






this measure of world terms of trade. Using this definition we can write aggregate output as,

byt ≈ ηbtWt + (1− γx)bcWt + γxbxWt , (115)by∗t ≈ −ηbtWt + (1− γx)bcW∗t + γxbxW∗t . (116)

Now, using the same definition we can write the inflation dynamics as,

bπt ≈ βEt (bπt+1)+
+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φHbcWt + φFbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φHbxWt + φF bxW∗t

¤
+

+2φHφF brst + (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkWt − ³1+ϕψ ´
[φHbat + φFba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎦ ,
(117)

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φFbcWt + φHbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φF bxWt + φHbxW∗t

¤
−

−2φFφH brst − (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkW∗t −
³
1+ϕ
ψ

´
[φFbat + φHba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎦ .
(118)

These equations constitute the aggregate supply block in this economy.

On the Efficiency Conditions. Using the efficiency conditions in (108) and (109) and, after a little bit

of algebra, it follows that the real returns on capital can be expressed as,

brzt ≈ ³ 1σ + (1− γx)
1+ϕ
ψ

´bcWt + γx
1+ϕ
ψ bxWt + φF brst + η 1+ϕψ

btWt −
−
³
1+(1−ψ)ϕ

ψ

´bkt − 1+ϕ
ψ bat,

brz∗t ≈ ³ 1σ + (1− γx)
1+ϕ
ψ

´bcW∗t + γx
1+ϕ
ψ bxW∗t − φF brst − η 1+ϕψ

btWt −
−
³
1+(1−ψ)ϕ

ψ

´bk∗t − 1+ϕ
ψ ba∗t .

This simply re-writes the previous conditions replacing the relative prices with the definition of terms of

trade. However, for the purpose of simulating the model, suffices to use the expressions derived in (95) and

(96).

On Aggregate Employment. The aggregate employment can be easily derived from the production

functions in (62) and (63) as,

byt ≈ bat + (1− ψ)bkt + ψblt,by∗t ≈ ba∗t + (1− ψ)bk∗t + ψbl∗t .
Naturally, the linear-in-labor case for employment can be derived as a special case of this linearized production

function in which the labor share converges to one, i.e. ψ → 1.
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4.4.1 On Real Exports, Real Imports, and the Net Exports Share

In a two-country model, suffice to determine the net exports of the domestic country. Let us denote the

deviation of net exports / GDP share from its steady state as btbt4 . Then, because the trade balance is easily
computed as the difference between domestic aggregate output and domestic aggregate consumption and

investment in real terms (or domestic absorption) (see, e.g., Galí and Monacelli, 2005), we obtain that,

btbt ≡ byt − (1− γx)bct − γxbxt.
Using the formula derived above for aggregate output, we obtain the following expression,

btbt ≈ ηbtWt + (1− γx) [(φHbct + φFbc∗t )− bct] + γx [(φHbxt + φF bx∗t )− bxt]
= ηbtWt − (1− γx)φF [bct − bc∗t ]− γxφF bxRt ,

where bcWt ≡ φHbct + φFbc∗t , bxWt ≡ φHbxt + φF bx∗t , and bxRt ≡ bxt − bx∗t . Using the perfect risk-sharing condition,
we can express the net exports share as,

btbt ≈ ηbtWt − (1− γx)φFσ brst − γxφF bxRt .
In other words, adjustment in the trade balance comes either through movements in the world terms of

trade, fluctuations in the real exchange rate that induce each country to accept a given relative consumption

path, or from relative adjustments in investment.

The real exports and imports of domestic goods in the model can be inferred from equations (30)− (33)
and their foreign counterparts as follows,

EXPt ≡
Z 1

0

[C∗t (h) +X∗t (h)] dh = φ∗H

Z 1

0

µ
P ∗t (h)

PH∗
t

¶−θ µ
PH∗
t

P ∗t

¶−η
[C∗t +X∗t ] dh,

IMPt ≡
Z 1

0

[Ct (f) +Xt (f)] df = φF

Z 1

0

µ
Pt (f)

PF
t

¶−θ µ
PF
t

Pt

¶−η
[Ct +Xt] df,

where φ∗H = φF under our assumption of (symmetric) home bias in consumption and investment. A simple

log-linearization of both definitions allows us to obtain the following pair of equations,

dexpt ≈ −θ
µZ 1

0

bp∗t (h) dh− bpH∗t ¶
− η

¡bpH∗t − bp∗t ¢+ (1− γx)bc∗t + γxbx∗t ,
dimpt ≈ −θ

µZ 1

0

bpt (f) dh− bpFt ¶− η
¡bpFt − bpt¢+ (1− γx)bct + γxbxt.

Recall that the log-linearization of the price sub-indexes in (13)−(14) clearly implies that
R 1
0
bp∗t (h) dh ≈ bpH∗t

and
R 1
0
bpt (f) dh ≈ bpFt . Therefore, the first-order effects of relative price dispersion at the variety level are

4 Instead of the more conventional nxt notation, in order to avoid possible confusion with the investment variable.
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negligible, and we can re-write the export and import equations as,

dexpt ≈ −η
¡bpH∗t − bp∗t ¢+ (1− γx)bc∗t + γxbx∗t ,dimpt ≈ −η
¡bpFt − bpt¢+ (1− γx)bct + γxbxt.

We have defined the world price sub-indexes as bpH,Wt ≡ φHbpHt + φF bpH∗t and bpF,W∗t ≡ φF bpFt + φHbpF∗t ,

and the relative price sub-indexes as bpH,Rt ≡ bpHt − bpH∗t and bpF,Rt ≡ bpFt − bpF∗t . Then, naturally, we can write

that,

bpHt = bpH,Wt + φF bpH,Rt , bpH∗t = bpH,Wt − φHbpH,Rt ,bpFt = bpF,W∗t + φHbpF,Rt , bpF∗t = bpF,W∗t − φF bpF,Rt .

Analogously, we have defined the world CPI as bpWt ≡ φHbpt+φF bp∗t and bpW∗t ≡ φF bpt+φHbp∗t , and the relative
CPI as bpRt ≡ bpt − bp∗t . Then, we can write that,

bpt = bpWt + φF bpRt , bp∗t = bpWt − φHbpRt ,bpt = bpW∗t + φHbpRt , bp∗t = bpW∗t − φF bpRt .
Using these definitions, it is possible to express the relative prices embedded in the definition of real exports

and imports in the following terms, i.e.

bpH∗t − bp∗t =
³bpH,Wt − φHbpH,Rt

´
−
¡bpWt − φHbpRt ¢

= bpH,Wt − bpWt − φH

³bpH,Rt − bpRt ´ ,bpFt − bpt = bpF,W∗t + φHbpF,Rt −
¡bpW∗t + φHbpRt ¢

= bpF,W∗t − bpW∗t + φH

³bpF,Rt − bpRt ´ ,
where the world terms of trade is defined as btWt ≡ bpF,W∗t − bpW∗t . The definition of CPI in both countries,

i.e. bpt ≈ φHbpHt + φF bpFt and bp∗t ≈ φF bpH∗t + φHbpF∗t , can be written as,

φH
£bpHt − bpt¤+ φF

£bpFt − bpt¤ ≈ 0,

φF
£bpH∗t − bp∗t ¤+ φH

£bpF∗t − bp∗t ¤ ≈ 0.

Then, based on the relationships described before, we can re-write these definitions of the CPI as,

φH

h³bpH,Wt − bpWt ´+ φF

³bpH,Rt − bpRt ´i+ φF

h³bpF,W∗t − bpW∗t

´
+ φH

³bpF,Rt − bpRt ´i ≈ 0,

φF

h³bpH,Wt − bpWt ´− φH

³bpH,Rt − bpRt ´i+ φH

h³bpF,W∗t − bpW∗t

´
− φF

³bpF,Rt − bpRt ´i ≈ 0.

Using the second equality derived above and the definition of the world terms of trade, we can write the
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relative prices embedded in the definition of real exports and imports in the following terms, i.e.

bpH∗t − bp∗t ≈ −φH
φF

hbtWt − φF

³bpF,Rt − bpRt ´i ,
bpFt − bpt ≈ btWt + φH

³bpF,Rt − bpRt ´ ,
and

φF
¡bpH∗t − bp∗t ¢ ≈ −φH

hbtWt − φF

³bpF,Rt − bpRt ´i ,
φF
¡bpFt − bpt¢ ≈ φF

hbtWt + φH

³bpF,Rt − bpRt ´i .
Notice that under these conditions it naturally follows that,

φF
£¡bpH∗t − bp∗t ¢− ¡bpFt − bpt¢¤ ≈ −φH

hbtWt − φF

³bpF,Rt − bpRt ´i− φF

hbtWt + φH

³bpF,Rt − bpRt ´i
= − (φH + φF )btWt = −btWt .

Therefore, we can compute the real trade balance in this model straight from the definitions of real exports

and imports as,

φF

³dexpt −dimpt

´
≈ −ηφF

¡bpH∗t − bp∗t ¢+ φF [(1− γx)bc∗t + γxbx∗t ] + ηφF
¡bpFt − bpt¢− φF [(1− γx)bct + γxbxt]

= −ηφF
£¡bpH∗t − bp∗t ¢− ¡bpFt − bpt¢¤+ φF [(1− γx) (bc∗t − bct) + γx (bx∗t − bxt)]

= ηbtWt − (1− γx)φF [bct − bc∗t ]− γxφF bxRt ≈ btbt,
where bxRt ≡ bxt−bx∗t . In other words, our measure of the trade balance is equivalent to the difference between
the log of real exports and imports (in deviations relative to their respective steady states), scaled by the

parameter φF . In the deterministic steady state of our model, it follows easily from equation (33) and the

foreign counterpart that,

C
F

= φF

Ã
P
F

P

!−η
C = φFC, X

F
= φF

Ã
P
F

P

!−η
X = φFX,

C
H∗

= φ∗H

Ã
P
H∗

P
∗

!−η
C
∗
= φ∗HC

∗
, X

H∗
= φ∗H

Ã
P
H∗

P
∗

!−η
X
∗
= φ∗HX

∗
,

since P = P
H
= P

F
and P

∗
= P

H∗
= P

F∗
. Under the (symmetric) home bias assumption (i.e., φ∗H = φF ),

given that C = C
∗
and X = X

∗
, we therefore conclude that,

C
F
+X

F
= φF

¡
C +X

¢
= φFY ,

C
H∗
+X

H∗
= φ∗H

³
C
∗
+X

∗´
= φF

¡
C +X

¢
= φFY

where the last equality follows from the steady state market clearing condition in both cases. In steady

state, the trade is balanced in real terms by construction. However, because households have preferences

for domestic as well as foreign goods, exchanges do occur between the two countries. The parameter φF
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denotes the share of imports and exports for consumption and investment purposes relative to output in

steady state.

Real exports and real imports can be re-written in the following form,

dexpt ≈ η
φH
φF
btWt − ηφH

³bpF,Rt − bpRt ´+ (1− γx)bc∗t + γxbx∗t ,
dimpt ≈ −ηbtWt − ηφH

³bpF,Rt − bpRt ´+ (1− γx)bct + γxbxt,
or, simply,

dexpt ≈ ηφH

∙
1

φF
btWt − ³bpF,Rt − bpRt ´¸+ (1− γx)bc∗t + γxbx∗t , (119)

dimpt ≈ −ηφH
∙
1

φH
btWt +

³bpF,Rt − bpRt ´¸+ (1− γx)bct + γxbxt. (120)

In order to be able to compute these equations to determine the evolution of both real imports and exports,

we need to add an additional equation to determine bpF,Rt . Fortunately, equation (100) already tells us that,

bπF,Rt − βEt
³bπF,Rt+1

´
+

µ
(1− α) (1− βα)

α

¶³bpF,Rt − bpRt ´ ≈ µ(1− α) (1− βα)

α

¶ brst, (121)

where bπF,Rt ≡ bπFt −bπF∗t (bpF,Rt ≡ bpFt − bpF∗t ) and bpRt ≡ bpt− bp∗t is the relative CPI. These three equations tell us
that the strength of the demand for consumption and investment purposes is likely to have a major impact

on both exports and imports. However, it also tells us that exports and imports depend on world terms

of trade, btWt , the real exchange rate, brst, and the relative CPI, bpRt . What is interesting and relevant is the
unusually complex way in which the real exchange rate affects the trade patterns (but not our measure of the

trade balance). Our model shows through equation (100) that not only current real exchange rates, but also

future exchange rates, matter for the trade patterns. This result may explain -at least qualitatively- why

the relationship between exports / imports and the real exchange rate is often found to be highly nonlinear

in the empirical literature.

5 An Extension: The Role of Capacity Utilization

For this extension, we follow the definition of capacity utilization as presented in Christiano, et al. (2005).

5.1 The Structure of the Model

5.1.1 The Intertemporal Consumption and Savings Problem

We assume that both countries have unrestricted access to a complete set of contingent claims, traded

internationally. The domestic household maximizes its lifetime utility in (1) subject to the sequence of

budget constraints described by,

Pt

³
Ct +Xt +A (Ut) eKt

´
+ Et [Mt,t+1Bt+1] ≤ Bt +WtLt + ZtUt eKt, (122)
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and the law of motion for physical capital,

eKt+1 ≤ (1− δ) eKt + VtΦ (Xt,Xt−1,Kt)Xt, (123)

where Bt is the nominal payoff in period t + 1 of the portfolio held at the end of period t. Mt,t+1 is the

stochastic discount factor for one-period ahead nominal payoffs relevant to the domestic household. Money

can be thought as playing the role of a unit of account only. Wt is the domestic nominal wage, Pt is the

domestic CPI. Moreover, Xt is domestic real investment, eKt stands for domestic physical capital, Zt defines

the nominal rate of return on capital, and Vt is the investment-specific shock.

Capital services, Kt, are related to physical capital by,

Kt = Ut eKt. (124)

Here, Ut denotes the utilization rate of capital, which we assume is set by the households. ZtUt eK represents

the households’ earnings from supplying capital services. The increasing, convex function, A (Ut) eKt, denotes

the cost, in units of consumption goods, of setting the utilization rate to Ut. Our motivation to allow for

capital services to be elastic is twofold (as in Christiano, et al., 2005). First, it damps movements in marginal

costs by reducing fluctuations of the returns to capital. Second, it reduces the fall in labor productivity that

would otherwise occur after a positive monetary policy shock. The foreign households maximize their lifetime

utility subject to an analogous sequence of budget constraints and the same law of motion for capital.

Capital accumulation may be subject to adjustment costs too. We consider three special cases: the

capital adjustment cost (CAC) case in (5), the investment adjustment cost (IAC) in (6), and the neoclassical

case with no adjustment costs (NAC). We define capital adjustment costs in terms of housing services rather

than physical capital because we want to capture the idea that utilization rates could also influence how

costly it becomes to accumulate physical capital. However, this distinction only matters up to a first-order

under IAC adjustment costs. All other assumptions of the model are maintained in this extension.

The home and foreign consumption bundles of the domestic household, CH
t and CF

t , as well as the

investment bundles, XH
t and XF

t , are aggregated by means of the CES preference indexes in (7) − (8),
while aggregate consumption and investment, Ct and Xt, are defined with the CES preference indexes in

(9)−(10). Under standard results on functional separability, the indexes which correspond to our specification
of aggregators for the CPIs are (11)− (12), and the price sub-indexes are (13)− (14). We still define the real
exchange rate as in (15).

5.1.2 The Firms’ Problem and Monetary Policy

Neither the problem of the firms’ nor the simple monetary policy rules proposed by Taylor (1993) do change

in this environment with capital utilization. The only point that is worth emphasizing is that firms in this

model rent capital services rather than physical capital directly. Therefore, the capital utilization rate set

by the households has an impact indirectly on their marginal costs. Everything else is unchanged.

We assume that production employs a (homogeneous of degree one) Cobb-Douglas technology as in

(16) − (17). Solving the cost-minimization problem of each individual firm yields an efficiency condition

linking the capital-to-labor ratios to factor price ratios as in (18)− (19), as well as a characterization for the
nominal marginal costs as in (20)− (21). A re-optimizing domestic firm h chooses a domestic and a foreign

40



price, ePt (h) and eP ∗t (h), to maximize the expected discounted value of its net profits in (22), subject to a
pair of demand constraints in each goods market in (23)− (24). Similarly, we characterize the objective of
the foreign firm as in (25), subject to the demand constraints of the foreign firm in (26)− (27).
The Taylor rule is often defined as the trademark of modern monetary policy. We assume that the

monetary authorities set short-term nominal interest rates according to Taylor (1993) type rules in (28)−(29).

5.2 The Optimality Conditions

Here, we present the relevant equilibrium conditions of the model only if they differ from those reported

before.

The Optimality Conditions from the Households’ Problem. Given the structure described in (7)−
(8), the solution to the sub-utility maximization problem implies that the home and foreign households’

demands for each variety are given by (30) − (31), while the demands for the bundles of home and foreign
goods are given by (32) − (33). Under complete asset markets, the intertemporal first-order conditions for
an interior solution result in the well-known equilibrium condition on international risk-sharing derived in

(34).

Let It be the (gross) one-period riskless nominal interest rate in terms of the domestic currency, and I∗t
be the corresponding rate in terms of the foreign currency. Under complete asset markets, we can price a

one-period nominal bond using the price of the contingent claims available and obtain that,

1

It
= βEt

"µ
Ct+1

Ct

¶−σ−1
Pt
Pt+1

#
, (125)

1

I∗t
= βEt

"µ
C∗t+1
C∗t

¶−σ−1
P ∗t
P ∗t+1

#
, (126)

which are exactly the same Euler equations that we derived in (35)− (36). The equilibrium conditions of the
households’ problem also include a pair of labor supply functions (the intratemporal first-order conditions)

which can be expressed as in (37)− (38), plus the appropriate no-Ponzi games, transversality conditions, the
budget constraints and the law of motions for capital in both countries. Finally, the equilibrium conditions

are completed with a number of equations that account for the capital-investment decisions of households.

The capital-investment conditions, however, depend on the choice of the adjustment cost function Φ (·).
The maximization problem can be summarized generically in the following terms,

X∞

τ=0
βτ

⎡⎢⎢⎢⎢⎢⎣Et
⎡⎢⎢⎢⎢⎢⎣

1
1−σ−1 (Ct+τ )

1−σ−1 − 1
1+ϕ (Lt+τ )

1+ϕ−

−λt+τ

"
Pt+τ

³
Ct+τ +Xt+τ +A (Ut+τ ) eKt+τ

´
+ Et [Mt+τ,t+τ+1Bt+τ+1]−

−Bt+τ −Wt+τLt+τ − Zt+τUt+τ eKt+τ

#
−

−λt+τΛt+τ
h eKt+τ+1 − (1− δ) eKt+τ − Vt+τΦ

³
Xt+τ ,Xt+τ−1, Ut+τ eKt+τ

´
Xt+τ

i

⎤⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎦ ,
(127)
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and with the following set of equilibrium conditions,

Ct : λtPt = (Ct)
−σ−1

,

eKt+1 : Λt = βEt

⎡⎣ λt+1
λt

(Zt+1Ut+1 − Pt+1A (Ut+1))+

+λt+1
λt
Λt+1

µ
(1− δ) + Vt+1

∂Φ(Xt+1,Xt,Ut+1Kt+1)
∂Kt+1

Xt+1

¶ ⎤⎦ ,
Xt : 1 =

Λt
Pt
Vt

∙
Φ
³
Xt,Xt−1, Ut eKt

´
+

∂Φ(Xt,Xt−1,UtKt)
∂Xt

Xt

¸
+

+βEt
∙
λt+1Λt+1
λtPt

Vt+1
∂Φ(Xt+1,Xt,Ut+1Kt+1)

∂Xt
Xt+1

¸
,

Ut+1 : βEt

⎡⎣λt+1
λtPt

⎛⎝ Pt+1A
0 (Ut+1) eKt+1 − Zt+1 eKt+1−

−Λt+1Vt+1
∂Φ(Xt+1,Xt,Ut+1Kt+1)

∂Ut+1
Xt+1

⎞⎠⎤⎦ = 0.
Let us define Tobin’s q as Qt ≡ Λt

Pt
. Then, after further manipulation, it is possible to re-write the equilibrium

conditions as,

Qt = βEt

⎧⎨⎩
µ
Ct+1

Ct

¶−σ−1 ⎡⎣ Zt+1
Pt+1

Ut+1 −A (Ut+1)+

+Qt+1

µ
(1− δ) + Vt+1

∂Φ(Xt+1,Xt,Ut+1Kt+1)
∂Kt+1

Xt+1

¶ ⎤⎦⎫⎬⎭ ,

QtVt

∙
Φ
³
Xt,Xt−1, Ut eKt

´
+

∂Φ(Xt,Xt−1,UtKt)
∂Xt

Xt

¸
= 1− βEt

½³
Ct+1
Ct

´−σ−1 ∙
Qt+1Vt+1

∂Φ(Xt+1,Xt,Ut+1Kt+1)
∂Xt

Xt+1

¸¾
,

βEt

⎧⎨⎩
µ
Ct+1

Ct

¶−σ−1 eKt+1

⎡⎣Zt+1
Pt+1

−A0 (Ut+1) +Qt+1Vt+1
∂Φ
³
Xt+1,Xt, Ut+1 eKt+1

´
∂Ut+1

Xt+1eKt+1

⎤⎦⎫⎬⎭ = 0.

Under no adjustment costs (NAC), the set of conditions added to account for the capital-investment decisions

of households are summarized as,

Qt = βEt

(µ
Ct+1

Ct

¶−σ−1 ∙
Zt+1
Pt+1

Ut+1 −A (Ut+1) +Qt+1 (1− δ)

¸)
, (128)

Qt =
1

Vt
, (129)

βEt

(µ
Ct+1

Ct

¶−σ−1 eKt+1

∙
Zt+1
Pt+1

−A0 (Ut+1)

¸)
= 0. (130)

A similar set of derivations allows us to write the following system of equations for Tobin’s q in the foreign
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country,

Q∗t = βEt

(µ
C∗t+1
C∗t

¶−σ−1 ∙Z∗t+1
P ∗t+1

U∗t+1 −A
¡
U∗t+1

¢
+Q∗t+1 (1− δ)

¸)
, (131)

Q∗t =
1

V ∗t
, (132)

βEt

(µ
C∗t+1
C∗t

¶−σ−1 eK∗t+1 ∙Z∗t+1P ∗t+1
−A0

¡
U∗t+1

¢¸)
= 0. (133)

The Lagrange multiplier on the law of motion relative to the Lagrange multiplier on the budget constraint

expressed in real terms, denoted Qt and Q∗t respectively, has the interpretation of being the real shadow

price of capital (or Tobin’s q). In the neoclassical case is well-known that Tobin’s q is exactly equal to one,

as these equations prove (if there are no investment-specific shocks).

Under capital adjustment costs (CAC), the set of conditions added to account for the capital-investment

decisions of households are,

Qt = βEt

⎧⎨⎩
µ
Ct+1

Ct

¶−σ−1 ⎡⎣Zt+1
Pt+1

Ut+1 −A (Ut+1) +Qt+1

⎛⎝(1− δ)− Vt+1Φ
0

Ã
Xt+1

Ut+1 eKt+1

!Ã
Xt+1

Ut+1 eKt+1

!2
Ut+1

⎞⎠⎤⎦⎫⎬⎭ ,(134)

Qt =
1

Vt

∙
Φ

µ
Xt

Ut eKt

¶
+Φ0

µ
Xt

Ut eKt

¶
Xt

Ut eKt

¸−1
, (135)

βEt

⎧⎨⎩
µ
Ct+1

Ct

¶−σ−1 eKt+1

⎡⎣Zt+1
Pt+1

−A0 (Ut+1)−Qt+1Vt+1Φ
0

Ã
Xt+1

Ut+1 eKt+1

!Ã
Xt+1

Ut+1 eKt+1

!2⎤⎦⎫⎬⎭ = 0. (136)

A similar set of derivations allows us to write the following system of equations for Tobin’s q in the foreign

country,

Q∗t = βEt

⎧⎨⎩
µ
C∗t+1
C∗t

¶−σ−1 ⎡⎣Z∗t+1
P ∗t+1

U∗t+1 −A
¡
U∗t+1

¢
+Q∗t+1

⎛⎝(1− δ)− V ∗t+1Φ
0
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eK∗t+1

!Ã
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U∗t+1
eK∗t+1

!2
U∗t+1

⎞⎠⎤⎦⎫⎬⎭ ,(137)

Q∗t =
1

V ∗t

"
Φ

Ã
X∗t

U∗t eK∗t
!
+Φ0

Ã
X∗t

U∗t eK∗t
!

X∗t

U∗t eK∗t
#−1

, (138)

βEt

⎧⎨⎩
µ
C∗t+1
C∗t

¶−σ−1 eK∗t+1
⎡⎣Z∗t+1
P ∗t+1

−A0
¡
U∗t+1

¢
−Q∗t+1V

∗
t+1Φ

0

Ã
X∗t+1

U∗t+1
eK∗t+1

!Ã
X∗t+1

U∗t+1
eK∗t+1

!2⎤⎦⎫⎬⎭ = 0. (139)

The Lagrange multiplier on the law of motion relative to the Lagrange multiplier on the budget constraint

expressed in real terms, denoted Qt and Q∗t respectively, has the interpretation of being the real shadow

price of capital (or Tobin’s q). Under investment adjustment costs (IAC), the set of conditions added to
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account for the capital-investment decisions of households are,

Qt = βEt

(µ
Ct+1

Ct

¶−σ−1 ∙
Zt+1
Pt+1

Ut+1 −A (Ut+1) +Qt+1 (1− δ)

¸)
, (140)

Qt =
1

Vt

∙
Φ

µ
Xt

Xt−1

¶
+Φ0

µ
Xt

Xt−1

¶µ
Xt

Xt−1

¶¸−1 "
1 + βEt

(µ
Ct+1

Ct

¶−σ−1 "
Qt+1Vt+1Φ

0
µ
Xt+1

Xt

¶µ
Xt+1

Xt

¶2#)#
,(141)

βEt

(µ
Ct+1

Ct

¶−σ−1 eKt+1

∙
Zt+1
Pt+1

−A0 (Ut+1)

¸)
= 0. (142)

A similar set of derivations allows us to write the following system of equations for Tobin’s q in the foreign

country,

Q∗t = βEt

(µ
C∗t+1
C∗t

¶−σ−1 ∙Z∗t+1
P ∗t+1

U∗t+1 −A
¡
U∗t+1

¢
+Q∗t+1 (1− δ)

¸)
, (143)

Q∗t =
1

V ∗t

∙
Φ

µ
X∗t
X∗t−1

¶
+Φ0

µ
X∗t
X∗t−1

¶µ
X∗t
X∗t−1

¶¸−1 "
1 + βEt

(µ
C∗t+1
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¶−σ−1 "
Q∗t+1V

∗
t+1Φ

0
µ
X∗t+1
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,(144)

βEt

(µ
C∗t+1
C∗t

¶−σ−1 eK∗t+1 ∙Z∗t+1P ∗t+1
−A0

¡
U∗t+1

¢¸)
= 0. (145)

Once again, the Lagrange multiplier on the law of motion relative to the Lagrange multiplier on the budget

constraint expressed in real terms, denoted Qt and Q∗t respectively, has the interpretation of being the real

shadow prices of capital (or Tobin’s q).

The Optimality Conditions from the Firms’ Problem. The necessary and sufficient first-order con-

ditions for the domestic firm producing variety h give us the pair of price-setting formulas in (52) − (53).
Similarly, the first-order conditions for the foreign firm producing variety f give us the pair of price-setting

formulas in (54)−(55). Using the law of large numbers and the inherent symmetry of the firms’ problem, the
price sub-indexes on domestic and foreign varieties, PH

t , P
H∗
t , PF

t and PF∗
t , become equal to those reported

in equations (56)− (59).

Aggregate Output and Returns on Capital. Equations (30) − (33) determine the demand function
for each variety. That coupled with the market clearing condition at the variety level allows us to calculate

the aggregate output as follows,

Yt −A (Ut) eKt =

Z 1

0

[Ct (h) +Xt (h) + C∗t (h) +X∗t (h)] dh

=

∙Z 1

0

³
Pt(h)
PH
t

´−θ
dh

¸
φH

³
PH
t

Pt

´−η
(Ct +Xt) +

∙Z 1

0

³
P∗t (h)
PH∗
t

´−θ
dh

¸
φ∗H

³
PH∗
t

P∗t

´−η
(C∗t +X∗t ) ,

(146)

Y ∗t −A (U∗t ) eK∗t = Z 1

0

[Ct (f) +Xt (f) + C∗t (f) +X∗t (f)] df

=

∙Z 1

0

³
Pt(f)
PF
t

´−θ
df

¸
φF

³
PF
t

Pt

´−η
(Ct +Xt) +

∙Z 1

0

³
P∗t (f)
PF∗
t

´−θ
df

¸
φ∗F

³
PF∗
t

P∗t

´−η
(C∗t +X∗t ) .

(147)
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Equations (146) − (147) tie the aggregate output in both countries to consumption as well as to optimal
prices, after adjusting for the costs of capital utilization. Without accounting for these costs, the equations

would correspond exactly to those reported in (60)− (61).
Notice that given the production functions in (16) − (17) and the fact that capital-to-labor ratios are

equalized across firms, it is possible to write the aggregate output equations as in (62)−(63). Combining these
aggregate production functions with the efficiency conditions in (18)− (19) and the labor supply equations
from the households’ problem (as in equations (37) − (38)), we can express the real returns on capital in
terms of productivity shocks, consumption, output and capital as in equations (64)− (65). Manipulating the
same set of conditions a little bit further also allows us to re-write the real wages in terms of real returns on

capital as well as productivity shocks, consumption, output and capital as in equations (66) − (67). These
two equations suffice for the purpose of replacing real wages out of the marginal cost equations, as before.

5.3 The Steady State

We impose two restrictions on the capital utilization function A (·). First, we require that U = U
∗
= 1 in

steady state. Naturally, this implies that eK = K and eK∗ = K
∗
also. By equations (130) and (133), we can

easily derive that,

A0
¡
U
¢
=

Z

P
,

A0
³
U
∗´

=
Z
∗

P
∗ .

This is true under the NAC version of the model without capital adjustment costs. For the CAC case we

can derive exactly the same steady state condition from equations (136) and (139), and the same can be

said for the IAC case based on equations (142) and (145).

Second, we assume that in steady state A
¡
U
¢
= A

³
U
∗´

= 0. Hence, in steady state, the capital

utilization function drops from the first-order conditions (128) and (131), (134) and (137), and (140) and

(143). Furthermore, it also drops from the steady state market clearing conditions implied by (146)− (147).
Hence, the steady state with capital utilization is identical to that without capital utilization, as described

in these notes. The only difference is that the first derivative of the capital utilization function must satisfy

that,

A0
¡
U
¢
=

Z

P
= β−1 − (1− δ) ,

A0
³
U
∗´

=
Z
∗

P
∗ = β−1 − (1− δ) ,

where the second equality follows from our derivations of the steady state returns to capital.

5.4 The Log-Linearized Equilibrium Conditions

Here, we log-linearize the equilibrium conditions around the deterministic zero-inflation steady state. We

only report those equations that differ from our previous derivations.
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5.4.1 The Households’ Equilibrium Conditions

The log-linearization of the Euler equations and the perfect risk-sharing condition is the same as reported

in equations (68)− (70). The log-linearization of the domestic capital accumulation formula in (123) and its
foreign counterpart in the neoclassical case without adjustment costs (NAC) is unaffected by the presence

of capital utilization. Hence, simple re-labeling allow us to conclude that,

bekt+1 ≈ (1− δ)
bekt + δ (bxt + bvt) ,bek∗t+1 ≈ (1− δ)
bek∗t + δ (bx∗t + bv∗t ) ,

where bekt and bek∗t denote the physical capital, and bvt and bv∗t are the investment-specific shocks.
The log-linearization of the domestic capital accumulation formula in (123) and its foreign counterpart

under capital adjustment costs (CAC) allows us to obtain the following set of equations,

bekt+1 ≈ ∙(1− δ)− V Φ0
³

X

UK

´³
X
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´2
1
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+
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´³
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´2
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¸
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− V Φ0
³

X
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X

K

´2
1
U
but
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bekt + δ (bxt + bvt) ,bek∗t+1 ≈ ∙(1− δ)− V

∗
Φ0
³

X
∗

U
∗
K
∗

´³
X
∗

K
∗

´2
1
U
∗
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∙
V
∗
Φ
³

X
∗

U
∗
K
∗

´
X
∗

K
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∗
Φ0
³

X
∗

U
∗
K
∗

´³
X
∗

K
∗

´2
1
U
∗

¸
(bx∗t + bv∗t )−

− V
∗
Φ0
³

X
∗

U
∗
K
∗

´³
X
∗

K
∗

´2
1
U
∗ bu∗t

= (1− δ)
bek∗t + δ (bx∗t + bv∗t ) ,

where the second-equality follows from the steady state properties of the CAC function. The log-linearization

of the capital accumulation formula in (123) and its foreign counterpart under investment adjustment costs

(IAC) allows us to obtain the following set of equations,

bekt+1 ≈ (1− δ)
bekt + hV Φ³XX´ X

K
+ VΦ0

³
X
X

´³
X
X

´
X

K

i bxt−
−
∙
V Φ0

³
X
X

´³
X
X

´2
X

K

¸ bxt + V Φ
³
X
X

´
X

K
bvt

= (1− δ)bkt + δ (bxt + bvt) ,bk∗t+1 ≈ (1− δ)bk∗t + hV ∗Φ³X∗X∗´ X
∗

K
∗ + V

∗
Φ0
³
X
∗

X
∗

´³
X
∗

X
∗

´
X
∗

K
∗

i bx∗t−
−
∙
V
∗
Φ0
³
X
∗

X
∗

´³
X
∗

X
∗

´2
X
∗

K
∗

¸ bx∗t + V
∗
Φ
³
X
∗

X
∗

´
X
∗

K
∗ bv∗t

= (1− δ)bk∗t + δ (bx∗t + bv∗t ) ,
where the second-equality follows from the steady state properties of the IAC function, and the fact that

X = δK and X
∗
= δK

∗
. It is interesting to notice that in spite of the fact that we are using three different

specifications for the adjustment cost function and allowing for capital utilization, the log-linearized law of
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motion for capital is the same in all cases.

A first-order approximation of the link between capital services and physical capital in (124) also gives

us the following relationship between these two variables,

bkt ≈ but + bekt,bk∗t ≈ bu∗t + bek∗t ,
which holds true independently of the choice of the adjustment cost function.

The Capital-Investment Decision under NAC. The log-linearization of the capital-investment con-

ditions coming from the domestic households’ problem in (128)− (129) are,

bqt ≈ Et n− 1
σ (bct+1 − bct) + β

³
Z
P

´ brzt+1 + β
h
Z
P
−A0

¡
U
¢i

Ubut+1 + β (1− δ) bqt+1o
= Et

©
− 1

σ (bct+1 − bct) + (1− β (1− δ)) brzt+1 + β (1− δ) bqt+1ª (148)

bqt ≈ −bvt, (149)

and, analogously, for the foreign counterparts in (131)− (132),

bq∗t ≈ Et
½
− 1
σ

¡bc∗t+1 − bc∗t ¢+ (1− β (1− δ)) brz∗t+1 + β (1− δ) bq∗t+1¾ , (150)

bq∗t ≈ −bv∗t , (151)

where naturally bqt and bq∗t are the real shadow prices of an additional unit of investment (or Tobin’s q).

These are the same equations derived under no capital utilization. These equations can be re-arranged to

show that,

(1− β (1− δ))Et
¡brzt+1¢ ≈

³bit − Et (bπt+1)´+ β (1− δ)Et [bvt+1]− bvt, (152)

(1− β (1− δ))Et
¡brz∗t+1¢ ≈

³bi∗t − Et ¡bπ∗t+1¢´+ β (1− δ)Et
£bv∗t+1¤− bv∗t , (153)

by adding the Euler equations in (68)− (69). Finally, we must add the log-linearization of (130) and (133)
as,

Et
¡brzt+1¢ ≈ λEt (but+1) ,

Et
¡brz∗t+1¢ ≈ λEt

¡bu∗t+1¢ ,
where λ ≡ A00(U)U

A0(U)
=

A00(U∗)U∗

A0(U∗)
since U = U

∗
= 1. These conditions clearly link the returns to capital to

the capital utilization choice.
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The Capital-Investment Decision under CAC. The log-linearization of the capital-investment con-

ditions coming from the domestic households’ problem in (134)− (135) are,

bqt ≈ Et

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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Z
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2
U

⎤⎦ bvt+1
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= Et

½
− 1
σ
(bct+1 − bct) + (1− (1− δ)β) brzt+1 + (1− δ)βbqt+1 + χδ2β

µbxt+1 − bekt+1 − but+1¶¾ ,(154)

bqt ≈ χδ

µbxt − bekt¶+
⎡⎢⎣V Φ0

³
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´³
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UK

´
+ V Φ0

³
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´
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V Φ
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´
+ V Φ0

³
X

UK

´
X

UK

⎤⎥⎦ but − bvt
= χδ

µbxt − bekt − but¶− bvt, (155)

and, analogously, for the foreign counterparts in (137)− (138),

bq∗t ≈ Et
½
− 1
σ

¡bc∗t+1 − bc∗t ¢+ (1− (1− δ)β) brz∗t+1 + (1− δ)βbq∗t+1 + χδ2β

µbx∗t+1 − bek∗t+1 − bu∗t+1¶¾ ,(156)

bq∗t ≈ χδ

µbx∗t − bek∗t − bu∗t¶− bv∗t . (157)

This system of equations describes bqt and bq∗t as the real shadow prices of an additional unit of investment
(or Tobin’s q), while χ regulates the degree of concavity of the capital adjustment cost function around the

steady state.

The pair of asset pricing equations which relate the current and expected Tobin’s q to the real return on

capital and the real interest rate can be re-arranged as,

bqt ≈ βEt [bqt+1] + h(1− (1− δ)β)Et
¡brzt+1¢− ³bit − Et (bπt+1)´i , (158)

bq∗t ≈ βEt
£bq∗t+1¤+ h(1− (1− δ)β)Et

¡brz∗t+1¢− ³bi∗t − Et ¡bπ∗t+1¢´i , (159)

by adding the Euler equations in (68) − (69). These equations are exactly the same ones that we got in
(81)− (82). We can also re-write (155) and (157) in terms of capital services as,

bqt ≈ χδ
³bxt − bkt´− bvt,

bq∗t ≈ χδ
³bx∗t − bk∗t ´− bv∗t .

These equations are fundamentally the same ones that we found in (78) and (80). Finally, we approximate
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the first-order condition on capital utilization that completes the model as follows,

Et
¡brzt+1¢ ≈ Et

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
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½
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Using equations (155) and (157) we obtain that,

Et
¡brzt+1¢ ≈ Et

½
λbut+1 −µ δβ

1− (1− δ)β

¶ bqt+1¾ , (160)

Et
¡brz∗t+1¢ ≈ Et

½
λbu∗t+1 −µ δβ

1− (1− δ)β

¶ bq∗t+1¾ . (161)

These equations are similar to those derived in the case without adjustment costs, but they show that returns

on capital are tied to capital utilization and Tobin’s q as well.

The Capital-Investment Decision under IAC. The log-linearization of the capital-investment condi-

tions coming from the first-order conditions of the households’ problem in (140)− (141) are,

bqt ≈ Et
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= κ [(bxt − bxt−1)− βEt (bxt+1 − bxt)]− bvt, (163)

and, analogously, for the foreign counterparts in (143)− (144),

bq∗t ≈ Et
½
− 1
σ

¡bc∗t+1 − bc∗t ¢+ (1− (1− δ)β) brz∗t+1 + (1− δ)βbq∗t+1¾ , (164)

bq∗t ≈ κ
£¡bx∗t − bx∗t−1¢− βEt

¡bx∗t+1 − bx∗t ¢¤− bv∗t . (165)
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This system of equations summarizes bqt and bq∗t as the real shadow prices of an additional unit of investment
(or Tobin’s q), and κ regulates the degree of concavity of the IAC adjustment cost function around the

steady state.

The pair of asset pricing equations which relate the current and expected Tobin’s q to the real returns

on capital and the real interest rate can be re-arranged as,

bqt ≈ (1− δ)βEt [bqt+1] + h(1− (1− δ)β)Et
¡brzt+1¢− ³bit − Et [bπt+1]´i , (166)

bq∗t ≈ (1− δ)βEt
£bq∗t+1¤+ h(1− (1− δ)β)Et

¡brz∗t+1¢− ³bi∗t − Et £bπ∗t+1¤´i , (167)

by adding the Euler equations in (68) − (69). Finally, we re-write equations (163) and (165) in a more
compact form as follows,

bxt ≈ 1

1 + β
bxt−1 + β

1 + β
Et [bxt+1] + 1

κ (1 + β)
(bqt + bvt) , (168)

bx∗t ≈ 1

1 + β
bx∗t−1 + β

1 + β
Et
£bx∗t+1¤+ 1

κ (1 + β)
(bq∗t + bv∗t ) . (169)

The presence of investment adjustment costs (IAC) changes equations (163) and (165) completely. These

equations are the same equations derived before in the model without capital utilization. Capital utilization,

however, adds an additional pair of equations to the system,

Et
¡brzt+1¢ ≈ λEt (but+1) , (170)

Et
¡brz∗t+1¢ ≈ λEt

¡bu∗t+1¢ , (171)

where λ ≡ A00(U)U
A0(U)

=
A00(U∗)U∗

A0(U∗)
since U = U

∗
= 1. These conditions clearly link the returns on capital to

the capital utilization choice, and they are identical to the conditions derived in the case without adjustment

costs.

5.4.2 The Firms’ Equilibrium Conditions

Efficiency conditions and Aggregate Output. The efficiency conditions can be described by the same

pair of equations reported in (95)− (96). These efficiency conditions are necessary to close down the model
without having to keep track of either labor or wages explicitly. Using the demand constraints of the

domestic firm in equations (23)− (24), the demand constraints of the foreign firm in equations (26)− (27),
complemented by (32)−(33) and the corresponding foreign counterparts, it follows that the log-linearization
around the steady state of output demand for a given re-optimizing firm, i.e. byt+τ (h) and by∗t+τ (f), takes
the following form,

byt+τ (h) ≈ −θ
¡bpWt+τ (h)− bpWt+τ¢+ (θ − η)

³bpH,Wt+τ − bpWt+τ´+ (1− γx)bcWt+τ + γxbxWt+τ ,
by∗t+τ (f) ≈ −θ

¡bpW∗t+τ (f)− bpW∗t+τ

¢
+ (θ − η)

³bpF,W∗t+τ − bpW∗t+τ

´
+ (1− γx)bcW∗t+τ + γxbxW∗t+τ ,
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where the weighted variables are,

bcWt ≡ φHbct + φFbc∗t , bcW∗t ≡ φFbct + φHbc∗t ,bxWt ≡ φHbxt + φF bx∗t , bxW∗t ≡ φF bxt + φHbx∗t ,bpWt (h) ≡ φHbpt (h) + φF bp∗t (h) , bpW∗t (f) ≡ φF bpt (f) + φHbp∗t (f) ,bpH,Wt ≡ φHbpHt + φF bpH∗t , bpF,W∗t ≡ φF bpFt + φHbpF∗t ,bpWt ≡ φHbpt + φF bp∗t , bpW∗t ≡ φF bpt + φHbp∗t ,
which holds true because the demand for a variety of good is the same whether it serves to produce investment

goods or consumption goods. We define the steady state consumption and investment shares as γc ≡ C
C+X

=

1− γx and γx ≡ X
C+X

, respectively.

We can re-express the aggregate price of all domestic and foreign firms as bpH,Wt+τ ≈
R 1
0
bpWt+τ (h) dh andbpF,W∗t+τ ≈

R 1
0
bpW∗t+τ (f) df . Adding up the output functions for all firms and adjusting them for the capital

utilization demand, as per equations (146) − (147), we obtain an expression for aggregate output in these
terms,

byt+τ −Ã A0
¡
U
¢ eKU

Y −A
¡
U
¢ eK

!but+τ ≈ −η
³bpH,Wt+τ − bpWt+τ´+ (1− γx)bcWt+τ + γxbxWt+τ ,

by∗t+τ −
⎛⎜⎝ A0

³
U
∗´ eK∗U∗

Y
∗ −A

³
U
∗´ eK∗

⎞⎟⎠ bu∗t+τ ≈ −η
³bpF,W∗t+τ − bpW∗t+τ

´
+ (1− γx)bcW∗t+τ + γxbxW∗t+τ ,

which using our steady state results can be expressed more compactly as,

byt+τ − ¡β−1 − (1− δ)
¢µK

Y

¶ but+τ ≈ −η
³bpH,Wt+τ − bpWt+τ´+ (1− γx)bcWt+τ + γxbxWt+τ ,

by∗t+τ − ¡β−1 − (1− δ)
¢ÃK

∗

Y
∗

!bu∗t+τ ≈ −η
³bpF,W∗t+τ − bpW∗t+τ

´
+ (1− γx)bcW∗t+τ + γxbxW∗t+τ .

We know that in steady state we can write the investment share as proportional to the capital-to-output

ratio,

γx ≡ δ
K

Y
= δ

K
∗

Y
∗ .

Therefore, we can re-express the equilibrium aggregate output in the following terms,

byt+τ ≈ −η
³bpH,Wt+τ − bpWt+τ´+ (1− γx)bcWt+τ + γxbxWt+τ + γx

µ
1− β (1− δ)

βδ

¶ but+τ , (172)

by∗t+τ ≈ −η
³bpF,W∗t+τ − bpW∗t+τ

´
+ (1− γx)bcW∗t+τ + γxbxW∗t+τ + γx

µ
1− β (1− δ)

βδ

¶ bu∗t+τ . (173)

These equations become very important in our posterior derivations of the Phillips curves. Equations (172)−
(173) are identical to those derived in the model without capital utilization in (97)−(98) only if but = bu∗t = 0.
These equations compute aggregate output including the necessary adjustment for capital utilization costs.
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In fact, these equations are a pair of resource constraints which tell us that the output must be either

consumed, invested in physical capital, used to compensate for the capital utilization costs, or exported.

The Optimal Pricing Equations In steady state the Dixit-Stiglitz pricing rule holds. Accordingly, the

log-linearization of the optimal pricing equations in (52), (53), (54) and (55) can be compactly expressed as

follows,

bept (h)− bpt ≈ Et
hX∞

τ=1
(βα)τ bπt+τi+ (1− βα)Et

hX∞

τ=0
(βα)τ (cmct+τ − bpt+τ )i ,bep∗t (h)− bp∗t ≈ Et

hX∞

τ=1
(βα)τ bπ∗t+τi+ (1− βα)Et

hX∞

τ=0
(βα)τ (cmct+τ − bpt+τ − brst+τ )i ,bept (f)− bpt ≈ Et

hX∞

τ=1
(βα)

τ bπt+τi+ (1− βα)Et
hX∞

τ=0
(βα)

τ ¡cmc
∗
t+τ − bp∗t+τ + brst+τ¢i ,bep∗t (f)− bp∗t ≈ Et

hX∞

τ=1
(βα)τ bπ∗t+τi+ (1− βα)Et

hX∞

τ=0
(βα)τ

¡cmc∗t+τ − bp∗t+τ¢i ,
which is the same pricing formula that we obtained without capital utilization. We derive the marginal cost

equations in (20)− (21), and they can be log-linearized as,

cmct+τ ≈ ψ bwt+τ + (1− ψ)
¡brzt+τ + bpt+τ¢− bat+τ ,cmc∗t+τ ≈ ψ bw∗t+τ + (1− ψ)
¡brz∗t+τ + bp∗t+τ¢− ba∗t+τ ,

while the labor market clearing conditions, which are implicit in (66)− (67), can be approximated as,

bwt+τ ≈ − ϕ
1+(1−ψ)ϕbat+τ + 1

1+(1−ψ)ϕ
1
σbct+τ + ϕ

1+(1−ψ)ϕbyt+τ + (1−ψ)ϕ
1+(1−ψ)ϕ

¡brzt+τ + bpt+τ¢+ 1
1+(1−ψ)ϕ bpt+τ ,bw∗t+τ ≈ − ϕ

1+(1−ψ)ϕba∗t+τ + 1
1+(1−ψ)ϕ

1
σbc∗t+τ + ϕ

1+(1−ψ)ϕby∗t+τ + (1−ψ)ϕ
1+(1−ψ)ϕ

¡brz∗t+τ + bp∗t+τ¢+ 1
1+(1−ψ)ϕ bp∗t+τ .

If we combine these two log-linearized equations, it follows that the marginal costs can be expressed as,

cmct+τ ≈ ψ
1+(1−ψ)ϕ

1
σbct+τ + ϕψ

1+(1−ψ)ϕbyt+τ − 1+ϕ
1+(1−ψ)ϕ

¡bat+τ − (1− ψ)
¡brzt+τ + bpt+τ¢¢+ ψ

1+(1−ψ)ϕ bpt+τ ,cmc
∗
t+τ ≈ ψ

1+(1−ψ)ϕ
1
σbc∗t+τ + ϕψ

1+(1−ψ)ϕby∗t+τ − 1+ϕ
1+(1−ψ)ϕ

¡ba∗t+τ − (1− ψ)
¡brz∗t+τ + bp∗t+τ¢¢+ ψ

1+(1−ψ)ϕ bp∗t+τ ,
where byt+τ and by∗t+τ reflect domestic and foreign aggregate output. Up to this point, the derivation of
marginal costs is the same independently of whether the model allows for capital utilization or not. If we

combine the marginal cost equations with the output equations derived before in (97)− (98), it follows that,

cmct+τ − bpt+τ ≈ ψ
1+(1−ψ)ϕ

1
σbct+τ − ϕψ

1+(1−ψ)ϕη
³bpH,Wt+τ − bpWt+τ´+

+ ϕψ
1+(1−ψ)ϕ

³
(1− γx)bcWt+τ + γxbxWt+τ + γx

³
1−β(1−δ)

βδ

´ but+τ´−
− 1+ϕ

1+(1−ψ)ϕ
¡bat+τ − (1− ψ) brzt+τ¢ ,cmc

∗
t+τ − bp∗t+τ ≈ ψ

1+(1−ψ)ϕ
1
σbc∗t+τ − ϕψ

1+(1−ψ)ϕη
³bpF,W∗t+τ − bpW∗t+τ

´
+

+ ϕψ
1+(1−ψ)ϕ

³
(1− γx)bcW∗t+τ + γxbxW∗t+τ + γx

³
1−β(1−δ)

βδ

´ bu∗t+τ´−
− 1+ϕ

1+(1−ψ)ϕ
¡ba∗t+τ − (1− ψ) brz∗t+τ¢ .

These definitions of the marginal costs are central to our derivations of the Phillips curve and the pricing

conditions. It naturally shows that now marginal costs have to account for the costs of variable capital
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utilization.

We can use our characterization of the real marginal costs with the pricing formulas log-linearized before

to write that,

bept (h)− bpt ≈³
(1−βα)ψ
1+(1−ψ)ϕ

´X∞

τ=0
(βα)τ Et

⎡⎣ 1
σbct+τ − ϕη

³bpH,Wt+τ − bpWt+τ´+ ϕ
³
(1− γx)bcWt+τ + γxbxWt+τ + γx

³
1−β(1−δ)

βδ

´ but+τ´−
−
³
1+ϕ
ψ

´ ¡bat+τ − (1− ψ) brzt+τ¢
⎤⎦+

+
X∞

τ=1
(βα)

τ Et (bπt+τ ) ,bep∗t (h)− bp∗t ≈³
(1−βα)ψ
1+(1−ψ)ϕ

´X∞

τ=0
(βα)τ Et

⎡⎣ 1
σbct+τ − ϕη

³bpH,Wt+τ − bpWt+τ´+ ϕ
³
(1− γx)bcWt+τ + γxbxWt+τ + γx

³
1−β(1−δ)

βδ

´ but+τ´−
−
³
1+ϕ
ψ

´¡bat+τ − (1− ψ) brzt+τ¢− brst+τ
⎤⎦+

+
X∞

τ=1
(βα)

τ Et
¡bπ∗t+τ¢ ,bept (f)− bpt ≈³

(1−βα)ψ
1+(1−ψ)ϕ

´X∞

τ=0
(βα)τ Et

⎡⎣ 1
σbc∗t+τ − ϕη

³bpF,W∗t+τ − bpW∗t+τ

´
+ ϕ

³
(1− γx)bcW∗t+τ + γxbxW∗t+τ + γx

³
1−β(1−δ)

βδ

´ bu∗t+τ´−
−
³
1+ϕ
ψ

´ ¡ba∗t+τ − (1− ψ) brz∗t+τ¢+ brst+τ
⎤⎦+

+
X∞

τ=1
(βα)τ Et (bπt+τ ) ,bep∗t (f)− bp∗t ≈³

(1−βα)ψ
1+(1−ψ)ϕ

´X∞

τ=0
(βα)

τ Et

⎡⎣ 1
σbc∗t+τ − ϕη

³bpF,W∗t+τ − bpW∗t+τ

´
+ ϕ

³
(1− γx)bcW∗t+τ + γxbxW∗t+τ + γx

³
1−β(1−δ)

βδ

´ bu∗t+τ´−
−
³
1+ϕ
ψ

´ ¡ba∗t+τ − (1− ψ) brz∗t+τ¢
⎤⎦+

+
X∞

τ=1
(βα)τ Et

¡bπ∗t+τ¢ .
We log-linearize the price sub-indexes in (56)− (57) and (58)− (59) and re-arrange them to obtain that,

bept (h)− bpt ≈ ¡bpHt − bpt¢+µ α

1− α

¶bπHt ,
bep∗t (h)− bp∗t ≈

¡bpH∗t − bp∗t ¢+µ α

1− α

¶bπH∗t ,

bept (f)− bpt ≈ ¡bpFt − bpt¢+µ α

1− α

¶bπFt ,
bep∗t (f)− bp∗t ≈

¡bpF∗t − bp∗t ¢+µ α

1− α

¶bπF∗t ,

which is quite convenient for our purposes. We replace the isolated terms 1
σbct and 1

σbc∗t out of the marginal
cost. If we define the world consumption as bcWt ≡ φHbct + φFbc∗t and bcW∗t ≡ φFbct + φHbc∗t and the relative
consumption as bcRt ≡ bct − bc∗t , then we can write that,

bct = bcWt + φFbcRt ≈ bcWt + φFσ brst,bc∗t = bcW∗t − φFbcRt ≈ bcW∗t − φFσ brst,
where the second approximation follows from the perfect risk-sharing condition in (70). Hence, the pricing
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equations can be expressed more compactly as,

bπHt + ¡1−αα ¢ ¡bpHt − bpt¢ ≈
Ψ
³

ψ
1+(1−ψ)ϕ

´X∞

τ=0
(βα)τ Et

⎡⎢⎢⎢⎣
¡
σ−1 + ϕ (1− γx)

¢ bcWt+τ + ϕγxbxWt+τ + ϕγx

³
1−β(1−δ)

βδ

´ but+τ+
+φF brst+τ − ϕη

³bpH,Wt+τ − bpWt+τ´−
−
³
1+ϕ
ψ

´ ¡bat+τ − (1− ψ) brzt+τ¢
⎤⎥⎥⎥⎦+

+
¡
1−α
α

¢X∞

τ=1
(βα)τ Et (bπt+τ ) ,

bπH∗t +
¡
1−α
α

¢ ¡bpH∗t − bp∗t ¢ ≈
Ψ
³

ψ
1+(1−ψ)ϕ

´X∞

τ=0
(βα)τ Et

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcWt+τ + γxϕbxWt+τ + ϕγx

³
1−β(1−δ)

βδ

´ but+τ−
−
³
φH +

1−ψ
ψ (1 + ϕ)

´ brst+τ − ϕη
³bpH,Wt+τ − bpWt+τ´−

−
³
1+ϕ
ψ

´ ¡bat+τ − (1− ψ) brzt+τ¢
⎤⎥⎥⎥⎦+

+
¡
1−α
α

¢X∞

τ=1
(βα)

τ Et
¡bπ∗t+τ¢ ,bπFt + ¡1−αα ¢ ¡bpFt − bpt¢ ≈

Ψ
³

ψ
1+(1−ψ)ϕ

´X∞

τ=0
(βα)

τ Et

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcW∗t+τ + γxϕbxW∗t+τ + ϕγx

³
1−β(1−δ)

βδ

´ bu∗t+τ+
+
³
φH +

1−ψ
ψ (1 + ϕ)

´ brst+τ − ϕη
³bpF,W∗t+τ − bpW∗t+τ

´
−

−
³
1+ϕ
ψ

´ ¡ba∗t+τ − (1− ψ) brz∗t+τ¢
⎤⎥⎥⎥⎦+

+
¡
1−α
α

¢X∞

τ=1
(βα)

τ Et (bπt+τ ) ,
bπF∗t +

¡
1−α
α

¢ ¡bpF∗t − bp∗t ¢ ≈
Ψ
³

ψ
1+(1−ψ)ϕ

´X∞

τ=0
(βα)

τ Et

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcW∗t+τ + γxϕbxW∗t+τ + ϕγx

³
1−β(1−δ)

βδ

´ bu∗t+τ−
−φF brst+τ − ϕη

³bpF,W∗t+τ − bpW∗t+τ

´
−

−
³
1+ϕ
ψ

´ ¡ba∗t+τ − (1− ψ) brz∗t+τ¢
⎤⎥⎥⎥⎦+

+
¡
1−α
α

¢X∞

τ=1
(βα)

τ Et
¡bπ∗t+τ¢ ,

where Ψ ≡ (1−α)(1−βα)
α .

Furthermore, this system of pricing equations can be expressed in the form of a system of expectational

difference equations. Let us focus on the first equation as an example, then if we re-write the equation at

time t+ 1 and take conditional expectations at time t, it should follow that,

Et
hbπHt+1 + ¡1−αα ¢ ¡bpHt+1 − bpt+1¢i ≈
Ψ
³

ψ
1+(1−ψ)ϕ

´X∞

τ=0
(βα)

τ Et

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcWt+1+τ + γxϕbxWt+1+τ + ϕγx

³
1−β(1−δ)

βδ

´ but+1+τ+
+φF brst+1+τ − ϕη

³bpH,Wt+1+τ − bpWt+1+τ´−
−
³
1+ϕ
ψ

´ ¡bat+1+τ − (1− ψ) brzt+1+τ¢
⎤⎥⎥⎥⎦+

+
¡
1−α
α

¢X∞

τ=1
(βα)

τ Et (bπt+1+τ ) .
Hence, using the properties of the conditional expectation, the pricing equation can easily be decomposed
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in two terms as,

bπHt + ¡1−αα ¢ ¡bpHt − bpt¢ ≈³
ψ

1+(1−ψ)ϕ

´
Ψ

⎡⎣ ¡
σ−1 + (1− γx)ϕ

¢ bcWt + γxϕbxWt + ϕγx

³
1−β(1−δ)

βδ

´ but + φF brst − ϕη
³bpH,Wt − bpWt ´−

−
³
1+ϕ
ψ

´
(bat − (1− ψ) brzt )

⎤⎦+
+ (1− α)βEt (bπt+1) + αβEt

hbπHt+1 + ¡1−αα ¢ ¡bpHt+1 − bpt+1¢i .
Further re-arranging allows us to express the expectational difference equation as,

bπHt − βEt
³bπHt+1´+Ψ ¡bpHt − bpt¢

≈
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎣ ¡
σ−1 + (1− γx)ϕ

¢ bcWt + γxϕbxWt + ϕγx

³
1−β(1−δ)

βδ

´ but + φF brst − ϕη
³bpH,Wt − bpWt ´−

−
³
1+ϕ
ψ

´
(bat − (1− ψ) brzt )

⎤⎦ .
We can apply the same approach (and algebraic steps) to re-write all other pricing equations as expectational

difference equations, i.e.

bπH∗t − βEt
³bπH∗t+1´+Ψ ¡bpH∗t − bp∗t ¢

≈
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcWt + γxϕbxWt + ϕγx

³
1−β(1−δ)

βδ

´ but−
−
³
φH +

1−ψ
ψ (1 + ϕ)

´ brst − ϕη
³bpH,Wt − bpWt ´−

−
³
1+ϕ
ψ

´
(bat − (1− ψ) brzt )

⎤⎥⎥⎥⎦ ,
bπFt − βEt

³bπFt+1´+Ψ ¡bpFt − bpt¢
≈
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcW∗t + γxϕbxW∗t + ϕγx

³
1−β(1−δ)

βδ

´ bu∗t+
+
³
φH +

1−ψ
ψ (1 + ϕ)

´ brst − ϕη
³bpF,W∗t − bpW∗t

´
−

−
³
1+ϕ
ψ

´
(ba∗t − (1− ψ) brz∗t )

⎤⎥⎥⎥⎦ ,
bπF∗t − βEt

³bπF∗t+1´+Ψ ¡bpF∗t − bp∗t ¢
≈
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcW∗t + γxϕbxW∗t + ϕγx

³
1−β(1−δ)

βδ

´ bu∗t−
−φF brst − ϕη

³bpF,W∗t − bpW∗t

´
−

−
³
1+ϕ
ψ

´
(ba∗t − (1− ψ) brz∗t )

⎤⎥⎥⎥⎦ .
These equations provide a very simple characterization of the price dynamics at the price sub-index level.

Now, we use the pricing equations described above to infer the dynamics of the relative price sub-indexesbπH,Rt ≡ bπHt − bπH∗t (bpH,Rt ≡ bpHt − bpH∗t ) and bπF,Rt ≡ bπFt − bπF∗t (bpF,Rt ≡ bpFt − bpF∗t ) as follows,

bπH,Rt − βEt
³bπH,Rt+1

´
+Ψ

³bpH,Rt − bpRt ´ ≈ Ψ brst, (174)

bπF,Rt − βEt
³bπF,Rt+1

´
+Ψ

³bpF,Rt − bpRt ´ ≈ Ψ brst, (175)

where bpRt ≡ bpt − bp∗t is the relative CPI. Using these relative price sub-index dynamics, we can re-write the
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pricing equations further as follows,

bπHt ≈ βEt
³bπHt+1´+

+
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcWt + γxϕbxWt + ϕγx

³
1−β(1−δ)

βδ

´ but+
+φF brst − ϕη

³bpH,Wt − bpWt ´−
−
¡bpHt − bpt¢− ³1+ϕψ ´

(bat − (1− ψ) brzt )

⎤⎥⎥⎥⎦ ,
bπH∗t ≈ βEt

³bπH∗t+1´+
+
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcWt + γxϕbxWt + ϕγx

³
1−β(1−δ)

βδ

´ but−
−
³
φH +

1−ψ
ψ (1 + ϕ)

´ brst − ϕη
³bpH,Wt − bpWt ´−

−
¡bpH∗t − bp∗t ¢− ³1+ϕψ ´

(bat − (1− ψ) brzt )

⎤⎥⎥⎥⎦ ,
bπFt ≈ βEt

³bπFt+1´+
+
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcW∗t + γxϕbxW∗t + ϕγx

³
1−β(1−δ)

βδ

´ bu∗t+
+
³
φH +

1−ψ
ψ (1 + ϕ)

´ brst − ϕη
³bpF,W∗t − bpW∗t

´
−

−
¡bpFt − bpt¢− ³1+ϕψ ´

(ba∗t − (1− ψ) brz∗t )

⎤⎥⎥⎥⎦ ,
bπF∗t ≈ βEt

³bπF∗t+1´+
+
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcW∗t + γxϕbxW∗t + ϕγx

³
1−β(1−δ)

βδ

´ bu∗t−
−φF brst − ϕη

³bpF,W∗t − bpW∗t

´
−

−
¡bpF∗t − bp∗t ¢− ³1+ϕψ ´

(ba∗t − (1− ψ) brz∗t )

⎤⎥⎥⎥⎦ .

We have defined the world price sub-indexes as bpH,Wt ≡ φHbpHt + φF bpH∗t and bpF,W∗t ≡ φF bpFt + φHbpF∗t , and

the relative price sub-indexes as bpH,Rt ≡ bpHt − bpH∗t and bpF,Rt ≡ bpFt − bpF∗t . Then, naturally, we can write that,

bpHt = bpH,Wt + φF bpH,Rt , bpH∗t = bpH,Wt − φHbpH,Rt ,bpFt = bpF,W∗t + φHbpF,Rt , bpF∗t = bpF,W∗t − φF bpF,Rt .

Analogously, we have defined the world CPI as bpWt ≡ φHbpt+φF bp∗t and bpW∗t ≡ φF bpt+φHbp∗t , and the relative
CPI as bpRt ≡ bpt − bp∗t . Then, we can write that,

bpt = bpWt + φF bpRt , bp∗t = bpWt − φHbpRt ,bpt = bpW∗t + φHbpRt , bp∗t = bpW∗t − φF bpRt .
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Therefore, we can re-arrange the pricing equations as follows,

bπHt ≈ βEt
³bπHt+1´+

+
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcWt + γxϕbxWt + ϕγx

³
1−β(1−δ)

βδ

´ but+
+φF brst − ³1+(1−ψ)ϕψ + ϕη

´³bpH,Wt − bpWt ´−
−
³
1+(1−ψ)ϕ

ψ

´
φF

³bpH,Rt − bpRt ´− ³1+ϕψ ´
(bat − (1− ψ) brzt )

⎤⎥⎥⎥⎦ , (176)

bπH∗t ≈ βEt
³bπH∗t+1´+

+
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcWt + γxϕbxWt + ϕγx

³
1−β(1−δ)

βδ

´ but−
−
³
φH +

1−ψ
ψ (1 + ϕ)

´ brst − ³1+(1−ψ)ϕψ + ϕη
´³bpH,Wt − bpWt ´+

+
³
1+(1−ψ)ϕ

ψ

´
φH

³bpH,Rt − bpRt ´− ³1+ϕψ ´
(bat − (1− ψ) brzt )

⎤⎥⎥⎥⎦ , (177)

bπFt ≈ βEt
³bπFt+1´+

+
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcW∗t + γxϕbxW∗t + ϕγx

³
1−β(1−δ)

βδ

´ bu∗t+
+
³
φH +

1−ψ
ψ (1 + ϕ)

´ brst − ³1+(1−ψ)ϕψ + ϕη
´³bpF,W∗t − bpW∗t

´
−

−
³
1+(1−ψ)ϕ

ψ

´
φH

³bpF,Rt − bpRt ´− ³1+ϕψ ´
(ba∗t − (1− ψ) brz∗t )

⎤⎥⎥⎥⎦ , (178)

bπF∗t ≈ βEt
³bπF∗t+1´+

+
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcW∗t + γxϕbxW∗t + ϕγx

³
1−β(1−δ)

βδ

´ bu∗t−
−φF brst − ³1+(1−ψ)ϕψ + ϕη

´³bpF,W∗t − bpW∗t

´
+

+
³
1+(1−ψ)ϕ

ψ

´
φF

³bpF,Rt − bpRt ´− ³1+ϕψ ´
(ba∗t − (1− ψ) brz∗t )

⎤⎥⎥⎥⎦ . (179)

We define the world price sub-indexes as bpH,Wt ≡ φHbpHt + φF bpH∗t and bpF,W∗t ≡ φF bpFt + φHbpF∗t . Therefore,

we easily derive the dynamics of bπH,Wt and bπF,W∗t from the equations above as,

bπH,Wt ≈ βEt
³bπH,Wt+1

´
+

+
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcWt + γxϕbxWt + ϕγx

³
1−β(1−δ)

βδ

´ but−
−φF 1−ψ

ψ (1 + ϕ) brst − ³1+(1−ψ)ϕψ + ϕη
´³bpH,Wt − bpWt ´−

−
³
1+ϕ
ψ

´
(bat − (1− ψ) brzt )

⎤⎥⎥⎥⎦ ,
bπF,W∗t ≈ βEt

³bπF,W∗t+1

´
+

+
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎣
¡
σ−1 + (1− γx)ϕ

¢ bcW∗t + γxϕbxW∗t + ϕγx

³
1−β(1−δ)

βδ

´ bu∗t+
+φF

1−ψ
ψ (1 + ϕ) brst − ³1+(1−ψ)ϕψ + ϕη

´³bpF,W∗t − bpW∗t

´
−

−
³
1+ϕ
ψ

´
(ba∗t − (1− ψ) brz∗t )

⎤⎥⎥⎥⎦ .
We define the domestic and foreign CPI indexes as bpt ≈ φHbpHt + φF bpFt and bp∗t ≈ φF bpH∗t + φHbpF∗t ,
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respectively. Therefore, it is easy to derive the dynamics of bπt and bπ∗t from the equations above as follows,

bπt ≈ βEt (bπt+1)+

+
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

¡
σ−1 + (1− γx)ϕ

¢ £
φHbcWt + φFbcW∗t

¤
+ γxϕ

£
φHbxWt + φF bxW∗t

¤
+

+ϕγx

³
1−β(1−δ)

βδ

´
[φHbut + φF bu∗t ] +

+
³
2φHφF + φF

1−ψ
ψ (1 + ϕ)

´ brst−
−
³
1+(1−ψ)ϕ

ψ

´⎛⎝ ³
1 + ψ

1+(1−ψ)ϕϕη
´h

φH

³bpH,Wt − bpWt ´+ φF

³bpF,W∗t − bpW∗t

´i
+

+φFφH

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i
⎞⎠−

−
³
1+ϕ
ψ

´
[(φHbat + φFba∗t )− (1− ψ) (φHbrzt + φF brz∗t )]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+
³

ψ
1+(1−ψ)ϕ

´
Ψ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

¡
σ−1 + (1− γx)ϕ

¢ £
φFbcWt + φHbcW∗t

¤
+ γxϕ

£
φF bxWt + φHbxW∗t

¤
+

+ϕγx

³
1−β(1−δ)

βδ

´
[φF but + φHbu∗t ]−

−
³
2φFφH + φF

1−ψ
ψ (1 + ϕ)

´ brst−
−
³
1+(1−ψ)ϕ

ψ

´⎛⎝ ³
1 + ψ

1+(1−ψ)ϕϕη
´h

φF

³bpH,Wt − bpWt ´+ φH

³bpF,W∗t − bpW∗t

´i
−

−φHφF
h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i

⎞⎠−
−
³
1+ϕ
ψ

´
[(φFbat + φHba∗t )− (1− ψ) (φF brzt + φHbrz∗t )]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

We can also write certain terms inside the brackets of the inflation dynamics in a more compact form as,

−
³
1 + ψ

1+(1−ψ)ϕϕη
´ h

φH

³bpH,Wt − bpWt ´+ φF

³bpF,W∗t − bpW∗t

´i
− φFφH

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i
= ψ

1+(1−ψ)ϕϕη [φH − φF ]
³bpF,W∗t − bpW∗t

´
− ψ

1+(1−ψ)ϕϕηφH

h³bpH,Wt − bpWt ´+ ³bpF,W∗t − bpW∗t

´i
−

− φH

h³bpH,Wt − bpWt ´+ φF

³bpH,Rt − bpRt ´i− φF

h³bpF,W∗t − bpW∗t

´
+ φH

³bpF,Rt − bpRt ´i ,
−
³
1 + ψ

1+(1−ψ)ϕϕη
´ h

φF

³bpH,Wt − bpWt ´+ φH

³bpF,W∗t − bpW∗t

´i
+ φHφF

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i
= − ψ

1+(1−ψ)ϕϕη [φH − φF ]
³bpF,W∗t − bpW∗t

´
− ψ

1+(1−ψ)ϕϕηφF

h³bpH,Wt − bpWt ´+ ³bpF,W∗t − bpW∗t

´i
−

− φF

h³bpH,Wt − bpWt ´− φH

³bpH,Rt − bpRt ´i− φH

h³bpF,W∗t − bpW∗t

´
− φF

³bpF,Rt − bpRt ´i .
Based on our definitions of the world aggregates, denoted with the superscripts W and W ∗, it is possible for

us to argue that,

φH

h³bpH,Wt − bpWt ´+ φF

³bpH,Rt − bpRt ´i+ φF

h³bpF,W∗t − bpW∗t

´
+ φH

³bpF,Rt − bpRt ´i
= φH

¡bpHt − bpt¢+ φF
¡bpFt − bpt¢ = 0,

φF

h³bpH,Wt − bpWt ´− φH

³bpH,Rt − bpRt ´i+ φH

h³bpF,W∗t − bpW∗t

´
− φF

³bpF,Rt − bpRt ´i
= φF

¡bpH∗t − bp∗t ¢+ φH
¡bpF∗t − bp∗t ¢ = 0,

since bpt ≈ φHbpHt + φF bpFt and bp∗t ≈ φF bpH∗t + φHbpF∗t . Furthermore, we also know based on those same
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definitions, that the following result must hold true,³bpH,Wt − bpWt ´+ ³bpF,W∗t − bpW∗t

´
= bpH,Wt + bpF,W∗t −

¡bpWt + bpW∗t

¢
= φH

¡bpHt − bpt¢+ φF
¡bpH∗t − bp∗t ¢+ φF

¡bpFt − bpt¢+ φH
¡bpF∗t − bp∗t ¢

=
£
φH

¡bpHt − bpt¢+ φF
¡bpFt − bpt¢¤+ £φF ¡bpH∗t − bp∗t ¢+ φH

¡bpF∗t − bp∗t ¢¤ = 0.
(180)

Hence, we argue that those particular terms inside the brackets of the Phillips curves can be simplified as,

−
³
1 + ψ

1+(1−ψ)ϕϕη
´ h

φH

³bpH,Wt − bpWt ´+ φF

³bpF,W∗t − bpW∗t

´i
− φFφH

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i
= ψ

1+(1−ψ)ϕϕη [φH − φF ]
³bpF,W∗t − bpW∗t

´
,

−
³
1 + ψ

1+(1−ψ)ϕϕη
´ h

φF

³bpH,Wt − bpWt ´+ φH

³bpF,W∗t − bpW∗t

´i
+ φHφF

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i
= − ψ

1+(1−ψ)ϕϕη [φH − φF ]
³bpF,W∗t − bpW∗t

´
.

We conclude that both Phillips curves in the model take the following form,

bπt ≈ βEt (bπt+1)+
+Ψ

³
ψ

1+(1−ψ)ϕ

´
⎡⎢⎢⎢⎢⎢⎣

¡
σ−1 + (1− γx)ϕ

¢ £
φHbcWt + φFbcW∗t

¤
+ γxϕ

£
φHbxWt + φF bxW∗t

¤
+

+ϕγx

³
1−β(1−δ)

βδ

´
[φHbut + φF bu∗t ] +

+
³
2φHφF + φF

1−ψ
ψ (1 + ϕ)

´ brst + (φH − φF )ϕη
³bpF,W∗t − bpW∗t

´
−

−
³
1+ϕ
ψ

´
[(φHbat + φFba∗t )− (1− ψ) (φHbrzt + φF brz∗t )]

⎤⎥⎥⎥⎥⎥⎦ ,
(181)

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+Ψ
³

ψ
1+(1−ψ)ϕ

´
⎡⎢⎢⎢⎢⎢⎣

¡
σ−1 + (1− γx)ϕ

¢ £
φFbcWt + φHbcW∗t

¤
+ γxϕ

£
φF bxWt + φHbxW∗t

¤
+

+ϕγx

³
1−β(1−δ)

βδ

´
[φF but + φHbu∗t ]−

−
³
2φFφH + φF

1−ψ
ψ (1 + ϕ)

´ brst − (φH − φF )ϕη
³bpF,W∗t − bpW∗t

´
−

−
³
1+ϕ
ψ

´
[(φFbat + φHba∗t )− (1− ψ) (φF brzt + φHbrz∗t )]

⎤⎥⎥⎥⎥⎥⎦ ,
(182)

which extends the specification in models like those of Steinsson (2008) by adding capital and investment.

AMore Compact Characterization of the Phillips Curves. We can combine the efficiency conditions

in (95)− (96) with the inflation dynamics in (176)− (179) to obtain a more compact characterization of the
Phillips curves. We note that if we define the world consumption as bcWt ≡ φHbct+φFbc∗t and bcW∗t ≡ φFbct+φHbc∗t
and the relative consumption as bcRt ≡ bct − bc∗t , then we can write that,

bct = bcWt + φFbcRt ≈ bcWt + φFσ brst,bc∗t = bcW∗t − φFbcRt ≈ bcW∗t − φFσ brst,
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where the second approximation follows from the perfect risk-sharing condition in (70). This is a substitution

trick that we have used before. Then, we can express the efficiency conditions in (95)− (96) as,

brzt ≈ −1 + ϕ

ψ
bat + 1

σ
bcWt + φF brst + 1 + ϕ

ψ
byt −µ1 + (1− ψ)ϕ

ψ

¶bkt,
brz∗t ≈ −1 + ϕ

ψ
ba∗t + 1

σ
bcW∗t − φF brst + 1 + ϕ

ψ
by∗t −µ1 + (1− ψ)ϕ

ψ

¶bk∗t .
Furthermore, if we combine the efficiency conditions with the output equations derived in (172)− (173), it
follows that,

brzt ≈ ³ 1σ + (1− γx)
1+ϕ
ψ

´bcWt + γx
1+ϕ
ψ bxWt + γx

1+ϕ
ψ

³
1−β(1−δ)

βδ

´ but + φF brst−
− η 1+ϕψ

³bpH,Wt − bpWt ´− ³ 1+(1−ψ)ϕψ

´bkt − 1+ϕ
ψ bat, (183)

brz∗t ≈ ³ 1σ + (1− γx)
1+ϕ
ψ

´bcW∗t + γx
1+ϕ
ψ bxW∗t + γx

1+ϕ
ψ

³
1−β(1−δ)

βδ

´ bu∗t − φF brst−
− η 1+ϕψ

³bpF,W∗t − bpW∗t

´
−
³
1+(1−ψ)ϕ

ψ

´bk∗t − 1+ϕ
ψ ba∗t . (184)

These conditions can be appropriately used to simplify the description of the inflation dynamics.

By appropriately replacing the efficiency conditions, and after a little bit of algebra, we can now re-arrange
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the pricing equations for the sub-indexes in (176)− (179) as follows,

bπHt ≈ βEt
³bπHt+1´+

+Ψ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

µ
σ−1 + (1− γx)

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶bcWt +
+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶ bxWt +
+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶³
1−β(1−δ)

βδ

´ but+
+φF brst −µ1 + η

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶³bpH,Wt − bpWt ´−
−φF

³bpH,Rt − bpRt ´− (1− ψ)
³
1+ϕ
ψ

´bkt − ³ 1+ϕψ ´bat+

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

bπH∗t ≈ βEt
³bπH∗t+1´+

+Ψ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

µ
σ−1 + (1− γx)

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶bcWt +
+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶ bxWt +
+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶³
1−β(1−δ)

βδ

´ but−
−φH brst −µ1 + η

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶³bpH,Wt − bpWt ´+
+φH

³bpH,Rt − bpRt ´− (1− ψ)
³
1+ϕ
ψ

´bkt − ³1+ϕψ ´bat

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

bπFt ≈ βEt
³bπFt+1´+

+Ψ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

µ
σ−1 + (1− γx)

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶bcW∗t +

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶ bxW∗t +

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶³
1−β(1−δ)

βδ

´ bu∗t+
+φH brst −µ1 + η

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶³bpF,W∗t − bpW∗t

´
−

−φH
³bpF,Rt − bpRt ´− (1− ψ)

³
1+ϕ
ψ

´bk∗t − ³1+ϕψ ´ba∗t

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

bπF∗t ≈ βEt
³bπF∗t+1´+

+Ψ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

µ
σ−1 + (1− γx)

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶bcW∗t +

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶ bxW∗t +

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶³
1−β(1−δ)

βδ

´ bu∗t−
−φF brst −µ1 + η

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶³bpF,W∗t − bpW∗t

´
+

+φF

³bpF,Rt − bpRt ´− (1− ψ)
³
1+ϕ
ψ

´bk∗t − ³1+ϕψ ´ba∗t

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

We define the world price sub-indexes as bpH,Wt ≡ φHbpHt +φF bpH∗t and bpF,W∗t ≡ φF bpFt +φHbpF∗t . Therefore, it

is easy to derive the dynamics of bπH,Wt and bπF,W∗t from the equations above and the definition of the world
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price sub-indexes as bpH,Wt ≡ φHbpHt + φF bpH∗t and bpF,W∗t ≡ φF bpFt + φHbpF∗t . We get that,

bπH,Wt ≈ βEt
³bπH,Wt+1

´
+

+Ψ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

µ
σ−1 + (1− γx)

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶bcWt +
+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶ bxWt +
+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶³
1−β(1−δ)

βδ

´ but−
−
µ
1 + η

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶³bpH,Wt − bpWt ´−
− (1− ψ)

³
1+ϕ
ψ

´bkt − ³ 1+ϕψ ´bat

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

bπF,W∗t ≈ βEt
³bπF,W∗t+1

´
+

+Ψ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

µ
σ−1 + (1− γx)

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶bcW∗t +

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶ bxW∗t +

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶³
1−β(1−δ)

βδ

´ bu∗t−
−
µ
1 + η

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶³bpF,W∗t − bpW∗t

´
−

− (1− ψ)
³
1+ϕ
ψ

´bk∗t − ³1+ϕψ ´ba∗t

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

We define the world CPI indexes bpt ≈ φHbpHt + φF bpFt and bp∗t ≈ φF bpH∗t + φHbpF∗t . Therefore, it is easy to
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derive the dynamics of bπt and bπ∗t from the equations above as,

bπt ≈ βEt (bπt+1)+

+Ψ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

µ
σ−1 + (1− γx)

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶£
φHbcWt + φFbcW∗t

¤
+

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶£
φHbxWt + φF bxW∗t

¤
+

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶³
1−β(1−δ)

βδ

´
[φHbut + φF bu∗t ] + 2φHφF brst−

−
µ
1 + η

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶h
φH

³bpH,Wt − bpWt ´+ φF

³bpF,W∗t − bpW∗t

´i
−

−φHφF
h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i− (1− ψ)

³
1+ϕ
ψ

´bkWt −
−
³
1+ϕ
ψ

´
[φHbat + φFba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+Ψ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

µ
σ−1 + (1− γx)

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶£
φFbcWt + φHbcW∗t

¤
+

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶£
φF bxWt + φHbxW∗t

¤
+

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶³
1−β(1−δ)

βδ

´
[φF but + φHbu∗t ]− 2φFφH brst−

−
µ
1 + η

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶h
φF

³bpH,Wt − bpWt ´+ φH

³bpF,W∗t − bpW∗t

´i
+

+φFφH

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i− (1− ψ)
³
1+ϕ
ψ

´bkW∗t −
−
³
1+ϕ
ψ

´
[φFbat + φHba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where world aggregate capital is defined as bkWt ≡ φH
bkt+ φF

bk∗t and bkW∗t ≡ φF
bkt+ φH

bk∗t . We can also write
certain terms inside the brackets of the inflation dynamics more compactly as,

−
µ
1 + η

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶h
φH

³bpH,Wt − bpWt ´+ φF

³bpF,W∗t − bpW∗t

´i
−

− φHφF

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i = η
³

ψ
1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶
[φH − φF ]

³bpF,W∗t − bpW∗t

´
−

− η
³

ψ
1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶
φH

h³bpH,Wt − bpWt ´+ ³bpF,W∗t − bpW∗t

´i
−

− φH

h³bpH,Wt − bpWt ´+ φF

³bpH,Rt − bpRt ´i− φF

h³bpF,W∗t − bpW∗t

´
+ φH

³bpF,Rt − bpRt ´i ,
−
µ
1 + η

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶h
φF

³bpH,Wt − bpWt ´+ φH

³bpF,W∗t − bpW∗t

´i
+

+ φFφH

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i = −η ³ ψ
1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶
[φH − φF ]

³bpF,W∗t − bpW∗t

´
−

− η
³

ψ
1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶
φF

h³bpH,Wt − bpWt ´+ ³bpF,W∗t − bpW∗t

´i
−

− φF

h³bpH,Wt − bpWt ´− φH

³bpH,Rt − bpRt ´i− φH

h³bpF,W∗t − bpW∗t

´
− φF

³bpF,Rt − bpRt ´i .
Based on our definitions of the world aggregates, denoted with the superscripts W and W ∗, it is possible for
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us to argue that,

φH

h³bpH,Wt − bpWt ´+ φF

³bpH,Rt − bpRt ´i+ φF

h³bpF,W∗t − bpW∗t

´
+ φH

³bpF,Rt − bpRt ´i
= φH

¡bpHt − bpt¢+ φF
¡bpFt − bpt¢ = 0,

φF

h³bpH,Wt − bpWt ´− φH

³bpH,Rt − bpRt ´i+ φH

h³bpF,W∗t − bpW∗t

´
− φF

³bpF,Rt − bpRt ´i
= φF

¡bpH∗t − bp∗t ¢+ φH
¡bpF∗t − bp∗t ¢ = 0,

since bpt = φHbpHt + φF bpFt and bp∗t = φF bpH∗t + φHbpF∗t . Furthermore, we also know based on those same

definitions, that the following result must hold true,³bpH,Wt − bpWt ´+ ³bpF,W∗t − bpW∗t

´
= bpH,Wt + bpF,W∗t −

¡bpWt + bpW∗t

¢
= φH

¡bpHt − bpt¢+ φF
¡bpH∗t − bp∗t ¢+ φF

¡bpFt − bpt¢+ φH
¡bpF∗t − bp∗t ¢

=
£
φH

¡bpHt − bpt¢+ φF
¡bpFt − bpt¢¤+ £φF ¡bpH∗t − bp∗t ¢+ φH

¡bpF∗t − bp∗t ¢¤ = 0.
Hence, we argue that those particular terms inside the brackets of the inflation dynamics can be simplified

as,

−
µ
1 + η

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶h
φH

³bpH,Wt − bpWt ´+ φF

³bpF,W∗t − bpW∗t

´i
−

− φHφF

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i = η
³

ψ
1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶
[φH − φF ]

³bpF,W∗t − bpW∗t

´
,

−
µ
1 + η

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶h
φF

³bpH,Wt − bpWt ´+ φH

³bpF,W∗t − bpW∗t

´i
+

+ φFφH

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i = −η ³ ψ
1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶
[φH − φF ]

³bpF,W∗t − bpW∗t

´
.
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Finally, we conclude that both Phillips curves in the model take the following form,

bπt ≈ βEt (bπt+1)+

+Ψ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

µ
σ−1 + (1− γx)

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶£
φHbcWt + φFbcW∗t

¤
+

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶£
φHbxWt + φF bxW∗t

¤
+

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶³
1−β(1−δ)

βδ

´
[φHbut + φF bu∗t ] + 2φHφF brst+

+(φH − φF ) η
³

ψ
1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶³bpF,W∗t − bpW∗t

´
−

− (1− ψ)
³
1+ϕ
ψ

´bkWt − ³ 1+ϕψ ´
[φHbat + φFba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+Ψ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

µ
σ−1 + (1− γx)

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶¶£
φFbcWt + φHbcW∗t

¤
+

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶£
φF bxWt + φHbxW∗t

¤
+

+γx

³
ψ

1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶³
1−β(1−δ)

βδ

´
[φF but + φHbu∗t ]− 2φFφH brst−

− (φH − φF ) η
³

ψ
1+(1−ψ)ϕ

´µ
ϕ+ (1− ψ)

³
1+ϕ
ψ

´2¶³bpF,W∗t − bpW∗t

´
−

− (1− ψ)
³
1+ϕ
ψ

´bkW∗t −
³
1+ϕ
ψ

´
[φFbat + φHba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

which extends models like that of Steinsson (2008) by adding capital, investment, and capital utilization.

With a little bit of additional algebra, it is possible to obtain simply that,

bπH,Wt ≈ βEt
³bπH,Wt+1

´
+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´bcWt + γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ bxWt +
+γxϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³
1−β(1−δ)

βδ

´ but−
−
³
1 + ηϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´³bpH,Wt − bpWt ´−
−
³
(1−ψ)(1+ϕ)

ψ

´bkt − ³1+ϕψ ´bat

⎤⎥⎥⎥⎥⎥⎥⎦ ,
(185)

bπF,W∗t ≈ βEt
³bπF,W∗t+1

´
+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´bcW∗t + γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ bxW∗t +

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³
1−β(1−δ)

βδ

´ bu∗t−
−
³
1 + ηϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´³bpF,W∗t − bpW∗t

´
−

−
³
(1−ψ)(1+ϕ)

ψ

´bk∗t − ³1+ϕψ ´ba∗t

⎤⎥⎥⎥⎥⎥⎥⎦ ,
(186)
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and, naturally,

bπt ≈ βEt (bπt+1)+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φHbcWt + φFbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φHbxWt + φF bxW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³
1−β(1−δ)

βδ

´
[φHbut + φF bu∗t ] +

+2φHφF brst + (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³bpF,W∗t − bpW∗t

´
−

−
³
(1−ψ)(1+ϕ)

ψ

´bkWt − ³1+ϕψ ´
[φHbat + φFba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
(187)

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φFbcWt + φHbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φF bxWt + φHbxW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³
1−β(1−δ)

βδ

´
[φF but + φHbu∗t ]−

−2φFφH brst − (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³bpF,W∗t − bpW∗t

´
−

−
³
(1−ψ)(1+ϕ)

ψ

´bkW∗t −
³
1+ϕ
ψ

´
[φFbat + φHba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
(188)

Capital appears in the equation dynamics because it reflects the impact of the efficiency conditions on the

decision of firms. A similar argument can be made regarding the role of capital utilization on the amount of

capital services made available to firms.

5.4.3 Other Equilibrium Conditions

On the Terms of Trade. We have defined the world price sub-indexes as bpH,Wt ≡ φHbpHt + φF bpH∗t andbpF,W∗t ≡ φF bpFt +φHbpF∗t , and the relative price sub-indexes as bpH,Rt ≡ bpHt − bpH∗t and bpF,Rt ≡ bpFt − bpF∗t . Then,

naturally, we can write that,

bpHt = bpH,Wt + φF bpH,Rt , bpH∗t = bpH,Wt − φHbpH,Rt ,bpFt = bpF,W∗t + φHbpF,Rt , bpF∗t = bpF,W∗t − φF bpF,Rt .

Analogously, we have defined the world CPI as bpWt ≡ φHbpt+φF bp∗t and bpW∗t ≡ φF bpt+φHbp∗t , and the relative
CPI as bpRt ≡ bpt − bp∗t . Then, we can write that,

bpt = bpWt + φF bpRt , bp∗t = bpWt − φHbpRt ,bpt = bpW∗t + φHbpRt , bp∗t = bpW∗t − φF bpRt .
The definition of CPI in both countries, i.e. bpt ≈ φHbpHt + φF bpFt and bp∗t ≈ φF bpH∗t + φHbpF∗t , can be written

as,

φH
£bpHt − bpt¤+ φF

£bpFt − bpt¤ ≈ 0,

φF
£bpH∗t − bp∗t ¤+ φH

£bpF∗t − bp∗t ¤ ≈ 0.
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Then, based on the relationships described before, we can re-write these definitions of the CPI as,

φH

h³bpH,Wt − bpWt ´+ φF

³bpH,Rt − bpRt ´i+ φF

h³bpF,W∗t − bpW∗t

´
+ φH

³bpF,Rt − bpRt ´i ≈ 0,

φF

h³bpH,Wt − bpWt ´− φH

³bpH,Rt − bpRt ´i+ φH

h³bpF,W∗t − bpW∗t

´
− φF

³bpF,Rt − bpRt ´i ≈ 0.

Let us define btWt ≡ bpF,W∗t − bpW∗t as the world measure of terms of trade in this model. Terms of trade are

implicit characterized by the previous pair of equations. Notice that we already know that by construction³bpH,Wt − bpWt ´ + ³bpF,W∗t − bpW∗t

´
≈ 0 (see equation (180) for a demonstration), hence the two expressions

above become simply,

(φH − φF )
³bpF,W∗t − bpW∗t

´
≈ φHφF

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i ,
(φH − φF )

³bpF,W∗t − bpW∗t

´
≈ φHφF

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i .
In summary, the only constraint that determines the terms of trade is given by,

(φH − φF )
³bpF,W∗t − bpW∗t

´
≈ φHφF

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i .
If the model has no bias in consumption, i.e. φH = φF , then

³bpF,W∗t − bpW∗t

´
only matters because it affects

output. Therefore, it must follow that
³bpH,Rt − bpRt ´+³bpF,Rt − bpRt ´ ≈ 0. In that case, this constraint imposes

no restriction on the terms of trade btWt ≡ bpF,W∗t − bpW∗t , and we would need to use the price sub-indexes

equations in order to close down the model. If the model has a bias in consumption, i.e. φH 6= φF , thenbtWt ≡ ³bpF,W∗t − bpW∗t

´
matters because it affects output in both countries, and it also matters because it

affects the inflation dynamics. Moreover, we can write the world terms of trade as follows,

btWt ≡ bpF,W∗t − bpW∗t =
φHφF

φH − φF

h³bpH,Rt − bpRt ´+ ³bpF,Rt − bpRt ´i .
This is going to be crucial to derive the dynamics of world terms of trade.

In equations (174) and (175) we already derive a simple characterization for the relative price sub-indexesbπH,Rt and bπF,Rt , i.e.

bπH,Rt − βEt
³bπH,Rt+1

´
+

µ
(1− α) (1− αβ)

α

¶³bpH,Rt − bpRt ´ ≈
µ
(1− α) (1− αβ)

α

¶ brst,
bπF,Rt − βEt

³bπF,Rt+1

´
+

µ
(1− α) (1− αβ)

α

¶³bpF,Rt − bpRt ´ ≈
µ
(1− α) (1− αβ)

α

¶ brst.
Simple manipulations allow us to write this pair of equations as,

³bπH,Rt − bπRt ´− βEt
³bπH,Rt+1 − bπRt+1´+µ(1− α) (1− αβ)

α

¶³bpH,Rt − bpRt ´ ≈
µ
(1− α) (1− αβ)

α

¶ brst − bπRt + βEt
³bπRt+1´ ,³bπF,Rt − bπRt ´− βEt

³bπF,Rt+1 − bπRt+1´+µ(1− α) (1− αβ)

α

¶³bpF,Rt − bpRt ´ ≈
µ
(1− α) (1− αβ)

α

¶ brst − bπRt + βEt
³bπRt+1´ ,

where the relative CPI price is defined as bpRt ≡ bpt − bp∗t . If we use the definition of world terms of trade and
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we combine it with these two equations, we can write the dynamics of btWt as,

∆btWt − βEt
¡
∆btWt+1¢+µ(1− α) (1− αβ)

α

¶btWt ≈ φHφF
φH − φF

∙µ
(1− α) (1− αβ)

α

¶ brst − bπRt + βEt
³bπRt+1´¸ ,

(189)

where we define the growth rate of world terms of trade as ∆btWt ≡ btWt − btWt−1. This suffices to close down
our model. Notice that the dynamics of terms of trade are unaffected by the presence of capital utilization

in the model because bπH,Rt and bπF,Rt only depend on the real exchange rate and the relative CPI.

Now, using the same definition of world terms of trade we can write the inflation dynamics as,

bπt ≈ βEt (bπt+1)+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φHbcWt + φFbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φHbxWt + φF bxW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³
1−β(1−δ)

βδ

´
[φHbut + φF bu∗t ] +

+2φHφF brst + (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkWt − ³1+ϕψ ´
[φHbat + φFba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(190)

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φFbcWt + φHbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φF bxWt + φHbxW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³
1−β(1−δ)

βδ

´
[φF but + φHbu∗t ]−

−2φFφH brst − (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkW∗t −
³
1+ϕ
ψ

´
[φFbat + φHba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(191)

These equations constitute the aggregate supply block in this economy.

On the Resource Constraint and the Efficiency Conditions. Using the definition of world terms of

trade we can write aggregate output from equations (172)− (173) as,

byt ≈ ηbtWt + (1− γx)bcWt + γxbxWt + γx

µ
1− β (1− δ)

βδ

¶but, (192)

by∗t ≈ −ηbtWt + (1− γx)bcW∗t + γxbxW∗t + γx

µ
1− β (1− δ)

βδ

¶ bu∗t . (193)

Using the efficiency conditions in (183) and (184) and, after a little bit of algebra, it follows that the real

returns on capital can be expressed as,

brzt ≈ ³ 1σ + (1− γx)
1+ϕ
ψ

´bcWt + γx
1+ϕ
ψ bxWt + γx

1+ϕ
ψ

³
1−β(1−δ)

βδ

´ but + φF brst + η 1+ϕψ
btWt −

−
³
1+(1−ψ)ϕ

ψ

´bkt − 1+ϕ
ψ bat,

brz∗t ≈ ³ 1σ + (1− γx)
1+ϕ
ψ

´bcW∗t + γx
1+ϕ
ψ bxW∗t + γx

1+ϕ
ψ

³
1−β(1−δ)

βδ

´ bu∗t − φF brst − η 1+ϕψ
btWt −

−
³
1+(1−ψ)ϕ

ψ

´bk∗t − 1+ϕ
ψ ba∗t .
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This simply re-writes the previous conditions replacing the relative prices with the definition of terms of

trade. However, for the purpose of simulating the model, suffices to use the expressions derived in (95) and

(96), which do not depend explicitly on whether capital utilization is allowed or not.

On Aggregate Employment. The aggregate employment can be easily derived from the production

functions in (62) and (63) as,

byt ≈ bat + (1− ψ)bkt + ψblt,by∗t ≈ ba∗t + (1− ψ)bk∗t + ψbl∗t .
These are the same equations that we obtained in the model without capital utilization. However, here bkt
denotes capital services instead of physical capital as before. A simple log-linearization of the Taylor indexes

gives us the same monetary policy rules described in (91)− (92) and (93)− (94). The specification of these
monetary policy rules truly closes down our model with capital utilization.

On Real Exports, Real Imports, and the Net Exports Share. In a two-country model, suffices to

determine the net exports share of the domestic country, btbt. The net exports share can be easily computed
as the difference between domestic aggregate output and domestic aggregate consumption, investment and

capital utilization costs in real terms (the domestic absorption) (see, e.g., Galí and Monacelli, 2005), i.e.

btbt ≡ byt − (1− γx)bct − γxbxt − γx

µ
1− β (1− δ)

βδ

¶ but.
Using the formula derived above for aggregate output, we obtain the following expression,

btbt ≈ ηbtWt + (1− γx) [(φHbct + φFbc∗t )− bct] + γx [(φHbxt + φF bx∗t )− bxt]
= ηbtWt − (1− γx)φF [bct − bc∗t ]− γxφF bxRt ,

where bcWt ≡ φHbct + φFbc∗t , bxWt ≡ φHbxt + φF bx∗t , and bxRt ≡ bxt − bx∗t . Using the perfect risk-sharing condition,
we can express the net exports share as,

btbt ≈ ηbtWt − (1− γx)φFσ brst − γxφF bxRt .
In other words, the trade balance is not affected by capital utilization costs because aggregate capital cannot

be traded across countries (only varieties are tradable). In this environment, therefore, the capital utilization

term appears on the domestic aggregate output and it also appears on the domestic absorption, so it cancels

out. We don’t have to worry about the direct effects of capital utilization on the trade balance.

The real exports and imports of domestic goods in the model can be inferred from equations (30)− (33)
and their foreign counterparts as follows,

EXPt ≡
Z 1

0

[C∗t (h) +X∗t (h)] dh = φ∗H

Z 1

0

µ
P ∗t (h)

PH∗
t

¶−θ µ
PH∗
t

P ∗t

¶−η
[C∗t +X∗t ] dh,

IMPt ≡
Z 1

0

[Ct (f) +Xt (f)] df = φF

Z 1

0

µ
Pt (f)

PF
t

¶−θ µ
PF
t

Pt

¶−η
[Ct +Xt] df,
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where φ∗H = φF under our assumption of home bias in consumption and investment. A simple log-

linearization of both definitions allows us to obtain the following pair of equations,

dexpt ≈ −θ
µZ 1

0

bp∗t (h) dh− bpH∗t ¶
− η

¡bpH∗t − bp∗t ¢+ (1− γx)bc∗t + γxbx∗t ,
dimpt ≈ −θ

µZ 1

0

bpt (f) dh− bpFt ¶− η
¡bpFt − bpt¢+ (1− γx)bct + γxbxt.

Recall that the log-linearization of the price sub-indexes in (13)−(14) clearly implies that
R 1
0
bp∗t (h) dh ≈ bpH∗t

and
R 1
0
bpt (f) dh ≈ bpFt . Therefore, the first-order effects of relative price dispersion at the variety level are

negligible, and we can re-write the export and import equations as,

dexpt ≈ −η
¡bpH∗t − bp∗t ¢+ (1− γx)bc∗t + γxbx∗t ,dimpt ≈ −η
¡bpFt − bpt¢+ (1− γx)bct + γxbxt.

We have defined the world price sub-indexes as bpH,Wt ≡ φHbpHt + φF bpH∗t and bpF,W∗t ≡ φF bpFt + φHbpF∗t ,

and the relative price sub-indexes as bpH,Rt ≡ bpHt − bpH∗t and bpF,Rt ≡ bpFt − bpF∗t . Then, naturally, we can write

that,

bpHt = bpH,Wt + φF bpH,Rt , bpH∗t = bpH,Wt − φHbpH,Rt ,bpFt = bpF,W∗t + φHbpF,Rt , bpF∗t = bpF,W∗t − φF bpF,Rt .

Analogously, we have defined the world CPI as bpWt ≡ φHbpt+φF bp∗t and bpW∗t ≡ φF bpt+φHbp∗t , and the relative
CPI as bpRt ≡ bpt − bp∗t . Then, we can write that,

bpt = bpWt + φF bpRt , bp∗t = bpWt − φHbpRt ,bpt = bpW∗t + φHbpRt , bp∗t = bpW∗t − φF bpRt .
Using these definitions, it is possible to express the relative prices embedded in the definition of real exports

and imports in the following terms, i.e.

bpH∗t − bp∗t =
³bpH,Wt − φHbpH,Rt

´
−
¡bpWt − φHbpRt ¢

= bpH,Wt − bpWt − φH

³bpH,Rt − bpRt ´ ,bpFt − bpt = bpF,W∗t + φHbpF,Rt −
¡bpW∗t + φHbpRt ¢

= bpF,W∗t − bpW∗t + φH

³bpF,Rt − bpRt ´ ,
where the world terms of trade are defined as btWt ≡ bpF,W∗t − bpW∗t . The definition of CPI in both countries,

i.e. bpt ≈ φHbpHt + φF bpFt and bp∗t ≈ φF bpH∗t + φHbpF∗t , can be written as,

φH
£bpHt − bpt¤+ φF

£bpFt − bpt¤ ≈ 0,

φF
£bpH∗t − bp∗t ¤+ φH

£bpF∗t − bp∗t ¤ ≈ 0.
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Then, based on the relationships described before, we can re-write these definitions of the CPI as,

φH

h³bpH,Wt − bpWt ´+ φF

³bpH,Rt − bpRt ´i+ φF

h³bpF,W∗t − bpW∗t

´
+ φH

³bpF,Rt − bpRt ´i ≈ 0,

φF

h³bpH,Wt − bpWt ´− φH

³bpH,Rt − bpRt ´i+ φH

h³bpF,W∗t − bpW∗t

´
− φF

³bpF,Rt − bpRt ´i ≈ 0.

Using the second equality derived above and the definition of the world terms of trade, we can write the

relative prices embedded in the definition of real exports and imports in the following terms, i.e.

bpH∗t − bp∗t ≈ −φH
φF

hbtWt − φF

³bpF,Rt − bpRt ´i ,
bpFt − bpt ≈ btWt + φH

³bpF,Rt − bpRt ´ ,
and

φF
¡bpH∗t − bp∗t ¢ ≈ −φH

hbtWt − φF

³bpF,Rt − bpRt ´i ,
φF
¡bpFt − bpt¢ ≈ φF

hbtWt + φH

³bpF,Rt − bpRt ´i .
Notice that under these conditions, it naturally follows that,

φF
£¡bpH∗t − bp∗t ¢− ¡bpFt − bpt¢¤ ≈ −φH

hbtWt − φF

³bpF,Rt − bpRt ´i− φF

hbtWt + φH

³bpF,Rt − bpRt ´i
= − (φH + φF )btWt = −btWt .

Therefore, we can compute the real trade balance in this model straight from the definitions of real exports

and imports as,

φF

³dexpt −dimpt

´
≈ −ηφF

¡bpH∗t − bp∗t ¢+ φF [(1− γx)bc∗t + γxbx∗t ] + ηφF
¡bpFt − bpt¢− φF [(1− γx)bct + γxbxt]

= −ηφF
£¡bpH∗t − bp∗t ¢− ¡bpFt − bpt¢¤+ φF [(1− γx) (bc∗t − bct) + γx (bx∗t − bxt)]

= ηbtWt − (1− γx)φF [bct − bc∗t ]− γxφF bxRt ≈ btbt,
where bxRt ≡ bxt−bx∗t . In other words, our measure of the trade balance is equivalent to the difference between
the log of real exports and imports (in deviations relative to their respective steady states), scaled by the

parameter φF . In the deterministic steady state of our model, it follows easily from equation (33) and the

foreign counterpart that,

C
F

= φF

Ã
P
F

P

!−η
C = φFC, X

F
= φF

Ã
P
F

P

!−η
X = φFX,

C
H∗

= φ∗H

Ã
P
H∗

P
∗

!−η
C
∗
= φ∗HC

∗
, X

H∗
= φ∗H

Ã
P
H∗

P
∗

!−η
X
∗
= φ∗HX

∗
,

since P = P
H
= P

F
and P

∗
= P

H∗
= P

F∗
. Under the (symmetric) home bias assumption (i.e., φ∗H = φF ),
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given that C = C
∗
and X = X

∗
, we therefore conclude that,

C
F
+X

F
= φF

¡
C +X

¢
= φFY ,

C
H∗
+X

H∗
= φ∗H

³
C
∗
+X

∗´
= φF

¡
C +X

¢
= φFY ,

where the last equality follows from the steady state market clearing condition in both cases. In steady

state, the trade is balanced in real terms by construction. However, because households have preferences

for domestic as well as foreign goods, exchanges do occur between the two countries. The parameter φF
denotes the share of imports and exports for consumption and investment purposes relative to output in

steady state.

Real exports and real imports can be re-written in the following form,

dexpt ≈ η
φH
φF
btWt − ηφH

³bpF,Rt − bpRt ´+ (1− γx)bc∗t + γxbx∗t , (194)

dimpt ≈ −ηbtWt − ηφH

³bpF,Rt − bpRt ´+ (1− γx)bct + γxbxt, (195)

or, simply,

dexpt ≈ ηφH

∙
1

φF
btWt − ³bpF,Rt − bpRt ´¸+ (1− γx)bc∗t + γxbx∗t , (196)

dimpt ≈ −ηφH
∙
1

φH
btWt +

³bpF,Rt − bpRt ´¸+ (1− γx)bct + γxbxt. (197)

In order to be able to compute these equations to determine the evolution of both imports and exports, we

need to add an additional equation to determine bpF,Rt . Fortunately, equation (175) already tells us that,

bπF,Rt − βEt
³bπF,Rt+1

´
+

µ
(1− α) (1− βα)

α

¶³bpF,Rt − bpRt ´ ≈ µ(1− α) (1− βα)

α

¶ brst, (198)

where bπF,Rt ≡ bπFt − bπF∗t (bpF,Rt ≡ bpFt − bpF∗t ) and bpRt ≡ bpt − bp∗t is the relative CPI. These three equations
tell us that the strength of the demand for consumption and investment purposes is likely to have a major

impact on both exports and imports,. However, it also tells us that exports and imports depend on world

terms of trade, btWt , the real exchange rate, brst, and the relative CPI, bpRt . What is interesting and relevant is
the unusually complex way in which the real exchange rate affects the trade patterns, but not our measure

of the trade balance. Our model shows through equation (175) that not only current real exchange rates,

but also future real exchange rates, matter for exports and imports. This interesting finding may explain

-at least qualitatively- why the relation between exports / imports and the real exchange rate is often found

to be highly nonlinear in the empirical literature.
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Appendix

A The Linearized Equilibrium Conditions: A Summary

Here, we report the system of equations derived after log-linearizing the equilibrium conditions of the model.

A.1 The Model Without Capital

The Households’ Problem:

IS bct ≈ Et [bct+1]− σ
³bit − Et [bπt+1]´ ,

IS∗ bc∗t ≈ Et £bc∗t+1¤− σ
³bi∗t − Et £bπ∗t+1¤´ ,

RS bct − bc∗t ≈ σ brst,
The Firms’ Problem:

AS
bπt ≈ βEt (bπt+1)+

+
³
(1−α)(1−αβ)

α

´" ¡σ−1 + ϕ
¢ £
φHbcWt + φFbcW∗t

¤
+ 2φHφF brst + (φH − φF ) ηϕbtWt +

− (1 + ϕ) [φHbat + φFba∗t ]
#
,

AS∗
bπ∗t ≈ βEt

¡bπ∗t+1¢+
+
³
(1−α)(1−αβ)

α

´" ¡σ−1 + ϕ
¢ £
φFbcWt + φHbcW∗t

¤
− 2φFφH brst − (φH − φF ) ηϕbtWt −

− (1 + ϕ) [φFbat + φHba∗t ]
#
,

TW ∆btWt − βEt
¡
∆btWt+1¢+ ³ (1−α)(1−αβ)α

´btWt ≈ φHφF
φH−φF

h³
(1−α)(1−αβ)

α

´ brst − bπRt + βEt
³bπRt+1´i ,

Aggregate Output and Net Exports:

Y byt ≈ ηbtWt + bcWt ,

Y∗ by∗t ≈ −ηbtWt + bcW∗t ,

L blt ≈ byt − bat,
L∗ bl∗t ≈ by∗t − ba∗t ,
NX btbt ≡ ηbtWt − φFσ brst,

The Monetary Policy:

MP bit ≈ ρibit−1 + (1− ρi)
£
ψybyt + ψπbπt¤+ bmt,

MP∗ bi∗t ≈ ρibi∗t−1 + (1− ρi)
£
ψyby∗t + ψπbπ∗t ¤+ bm∗t ,

Other Definitions:bcWt ≡ φHbct + φFbc∗t , bcW∗t ≡ φFbct + φHbc∗t ,
∆btWt ≡ btWt − btWt−1, bπRt ≡ bπt − bπ∗t , bπt = bpt − bpt−1, bπ∗t = bp∗t − bp∗t−1.

74



A.2 The Model With Capital, Without Capital Utilization - NAC

The Households’ Problem:

IS bct ≈ Et [bct+1]− σ
³bit − Et [bπt+1]´ ,

IS∗ bc∗t ≈ Et £bc∗t+1¤− σ
³bi∗t − Et £bπ∗t+1¤´ ,

RS bct − bc∗t ≈ σ brst,
Q

bqt ≈ (1− δ)βEt [bqt+1] + h(1− (1− δ)β)Et
¡brzt+1¢− ³bit − Et (bπt+1)´i ,bqt ≈ −bvt,

Q∗
bq∗t ≈ (1− δ)βEt

£bq∗t+1¤+ h(1− (1− δ)β)Et
¡brz∗t+1¢− ³bi∗t − Et ¡bπ∗t+1¢´i ,bq∗t ≈ −bv∗t ,

KA bkt+1 ≈ (1− δ)bkt + δ (bxt + bvt) ,
KA∗ bk∗t+1 ≈ (1− δ)bk∗t + δ (bx∗t + bv∗t ) ,

The Firms’ Problem:

AS

bπt ≈ βEt (bπt+1)+
+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φHbcWt + φFbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φHbxWt + φF bxW∗t

¤
+

+2φHφF brst + (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkWt − ³1+ϕψ ´
[φHbat + φFba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎦ ,

AS∗

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φFbcWt + φHbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φF bxWt + φHbxW∗t

¤
−

−2φFφH brst − (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkW∗t −
³
1+ϕ
ψ

´
[φFbat + φHba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎦ ,
TW ∆btWt − βEt

¡
∆btWt+1¢+ ³ (1−α)(1−αβ)α

´btWt ≈ φHφF
φH−φF

h³
(1−α)(1−αβ)

α

´ brst − bπRt + βEt
³bπRt+1´i ,

EC brzt ≈ 1
σbct + 1+ϕ

ψ byt − ³1+(1−ψ)ϕψ

´bkt − 1+ϕ
ψ bat,

EC∗ brz∗t ≈ 1
σbc∗t + 1+ϕ

ψ by∗t − ³1+(1−ψ)ϕψ

´bk∗t − 1+ϕ
ψ ba∗t ,

Aggregate Output and Net Exports:

Y byt ≈ ηbtWt + (1− γx)bcWt + γxbxWt ,

Y∗ by∗t ≈ −ηbtWt + (1− γx)bcW∗t + γxbxW∗t ,

L ψblt ≈ byt − bat − (1− ψ)bkt,
L∗ ψbl∗t ≈ by∗t − ba∗t − (1− ψ)bk∗t ,
NX btbt ≡ ηbtWt − (1− γx)φFσ brst − γxφF (bxt − bx∗t ) ,

The Monetary Policy:

MP bit ≈ ρibit−1 + (1− ρi)
£
ψybyt + ψπbπt¤+ bmt,

MP∗ bi∗t ≈ ρibi∗t−1 + (1− ρi)
£
ψyby∗t + ψπbπ∗t ¤+ bm∗t ,

Other Definitions:bcWt ≡ φHbct + φFbc∗t , bcW∗t ≡ φFbct + φHbc∗t , bxWt ≡ φHbxt + φF bx∗t , bxW∗t ≡ φF bxt + φHbx∗t ,bkWt ≡ φH
bkt + φF

bk∗t , bkW∗t ≡ φF
bkt + φH

bk∗t , bπRt ≡ bπt − bπ∗t , ∆btWt ≡ btWt − btWt−1, bπt = bpt − bpt−1, bπ∗t = bp∗t − bp∗t−1.
Other Coefficients: γx ≡ (1− ψ) δ

h³
θ

θ−1

´ ¡
β−1 − (1− δ)

¢i−1
.
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A.3 The Model With Capital, Without Capital Utilization - CAC

The Households’ Problem:

IS bct ≈ Et [bct+1]− σ
³bit − Et [bπt+1]´ ,

IS∗ bc∗t ≈ Et £bc∗t+1¤− σ
³bi∗t − Et £bπ∗t+1¤´ ,

RS bct − bc∗t ≈ σ brst,
Q

bqt ≈ βEt [bqt+1] + h(1− (1− δ)β)Et
¡brzt+1¢− ³bit − Et (bπt+1)´i ,bqt ≈ χδ

³bxt − bkt´− bvt,
Q∗

bq∗t ≈ βEt
£bq∗t+1¤+ h(1− (1− δ)β)Et

¡brz∗t+1¢− ³bi∗t − Et ¡bπ∗t+1¢´i ,bq∗t ≈ χδ
³bx∗t − bk∗t ´− bv∗t ,

KA bkt+1 ≈ (1− δ)bkt + δ (bxt + bvt) ,
KA∗ bk∗t+1 ≈ (1− δ)bk∗t + δ (bx∗t + bv∗t ) ,

The Firms’ Problem:

AS

bπt ≈ βEt (bπt+1)+
+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φHbcWt + φFbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φHbxWt + φF bxW∗t

¤
+

+2φHφF brst + (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkWt − ³1+ϕψ ´
[φHbat + φFba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎦ ,

AS∗

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φFbcWt + φHbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φF bxWt + φHbxW∗t

¤
−

−2φFφH brst − (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkW∗t −
³
1+ϕ
ψ

´
[φFbat + φHba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎦ ,
TW ∆btWt − βEt

¡
∆btWt+1¢+ ³ (1−α)(1−αβ)α

´btWt ≈ φHφF
φH−φF

h³
(1−α)(1−αβ)

α

´ brst − bπRt + βEt
³bπRt+1´i ,

EC brzt ≈ 1
σbct + 1+ϕ

ψ byt − ³1+(1−ψ)ϕψ

´bkt − 1+ϕ
ψ bat,

EC∗ brz∗t ≈ 1
σbc∗t + 1+ϕ

ψ by∗t − ³1+(1−ψ)ϕψ

´bk∗t − 1+ϕ
ψ ba∗t ,

Aggregate Output and Net Exports:

Y byt ≈ ηbtWt + (1− γx)bcWt + γxbxWt ,

Y∗ by∗t ≈ −ηbtWt + (1− γx)bcW∗t + γxbxW∗t ,

L ψblt ≈ byt − bat − (1− ψ)bkt,
L∗ ψbl∗t ≈ by∗t − ba∗t − (1− ψ)bk∗t ,
NX btbt ≡ ηbtWt − (1− γx)φFσ brst − γxφF (bxt − bx∗t ) ,

The Monetary Policy:

MP bit ≈ ρibit−1 + (1− ρi)
£
ψybyt + ψπbπt¤+ bmt,

MP∗ bi∗t ≈ ρibi∗t−1 + (1− ρi)
£
ψyby∗t + ψπbπ∗t ¤+ bm∗t ,

Other Definitions:bcWt ≡ φHbct + φFbc∗t , bcW∗t ≡ φFbct + φHbc∗t , bxWt ≡ φHbxt + φF bx∗t , bxW∗t ≡ φF bxt + φHbx∗t ,bkWt ≡ φH
bkt + φF

bk∗t , bkW∗t ≡ φF
bkt + φH

bk∗t , bπRt ≡ bπt − bπ∗t , ∆btWt ≡ btWt − btWt−1, bπt = bpt − bpt−1, bπ∗t = bp∗t − bp∗t−1.
Other Coefficients: γx ≡ (1− ψ) δ

h³
θ

θ−1

´ ¡
β−1 − (1− δ)

¢i−1
.
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A.4 The Model With Capital, Without Capital Utilization - IAC

The Households’ Problem:

IS bct ≈ Et [bct+1]− σ
³bit − Et [bπt+1]´ ,

IS∗ bc∗t ≈ Et £bc∗t+1¤− σ
³bi∗t − Et £bπ∗t+1¤´ ,

RS bct − bc∗t ≈ σ brst,
Q

bqt ≈ (1− δ)βEt [bqt+1] + h(1− (1− δ)β)Et
¡brzt+1¢− ³bit − Et [bπt+1]´i ,bxt ≈ 1

1+β bxt−1 + β
1+βEt [bxt+1] + 1

κ(1+β) (bqt + bvt) ,
Q∗

bq∗t ≈ (1− δ)βEt
£bq∗t+1¤+ h(1− (1− δ)β)Et

¡brz∗t+1¢− ³bi∗t − Et £bπ∗t+1¤´i ,bx∗t ≈ 1
1+β bx∗t−1 + β

1+βEt
£bx∗t+1¤+ 1

κ(1+β) (bq∗t + bv∗t ) ,
KA bkt+1 ≈ (1− δ)bkt + δ (bxt + bvt) ,
KA∗ bk∗t+1 ≈ (1− δ)bk∗t + δ (bx∗t + bv∗t ) ,

The Firms’ Problem:

AS

bπt ≈ βEt (bπt+1)+
+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φHbcWt + φFbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φHbxWt + φF bxW∗t

¤
+

+2φHφF brst + (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkWt − ³1+ϕψ ´
[φHbat + φFba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎦ ,

AS∗

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φFbcWt + φHbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φF bxWt + φHbxW∗t

¤
−

−2φFφH brst − (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkW∗t −
³
1+ϕ
ψ

´
[φFbat + φHba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎦ ,
TW ∆btWt − βEt

¡
∆btWt+1¢+ ³ (1−α)(1−αβ)α

´btWt ≈ φHφF
φH−φF

h³
(1−α)(1−αβ)

α

´ brst − bπRt + βEt
³bπRt+1´i ,

EC brzt ≈ 1
σbct + 1+ϕ

ψ byt − ³1+(1−ψ)ϕψ

´bkt − 1+ϕ
ψ bat,

EC∗ brz∗t ≈ 1
σbc∗t + 1+ϕ

ψ by∗t − ³1+(1−ψ)ϕψ

´bk∗t − 1+ϕ
ψ ba∗t ,

Aggregate Output and Net Exports:

Y byt ≈ ηbtWt + (1− γx)bcWt + γxbxWt ,

Y∗ by∗t ≈ −ηbtWt + (1− γx)bcW∗t + γxbxW∗t ,

L ψblt ≈ byt − bat − (1− ψ)bkt,
L∗ ψbl∗t ≈ by∗t − ba∗t − (1− ψ)bk∗t ,
NX btbt ≡ ηbtWt − (1− γx)φFσ brst − γxφF (bxt − bx∗t ) ,

The Monetary Policy:

MP bit ≈ ρibit−1 + (1− ρi)
£
ψybyt + ψπbπt¤+ bmt,

MP∗ bi∗t ≈ ρibi∗t−1 + (1− ρi)
£
ψyby∗t + ψπbπ∗t ¤+ bm∗t ,

Other Definitions:bcWt ≡ φHbct + φFbc∗t , bcW∗t ≡ φFbct + φHbc∗t , bxWt ≡ φHbxt + φF bx∗t , bxW∗t ≡ φF bxt + φHbx∗t ,bkWt ≡ φH
bkt + φF

bk∗t , bkW∗t ≡ φF
bkt + φH

bk∗t , bπRt ≡ bπt − bπ∗t , ∆btWt ≡ btWt − btWt−1, bπt = bpt − bpt−1, bπ∗t = bp∗t − bp∗t−1.
Other Coefficients: γx ≡ (1− ψ) δ

h³
θ

θ−1

´ ¡
β−1 − (1− δ)

¢i−1
.
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A.5 The Model With Capital, With Capital Utilization - NAC

The Households’ Problem:

IS bct ≈ Et [bct+1]− σ
³bit − Et [bπt+1]´ ,

IS∗ bc∗t ≈ Et £bc∗t+1¤− σ
³bi∗t − Et £bπ∗t+1¤´ ,

RS bct − bc∗t ≈ σ brst,
Q

bqt ≈ (1− δ)βEt [bqt+1] + h(1− β (1− δ))Et
¡brzt+1¢− ³bit − Et (bπt+1)´i ,bqt ≈ −bvt,

Q∗
bq∗t ≈ (1− δ)βEt

£bq∗t+1¤+ h(1− β (1− δ))Et
¡brz∗t+1¢− ³bi∗t − Et ¡bπ∗t+1¢´i ,bq∗t ≈ −bv∗t ,

KU Et
£brzt+1¤ ≈ λEt [but+1] ,

KU∗ Et
£brz∗t+1¤ ≈ λEt

£bu∗t+1¤ ,
KA bekt+1 ≈ (1− δ)

bekt + δ (bxt + bvt) , bkt ≈ but + bekt,
KA∗ bek∗t+1 ≈ (1− δ)

bek∗t + δ (bx∗t + bv∗t ) , bk∗t ≈ bu∗t + bek∗t ,
The Firms’ Problem:

AS

bπt ≈ βEt (bπt+1)+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φHbcWt + φFbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φHbxWt + φF bxW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³
1−β(1−δ)

βδ

´
[φHbut + φF bu∗t ] +

+2φHφF brst + (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkWt − ³1+ϕψ ´
[φHbat + φFba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

AS∗

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φFbcWt + φHbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φF bxWt + φHbxW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³
1−β(1−δ)

βδ

´
[φF but + φHbu∗t ]−

−2φFφH brst − (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkW∗t −
³
1+ϕ
ψ

´
[φFbat + φHba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

TW ∆btWt − βEt
¡
∆btWt+1¢+ ³ (1−α)(1−αβ)α

´btWt ≈ φHφF
φH−φF

h³
(1−α)(1−αβ)

α

´ brst − bπRt + βEt
³bπRt+1´i ,

EC brzt ≈ 1
σbct + 1+ϕ

ψ byt − ³1+(1−ψ)ϕψ

´bkt − 1+ϕ
ψ bat,

EC∗ brz∗t ≈ 1
σbc∗t + 1+ϕ

ψ by∗t − ³1+(1−ψ)ϕψ

´bk∗t − 1+ϕ
ψ ba∗t ,

Aggregate Output and Net Exports:

Y byt ≈ ηbtWt + (1− γx)bcWt + γxbxWt + γx

³
1−β(1−δ)

βδ

´ but,
Y∗ by∗t ≈ −ηbtWt + (1− γx)bcW∗t + γxbxW∗t + γx

³
1−β(1−δ)

βδ

´ bu∗t ,
L ψblt ≈ byt − bat − (1− ψ)bkt,
L∗ ψbl∗t ≈ by∗t − ba∗t − (1− ψ)bk∗t ,
NX btbt ≡ ηbtWt − (1− γx)φFσ brst − γxφF (bxt − bx∗t ) ,

The Monetary Policy:

MP bit ≈ ρibit−1 + (1− ρi)
£
ψybyt + ψπbπt¤+ bmt,

MP∗ bi∗t ≈ ρibi∗t−1 + (1− ρi)
£
ψyby∗t + ψπbπ∗t ¤+ bm∗t ,

Other Definitions:bcWt ≡ φHbct + φFbc∗t , bcW∗t ≡ φFbct + φHbc∗t , bxWt ≡ φHbxt + φF bx∗t , bxW∗t ≡ φF bxt + φHbx∗t ,bkWt ≡ φH
bkt + φF

bk∗t , bkW∗t ≡ φF
bkt + φH

bk∗t , bπRt ≡ bπt − bπ∗t , ∆btWt ≡ btWt − btWt−1, bπt = bpt − bpt−1, bπ∗t = bp∗t − bp∗t−1.
Other Coefficients: γx ≡ (1− ψ) δ

h³
θ

θ−1

´ ¡
β−1 − (1− δ)

¢i−1
.
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A.6 The Model With Capital, With Capital Utilization - CAC

The Households’ Problem:

IS bct ≈ Et [bct+1]− σ
³bit − Et [bπt+1]´ ,

IS∗ bc∗t ≈ Et £bc∗t+1¤− σ
³bi∗t − Et £bπ∗t+1¤´ ,

RS bct − bc∗t ≈ σ brst,
Q

bqt ≈ βEt [bqt+1] + h(1− (1− δ)β)Et
¡brzt+1¢− ³bit − Et (bπt+1)´i ,bqt ≈ χδ

³bxt − bkt´− bvt,
Q∗

bq∗t ≈ βEt
£bq∗t+1¤+ h(1− (1− δ)β)Et

¡brz∗t+1¢− ³bi∗t − Et ¡bπ∗t+1¢´i ,bq∗t ≈ χδ
³bx∗t − bk∗t ´− bv∗t ,

KU Et
£brzt+1¤ ≈ Et hλbut+1 − ³ δβ

1−(1−δ)β

´ bqt+1i ,
KU∗ Et

£brz∗t+1¤ ≈ Et hλbu∗t+1 − ³ δβ
1−(1−δ)β

´ bq∗t+1i ,
KA bekt+1 ≈ (1− δ)

bekt + δ (bxt + bvt) , bkt ≈ but + bekt,
KA∗ bek∗t+1 ≈ (1− δ)

bek∗t + δ (bx∗t + bv∗t ) , bk∗t ≈ bu∗t + bek∗t ,
The Firms’ Problem:

AS

bπt ≈ βEt (bπt+1)+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φHbcWt + φFbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φHbxWt + φF bxW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³
1−β(1−δ)

βδ

´
[φHbut + φF bu∗t ] +

+2φHφF brst + (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkWt − ³1+ϕψ ´
[φHbat + φFba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

AS∗

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φFbcWt + φHbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φF bxWt + φHbxW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³
1−β(1−δ)

βδ

´
[φF but + φHbu∗t ]−

−2φFφH brst − (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkW∗t −
³
1+ϕ
ψ

´
[φFbat + φHba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

TW ∆btWt − βEt
¡
∆btWt+1¢+ ³ (1−α)(1−αβ)α

´btWt ≈ φHφF
φH−φF

h³
(1−α)(1−αβ)

α

´ brst − bπRt + βEt
³bπRt+1´i ,

EC brzt ≈ 1
σbct + 1+ϕ

ψ byt − ³1+(1−ψ)ϕψ

´bkt − 1+ϕ
ψ bat,

EC∗ brz∗t ≈ 1
σbc∗t + 1+ϕ

ψ by∗t − ³1+(1−ψ)ϕψ

´bk∗t − 1+ϕ
ψ ba∗t ,

Aggregate Output and Net Exports:

Y byt ≈ ηbtWt + (1− γx)bcWt + γxbxWt + γx

³
1−β(1−δ)

βδ

´ but,
Y∗ by∗t ≈ −ηbtWt + (1− γx)bcW∗t + γxbxW∗t + γx

³
1−β(1−δ)

βδ

´ bu∗t ,
L ψblt ≈ byt − bat − (1− ψ)bkt,
L∗ ψbl∗t ≈ by∗t − ba∗t − (1− ψ)bk∗t ,
NX btbt ≡ ηbtWt − (1− γx)φFσ brst − γxφF (bxt − bx∗t ) ,

The Monetary Policy:

MP bit ≈ ρibit−1 + (1− ρi)
£
ψybyt + ψπbπt¤+ bmt,

MP∗ bi∗t ≈ ρibi∗t−1 + (1− ρi)
£
ψyby∗t + ψπbπ∗t ¤+ bm∗t ,

Other Definitions:bcWt ≡ φHbct + φFbc∗t , bcW∗t ≡ φFbct + φHbc∗t , bxWt ≡ φHbxt + φF bx∗t , bxW∗t ≡ φF bxt + φHbx∗t ,bkWt ≡ φH
bkt + φF

bk∗t , bkW∗t ≡ φF
bkt + φH

bk∗t , bπRt ≡ bπt − bπ∗t , ∆btWt ≡ btWt − btWt−1, bπt = bpt − bpt−1, bπ∗t = bp∗t − bp∗t−1.
Other Coefficients: γx ≡ (1− ψ) δ

h³
θ

θ 1

´ ¡
β−1 − (1− δ)

¢i−1
.
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A.7 The Model With Capital, With Capital Utilization - IAC

The Households’ Problem:

IS bct ≈ Et [bct+1]− σ
³bit − Et [bπt+1]´ ,

IS∗ bc∗t ≈ Et £bc∗t+1¤− σ
³bi∗t − Et £bπ∗t+1¤´ ,

RS bct − bc∗t ≈ σ brst,
Q

bqt ≈ (1− δ)βEt [bqt+1] + h(1− (1− δ)β)Et
¡brzt+1¢− ³bit − Et [bπt+1]´i ,bxt ≈ 1

1+β bxt−1 + β
1+βEt [bxt+1] + 1

κ(1+β) (bqt + bvt) ,
Q∗

bq∗t ≈ (1− δ)βEt
£bq∗t+1¤+ h(1− (1− δ)β)Et

¡brz∗t+1¢− ³bi∗t − Et £bπ∗t+1¤´i ,bx∗t ≈ 1
1+β bx∗t−1 + β

1+βEt
£bx∗t+1¤+ 1

κ(1+β) (bq∗t + bv∗t ) ,
KU Et

£brzt+1¤ ≈ λEt [but+1] ,
KU∗ Et

£brz∗t+1¤ ≈ λEt
£bu∗t+1¤ ,

KA bekt+1 ≈ (1− δ)
bekt + δ (bxt + bvt) , bkt ≈ but + bekt,

KA∗ bek∗t+1 ≈ (1− δ)
bek∗t + δ (bx∗t + bv∗t ) , bk∗t ≈ bu∗t + bek∗t ,

The Firms’ Problem:

AS

bπt ≈ βEt (bπt+1)+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φHbcWt + φFbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φHbxWt + φF bxW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³
1−β(1−δ)

βδ

´
[φHbut + φF bu∗t ] +

+2φHφF brst + (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkWt − ³1+ϕψ ´
[φHbat + φFba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

AS∗

bπ∗t ≈ βEt
¡bπ∗t+1¢+

+
³
(1−α)(1−αβ)

α

´
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

³
σ−1 + (1− γx)ϕ

³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´´ £
φFbcWt + φHbcW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´ £
φF bxWt + φHbxW∗t

¤
+

+γxϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´³
1−β(1−δ)

βδ

´
[φF but + φHbu∗t ]−

−2φFφH brst − (φH − φF ) ηϕ
³
ϕψ2+(1−ψ)(1+ϕ)2
ϕψ+(1−ψ)ψϕ2

´btWt −
−
³
(1−ψ)(1+ϕ)

ψ

´bkW∗t −
³
1+ϕ
ψ

´
[φFbat + φHba∗t ]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

TW ∆btWt − βEt
¡
∆btWt+1¢+ ³ (1−α)(1−αβ)α

´btWt ≈ φHφF
φH−φF

h³
(1−α)(1−αβ)

α

´ brst − bπRt + βEt
³bπRt+1´i ,

EC brzt ≈ 1
σbct + 1+ϕ

ψ byt − ³1+(1−ψ)ϕψ

´bkt − 1+ϕ
ψ bat,

EC∗ brz∗t ≈ 1
σbc∗t + 1+ϕ

ψ by∗t − ³1+(1−ψ)ϕψ

´bk∗t − 1+ϕ
ψ ba∗t ,

Aggregate Output and Net Exports:

Y byt ≈ ηbtWt + (1− γx)bcWt + γxbxWt + γx

³
1−β(1−δ)

βδ

´ but,
Y∗ by∗t ≈ −ηbtWt + (1− γx)bcW∗t + γxbxW∗t + γx

³
1−β(1−δ)

βδ

´ bu∗t ,
L ψblt ≈ byt − bat − (1− ψ)bkt,
L∗ ψbl∗t ≈ by∗t − ba∗t − (1− ψ)bk∗t ,
NX btbt ≡ ηbtWt − (1− γx)φFσ brst − γxφF (bxt − bx∗t ) ,

The Monetary Policy:

MP bit ≈ ρibit−1 + (1− ρi)
£
ψybyt + ψπbπt¤+ bmt,

MP∗ bi∗t ≈ ρibi∗t−1 + (1− ρi)
£
ψyby∗t + ψπbπ∗t ¤+ bm∗t ,

Other Definitions:bcWt ≡ φHbct + φFbc∗t , bcW∗t ≡ φFbct + φHbc∗t , bxWt ≡ φHbxt + φF bx∗t , bxW∗t ≡ φF bxt + φHbx∗t ,bkWt ≡ φH
bkt + φF

bk∗t , bkW∗t ≡ φF
bkt + φH

bk∗t , bπRt ≡ bπt − bπ∗t , ∆btWt ≡ btWt − btWt−1, bπt = bpt − bpt−1, bπ∗t = bp∗t − bp∗t−1.
Other Coefficients: γx ≡ (1− ψ) δ

h³
θ

θ−1

´ ¡
β−1 − (1− δ)

¢i−1
.
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A.8 An Extension: Real Exports and Real Imports

The Model Without Capital:

EXP dexpt ≈ η φHφF
btWt − ηφH

³bpF,Rt − bpRt ´+ bc∗t ,
IMP dimpt ≈ −ηbtWt − ηφH

³bpF,Rt − bpRt ´+ bct,bπF,Rt − βEt
³bπF,Rt+1

´
+
³
(1−α)(1−βα)

α

´³bpF,Rt − bpRt ´ ≈ ³ (1−α)(1−βα)α

´ brst,
The Model With Capital (NAC, CAC, IAC), With or Without Capital Utilization:

EXP dexpt ≈ η φHφF
btWt − ηφH

³bpF,Rt − bpRt ´+ (1− γx)bc∗t + γxbx∗t ,
IMP dimpt ≈ −ηbtWt − ηφH

³bpF,Rt − bpRt ´+ (1− γx)bct + γxbxt,bπF,Rt − βEt
³bπF,Rt+1

´
+
³
(1−α)(1−βα)

α

´³bpF,Rt − bpRt ´ ≈ ³ (1−α)(1−βα)α

´ brst,
New Definitions:bπF,Rt ≡ bpF,Rt − bpF,Rt−1 , bπF,Rt ≡ bπFt − bπF∗t , bpF,Rt ≡ bpFt − bpF∗t , bpRt ≡ bpt − bp∗t .

Other Coefficients: γx ≡ (1− ψ) δ
h³

θ
θ−1

´¡
β−1 − (1− δ)

¢i−1
.

The Model Without Capital:

EXP dexpt ≈ η φHφF
btWt − ηφH

³bpF,Rt − bpRt ´+ bc∗t ,
IMP dimpt ≈ −ηbtWt − ηφH

³bpF,Rt − bpRt ´+ bct,
(1 + β) bpF,Rt − βEt

³bpF,Rt+1

´
− bpF,Rt−1 +

³
(1−α)(1−βα)

α

´³bpF,Rt − bpRt ´ ≈ ³ (1−α)(1−βα)α

´ brst,
The Model With Capital (NAC, CAC, IAC), With or Without Capital Utilization:

EXP dexpt ≈ η φHφF
btWt − ηφH

³bpF,Rt − bpRt ´+ (1− γx)bc∗t + γxbx∗t ,
IMP dimpt ≈ −ηbtWt − ηφH

³bpF,Rt − bpRt ´+ (1− γx)bct + γxbxt,
(1 + β) bpF,Rt − βEt

³bpF,Rt+1

´
− bpF,Rt−1 +

³
(1−α)(1−βα)

α

´³bpF,Rt − bpRt ´ ≈ ³ (1−α)(1−βα)α

´ brst,
New Definitions:bpF,Rt ≡ bpFt − bpF∗t , bpRt ≡ bpt − bp∗t .

Other Coefficients: γx ≡ (1− ψ) δ
h³

θ
θ−1

´¡
β−1 − (1− δ)

¢i−1
.
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