

















Table 4: Spread Curves

MODEL DATA
s° pet S st dFlay | 0 P B ot
< 25 1.04 3.83  0.98 0.73 2.12 6.12 0.96 0.58
< 50 1.37 3.85 0.97 0.74 2.75 6.07 0.95 0.58
> 50 11.68 8.68 0.81 0.56 9.25 9.99 0.85 0.42
> 75 13.30 9.57  0.79 0.52 13.55 12.23  0.79 0.34
Overall Mean 6.58 6.25 0.89 0.65 6.01 8.04 0.90 0.50
Standard Deviation 5.53 3.39  0.08 0.15 5.85 3.39 0.08 0.13

the average short spread is 13.3%, and the average long spread is 9.57%. The fact that short
spreads rise more than long spreads is also reflected in the difference in the volatilities of the
two spread series: the standard deviation of the long spread is lower than that of the short
spread. Compared to the data for Brazil, the model captures the difference observed in the
slope of the spread curve associated with periods of high and low short spreads, as well as
the difference in volatilities of the two spreads. The model also matches quantitatively the
volatility of the long spread. The model’s overall average short and long spreads, however,
are both pinned down by the average probability of default, so the average spread curve is
quite flat.

Underlying the time-varying spreads is the interaction of the dynamics of income and debt
with the price schedules for short and long debt. (Figure 6, in the Appendix, illustrates the
equilibrium price schedules for short debt ¢° (b, b}, y) and long debt ¢ (b, b}, y).) However,
the mapping from discount prices to spreads is not linear (eq. 1). Thus, to understand the
total default probabilities of each bond, it is informative to analyze price ratios defined as
defaultable discount prices relative to default-free prices for a bond with duration m: ¢™/ a3
The price ratio of each bond is the total repayment probability over the lifetime of the bond.
Table 4 presents statistics for these price ratios in the model and the data. The table shows
that contrary to spreads, price ratios for short-term debt are always higher than for long-term
debt both in the model and in the data. Moreover, price ratios are disproportionately lower
for short-term debt when short spreads are high both in the model and in the data.!”

The distinct dynamics of price ratios and spreads can be understood as follows. Price ra-
tios reflect cumulative repayment (and default) probabilities, whereas spreads reflect average
default probabilities. Cumulative default risk for long-term debt is always larger than for

short-term debt both in the data and the model. However, annualized (average) default risk

"For Argentina, Mexico, and Russia price ratios for short-term debt are also always higher than for
long-term debt, and the difference is accentuated in times of high spreads.
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can be lower on long-term debt during times when the annual default probability in the short
run is larger than the annual default probability in the long run. Thus, contrary to common
belief in sovereign debt markets, the spread is not a comprehensive measure of the relative
cost of borrowing in different maturities of debt. In particular, in times when the probability
of default is high, short-term debt may appear to be more expensive for the borrower than
long-term debt, in the sense that it has a higher spread, although long-term debt is worse in
the sense that it has a lower price, relative to the risk-free price. The connection between
the dynamic behavior of prices and spreads in our model is borne out in the data as well.
The preceding discussion also indicates that the important feature of our model for gener-
ating the observed dynamics of prices and the spread curve is that the probability of default
is mean-reverting: a period with high probability of default is followed by a period with lower
probability of default, and vice versa. The effects of mean-reverting default probabilities on
the spread curve are the same as those highlighted by Merton (1974) in the case of credit
spreads for corporate debt. In our model the probability of default is endogenously mean-
reverting as a result of the dynamics of the output process and debt accumulation. When
output is high, it is also expected to be high in the near future, so the probability of default in
the next period is low. The economy borrows a large amount at low interest rate spreads, so
that in states where the economy is hit by a bad shock, default becomes more likely further in
the future. In contrast, when the likelihood of imminent default is high, the economy avoids
default in the next period only in states with high output. Conditional on not defaulting,
then, output is expected to remain high, and the probability of default further in the future
falls. The persistence and mean reversion of default and repayment probabilities driven by
the dynamics of debt and income therefore rationalize the dynamic behavior of the spread

curve observed in the data.

5.2.2 Maturity Composition

We now present the quantitative predictions for the maturity composition of debt. It is
important to note that we analyze the optimal maturity composition of debt in a framework
that generates the empirically observed dynamics of debt prices. As discussed in Section
4, two forces in the model shape the dynamic behavior of the maturity composition. First,
long-term bonds insure against future price fluctuations; we find that the insurance motive is
more valuable in times of high wealth. Second, short-term bonds are more liquid and allow
larger transfers of resources to the present with a smaller change in price; we find that the
liquidity advantage for short debt is more valuable in times of low wealth. Given the negative

correlation between wealth and spreads, these two forces lead the borrower to use long-term
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debt more heavily in times when spreads are low and shift toward shorter term debt when
spreads are high.

Figure 4 plots the equilibrium choices of the perpetuity stocks by and b} for different
levels of wealth. The figure shows that in high wealth periods, the borrower chooses a large
position in long-term debt and a negative position (i.e., savings) in short-term debt. In low

wealth periods, the short-term position increases while the long-term position drops to zero.
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Figure 4: Short-term debt (left panel) and long-term debt (right panel) as a function of
wealth.

New issuances of short and long debt /g and ¢, are closely correlated with the perpetuity
stocks; thus, in high wealth states debt issuances are mostly long term and debt issuances
shift to shorter term in low wealth states. To compare issuances of long and short debt
between model and data, we now compute conditional averages of the duration of new debt
issuances, based on the level of the short spread. Average duration in the model is the sum
of the duration (equation 18) of each new bond issuance weighted by its share in total new
debt issued. Moreover, given that in the data we only have information on debt issuances
(ls > 0 and ¢, > 0), in the model we compute average duration of the debt component of
the portfolio. Table 5 reports the average duration of new debt issuances when spreads are
above their median relative to when spreads are below their median in the model and in the
Brazilian data. Debt duration in the model mirrors the dynamics of duration in the bond
data of Brazil. In the model, average duration when spreads are low is longer and equals 5.30
years, whereas it shortens to 3.44 when spreads are high. In Brazil, the average duration

of bonds issued when spreads are high equals 6.03 years and shortens to 4.47 years when
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spreads are low.

Table 5: Average Duration of New Debt Issuances
MODEL DATA

5% pct
< 50 5.30 6.03
> 50 3.44 4.47
Overall 4.38 5.5

In Figure 5, we illustrate the trade-off between liquidity and insurance that determines
the decision of the debt portfolio. In the left panel of the figure, we show the liquidity
benefits of short-term debt by plotting the increase in consumption that would be possible by
marginally increasing short-term debt, relative to the increase in consumption that is possible
by issuing more long-term debt. Specifically, define QB (b, V], bs,br,y) = ¢° (b, by, y)ls +
q" (b, by, y)lr as the quantity of consumption that is attained with a certain debt policy

/

s, U7, given the state (bg, by, y). In the figure’s left panel, we plot the ratio of small deviations

from the equilibrium debt policy for short-term debt relative to long-term debt,

ﬁ — QB(BS(bS7bL7y) +€Sa5L(b57bL7y)7b57bL7y) - QBG;S(bSa bL7 )

Y <b57bL7y)7b57bL7y)
AL QB(bS(bS7 bLa 9)7 bL(bSa bL7 y) + €L, bSa bL7 y) - QB(bS(bS7 bLa y)

(bs,br,y),bs, b, y)

b
br
where €5 and ¢ are small, and are chosen so that if debt prices were always the default-
free prices, the ratio plotted would be exactly equal to 1. As the figure shows, this ratio in
our model is always above 1 and on average it equals 1.33. Thus, short-term debt is more
liquid because consumption can always be marginally increased more with short-term debt
than with long-term debt. The reason is that price schedules for short-term debt are more
lenient by having higher prices —lower default premia— that decrease by less as debt increases.
Looking across wealth levels, this difference is especially large in lower wealth states. Thus,
short-term debt is particularly useful for increasing consumption when wealth is low.

In our model, short- and long-term debt prices are actuarially fair for the lender. Thus, if
the schedules of short-term debt are more lenient, this means that the borrower will repay in
more future states. However, this does not mean that the borrower is indifferent to acquiring
a certain level of resources with a small safer short-term loan, versus a large risky long-term

loan. In fact, we know that if the borrower chooses to default in some future states with

the long-term loan while choosing to repay in those same states with the short-term loan, he
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must be better off by repaying the short loan because he always have the option to default.
Moreover, default risk in our model limits the maximum level of resources that the borrower

can get.'®

The key is that in our model these endogenous limits and price schedules are
tighter for long term debt relative to short term debt. The average ratio of borrowing in
each state to the short-term debt limit versus to the long-term debt limit equals 1.84. Thus,
the potential increase in consumption from exhausting short-term debt is 84% larger than
from exhausting long-term debt. Figure 5 also illustrates the tighter price schedules for long-
term debt as increases in short debt result in higher consumption because of more lenient
prices. As discussed in the examples in Section 4, short-term debt can deliver larger absolute
consumption levels and larger consumption with smaller loans, because of the inability of
the borrower to commit to saving sufficiently to repay long-term debt. Effectively, the threat
of default punishment is more effective to induce repayment of shorter-term debt because
repayment of short debt does not require future savings.

Although short-term debt is more liquid, long-term debt provides more insurance for price
fluctuations that can lead to capital outflows in recessions. The right panel of Figure 5 plots
the correlation of the trade balance tb' = y' — ¢(b, 07, y') and output 3’ the following period
conditional on not defaulting for each wealth level today. The correlations are computed
using the borrower’s optimal consumption decision rules the following period. When wealth
is large and the portfolio is mostly long term, the correlation between the equilibrium trade
balance and output tomorrow is positive, i.e. capital outflows in booms and capital inflows
in recessions. However, when wealth is small and the portfolio is mostly short term, the
correlation is negative, i.e. larger capital outflows in recessions than in booms. The reason
why the model delivers capital outflows in recessions is that the price schedules for debt
are more stringent in recessions than in booms due to countercyclical default risk. The
correlation between output and the short spread in the model is —0.54. However, by issuing
long-term debt the borrower can avoid being forced to save in recessions due to excessively
adverse price schedules.

Table 6 provides more details about the maturity composition and the forces underlying
its determination. The first two columns of Table 6 show the model’s portfolio, conditional
on different levels of wealth. When wealth is high the borrower issues on average 50% of
his debt in long-term bonds, and 50% in short-term bonds. When wealth is low the average
maturity composition shifts to 39% in long-term bonds, and 61% in short-term bonds. As

illustrated above, the optimal portfolio depends on the valuations of the insurance benefits

18 Arellano (2008) shows that a one short-term asset version of our model generates an endogenous Laffer
Curve for borrowing which features a debt limit.
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Figure 5: Liquidity benefit of short debt (left panel) and insurance benefit of long debt (right
panel)

of long debt relative to the liquidity and cost advantage of short debt. The table reports two
alternative metrics to evaluate these benefits.

The insurance benefits of long-term debt can be measured by the comovement between
the borrower’s intertemporal marginal rate of substitution, Su'(¢’)/u/(¢), and the short-term
bond price next period, ¢*’. As the table shows, this covariance is negative: in states with
high marginal utility of consumption, the short bond price is expected to be low. Issuing
long debt today allows the borrower to avoid having to issue short-term debt tomorrow in
states when prices are low. The insurance benefit is stronger in high wealth periods, as this
covariation is —0.21 relative to —0.16.

To measure the cost advantage of short-term debt, we compute the slope of the price

Zégi—::gg;. As the table shows, long-term debt is always more

qL(lJrrfJL)
¢°(14+r—dg)
consumption using short-term debt is cheaper in that it contains lower default risk. And

ratios of the two debt classes:

costly in terms of carrying lower total repayment probabilities, < 1. Increasing
short-term debt is disproportionately cheaper in low wealth times, as the slope of price ratios
is lower, 0.70 relative to 0.75. Thus, a larger share of short-term debt in low wealth times
can be understood as a reaction to the more expensive long-term debt.

Moreover, as in emerging markets data, periods of longer-term debt issuance correspond
to periods with lower spreads, and upward-sloping spread curves. Specifically, when wealth

is above its median, the average short spread equals 2.62%, and the long spread is on average
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Table 6: Model Maturity Composition

Wealth | £5/(05 +0L)  ¢F/(05 +05)  spr®  spri—spr® jﬁﬁj—:jﬁgi cov <%/—((S),QS'>

< 50 pct 0.61 0.39 10.84 -2.43 0.70 -0.16
> 50 pct 0.50 0.50 2.62 1.78 0.75 -0.21

1.78% above the short spread. On the other hand, when wealth is low, the short spread is
on average 10.84% and the long spread is on average 2.43% below the short spread.

In summary, through the lens of our model, the maturity structure of defaultable debt
in emerging markets and its covariation with spread curves and levels can be rationalized by
two factors: hedging advantage of long-term debt for insuring against fluctuations in future
default risk, and a liquidity advantage of short-term debt for providing higher resources with

more lenient prices.

6 Conclusion

In this paper, we have developed a dynamic model to study the maturity composition of
sovereign bonds. In emerging markets data, changes in the maturity composition of debt
comove with changes in the term structure of spreads: when spreads on short-term debt
are low, long-term spreads are higher than short-term spreads, and the maturity of debt
issued is long. When short-term spreads rise, long-term spreads rise less, and the maturity
of debt shortens. Our model simultaneously reproduces the patterns observed in the term
structure of spreads and bond prices, and the maturity composition of debt. Changes in the
spread curve, which reflects the average default probability at different time horizons, result
from the output dynamics and the endogenous dynamics of debt. Issuing long-term debt
insures against future fluctuations in short-term spreads that come from changes in default
risk. Short-term debt provides more liquidity because it allows the borrower to avoid the
more severe commitment problem in repaying long-term debt. With these two forces, the
model generates the pattern of issuances observed in the data. Long-term debt is issued
mostly in times of high wealth and low spreads, when the insurance motive is the strongest.
Short-term bonds are used more heavily in times when wealth is low and spreads are high,
because expectations of the borrower’s future debt and default choices restrict the availability
of long-term debt more heavily than of short-term debt.

Our main innovation has been to introduce multiple, long-term assets into a dynamic
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model with endogenous default. We view the resulting framework as useful for addressing a
variety of other questions for which it is important to analyze a trade-off in maturity choice
with defaultable debt. Natural applications are the maturity structure of consumer and
corporate debt. The literature on consumer bankruptcy thus far has focused on modeling
very short-term unsecured credit (Chatterjee, Corbae, Nakajima, and Rios-Rull (2007) and
Livshits, MacGee, and Tertilt (2007)). However, it would be interesting to analyze both long-
term and short-term defaultable loans, such as mortgages and credit card debts. In addition,
the mechanisms in our model are likely to be relevant in corporate debt given the similarity
between our facts on emerging market spread curves and the cross section of corporate debt
spread curves. Default risk has been shown to have important implications on firm’s dynamics
(Cooley and Quadrini (2001) and Arellano, Bai, and Zhang (2007)). The model of this paper
can be used to further understand how the maturity choice can influence the entry, exit,
and growth of firms. Overall, our paper provides a tractable framework to study defaultable
debt of multiple maturities appropriate for these questions, and has highlighted the relevant

economic trade-offs important for understanding maturity choice in the presence of default.
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Appendix

Data Description

All the sovereign bond data are from Bloomberg. For the four countries we examine, we use
all bonds with prices quoted at some point between March 1996 and May 2004, with the
following exceptions. We exclude all bonds with floating-rate coupon payments, and at every
date, we exclude bonds that are less than three months to maturity, following Gurkaynak,
Sack, and Wright (2006). For each country, we estimate spreads starting from the first week
for which at least four bond prices are available every week through the end of the sample.
We use data from 110 bonds for Argentina, 71 for Brazil, 63 for Mexico, and 25 for Russia.
To estimate default-free yield curves, we use data on U.S. and European government bond
yields. The U.S. data are from the Federal Reserve Board, and the European data are
from the European Central Bank.!” For constructing the quarterly maturity and duration
statistics, we also include bonds issued during the sample period that did not have prices
quoted, and use the estimated spread curve to construct their prices according to equation
(19).

Spread Curve Estimation

We use a method proposed by Svensson (1994), and used recently by Gurkaynak, Sack, and
Wright (2006) for the United States, and Broner, Lorenzoni, and Schmukler (2007) for a
sample of emerging markets, to fit a spread curve to this data using a simple functional form
suggested by Nelson and Siegel (1987).

A coupon bond is priced as a collection of zero-coupon bonds, each with maturity given
by a coupon payment date, and face value given by the cash flow on that payment date.
The price at date t of a bond issued by country 7, paying an annual coupon rate c¢ at dates

ni,Na, ...ny years into the future, is

(e.{ni}) = 3 e+ ri(n)) ™ + (Lt ri(ng) ™ (19)

with the face value of the bond paid on the last coupon date.

Spreads are defined as si(n) = ri(n) —r;(n), where 7} (n) is a default-free yield curve. We

9The U.S. data are the Treasury constant  maturities  yields, available  at
http://www.federalreserve.gov/releases/h15/data.htm.

The European data are Furo area benchmark government bond yields, which is an average of European
national government bond yields available at http://sdw.ecb.europa.eu.
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introduce another measure of a bond’s price, the yield to maturity, that is useful in estimating
spreads. For a bond with coupon ¢ and payments in nq, nso, . ..n; years, the yield to maturity

is the rate y(c, {n;}) that solves

(¢, {n;}) :Zc L4+y)™ + (149 (20)

with pi(c,{n;}) given by (19). That is, the yield to maturity is the constant rate of interest
at which the bond’s price equals the discounted value of its payments.

We define spreads as a parametric function of maturity following Nelson and Siegel (1987)

i i i i (1= i (L= —An
sp(n; By) = B + Ba —, ) TP, e (21)
for each country ¢, where Bi = (B 1ts 5%, gt) and )\ are parameters. For default-free bonds,
we define \ . \
1 —e —e " n
ri(n; 8,) = B3, + 55, <T> + 8% (T —e? ) (22)
and \ \
1—e" I—e™
ri(n; By) = i+5§e(T>+ i(T—e A) (23)

for US ($) and Euro (€) bonds.

As described by Nelson and Siegel (1987) and Diebold and Li (2006), the three components
of this curve correspond to a “long-term,” or “level” factor (the constant), a “short-term,”
or “slope” factor (the term multiplying 3,) and a “medium-term,” or “curvature” factor (the
term multiplying (5). Linear combinations of these factors can capture a broad range of
shapes for the spread curve.

We first estimate the parameters Bf and Bf by OLS, using U.S. and Euro bond yields.
Throughout, we follow Diebold and Li (2006) by setting the parameter A = 0.714, so that
the term multiplying 35 in all countries’ spread curves is maximized when n = 2% years.

Then, given a set of parameters 3%, we use equation (19) to price each of country i’s bonds

at date ¢ using the risk-free yield given by (22) or (23) and the spread given by (21):
pi(e; {ny}; B) = Y (1 + s3(nys B) + 17 (ny)) ™" + (1 + sy(ngs 57) + 77 (ng)) ™,
j=1

where 7} refers to r} if the bond is denominated in U.S. dollars, or 7} = 7€ if the bond is

denominated in a European currency. We use equation (20) to compute a yield-to-maturity
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for each bond, given the parameters 3., solving the following for y(c, {n;}; 5.):
pile dng}s B0) = D el +yle, {ng}: )7 + (L +yle, {ny}: 51) ™
7=1

We estimate the parameters 3! nonlinearly by GLS to minimize the sum of squared
deviations of the predicted yields-to-maturity, y(c, {n,}; 3.) from their actual values. That

is, our estimated parameters solve
mmz e, {n;}; BY) — yle. {n;}))%,

where the summation is taken over all bonds issued by country ¢ with prices available at date
t. As discussed in Svensson (1994), minimizing yield to maturity errors rather than price
errors gives a better fit for short-term yields to maturity, because short-term bond prices are
less sensitive to their yields to maturity than long-term bond prices.

The following features present in the data require modification of the basic bond pricing

equation (19):

1. Between coupon periods, the quoted price of a bond does not include accrued interest,
so we subtract from the bond price the portion of the next coupon’s value that is

attributed to accrued interest.

2. For bonds with principal payments guaranteed by U.S. Treasury securities, we discount

the payment of principal by the risk-free yield only, without the country spread.

3. For bonds with coupon payments that increase or decrease over time with certainty
(“step-up” and “step-down” bonds, respectively), we modify the sequence of payments

in equation (19) accordingly.
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Further Statistics on Spread Curves

Tables 7 reports further spread curves and spread volatilities for all countries.

Table 7: Average Spreads and Volatility

Maturity | Overall | Std. Dev | When 2-year spread is above/below nth percentile
(years) (%) < 10th < 25th < 50th > 50th > 75th > 90th
Argentina 2 5.23 7.92 1.11 1.63 2.16 8.30 12.64 23.41
5 6.03 4.46 2.50 3.08 3.76 8.30 11.06 17.02
10 7.02 4.15 3.45 4.10 4.95 9.08 11.49 16.48
15 7.43 4.24 3.82 4.49 5.41 9.44 11.78 16.58
Brazil 2 6.01 5.85 1.47 2.12 2.75 9.25 13.55 21.19
5 7.69 4.80 5.36 5.03 5.11 10.27 13.55 19.11
10 8.04 3.39 5.89 6.12 6.08 9.99 12.23 15.43
15 8.10 2.97 5.92 6.47 6.40 9.80 11.61 13.85
Mexico 2 1.87 1.37 0.31 0.57 0.95 2.78 3.51 4.85
5 2.87 1.10 1.81 2.01 2.27 3.47 4.01 5.24
10 3.81 1.05 2.55 2.86 3.30 4.33 4.76 5.72
15 4.19 1.09 2.81 3.18 3.70 4.68 5.07 5.91
Russia 2 5.04 3.45 1.66 2.00 2.69 7.37 9.56 12.22
5 5.57 3.18 2.51 2.66 3.30 7.82 10.13 12.34
10 5.45 2.59 2.33 2.56 3.46 7.43 8.90 10.30
15 5.37 2.44 2.20 2.48 3.50 7.22 8.29 9.35
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Model’s Debt Price Schedules

Price Schedule for Short Debt Price Schedule for Long Debt

“ﬂ FIHIme

N

Figure 6: Price schedules for short- and long-term debt when income is at its mean
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