate different scenarios in which the business cycles are alternatively driven by productivity
shocks (Panel 1 of Table 2), monetary shocks (Panel 2 of Table 2), a combination of productivity shocks and
investment-specific technology (IST) shocks (Panel 1 of Table 3) as well as a combination of productivity

shocks and monetary shocks (Panel 2 of Table 3).
[Insert Tables 2 and 3 about here]

Capital accumulation contributes to significantly lower the RER volatility in the NOEM model—irrespective
of the shocks driving the cycle, as noted in Martinez-Garcia and Sgndergaard (2008a, 2008b). In a similar
setting, Chari et al. (2002) showed that volatile RERs required monetary shocks to interact with nominal
rigidities. However, if prices were held fixed for at least a year, the elasticity of intertemporal substitution
was low, and preferences were separable in leisure, then the real exchange rate fluctuations generated by the
model would approximate the volatility observed in the data but still not be able to match the empirical
persistence.

In response to monetary shocks or a combination of productivity and monetary shocks where the latter
is the main driver of the cycle, a variant with capital and adjustment costs that penalizes the growth rate of
investment—as proposed in Christiano et al. (2005)—rather than the investment-to-capital ratio—as used
in Chari et al. (2002)—is better to account for the volatility of the RER as well as the fluctuations in output,
consumption and investment observed in the data, but it still falls short in terms of RER persistence.

I note that high endogenous persistence tends to occur in response to persistent productivity shocks or
a combination of persistent productivity and investment-specific technology (IST) shocks. However, neither
one of the two scenarios is capable of simultaneously generating enough volatility to match the empirical RER
volatility unless very high adjustment costs (or no capital) are imposed on the model. Figures 1 through 6
illustrate the sensitivity of the results reported in Tables 2 and 3 to the parameterization of the adjustment
cost function and the Taylor (1993) monetary policy rule. Interestingly, I document how the interaction
between the monetary policy regime and the costs of intertemporal consumption smoothing through capital

accumulation are critically dependent on the type of shocks driving the cycle.
[Insert Figures 1, 2, 3, 4, 5 and 6 about herel

The findings derived under local-currency pricing and complete international asset markets appear
broadly—but not entirely—robust to departure from those two core assumptions of the workhorse NOEM
model. I re-establish the law of one price by replacing the assumption of local-currency pricing in interna-
tional goods markets with producer-currency pricing. Then, the RER moves in tandem with terms of trade
and solely because of differences in the consumption baskets across countries. The extension of the model
under producer-currency pricing is extensively discussed in Martinez-Garcia and Sgndergaard (2008a) and
of particular relevance to investigate the quantitative effects of monetary shocks.

I also depart—and that is the main contribution of the paper—from the assumption of complete inter-
national asset markets, which imposes perfect international risk-sharing and a tight link between the RER

and relative consumption, by adding a quadratic cost on international borrowing tied to the real net foreign

9Columns 7 — 8 show the results whenever the adjustment costs are set to match the volatility of consumption rather than

investment. Columns 9 — 10 present the simulations with variable capital utilization.
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asset position of the home country (see, e.g., Benigno and Thoenissen (2008) and Benigno (2009)). I find
that a bond economy with international borrowing costs and the workhorse NOEM model with complete
international asset markets generates very similar international business cycle patterns in response to pro-
ductivity and monetary shocks (see also Baxter and Crucini (1995), Heathcote and Perri (2002) and Chari
et al. (2002)), but significant differences arise with investment-specific technology (IST) shocks. Hence,
I closely examine the role of IST shocks in the context of this model with incomplete international asset

markets.

8.1 Producer-Currency Pricing and the Law of One Price

Price stickiness alone does not imply that the law of one price fails in the NOEM model. For that, market
segmentation and the assumption of local-currency pricing are also needed. Hence, under producer-currency
pricing all prices must equalize across countries when expressed in the same currency—that is, the law of
one price must hold—and the RER fluctuates simply because I also assume different consumption baskets
for the two countries. Engel (1999) provides empirical evidence supporting the view that deviations of the
law of one price on traded goods account for most of the movements in the U.S. real exchange rate. While
Engel (1999) also considers the possibility that traded-goods are weighted differently in the consumption
basket of each country, he concludes that RER fluctuations tied to terms-of-trade movements through this
channel are not very important in the data.

Indeed, the results reported in Tables 4 and 5 complement Engel’s (1999) data analysis by suggesting
that consumption basket differences alone are not able to explain overall RER movements through the lens
of the NOEM model with capital. The simulated model is based on the extension of the NOEM model with
capital and producer-currency pricing discussed in Martinez-Garcfa and Sgndergaard (2008a). The case with
no capital (NoC) is compared against a variant of the model with capital but no adjustment costs (NAC),
a variant with investment adjustment costs (IAC), and another alternative with capital adjustment costs
(CAC). Ireport all those simulations in Columns 3—6. I conduct some sensitivity analysis in Columns 7—10.1°
I also contemplate different scenarios in which the business cycles are alternatively driven by productivity
shocks (Panel 1 of Table 4), monetary shocks (Panel 2 of Table 4), a combination of productivity shocks and
investment-specific technology (IST) shocks (Panel 1 of Table 5) as well as a combination of productivity

shocks and monetary shocks (Panel 2 of Table 5).
[Insert Tables 4 and 5 about here]

Betts and Devereux (2000) argue that local-currency pricing and staggered prices can magnify the re-
sponse of the RER and distort the international transmission mechanism of monetary policy shocks resulting
in lower consumption comovement across countries. I observe the same pattern emerge irrespective of the
way capital is modelled by comparing Panel 2 of Tables 2 and 3 (under local-currency pricing) with Panel
2 of Tables 4 and 5 (under producer-currency pricing) where monetary shocks are the dominant source of
business cycles. Endogenous persistence tends to be slightly higher with local-currency pricing than in the
experiments with producer-currency pricing, but the RER volatility ratio is definitely larger aided by a large

decline in the cross-country consumption correlation and by a small increase in consumption volatility.

10Columns 7 — 8 show the results whenever the adjustment costs are set to match the volatility of consumption rather than

investment. Columns 9 — 10 present the simulations with variable capital utilization.
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By contrast, however, the RER volatility amplification attained with local-currency pricing and deviations
of the law of one price is much smaller with either productivity shocks (Panel 1 of Table 2 vs. Panel 1 of
Table 4) or a combination of productivity and IST shocks (Panel 1 of Table 3 vs. Panel 1 of Table 5). The
effect on the endogenous RER persistence of the assumption of local-currency pricing or producer-currency
pricing is still rather modest. What these findings illustrate is that large and distortionary deviations of
the law of one price depend on the nature of the shocks. Not surprisingly, most of the NOEM models that
investigate the RER dynamics through this channel have focused their attention primarily on the connection
between nominal rigidities, local-currency pricing and monetary shocks (see Betts and Devereux (2000) and
Chari et al. (2002)).

Figures 7 through 12 illustrate the sensitivity of the results reported in Tables 4 and 5 to the parameteri-
zation of the adjustment cost function and the Taylor (1993) monetary policy rule. Interestingly, inspecting
these results more closely one realizes that the assumption of producer-currency pricing may have a more
significant effect than our previous results would suggest whenever the business cycle is primarily driven by
either productivity shocks or investment-specific technology (IST) shocks. A case in point with the pro-
ductivity shock is that lower monetary policy inertia appears to be associated with higher RER volatility

whenever I assume local-currency pricing than when I assume producer-currency pricing.
[Insert Figures 7, 8, 9, 10, 11 and 12 about here]

However, irrespective of whether I assume local-currency pricing or producer-currency pricing, RERs still
tend to be less volatile the easier it gets for households to utilize capital accumulation to intertemporally
smooth their consumption—except when the cycle is primarily driven by investment-specific technology
(IST) shocks.

8.2 IST Shocks and International Asset Market Incompleteness

The functioning of international asset markets determines the extent to which households can efficiently
insure amongst themselves to smooth their consumption in the presence of country-specific shocks. Asset
markets are viewed as crucial for the propagation and transmission of business cycle fluctuations across
countries, but most of the NOEM literature has often abstracted from asset market frictions of any sort to
focus instead on understanding the role of frictions in the goods markets. I observe that a standard bond
economy with international borrowing costs still replicates closely the persistence and volatility of the RER
under complete international asset markets (see, e.g., Baxter and Crucini (1995) and Chari et al. (2002)).
In turn, that is no longer the case whenever IST shocks are the primary driver of the business cycle.

T adopt a standard extension of the NOEM model with capital (under local-currency pricing) that restricts
the financial assets available to just two uncontingent nominal bonds in zero-net supply (issued in the two
different currencies) adding a quadratic cost on international borrowing tied to the real net foreign asset
position of the home country (see, e.g., Benigno and Thoenissen (2008) and Benigno (2009)). A more
in-depth exploration of the complex role of asset markets goes beyond the scope of this paper and is left
for future research. I use this bond economy in order to investigate the robustness of the findings on the
volatility and persistence of the RER to the assumption of complete international asset markets. The main
implication is that the imperfect international risk-sharing condition in equation (59) (or (345)) introduces—

up to a first-order approximation—deviations in the uncovered interest rate parity condition linked to bond
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trading costs and the evolution of the domestic real net foreign asset position.

The full results under incomplete international asset markets are reported in Tables 6 and 7, and can
be compared against the complete asset market results in Tables 2 and 3. The case with no capital (NoC)
is compared against a variant of the model with capital but no adjustment costs (NAC), a variant with
investment adjustment costs (IAC), and another alternative with capital adjustment costs (CAC). I report
all those simulations in Columns 3 — 6. I conduct some sensitivity analysis in Columns 7 — 10.!! T also
contemplate different scenarios in which the business cycles are alternatively driven by productivity shocks
(Panel 1 of Table 6), monetary shocks (Panel 2 of Table 6), a combination of productivity shocks and
investment-specific technology (IST) shocks (Panel 1 of Table 7) as well as a combination of productivity
and monetary shocks (Panel 2 of Table 7).

[Insert Tables 6 and 7 about here]

My results illustrate that the complete and incomplete international asset markets models are practically
indistinguishable whenever persistent productivity shocks or non-persistent monetary shocks drive the busi-
ness cycle. The international real business cycle literature without nominal rigidities also shows that a bond
economy closely approximates the complete asset markets allocation when driven by persistent productivity
shocks—unless, for instance, productivity shocks are permanent without spill-overs or stricter financial au-
tarky is imposed (see, e.g., Baxter and Crucini (1995) and Heathcote and Perri (2002)). Chari et al. (2002)
document a similar result in a model with nominal rigidities and non-persistent monetary shocks as the main
driver of the cycle.

In turn, Panel 1 of Table 7 compared to Panel 1 of Table 3 shows that with IST shocks the RER can
become somewhat more persistent but tends to be significantly less volatile. This is a powerful fact that
has gone largely unnoticed in the literature until now. Chari et al. (2002) also find that a bond economy
has the potential to weaken the link between the RER and relative consumption, but show that in fact this
avenue is not very successful in eliminating the consumption-real exchange rate anomaly (the Backus-Smith
puzzle). The consumption-real exchange rate correlation remains closer to one with conventional preferences,
while the empirical counterpart lies somewhere around —0.35 (which is the value reported by Chari et al.
(2002, Table 6)). Not surprisingly, I also find that the correlation between relative consumption and the real
exchange rate is close to one in models with persistent productivity shocks, with non-persistent monetary
shocks or with a combination of both. Only with IST shocks I am able to lower this correlation significantly,

although the exploration of the Backus-Smith puzzle would be left for future research.

IST and Productivity Shocks. Raffo (2010) shows that IST shocks can help reconcile the international
real business cycle model with certain hard-to-match stylized facts—the negative correlation between the
RER and relative consumption (the Backus-Smith puzzle) and the volatility of terms of trade and trade
flows—while preserving countercyclical trade balances. Raffo (2010) does not feature nominal rigidities or
other imperfections in the goods markets, so RER fluctuations are solely due to differences in the consumption
baskets across countries (a channel also present in my model). Raffo (2010) suggests dependence on that

one channel makes it difficult for the international real business cycle model driven by investment-specific

1 Columns 7 — 8 show the results whenever the adjustment costs are set to match the volatility of consumption rather than

investment. Columns 9 — 10 present the simulations with variable capital utilization.
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technology (IST) shocks to account for the volatility and persistence of the RER. In turn, incorporating a
richer market structure that allows for pricing-to-market—Ilocal-currency pricing—and large deviations of
the law of one price could help reconcile the model with the data.

Here, I offer a framework with which to evaluate Raffo’s (2010) conjecture. My findings, reported
in Tables 3 and 5, suggest that whether the law of one price holds (under producer-currency pricing) or
not (under local-currency pricing) may have limited effects on the ability of the model driven primarily
by investment-specific technology (IST) shocks to account for the volatility and persistence of the RERs.
However, Table 7 indicates that the structure of the international asset markets has a significantly large
effect on the dynamics of the RER (especially its volatility). Figures 13 through 18 illustrate the sensitivity
of the results reported in Tables 6 and 7 to the parameterization of the adjustment cost function and the
Taylor (1993) monetary policy rule. In so doing, they also illustrate that those effects are also noticeable
on the endogenous RER persistence generated by the model. Moreover, the figures also indicate that the
impact of incomplete international asset markets is not the product of an ‘unlucky’ set of parameters values,

but prevalent across a wide range in the parameter space.
[Insert Figures 13, 14, 15, 16, 17 and 18 about here]

In general, adding persistent IST shocks tends to imply fairly persistent endogenous RERs—but less than
with persistent productivity shocks alone. Moreover, it often implies smaller consumption cross-correlations
and higher consumption and RER volatilities than with persistent productivity shocks alone—although
not enough to resolve the quantity puzzle or match the empirical RER volatility. In fact, the simulated
consumption cross-correlation is systematically higher than the cross-country output correlation of 0.44
found in my data (and matched in all my simulations), while the empirical consumption cross-correlation
tends to be smaller (0.33 in my data).

A positive IST shock makes investment temporarily more productive. Households invest more to take
advantage of that, but do so partly by working and producing more and partly by sacrificing consumption
in the short-run. As a result, consumption becomes countercyclical due to the strong intrinsic incentives
to invest now and consume later.!? Interestingly, the incentive to postpone consumption in response to a
domestic IST shock is more pronounced in the home country leading to a short-run appreciation of the
RER—which reverses itself over time—in spite of the fact that domestic output is rising more than foreign
output. In contrast, the RER unequivocally depreciates in response to a (positive) domestic productivity
shock or an expansionary (negative) domestic monetary shock that makes domestic goods temporarily more
abundant than foreign goods.

Adding even small adjustment costs is generally counterproductive to match the data. Doing so requires
an even larger IST shock volatility to replicate the standard deviation of U.S. real GDP, which—in turn—
usually increases the endogenous volatility of investment. However, adjustment costs give households an
incentive to invest more gradually and the RER persistence tends to go up as a result. The internal tension
that investment-specific technology (IST) shocks bring into the model shows up in investment volatility being
much larger than in the data and in consumption being countercyclical.

These findings suggest that incorporating investment-specific technology (IST) shocks as the primary

12Gee Raffo (2010) for a discussion on the role of the preference specification and the wealth effects on labor supply on this

and other counterfactual predictions (including the Backus-Smith puzzle).
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driver of the business cycle makes it harder to balance the competing goals of accounting for RER (and con-
sumption) fluctuations while fitting the volatilities of output and investment. With conventional (additively
separable and isoelastic) preferences and investment-specific technology (IST) shocks, introducing large de-
viations of the law of one price—through price stickiness and local-currency pricing—does not suffice to
reconcile the NOEM model with capital with the empirical evidence on RERs, and less so under incomplete

asset markets.

9 Concluding Remarks

Martinez-Garcia and Sgndergaard (2008a, 2008b), among others, have extensively investigated how NOEM
models generate volatility and persistence of the real exchange rate (RER). Often the NOEM literature takes
for granted the assumption of complete international asset markets. This paper provides a detailed discussion
of how to extend the Martinez-Garcia and Sgndergaard (2008a, 2008b) model with capital accumulation and
nominal rigidities in a tractable manner to break away from that assumption asset market completeness. To
do so, I set-up a bond economy with costs on domestic international borrowing (see, e.g., Benigno (2009)).

I find that irrespective of whether the model has capital or not, productivity shocks trigger highly
persistent RERs while monetary shocks generally do not—although the amount of endogenous persistence
is often sensitive to the specification of the adjustment cost function and the Taylor (1993) monetary policy
rule. Conversely, monetary shocks trigger highly volatile RERs while monetary shocks generally do not—
subject to the same caveats on the sensitivity of the results to the adjustment cost function and the monetary
policy rule. These findings are consistent with conventional wisdom (see, e.g., Chari et al. (2002)).

I also find that the bond economy setting with incomplete asset markets is almost indistinguishable
from the conventional specification of complete international asset markets whenever the cycle is driven
primarily by either non-persistent monetary shocks or persistent productivity shocks. In turn, asset market
incompleteness results into significantly lower RER volatility in response to persistent investment-specific
technology (IST) shocks. I illustrate that the NOEM model with IST shocks as the primary driver of the
business cycle can approximate the observed RER dynamics better than with productivity shocks alone
under complete asset markets. But, even then, I also point out that the excessive investment volatility and
the countercyclical consumption associated with IST shocks can be a potential drawback of this shock-based
explanation of the RER.
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Appendix

A The Linearized Equilibrium Conditions: A Summary
Here, I report the system of equations derived after log-linearizing the equilibrium conditions of the mode

1_13

A.1 The Model Without Capital

The Households’ Problem:
IS /C\ ~ Et [Ct+1] — 0 Zt — Et [7Tt+1]
IS* G rE ¢, -0 i — By (741l )
RS Et [ﬁst+1} — ’l%t ~ (Zt — Et [7Tt+1]> — (/Z\t — Et |:’/Tt+1}> + ,uﬁaénfaprl,
NEA nfan, =0+ 3 (A =7 +nfa,) — (1—n) (FUZ2T) A 4
1-(1-p8)a" \ ~ 1—(1-p8)a” dp+oy(1—B)a ~
or (S5 ) ok op (U ) [a - (St )@
The Firms’ Problem:
~ BE; (Ti41) + )
AS ((1 a) (1 aﬁ)) (2 +¢) [puet™ +¢me*] +0p (0 — oF) 2E7 + ..
| GpTSse+ (o — dp) oty — (14 ) [¢gar + ¢Fat] |
7Tt NﬁEt (ﬂ-t—i-l) —|_— )
AS” ((1 0)(1- aﬁ)) (z+¢) [¢Fctw+¢H/\aW*] ¢p (¢ — o) 07— ...
G5 — Gy — dp) NtV

—ﬂ+@WﬁH¢mJ ’
TV ATV -, (AT, + (2=

v s () ol ()]
Aggregate Output and Net Exports:
Y Ui ~ nf?’ +e,
Y™ {U\; ~ — _|_ AaW*7
L E ~ Gr — G,
L I ~7; .
NX thy =ty — ¢y ™,
The Monetary Policy:
MP Et ~ Pﬁt—l +(1—p;) Wﬂﬁt + 1%@5] + My,
MP* )

i = pif o+ (1= py) V.7 + 0,07 +™f,
Other Definitions:
W = opci + opc;, GV = ¢t + oy, G =6 - ¢,
77? =T — 7y, Az\tW :th_tt 15 Tt

=Dt — Di—1, %r = 1/7\; _@kfr
Other Coefficients:

(7:{<“ajﬂ>(A)Hw(l—(l—ﬁﬁf)Hﬁ7th a

)

1.

13 Any variable identified with lower-case letters and a caret on top represents a transformation (expressed in log deviations
relative to its steady state) of the corresponding variable in upper-case letters
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A.2 The Model With Capital, Without Capital Utilization - NAC
The Households’ Problem:

~ By [G1] — o (i — By [Fea])

IS &
Is* &~ B [E] — o (i — B [wm}),
RS By (5] = 70 ~ (30— B [fn]) = (i = B [7i4] ) + w2 (C+ X) nfag,
NFA 1n/f\at+1a%ﬁ+é Aﬁi—?:infat - (1-n) (1(;%)“ U
o (U2 ) s+ op (SURET) @ + 30 - (e ) @+ ),
Q 4 ~ (1 = 0) BEq [Gr41] + {(1 —(1=06)B) By (77y1) — </i\t —E¢ (Tt 41) } ;
qt = —Uy,
o G~ (1= 8) BB (G + [(1= (1= 0) B) B, (772) — (3 — B (i) )|
i @~ -,
KA frsr ~ (1= 0) ke + 0 (Fe+ 7).,
KA~ Ero o~ (1= 0)k; +6 (T +707),
The Firms’ Problem:

7/\'('15 ~ ﬁEt (%t-‘rl) + ...

)ora]

(i) o+ (1

(1) (LB [, + 6,2 .

AS (M) %w(% (W + ¢pzeW*] + ...
. or [on (22) - or (12 )| L™ + oo+ |

o 2
(Pg — ¢F) ne (%) ﬂ/V
(=2 ) B (242) louti -+ o]

e~ Sl (%:H) ‘E -
%[ _z ) #Cy +( )¢HAGW*}
vz>w<%z S Y T
” (H=i==) W( LTI (631 + 0] - .
: or |on (+5 ol )| fat - gpis - |
(6~ 65)¢ (%) w
W EXV* - HTW) [(Pra; + dpay]
TV AR - 0B (AlL) + ((1 a)((; aﬁ)) ty ~ ¢iH—¢t;p [((1*00(1 aﬁ)) 75 — 7 + BB (7Tt+1>:| ;
EC* 7 Loy + Mgy - (e ) Ry - e,
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A.3 The Model With Capital, Without Capital Utilization - CAC
The Households’ Problem:

~ Et [Ct+1] — 0

Zt — By [7Tt+1])

Ct
G~ B [G] -0

Z: —E [ﬂ-H‘lD )

IS
IS* &
RS E [T'St+1] — T8 = (Zt — Et [%H*l]) — (/7/\2( — Et [%:+1:|) + ,uaa (C + X) nfat+1,
nfat+1~zt+6 Arst—wt—i—nfat —(1- )(1 (éff)“ Y+ ..
NFA (1-B)a 1-(1-B)a” dptog(1-B)a ~ A
p (T) T8+ ¢p (T) [ ¢ +y) ( Sp(I—(1— [3)aa)) (ct +$t)} )
Q Gt ~ BBy [qr41] + [(1 —(1=06)B)E (77y,) — ( — B¢ (Tev1) ) |
Q@ =~ X0 (xt ) s,
o G~ BB (i) + (1= (1 0) ), (770) - (B — B (71n) )|
a5 = x0 (ff ) vy,
KA 7€\t+1’f3(1—5)/k\t+5($t+vt),
KA~ kg, =~ (1 —=0)kf+6(xF +7f),
The Firms’ Problem:
Ty~ PBy (Teg1) + oo -
2(3) ona™ + (5 ) orer™ ] +
(I=7.)¢ <¢t1/;§11 1/,511/;@) ) [¢HCtW + ¢FAGW*] + ..
1112"1‘(1 P)(1+ ~a TaW=
AS ((1704)(1704ﬁ)> VP ( pp+(1— ww@) [¢ xtW + ¢F w } + ...
“ o ¢H(1 %) — ¢F 11,%’*)} ;CtR+¢F7::9t+...
T 2
(b — dr) 1 (“"ﬁjﬁl 0 ) i
i %) k" — (H_@) [prar + ¢pay] |
;T\:NﬁEt (7Tt+1)—|:.. _
- [(1 m) ppet™ + ( )QSHAQW*}
(1=7)¢ <¢(15le11 wlzgi—;@) ) [QI)FC,:W + ¢HAGW*] + .
* Y +(1 w) 1+ ) ~aW x
AS ((1—04)(1—046)) TP (Sacpw-ﬁ-(l =3 ) [¢r2" + ¢uZi™*] — ...
’ O [ (1= ”) ¢>F(1 )] st o |
(6n — br)ne W‘;Jﬁl %fﬁf) )i
%) ki — 1+¢ [ppar + ¢Hat}
AR — 5, (A1) + (B0 g o usy [(Bmioan) o, 2 g, (3],
TP~ Lo+ HT‘”@ - 71“11;@%) Ky — 1z¢ata
i s by 4 Lbegy — (LU0 i Lbegy,
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A.4 The Model With Capital, Without Capital Utilization - IAC

The Households’ Problem:

~ By [G1] — o (i — By [Fea])

IS &
Is" & ~Bi[E] — o (I~ B [Fl]).
RS By [F$i41] — 750 & (it — B [ﬁwl]) - (?f — B [F141] ) + 4@ (C+X) nfayy,
NFA 7”L/Jf\at+17%?2K ‘*‘% Arsy _%:j'n/f\at —(1-mn) 1(;#)& M
or (ST ) o+ op (AT ) (@ + ) - (S ) @+ 8]
N G~ (L= 0) BB [Gia) + [(1 = (1= 0) ) By (FFy) — (3 — B[R] ]
T~ ﬁﬁc},l + %E [mtﬂ] e L w5 (@ + ),
. G~ (1—0) BB [Gr] + [(1- (1 B (770) - (@ - B [71])]
TS 1+Bmt 1+ 1+6Et [a:Hl] + v @ +707)
KA lft+1 (1-9) T+ 0 (Tt +04)
KA* ki ~(1 —5)k§‘+5(mt+vt),
The Firms’ Problem:
7o A BB (Frg1) + .. ]
() (15 ) o
(-7, ¢ (‘”tJSl eI 0T g ]
A8 (ilfa)(lfaﬁl) e (wjﬂh et ) [ +¢FWW*} +o
: or [¢H (7) —or 11_77:‘2 )} SO+ Gprs + ,
(61 — o) mp (LGRS ) Y
(L) B — (2 [yt + o]
71~ B (Frpy) + o )
(e (]
(1=72)e (W;Jfl ”1;51;;@ ) [¢FctW + o] +
AS* ((1—a)<1—a@)) S (wﬁw{rﬁl $)( 1+<,o) ) [6p2W + ¢uzeW*] — |
; or |on (1= ”I)—¢F(1 ”)} L — s, -
(61 — or) o (BEEGEINED ) 71V
(1_1#2!5“—@) EXV* - 1+@ [¢Fat + ¢Hat}
)+ () s () 2, o)
EC 7 L 4 ey, - (B ) by - Hea,
EC* o Loy + ey - (e Ry - e,
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A.5 Other Relationships - All Models With Capital, Without Capacity Utiliza-
tion

Aggregate Output and Net FExports
Ge Rt} + (1= 7,) ¢

Wy 7oV,
Uity (L= ) T 4, 7
wlt“‘yt_ - (1 —w)ku
L VI ~ G —ap — (- )k,

NX the = 0B — (1= 7,) 6rs ™ — 7,058 ",
EXP e/x?otwn(#)fwﬂl—vz*)a* + 8,
T™P imp, ~ = (=) B + (1= 1) + 33,
The Monetary Policy

iy~ pgii—1 + (1 — p;) [%ﬁt + 1, ﬂt] + My,
i & pyif + (1= p) [0, 77 + 0,05 ]| + My,

Other Definitions:
gV = ¢H( — )Ct+¢F< i:)ctvct EQSF(tz%)/C\t"‘QﬁH(livi*)
TV =0 ()3 +op (22) 37, 3 =0 (1) 3
= ()a - (%)

kw ¢Hkt + ¢ka, kW*

MP
MP*

¢Fkt + ¢Hk Att
~R ~ ~ A~k
T, =T4 — Ty, Rt = Pt — Pr—1, Ty = Pf — Pi_1
Other Coefficients
V=7 0101-00-p8)a"
a

)T, A
Va =

_ ( bptoy(1—p)a” ) e
« =Yy St (Ppdg—drdr)(1-B)a” ’
a __ 1) —a
(1=0=0)7), %5 =7 (1+ (Grmman i) 1-HT),
_ 1-¢
Yo =0 | 7o 5
S ) (B =(1-9))
R — ( >1+V’1 _ . 1te
C+X=(1-(1-p)as)i=mwl+a) " (A) 71+ x
1 1—1)
e 9

(9(1 “)(3 1—(1-9))

w¢(17¢)(1—#1)(1+90)
(9(17@ ) 1+(1—y)p
0—1

1
v(e=14e)
(ﬁfl_(l_(;))u—w)(lw)
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A.6 The Model With Capital, With Capital Utilization - NAC

The Households’ Problem:

).

IS

I1S*

RS

nfa. ., =i+ 3

1-(1-p)a”
pac

q =~ (1-

NFA

or (

g~ (1-—

Q*

E; [7%’&1] — T8 R (it — By [%H»l]) - (/Z\Zk -

)70+ o (
) BB G + [(1 = 81— ) B (7%)

S Et [Ct+1] — 0 Zt — ]Eit [TFH_
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SO0 (6 + ) -
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R~
qy =~ —U,
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¢p(1—(1-B)a*)
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W
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- A'Zk — By (7Tt+1)>] )
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KU~
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By (Tt+1) ~ A (T741)

(1= 8) ki + 6T +00), ke Nut+kt7
)k, +8 (@ +97). R ~ 1 + Ky,
The Firms’ Problem:

ki1~

~x

kg~ (1=

%t ~ BEt (%t+1) + ...

AS ((17(1)&17045)) _ (

|+|

T, = OBy (%;&k+1)

AS* ((1—@&1—%))
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()
(1—7,)¢ (Wb +(1—9)(14¢)*
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A.7 The Model With Capital, With Capital Utilization - CAC

The Households’ Problem:

~ By [G1] — o (i — By [Fea])

IS Ct
IS~ & R B [G] —o (i — By [”t+1D ,
RS By [f01] — 73 ~ (it _E [ﬁm]) - (?; R, [ﬁ;;ﬂ]) 4 @ (T + Y) nfa,. .,
nfat+1~zt+6 Afs — 7 +nfa,) — (1— )(1 (éff)a ty + ...
NFA (1-B)a 1-(1-p)a” pptépg(1-B)a ~ 4~
b (T) TS+ ¢p ( Bae ) [ ¢ +7) ( br(1—(1— /3)aa)) (@ + wt)} )
aQ Gr =~ BBy [Gry1] + [(1 - (1-0)3)E (7741) — ( —E¢ (Te41) ) | 5
QG = x0 (xt kt) s,
o G~ BB (i) + (1= (1= 0) ), (770) - (i — B (7rn) )|
N NXCS(xt /];f) vy,
KU E; [ﬁ+1} ~ By | Migyr — ( = 5)[@) (@1 + Veg1) |
KU~ By [11] ~ By | N7 — ( - 5)5) (@1 +050) |
KA Et+1'f§5( —5)%t+(5(xt+vt),kt~ut+k:t7
KA~ Et+1“(1_5)%t+6(§:+@?)7E:”a:+%t,
The Firms’ Problem:
%t ~ ﬁ]E‘t (%t+1) +_ _
L(52) o™ + ( =) operr] +
P2+ (1—) (1+¢)* <
(1 - '795) 2 (;0 ot (1= 1/,)@;0 ) [QJ)HCtW + (ZSFAGW ] + ..
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AS Q'Yw@ SO‘PID'*‘Q(l D) be £ [¢ xtW+¢F W } + ...
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(=2=22) | e () (5572 [(32) 0w+ (32) owt] -
bp [¢H = — ) —op (1 Lo )| 2EpR — fprs; —
(om — ¢F) ne (me;i]h ¢1/);§}/Lf) ) ﬂ,/v
_ (1—1/)’)¢El+<p)) KW 1+¢) (60 _‘_(/)Hat} ]
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A.8 The Model With Capital, With Capital Utilization - IAC
The Households’ Problem:

t [Ct+1] -0 Zt — B [7Tt+1]

IS g ~E
IS* &~ [e,] —o (it — B [wm}),
RS B [Foep1] — 73 (it _E [%M]) - (?; R, [agﬂ]) n ua“ (6 + X) nfa,. .,
br (Ta> TSt + op (T) [(Ct +z7) - (ﬁfbﬁifg%) (¢ + U/U\t)} ;
Q Gt ~ (1 = 0) BEq [Gr41] + {(1* (1-10)8)Eq (t+)*(lt*Et[7Tt+1] ,
Ty~ 1+5-'15t 1+ 1f5 [%H] + H(11+@) (q: +Ut)
o G~ (1= 0) BB [G7] + [(1 - (1-0) B) By (%) B [7])]
Ty~ Ty + 1+5Et [%H] + 5 (@ ‘H)t)
KU B, [TtH] ~ \E; [Ut+1]
KU" ) B [7701] ~ ABy [0
KA Foet ~ (1= 8) ke 46 (Fe +50) , Ty ~ G + b,
KA* Fpay (1= 8) by +8 (35 +07), bt m 00+ by,
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7o~ OB; (Re1) + _
ot [(12) omet™ + (35 ) o™ +
(1=7,)e (“"f@ﬂh et ) [</> Wt ope" ] + .
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as (1-a)(1-a8) w?z(xl(fwuiﬁ)m 1550 2>[¢ xwt For H s
(“=me) | e (25t (5572) [(3) omte + (32) WJ o |
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o1 [(} :’{T) A J ) A“W*] + ...
(=72 o (e }/,f;”) ) Oret" + 0re ] + .
e+ (1= tb) 1+s@)2 ~a SaW x
AB* (1-a)(1-a8) wwzzflw ) (o ﬁ(l 2>[¢ e,
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(om — ¢F) ne (W;Jih d%:;;s@) ) ’t‘yv
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A.9 Other Relationships - All Models With Capital, With Capacity Utilization

Aggregate Output and Net Exports:

Y Ge et + (1= 7,) &Y 47,2 ”W+%(M)Ut,
Y G il (L= ,) T w0 o (S0 ) g,
L ¢lt~yt—at—( _’(/})/k\ta
L iy ~ 3 — a5 — (1 - )k,
NX thy =t — (1—1,) it — 7,053 7,
EXP eop, ) (5 ) B + (1= 98) T + 7237,
IMP imyp

imp, ~ = (=) I + (1= 79) & + 43,

The Monetary Policy:

MP

,@'\t ~ pi/i\tfl + (1 =p;) [%ﬁt + wygt] + My,
MP*

ii ~ pgiy_ 4+ (1—p) [, 7 + 7/’;;@?} +my,

Other Definitions:

gV = ¢H<13)Ct+¢F< x)?{,ﬁ?w* ¢F(1 zz>6t+¢H(17’yg*>/€tkv

fﬁwz(bf[(z;)mw(@i)%mfw = o (2) 30+ oy (2) 31,
3= (2)a (i) e = () a - (3)
EY = 6yki+ dpki, KV = gpky + opky, A =1V 1Y,

~R _ ~
Ty :Wtfﬂtﬂftfpf Di— 177Tf*pf Pi—1-

Other Coefficients:

b —Prdr)(1—

T
1 = _ 1-B)a” =7
1 =7%0-0=-8T), 1 =7 (¢F+< ] ,8)6“) ,
a — L a __ 9 —=a
Ve =7 1—-010-5)a", 75 =7, (1 + (¢F+(¢H¢H—¢FF¢F)(1—5)5“) (1-p)a ) )

_ )
(%=2) (5= -a-0)
- — e 4 1+
C+X=(»1- (1—6)?“)“*7»1/)(«—%@ ! (A) 7T x
—g 1
oty Wo—T19)
— — _ 1—% " _ 1+1¢(;i(111)7¢)<1—w)(1+w) vl +e) i
==p) (%)(ﬁ‘l—(l—é)) (9(91_*15)) V’(571_(1_5))<1—w)<1+5«a>
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B Tables

Table 1. Parameters Used in the Model Simulations

Structural Parameters:

Intertemporal Discount Factor I3 0.99
Elasticity of Intratemporal Substitution n 1.5
Elasticity of Substitution across Varieties 0 10
Elasticity of Intertemporal Substitution o 1/5
(Inverse) Frisch Elasticity of Labor Supply %) 3
Share of Foreign Goods Op 0.06
Calvo Price Stickiness o} 0.75
Depreciation Rate ) 0.021
Capital/Investment Adjustment Cost X, K varies
Elasticity of Capital Utilization Cost A 5.80
Labor Share P 2/3
Cost of adjusting foreign bondholdings " 0.01
Reference real net foreign assets over absorption a® —0.04065
Taylor Rule Parameters and Others:
Interest Rate Inertia Pi 0.85
Sensitivity to Inflation Target (I 2
Sensitivity to Output Target ¥, 0.5
Steady State Government Subsidy E 0
Exogenous Shock Parameters:
Productivity Shock Persistence Pa 0.9
Productivity Shock Cross-Correlation corr (€¢,€¢") [0.43,0.57]
Productivity Shock Volatility o(ef) =0 () [1.27,3.41]
IST Shock Persistence Po 0.9
IST Shock Cross-Correlation corr (£],€]7) [0.42,0.61]
IST Shock Volatility o(&)=0E") [2.47,10]
Monetary Shock Cross-Correlation corr ()", €"") [0.32,0.64]
Monetary Shock Volatility cE&)=0c (E?*) [0.29,2.63]

This table summarizes my parameterization. The choice of the capital adjustment cost parameter or the
investment adjustment cost parameter is explicitly stated in the Tables. Whenever certain features of
the model are not being incorporated (in particular the variable capital utilization and the incomplete
international asset markets structure), I set the corresponding structural parameters to zero. The exact
parameterization of the shock processes in each experiment can be obtained upon request.
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C Figures

C.1 Figures under Local-Currency Pricing and Complete International Asset
Markets

Figure 1. RER Volatility in Relation to the Adjustment Costs and Monetary Policy Inertia
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These graphs report the volatility of the RER whenever I allow the monetary policy inertia and the adjustment
cost parameter to vary within a range that includes the baseline parameterization. All other structural parameters
remain invariant. The statistics are computed after each series is H-P filtered (smoothing parameter=1600). CAC
denotes the capital adjustment cost case, and IAC denotes the investment adjustment cost case. The baseline
parameterization is unmarked and aims at matching the investment volatility ratio, while HC indicates the alter-
native case where I approximate the consumption volatility ratio. Within parenthesis, ‘productivity’ refers to the
experiment where business cycles are entirely driven by productivity shocks, ‘productivity + monetary’ indicates
the experiment where monetary and productivity shocks jointly determine the cycle, while ‘productivity + IST’
indicates the experiment where investment-specific technology (IST) and productivity shocks jointly determine the
cycle. T use Matlab 7.4.0 and Dynare v3.065 for the stochastic simulation.
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Figure 2. RER Persistence in Relation to the Adjustment Costs
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These graphs report the persistence of the RER whenever I allow the monetary policy inertia and the adjustment
cost parameter to vary within a range that includes the baseline parameterization. All other structural parameters

remain invariant. The statistics are computed after each series is H-P filtered (s

moothing parameter=1600). The

baseline parameterization is unmarked and aims at matching the investment volatility ratio, while HC indicates
the alternative case where I approximate the consumption volatility ratio. CAC denotes the capital adjustment
cost case, and IAC denotes the investment adjustment cost case. Within parenthesis, ‘productivity’ refers to the

experiment where business cycles are entirely driven by productivity shocks, ‘pr

oductivity + monetary’ indicates

the experiment where monetary and productivity shocks jointly determine the cycle, while ‘productivity + IST’
indicates the experiment where productivity and investment-specific technology (IST) shocks jointly determine the

cycle. I use Matlab 7.4.0 and Dynare v3.065 for the stochastic simulation.

163



Figure 3. RER Volatility in Relation to the Adjustment Costs and Policy Response to
Inflation Deviations
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These graphs report the volatility of the RER whenever I allow the monetary policy response to inflation deviations
and the adjustment cost parameter to vary within a range that includes the baseline parameterization. The weight on
inflation deviations in the Taylor rule is always kept above one. All other structural parameters remain invariant. The
statistics are computed after each series is H-P filtered (smoothing parameter=1600). The baseline parameterization
is unmarked and aims at matching the investment volatility ratio, while HC indicates the alternative case where I
approximate the consumption volatility ratio. CAC denotes the capital adjustment cost case, and IAC denotes the
investment adjustment cost case. Within parenthesis, ‘productivity’ refers to the experiment where business cycles
are entirely driven by productivity shocks, ‘productivity + monetary’ indicates the experiment where monetary
and productivity shocks jointly determine the cycle, while ‘productivity + IST’ indicates the experiment where
productivity and investment-specific technology (IST) shocks jointly determine the cycle. I use Matlab 7.4.0 and
Dynare v3.065 for the stochastic simulation.
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Figure 4. RER Persistence in Relation to the Adjustment Costs and Policy Response to
Inflation Deviations
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These graphs report the persistence of the RER whenever I allow the monetary policy response to inflation deviations
and the adjustment cost parameter to vary within a range that includes the baseline parameterization. The weight on
inflation deviations in the Taylor rule is always kept above one. All other structural parameters remain invariant. The
statistics are computed after each series is H-P filtered (smoothing parameter=1600). The baseline parameterization
is unmarked and aims at matching the investment volatility ratio, while HC indicates the alternative case where I
approximate the consumption volatility ratio. CAC denotes the capital adjustment cost case, and IAC denotes the
investment adjustment cost case. Within parenthesis, ‘productivity’ refers to the experiment where business cycles
are entirely driven by productivity shocks, ‘productivity + monetary’ indicates the experiment where monetary
and productivity shocks jointly determine the cycle, while ‘productivity + IST’ indicates the experiment where
productivity and investment-specific technology (IST) shocks jointly determine the cycle. I use Matlab 7.4.0 and
Dynare v3.065 for the stochastic simulation.
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Figure 5. RER Volatility in Relation to the Adjustment Costs and Policy Response to
Output Deviations
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These graphs report the volatility of the RER whenever I allow the monetary policy response to output deviations
and the adjustment cost parameter to vary within a range that includes the baseline parameterization. All other
structural parameters remain invariant. The statistics are computed after each series is H-P filtered (smoothing
parameter=1600). The baseline parameterization is unmarked and aims at matching the investment volatility
ratio, while HC indicates the alternative case where I approximate the consumption volatility ratio. CAC denotes
the capital adjustment cost case, and IAC denotes the investment adjustment cost case. Within parenthesis,
‘productivity’ refers to the experiment where business cycles are entirely driven by productivity shocks, ‘productivity
+ monetary’ indicates the experiment where monetary and productivity shocks jointly determine the cycle, while
‘productivity + IST’ indicates the experiment where productivity and investment-specific technology (IST) shocks
jointly determine the cycle. T use Matlab 7.4.0 and Dynare v3.065 for the stochastic simulation.
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Figure 6. RER Persistence in Relation to the Adjustment Costs and Policy Response to
Output Deviations
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These graphs report the persistence of the RER whenever I allow the monetary policy response to output deviations
and the adjustment cost parameter to vary within a range that includes the baseline parameterization. All other
structural parameters remain invariant. The statistics are computed after each series is H-P filtered (smoothing
parameter=1600). The baseline parameterization is unmarked and aims at matching the investment volatility
ratio, while HC indicates the alternative case where I approximate the consumption volatility ratio. CAC denotes
the capital adjustment cost case, and IAC denotes the investment adjustment cost case. Within parenthesis,
‘productivity’ refers to the experiment where business cycles are entirely driven by productivity shocks, ‘productivity
+ monetary’ indicates the experiment where monetary and productivity shocks jointly determine the cycle, while
‘productivity + IST’ indicates the experiment where productivity and investment-specific technology (IST) shocks
jointly determine the cycle. I use Matlab 7.4.0 and Dynare v3.065 for the stochastic simulation.
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C.2 Figures under Producer-Currency Pricing and Complete International As-
set Markets

Figure 7. RER Volatility in Relation to the Adjustment Costs and Monetary Policy Inertia
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These graphs report the volatility of the RER whenever I allow the monetary policy inertia and the adjustment
cost parameter to vary within a range that includes the baseline parameterization. All other structural parameters
remain invariant. The statistics are computed after each series is H-P filtered (smoothing parameter=1600). CAC
denotes the capital adjustment cost case, and IAC denotes the investment adjustment cost case. The baseline
parameterization is unmarked and aims at matching the investment volatility ratio, while HC indicates the alter-
native case where I approximate the consumption volatility ratio. Within parenthesis, ‘productivity’ refers to the
experiment where business cycles are entirely driven by productivity shocks, ‘productivity + monetary’ indicates
the experiment where monetary and productivity shocks jointly determine the cycle, while ‘productivity + IST’
indicates the experiment where investment-specific technology (IST) and productivity shocks jointly determine the
cycle. I use Matlab 7.4.0 and Dynare v3.065 for the stochastic simulation.
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Figure 8. RER Persistence in Relation to the Adjustment Costs and Monetary Policy Inertia
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These graphs report the persistence of the RER whenever I allow the monetary policy inertia and the adjustment
cost parameter to vary within a range that includes the baseline parameterization. All other structural parameters
remain invariant. The statistics are computed after each series is H-P filtered (smoothing parameter=1600). The
baseline parameterization is unmarked and aims at matching the investment volatility ratio, while HC indicates
the alternative case where I approximate the consumption volatility ratio. CAC denotes the capital adjustment
cost case, and IAC denotes the investment adjustment cost case. Within parenthesis, ‘productivity’ refers to the
experiment where business cycles are entirely driven by productivity shocks, ‘productivity + monetary’ indicates
the experiment where monetary and productivity shocks jointly determine the cycle, while ‘productivity + IST’
indicates the experiment where productivity and investment-specific technology (IST) shocks jointly determine the
cycle. I use Matlab 7.4.0 and Dynare v3.065 for the stochastic simulation.
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Figure 9. RER Volatility in Relation to the Adjustment Costs and Policy Response to
Inflation Deviations
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These graphs report the volatility of the RER whenever I allow the monetary policy response to inflation deviations
and the adjustment cost parameter to vary within a range that includes the baseline parameterization. The weight on
inflation deviations in the Taylor rule is always kept above one. All other structural parameters remain invariant. The
statistics are computed after each series is H-P filtered (smoothing parameter=1600). The baseline parameterization
is unmarked and aims at matching the investment volatility ratio, while HC indicates the alternative case where I
approximate the consumption volatility ratio. CAC denotes the capital adjustment cost case, and IAC denotes the
investment adjustment cost case. Within parenthesis, ‘productivity’ refers to the experiment where business cycles
are entirely driven by productivity shocks, ‘productivity + monetary’ indicates the experiment where monetary
and productivity shocks jointly determine the cycle, while ‘productivity + IST’ indicates the experiment where
productivity and investment-specific technology (IST) shocks jointly determine the cycle. I use Matlab 7.4.0 and
Dynare v3.065 for the stochastic simulation.
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Figure

10. RER Persistence in Relation to the Adjustment Costs and Policy Response to

IAC (productivity)

i
e _iHmam&xt:

_TRRHiHR:R
‘

SN

IAC HC (productvity + IST)

N
N
SRS

Inflation Deviations

085
08
075
07
065
06
055
05
045

r(rgrs,,)

r(rgrs,,)

CAC (productivity)

075
07
065

== . 06
S
—_—— 055
>
-
R n*’niniiee
R
R =

05

045
04
035

CAC HC (productvity + IST)

08
075
07
065
06
055
05
045

These graphs report the persistence of the RER whenever I allow the monetary policy response to inflation deviations
and the adjustment cost parameter to vary within a range that includes the baseline parameterization. The weight on
inflation deviations in the Taylor rule is always kept above one. All other structural parameters remain invariant. The
statistics are computed after each series is H-P filtered (smoothing parameter=1600). The baseline parameterization
is unmarked and aims at matching the investment volatility ratio, while HC indicates the alternative case where I
approximate the consumption volatility ratio. CAC denotes the capital adjustment cost case, and IAC denotes the
investment adjustment cost case. Within parenthesis, ‘productivity’ refers to the experiment where business cycles
are entirely driven by productivity shocks, ‘productivity + monetary’ indicates the experiment where monetary
and productivity shocks jointly determine the cycle, while ‘productivity + IST’ indicates the experiment where
productivity and investment-specific technology (IST) shocks jointly determine the cycle. I use Matlab 7.4.0 and
Dynare v3.065 for the stochastic simulation.
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Figure 11. RER Volatility in Relation to the Adjustment Costs and Policy Response to
Output Deviations
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These graphs report the volatility of the RER whenever I allow the monetary policy response to output deviations
and the adjustment cost parameter to vary within a range that includes the baseline parameterization. All other
structural parameters remain invariant. The statistics are computed after each series is H-P filtered (smoothing
parameter=1600). The baseline parameterization is unmarked and aims at matching the investment volatility
ratio, while HC indicates the alternative case where I approximate the consumption volatility ratio. CAC denotes
the capital adjustment cost case, and IAC denotes the investment adjustment cost case. Within parenthesis,
‘productivity’ refers to the experiment where business cycles are entirely driven by productivity shocks, ‘productivity
+ monetary’ indicates the experiment where monetary and productivity shocks jointly determine the cycle, while
‘productivity + IST’ indicates the experiment where productivity and investment-specific technology (IST) shocks
jointly determine the cycle. T use Matlab 7.4.0 and Dynare v3.065 for the stochastic simulation.
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Figure 12. RER Persistence in Relation to the Adjustment Costs and Policy Response to

Output Deviations
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These graphs report the persistence of the RER whenever I allow the monetary policy response to output deviations
and the adjustment cost parameter to vary within a range that includes the baseline parameterization. All other
structural parameters remain invariant. The statistics are computed after each series is H-P filtered (smoothing
parameter=1600). The baseline parameterization is unmarked and aims at matching the investment volatility
ratio, while HC indicates the alternative case where I approximate the consumption volatility ratio. CAC denotes
the capital adjustment cost case, and IAC denotes the investment adjustment cost case. Within parenthesis,
‘productivity’ refers to the experiment where business cycles are entirely driven by productivity shocks, ‘productivity
+ monetary’ indicates the experiment where monetary and productivity shocks jointly determine the cycle, while
‘productivity + IST’ indicates the experiment where productivity and investment-specific technology (IST) shocks
jointly determine the cycle. I use Matlab 7.4.0 and Dynare v3.065 for the stochastic simulation.
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C.3 Figures under Local-Currency Pricing and Incomplete International Asset
Markets

Figure 13. RER Volatility in Relation to the Adjustment Costs and Monetary Policy Inertia
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These graphs report the volatility of the RER whenever I allow the monetary policy inertia and the adjustment
cost parameter to vary within a range that includes the baseline parameterization. All other structural parameters
remain invariant. The statistics are computed after each series is H-P filtered (smoothing parameter=1600). CAC
denotes the capital adjustment cost case, and IAC denotes the investment adjustment cost case. The baseline
parameterization is unmarked and aims at matching the investment volatility ratio, while HC indicates the alter-
native case where I approximate the consumption volatility ratio. Within parenthesis, ‘productivity’ refers to the
experiment where business cycles are entirely driven by productivity shocks, ‘productivity + monetary’ indicates
the experiment where monetary and productivity shocks jointly determine the cycle, while ‘productivity + IST’
indicates the experiment where investment-specific technology (IST) and productivity shocks jointly determine the
cycle. I use Matlab 7.4.0 and Dynare v3.065 for the stochastic simulation.
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Figure 14. RER Persistence in Relation to the Adjustment Costs and Monetary Policy
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These graphs report the persistence of the RER whenever I allow the monetary policy inertia and the adjustment
cost parameter to vary within a range that includes the baseline parameterization. All other structural parameters
remain invariant. The statistics are computed after each series is H-P filtered (smoothing parameter=1600). The
baseline parameterization is unmarked and aims at matching the investment volatility ratio, while HC indicates
the alternative case where I approximate the consumption volatility ratio. CAC denotes the capital adjustment
cost case, and IAC denotes the investment adjustment cost case. Within parenthesis, ‘productivity’ refers to the
experiment where business cycles are entirely driven by productivity shocks, ‘productivity + monetary’ indicates
the experiment where monetary and productivity shocks jointly determine the cycle, while ‘productivity + IST’
indicates the experiment where productivity and investment-specific technology (IST) shocks jointly determine the
cycle. T use Matlab 7.4.0 and Dynare v3.065 for the stochastic simulation.
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Figure 15. RER Volatility in Relation to the Adjustment Costs and Policy Response to
Inflation Deviations
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These graphs report the volatility of the RER whenever I allow the monetary policy response to inflation deviations
and the adjustment cost parameter to vary within a range that includes the baseline parameterization. The weight on
inflation deviations in the Taylor rule is always kept above one. All other structural parameters remain invariant. The
statistics are computed after each series is H-P filtered (smoothing parameter=1600). The baseline parameterization
is unmarked and aims at matching the investment volatility ratio, while HC indicates the alternative case where I
approximate the consumption volatility ratio. CAC denotes the capital adjustment cost case, and IAC denotes the
investment adjustment cost case. Within parenthesis, ‘productivity’ refers to the experiment where business cycles
are entirely driven by productivity shocks, ‘productivity + monetary’ indicates the experiment where monetary
and productivity shocks jointly determine the cycle, while ‘productivity + IST’ indicates the experiment where
productivity and investment-specific technology (IST) shocks jointly determine the cycle. I use Matlab 7.4.0 and
Dynare v3.065 for the stochastic simulation.
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Figure 16. RER Persistence in Relation to the Adjustment Costs and Policy Response to
Inflation Deviations
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These graphs report the persistence of the RER whenever I allow the monetary policy response to inflation deviations
and the adjustment cost parameter to vary within a range that includes the baseline parameterization. The weight on
inflation deviations in the Taylor rule is always kept above one. All other structural parameters remain invariant. The
statistics are computed after each series is H-P filtered (smoothing parameter=1600). The baseline parameterization
is unmarked and aims at matching the investment volatility ratio, while HC indicates the alternative case where I
approximate the consumption volatility ratio. CAC denotes the capital adjustment cost case, and IAC denotes the
investment adjustment cost case. Within parenthesis, ‘productivity’ refers to the experiment where business cycles
are entirely driven by productivity shocks, ‘productivity + monetary’ indicates the experiment where monetary
and productivity shocks jointly determine the cycle, while ‘productivity + IST’ indicates the experiment where
productivity and investment-specific technology (IST) shocks jointly determine the cycle. I use Matlab 7.4.0 and
Dynare v3.065 for the stochastic simulation.
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Figure 17. RER Volatility in Relation to the Adjustment Costs and Policy Response to
Output Deviations
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These graphs report the volatility of the RER whenever I allow the monetary policy response to output deviations
and the adjustment cost parameter to vary within a range that includes the baseline parameterization. All other
structural parameters remain invariant. The statistics are computed after each series is H-P filtered (smoothing
parameter=1600). The baseline parameterization is unmarked and aims at matching the investment volatility
ratio, while HC indicates the alternative case where I approximate the consumption volatility ratio. CAC denotes
the capital adjustment cost case, and IAC denotes the investment adjustment cost case. Within parenthesis,
‘productivity’ refers to the experiment where business cycles are entirely driven by productivity shocks, ‘productivity
+ monetary’ indicates the experiment where monetary and productivity shocks jointly determine the cycle, while
‘productivity + IST’ indicates the experiment where productivity and investment-specific technology (IST) shocks
jointly determine the cycle. T use Matlab 7.4.0 and Dynare v3.065 for the stochastic simulation.
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Figure 18. RER Persistence in Relation to the Adjustment Costs and Policy Response to
Output Deviations
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These graphs report the persistence of the RER whenever I allow the monetary policy response to output deviations
and the adjustment cost parameter to vary within a range that includes the baseline parameterization. All other
structural parameters remain invariant. The statistics are computed after each series is H-P filtered (smoothing
parameter=1600). The baseline parameterization is unmarked and aims at matching the investment volatility
ratio, while HC indicates the alternative case where I approximate the consumption volatility ratio. CAC denotes
the capital adjustment cost case, and IAC denotes the investment adjustment cost case. Within parenthesis,
‘productivity’ refers to the experiment where business cycles are entirely driven by productivity shocks, ‘productivity
+ monetary’ indicates the experiment where monetary and productivity shocks jointly determine the cycle, while
‘productivity + IST’ indicates the experiment where productivity and investment-specific technology (IST) shocks
jointly determine the cycle. I use Matlab 7.4.0 and Dynare v3.065 for the stochastic simulation.
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