






The general outline of the solution strategy is the same as that described for the simple

model. First we solve for the �rst-order accurate behaviour of Ĉ � Ĉ� � Q̂=� and r̂x in
terms of ��. Then we solve for the �� that ensures (37) is satis�ed.

But now things are somewhat more complicated because the behaviour of Ĉ�Ĉ��Q̂=�
and r̂x is determined by a potentially complex set of �rst-order dynamic equations. Indeed,

at �rst sight, the general model may seem too complex to be solved explicitly, and it may

appear that a numerical approach is necessary to solve for the ��. We show, however, that

it is possible to derive a closed-form analytical solution for �� in the general model. In

fact, we derive a formula for �� which is applicable to any model with the same general

features as the one described above.

To see why it is possible to obtain a closed-form solution, it is necessary to state a

further important property of the approximated model.

Property 3 To a �rst-order approximation, the portfolio excess return, ��r̂x;t+1, is a

zero mean i.i.d. random variable. This follows from equation (38), which shows that

the equilibrium expected excess return contains only second-order terms. So, up to

a �rst order approximation, Et�1 [r̂x;t+1] is zero, i.e. there is no predictable element

in r̂x;t+1: The �rst-order approximation of the portfolio excess return, ��r̂x;t+1, is

therefore a linear function of the i.i.d. innovations, "t+1; and must therefore itself

be an i.i.d. random variable.

Property 3 greatly simpli�es the solution process because it implies that �� a¤ects the

�rst-order behaviour of the economy in a very simple way. In particular, �� does not a¤ect

the eigenvalues of the �rst-order system. Thus, in any given period (e.g. period t) the

dynamic properties of the expected path of the economy from period t + 1 onwards are

independent of ��. The period t behaviour of the economy is a¤ected by �� only through

its e¤ect on the size and sign of i.i.d. innovations to wealth arising from the portfolio

excess return, ��r̂x;t.

The only remaining potential complication is that r̂x;t may itself depend on period t

innovations to wealth (and therefore ��). This complication is, however, easily overcome

by breaking the solution process for Ĉ � Ĉ� � Q̂=� and r̂x into two stages. In the �rst
stage we treat the portfolio excess return, ��r̂x, as an exogenous i.i.d. random variable, and

solve the �rst-order model to yield an expression for r̂x in terms of exogenous innovations

to wealth. In the second stage we use this expression to solve out for the behaviour of
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Ĉ � Ĉ� � Q̂=� and r̂x in terms of " (i.e. the true exogenous innovations of the model).
This provides the expressions required to evaluate (37) and thus to solve for ��.17

We now apply this procedure to the general model. First note that the �rst-order

approximation of the home budget constraint is given by

Ŵt =
1

�
Ŵt�1 + Ŷt � Ĉt + ~�0r̂xt +O

�
�2
�

where Ŵt = (Wt � �W )= �Y and ~� = ��=(� �Y ). The solution procedure will be described in

terms of deriving a solution for ~�: The corresponding solution for �� is obviously given by

�� = ~�� �Y : We now rewrite the budget constraint in the form

Ŵt =
1

�
Ŵt�1 + Ŷt � Ĉt + �t +O

�
�2
�

(39)

where ~�0r̂xt has been replaced by �t. We temporarily treat � as an exogenous i.i.d. variable.

The �rst-order approximation of the model can now be summarised in a matrix equa-

tion of the form

A1

"
st+1

Et [ct+1]

#
= A2

"
st

ct

#
+ A3xt +B�t +O

�
�2
�

(40)

where s is the vector of predetermined variables, c is the vector of jump variables, x is

de�ned in (33) and B is a column vector with unity in the row corresponding to (39) and

zero in all other rows. The state-space solution to (40) can be derived using any standard

solution method for linear rational expectations models. It can be written as follows

st+1 = F1xt + F2st + F3�t +O (�
2)

ct = P1xt + P2st + P3�t +O (�
2)

(41)

By extracting the appropriate rows from (41) it is possible to write the following

expression for the �rst-order accurate relationship between excess returns, r̂xt+1; and "t+1
and �t+1

r̂xt+1 = R1�t+1 +R2"t+1 +O
�
�2
�

(42)

where the matrices R1 andR2 are formed from the appropriate rows of (41). Equation (42)

shows how �rst-order accurate realised excess returns depend on exogenous i.i.d. shocks,

17Notice from equation (15) that, in the example, rx does not depend on ��, so this two-step process

for was not necessary.
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"t+1 and �t+1.
18 In particular, it shows how r̂xt+1 depends on i.i.d. shocks to wealth. This

completes the �rst stage in solving for the �rst-order behaviour of Ĉ � Ĉ� � Q̂=� and r̂x:
Now we impose the condition that, rather than being exogenous, the innovations to

wealth, �t+1, are endogenously determined by excess portfolio returns via the relationship

�t+1 = ~�
0r̂xt+1 (43)

where the vector of portfolio allocations, ~�; is yet to be determined. This equation,

together with (42), can be solved to yield expressions for �t+1 and r̂xt+1 in terms of the

exogenous innovations as follows

�t+1 = ~H"t+1 (44)

r̂xt+1 = ~R"t+1 +O
�
�2
�

(45)

where
~H =

~�0R2
1� ~�0R1

; ~R = R1 ~H +R2 (46)

Equation (45), which shows how realised excess returns depend on the exogenous i.i.d.

innovations of the model, provides one of the relationships necessary to evaluate the left-

hand side of (37). The other relationship required is the link between Ĉt+1�Ĉ�t+1�Q̂t+1=�
and the vector of exogenous innovations, "t+1. This relationship can derived in a similar

way to (45). First extract the appropriate rows from (41) to yield the following

Ĉt+1 � Ĉ�t+1 � Q̂t+1=� = D1�t+1 +D2"t+1 +D3

"
xt

st+1

#
+O

�
�2
�

(47)

where the matrices D1; D2 and D3 are formed from the appropriate rows of (41). After

substituting for �t+1 using (44) this implies

Ĉt+1 � Ĉ�t+1 � Q̂t+1=� = ~D"t+1 +D3

"
xt

st+1

#
+O

�
�2
�

(48)

where
~D = D1

~H +D2 (49)

Equations (45) and (48) are the equivalents of (16) and (21) in the example. They

show the �rst-order accurate behaviour of r̂xt+1 and Ĉt+1 � Ĉ�t+1 � Q̂t+1=� and they can
18Notice that, as follows from Property 3, r̂xt+1 does not depend on the values of the state variables

contained in xt or st.
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be used to evaluate the second-order accurate behaviour of the left hand side of equation

(37), as follows

Et

h
(Ĉt+1 � Ĉ�t+1 � Q̂t+1=�)r̂x;t+1

i
= ~R� ~D0 +O

�
�3
�

(50)

where � is the covariance matrix of ".19 The equilibrium value of ~� satis�es the following

equation
~R� ~D0 = 0 (51)

This matrix equation de�nes (n� 1) equations in the (n� 1) elements of ~�:
To solve for ~� �rst substitute for ~R and ~D in (51) and expand to yield

R1 ~H� ~H
0D0

1 +R2�
~H 0D0

1 +R1
~H�D0

2 +R2�D
0
2 = 0 +O

�
�3
�

(52)

Substituting for ~H and ~H 0 and multiplying by (1� ~�0R1)2 yields

R1~�
0R2�R

0
2~�D

0
1 +R2�R

0
2~�D

0
1(1� ~�0R1)

+R1~�
0R2�D

0
2(1� ~�0R1) +R2�D0

2(1� ~�0R1)2 = 0 +O
�
�3
�

(53)

Note that ~�0R1, (1 � ~�0R1) and D1 are all scalars. It therefore follows that ~�0R1 = R01~�

and D0
1 = D1. Using these facts (53) simpli�es to

D1R2�R
0
2~��R2�D0

2R
0
1~�+R2�D

0
2 = 0 +O

�
�3
�

(54)

which can be solved to yield the following expression for the equilibrium ~�

~� = [R2�D
0
2R

0
1 �D1R2�R

0
2]
�1
R2�D

0
2 +O (�) (55)

Notice that the residual in this expression is a �rst-order term. As previously noted, the

solution for �� is simply given by �� = ~�� �Y :

3.3 Summary of the procedure

It should be emphasized that implementing this procedure requires only that the user ap-

ply (55), which needs only information from the �rst-order approximation of the model in

order to construct the D and R matrices. So long as the model satis�es the general prop-

erties described above, the other details of the model, such as production, labour supply,

19Notice D3 does not appear in this expression because, by assumption, Et("t+1xt) = Et("t+1st+1) = 0.
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and price setting can be varied without a¤ecting the implementation. The derivations

used to obtain (55) do not need to be repeated. In summary, the solution for equilibrium

~� has three steps:

1. Solve the non-portfolio equations of the model in the form of (40) to yield a solution

in the form of (41):

2. Extract the appropriate rows from this solution to form R1, D1, R2 and D2:

3. Calculate ~� using (55).

4 Solving for the �rst-order portfolio

The analysis presented above shows how a second-order approximation of the portfolio

optimality condition provides a su¢ cient condition to tie down the zero-order component

of the portfolio, ��. We have shown that, from Property 2, the solution for �� is all

that is required to derive �rst-order accurate solutions for all other variables of a model.

Thus, if the objective is to analyse the impulse responses of variables such as output or

consumption (or indeed any variable other than �), or if one is primarily interested in

the business cycle properties of a model, then there is no need to go any further than

obtaining a solution for ��: It is likely however that the �rst-order dynamic behaviour of

� will also prove to be an interesting topic of research in its own right. For instance,

we might like to analyze the separate movement in di¤erent types of assets and gross

portfolio positions following macro shocks. In addition, to conduct welfare analysis, we

would generally need to evaluate the model up to a second-order approximation, which

would require incorporating the dynamic properties of �. We therefore now brie�y outline

how the solution approach can be extended to solve for the �rst-order component of �.

The general principles that underlie an extension of the procedure are simply stated. In

line with Samuelson (1970) it is necessary to approximate the portfolio problem up to the

third order. In the context of the simple model this involves a third-order approximation

of the portfolio optimality condition, as follows

Et

"
��(Ĉt+1 � Ĉ�t+1)r̂x;t+1 + �2

2
(Ĉ2t+1 � Ĉ�2t+1)r̂x;t+1

��
2
(Ĉt+1 � Ĉ�t+1)(r̂21;t+1 � r̂22;t+1)

#
= 0 +O

�
�4
�

(56)
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It is now possible to show, using modi�ed versions of Properties 1 and 2, that (56)

provides a su¢ cient condition to tie down the �rst-order component of �.

A modi�ed version of Property 1 states that the expression on the left hand side of

(56) can be evaluated up to third-order accuracy using �rst and second-order accurate

expressions for Ĉ � Ĉ�, r̂1; r̂1 and r̂x: Thus it is, at most, necessary to evaluate these
variables up to second order.

A modi�ed version of Property 2 states that only the zero and �rst-order components

of � enter a second-order approximation of the model. This is simple to show by taking

a second-order approximation of the portfolio excess return, �1;t�1rx;t, as follows

��r̂x;t + �rx�̂1;t�1 +
1

2
��(r̂21;t � r̂22;t) + �̂t�1r̂x;t +O

�
�3
�

(57)

where �̂t = (�t � ��). As before �rx = 0; so only the zero and �rst-order components of �
are necessary to evaluate (57).

The general solution strategy can now be described. First, postulate that, up to �rst-

order accuracy, �̂t is a linear function of the state variables of the model. Thus postulate

�̂t�1 = 

0zt where z is the vector of state variables and 
 is a vector of coe¢ cients which are

to be determined. The modi�ed version of Property 2 shows that it possible to evaluate

the �rst and second-order behaviour of Ĉ � Ĉ�, r̂1; r̂1 and r̂x conditional on a value for

; and hence, from the modi�ed version of Property 1, it is possible to evaluate the left

hand side of (56) conditional on 
: The equilibrium 
 is the one which ensures (56) is

satis�ed.20

The details of the solution procedure for 
 are presented in Devereux and Sutherland

(2007), where we derive a closed-form solution which is applicable to a wide class of

models.

5 Conclusion

Portfolio structure has become a central issue in open economy macroeconomics and inter-

national �nance. Despite this, existing models and solution methods are not well-suited

to analyzing portfolio choice in policy-relevant general equilibrium environments. This

20Note that the conditional third moments in (56) are time varying and depend on state variables.

The fact that (56) must be satis�ed for all values of state variables and in all time periods provides just

enough equations to tie down all the elements of 
:
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paper develops a simple approximation method for portfolio choice problems in dynamic

general equilibrium models. Our approach is extremely easy to implement and can be

used in any of the existing models that rely on �rst-order approximation methods. If the

researcher is primarily interested in the implications of portfolio choice for the �rst-order

properties of macro variables (such as GDP, consumption, or the real exchange rate), ei-

ther through impulse response analysis or by computing second moments so as to describe

volatility and comovement, then the solution method outlined here allows a full answer to

these questions. Since the overwhelming majority of the research in international �nance

and macroeconomics is carried out at the level of �rst-order approximation, the method

is widely applicable. It can be used to study many empirical questions in the interface

between international �nance and macroeconomics. Moreover, the method allows us to

study the macroeconomic determinants of optimal steady-state portfolio holdings for any

asset or combination of assets, whether markets are complete or incomplete.

We note that, although the motivation and applications discussed in the paper pertain

to open economy macro models, there is nothing inherent in the solution approach which

restricts the application to open economies. The method applies to portfolio choice in any

heterogeneous agent models dynamic general equilibrium models. This is true for both

the zero-order portfolio solution, as well as the �rst-order solution for portfolio dynamics.

Taken in combination, the methods described here o¤er a tractable approach to incor-

porating �nancial structure into a wide class of stochastic dynamic general equilibrium

models.
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