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Core Inflation and Wavelets

Economists (including me) have expended countless hours constructing alternative core
inflation measures. Our objective was to provide policymakers with measures that remove the
noise from conventional price indices and that provide more accurate forecasts of headline
inflation two to three years hence. The techniques rely on various statistical methods, but in
the end all we are doing is forecasting - and not terribly good forecasting at that.

Since the goal of policymakers is stable prices overall, including those of food and energy,
they should turn their attention to forecasts of headline inflation and stop focusing on core
measures.

-- Stephen Cecchetti, “Core Inflation Is An Unreliable Guide,”
Financial Times, September 12, 2006

1. Preface

This is a simple paper. We explore the concept of “core” inflation via stochastic
index numbers or, what is the same thing, a random-effects analysis of variance of the CPI’s
component series. Our stochastic index is a variant of Diewert’s (1995) neo-Edgeworthian
index extended to relax the assumption of commodity-specific, time-invariant stochastic and
deterministic trends. As Diewert notes, the variance components in this model are not
identified; Clements, Izan and Selvanathan (2006) note, perhaps obviously, that parametric
restrictions sufficient for identification destroy the flexibility of the model. We propose an
intermediate case of non-parametric “identification” via estimation of the components with

wavelet approximations.

Our work extends a series of papers during the past 15 years which have argued that
the CPI, designed to measure changes in the cost of living for urban workers, “never was
intended to be used as a measure of inflation” (Bryan and Cecchetti, 1993).” Earlier
discussions, such as Blinder (1997), argued for a hierarchy of effort: first, fix the underlying
low-level aggregation biases in CPI components, and, thereafter, explore alternative high-
level techniques for combining the components into aggregate inflation measures. In our
view, the former goal generally has been satisfied by the BLS’s shift in 1999 to geometric
weighting at low levels of aggregation.’ Regarding the latter goal, generally, the suggested
alternative inflation measures have moved further away from cost-of-living indexes and

closer to statistical, or stochastic, index numbers; Bryan and Cecchetti’s 1993 dynamic factor

> The bibliography contains a large, but not exhaustive, list of related literature. We do not review these studies
here but are preparing a companion survey paper to do so.
® For a discussion of these issues in the context of monetary policy, see Gramlich (1998).
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model was among the earliest. Recently, some macroeconomic analysis has suggested a
focus directly on measures of the cost of inflation, the concept that in principle enters the goal
of monetary policymakers (e.g., Woodford, 2003, chapter 6). We hope we contribute to this
goal.

This paper is organized as follows. Section 2 is a brief essay on the concept of core
inflation as it relates to monetary policymaking. Section 3 briefly reviews (and repeats) some
of the macroeconomic motivation. Section 4 discusses stochastic index numbers, their use as
inflation measures, and our proposed measures of core inflation. Section 5 introduces the
wavelet transformation. Section 6 presents some illustrative, preliminary empirical results.

Section 7 contains a few conclusions and directions for further research.

2. Core Inflation

Central bankers worldwide seek to maintain inflation at low, stable levels over the
long run—at least over the medium and long-term. In his nomination hearing for Federal
Reserve chairman, Ben Bernanke stated that “I am confident that my colleagues on the
Federal Open Market Committee (FOMC) and I will maintain the focus on long-term price
stability as monetary policy's greatest contribution to general economic prosperity.”
Bernanke continued: “[an] inflation objective is explicitly a long-term or medium-term
objective. It focuses, for example, on core inflation to avoid getting involved in short-term

fluctuations in energy prices and the like.”’

There does not exist a universally agreed upon conceptual definition of core inflation.
Clark (2001, p. 6), for example, notes that “[tJoday, most policy makers and analysts agree on
a fundamental concept: core inflation should be a good indicator of the underlying inflation
trend”. Bryan and Cecchetti (1994), Wynne (1997, 1999) and others argue that a core
inflation concept should single out the component of price change that is common to all
goods in the long-run—determined by money growth—but Wynne (1999) is pessimistic:

I argue that a common shortcoming is the absence of a well-formulated theory

of what these measures of inflation are supposed to be capturing. The notion

that they somehow better capture the “monetary” component of inflation, or

the component of inflation that ought to be of primary concern to central
bankers, is of questionable validity.

"(US Senate, 2005).
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Yet, what does a central banker need in an inflation measure?

In this study, our framework is one of incomplete information and limited ability of
persons to process information, a framework that Woodford (2003a) has referred to as the
Phelps-Lucas-Sims framework. In such a framework, in principle, all information is public,
that is, available to economic agents (households and firms). For prices, this includes
aggregate indexes and all components. Households are assumed to be heterogeneous and
atomistic, each seeking with its own limited time and capacity to process the portions of the
public information relevant for its spending. Accurate processing—say, intended to forecast
price movements—Ilikely includes estimating higher moments, Markov regime switching
and/or mixtures of distributions (because price movements often display fat tails), and
GARCH effects. These challenge even professional forecasters, much less households.
Further, there is no guarantee that the data generating processes for individual prices admit
stationary distributions—further frustrating such processing.® The “costs” to the household

for accurate processing are prohibitive.

Our analysis is motivated by New Keynesian models in which forward-looking agents
focus on the properties of prices relevant to their planning. In concept, our index corresponds
to the persistence-weighted index called for by Woodford (2003b, ch. 6). We cannot, of
course, work household-by-household: such data do not exist. Instead, the framework with
heterogenous households provides motivation and we simplify to a single representative
household that purchases every good and service included in the “headline” inflation
measure.” The household appreciates that each price is buffeted by many economic variables
including idiosyncratic shocks. The long-run inflation trend in the economy is tautologically
due to monetary policy: specifically, the growth of money (adjusted, perhaps, for velocity
shifts and financial innovation) permitted by whatever operating policy is adopted by the
central bank. Although the household knows this fact, that morsel of knowledge is not helpful
to its task of minimizing its costs due to inflation. The household seeks to minimize its
incurred costs of inflation, albeit within its broader optimization-of-time-and-effort problem.
The household appreciates that some prices are more volatile than others, and that shifts in

the volatility of some prices are more persistent than others. The volatility of individual

¥ Nonstationarity must be approached carefully for modeling, however. Frequency decompositions, such as
traditional spectral analysis, assume variances that differ by frequency but not through time. Analysis of
variance via nonparametric wavelet methods, as we pursue below, requires either covariance stationarity or that
suitable backward differences are stationary, that is, that the series is integrated of low order.
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prices is large and time-varying enough so that the household, with its limited processing
capability and limited time, is unable to estimate the density of the idiosyncratic shocks that
cause the near-term changes in the prices of individual goods and services to differ from the

long-run inflation rate.

Our statistical analysis is conducted at the level of component prices for the headline
consumer price index (for example, 160 component prices for the U.S. CPI); the filtered data
are aggregated, using expenditure share weights, to construct a persistence-based “core”

inflation measure.

The analysis presented here is significantly incomplete, and hence perhaps is
appropriately regarded as a proposal for further research. Much robustness testing remains to
be done. The empirical work the U.K. and the euro zone is incomplete. Further, to be useful
for policy, policymakers must be able to select reasonable target ranges and have confidence
that policy actions will influence the indicator’s behavior. We believe that these difficulties
are no greater for our new measure than for current “less food and energy” core inflation
measures—and perhaps somewhat easier, given its motivation by currently popular New

Keynesian models, but confirmation of our beliefs is a topic for future research.

3. Macroeconomics

Our macroeconomic motivation follows Blinder (1997) and Woodford (2003a,b),
although, rather than focusing on the value of the index to policymakers, we seek to measure
the cost of inflation to households and firms—which, in our opinion, is the inflation measure

that a central bank should seek to minimize.

Blinder (1997), in his discussion of the near-term measurement of inflation from “the
viewpoint of a former central banker,” writes that he initially proposed, as an alternative to
ex-food-and-energy measures, a type of GLS weighting scheme in which every component

would be weighted inversely to its variance. But, then he changed his mind:

“I believe my concrete suggestion to weight inversely by variances was
mistaken...

“Thinking about the distinction between the past and future gave me an idea.
Why not assign different weights to each component, but not in the way I
originally suggested that day at the Fed? In retrospect, that idea seems wrong.

? Below, we consider headline inflation measures for the United States, Euro zone, and the United Kingdom.
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Why not weight each component, instead, by its usefulness in forecasting
future—not past—inflation?

“...I imagine that some components have more ability to forecast future
“underlying” inflation than others. Clearly, the weighting scheme I am now
suggesting is not the same as inverse variances. Instead, it probably takes into
account (a) the persistence of each component and (b) its covariance with
overall inflation.”

Our macroeconomic motivation is similar to Blinder’s intuition. We assume that, in each
period, the representative household or firm seeks to solve an unspecified dynamic inter-
temporal optimization problem (e.g., Woodford, 2003b, chapter 6) under complete
knowledge of the past behavior of the prices of all goods contained in the headline price
index, but without complete knowledge of a correct structural model for the economy. As
such, the household or firm faces a signal extraction (optimal filtering) problem in which it
must infer the future path of the vector of prices, including the first and second moments of
each good, and the covariance, if any, among the prices. The household or firm faces
numerous alternative competing uses for its time and, hence, seeks low-cost methods to
forecast price behavior. Broadly, this setup resembles others in the macroeconomic
literature, such as: limited information processing capability (Sims, 1998); rational
inattention (Sims, 2001); allocation of time across activities (Radner and Rothschild, 1975);

and bounded rationality (Sargent, 1993).

Inflation is costly to the household or firm. Even when fully anticipated, inflation
induces distortions if the economy is not fully indexed. Further, individual prices differ in
their idiosyncratic trends, average volatilities, and likelihood of occurrence of episodes of
elevated volatility (e.g., GARCH effects). Households and firms hedge against such effects,
but also seek to forecast and exploit such changes. When the econometrician seeks to
construct a “core” measure of the cost of inflation, these effects should be included. All of

this occurs against the background of long-term trend inflation.

We assume the household or firm understands that long-term inflation is a monetary
phenomenon—that is, extracting from persistent changes in productivity trends such as the
1990s in the United States, the path of inflation follows the path of money growth that results
from the central bank’s monetary policy operating procedure. In the instance of an inflation-
targeting central bank with perfect credibility, the central tendency of this trend generally is
the inflation target. Prices of individual goods, in the long run and in absence of persistent

commodity-biased technical change, will converge to the growth path of aggregate headline
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inflation as, for example, in the models of Ball and Mankiw (1994) and Dotsey, King and
Wolman (1999)."° In the near- to medium-run, price changes of individual commodities (and
the headline price index) are buffeted by cost, productivity and money shocks. The
distributions of such shocks may be skewed and leptokurtic; for plausible fat-tailed Paretian
stable distributions, the variance may not be defined. Further, households—similar to
econometricians—may find it difficult to distinguish between transitory and permanent
shocks, between trend-stationary and difference-stationary series, and between fat-tailed
distributions due to regime switches and due to mixtures of stochastic processes. In such a
framework, households with limited information processing capacity will find it difficult, if
not impossible, to identify the (multivariate) probability density function(s) that govern the

evolution of goods prices."!

A large literature has analyzed price adjustment in new Keynesian models, with many
focused on staggered price-setting by firms (e.g., Ball and Mankiw, 1994, 1995). Our focus
seeks to follow Woodford, focused on a core inflation measure sensitive to anticipated and

unanticipated movements in relative prices. Woodford (2003b, p. 383) notes:

“It is not assumed, of course, that individuals care directly about prices; their
economic welfare depends directly only upon the goods they consume and the
amount of effort they expend upon production. But just as taxes can cause
deadweight losses because of their effects on the equilibrium allocation of
resources, so can inflation. In a model with nominal rigidities—more
specifically, in one in which it is recognized that prices are not adjusted in
perfect synchronization with one another (which requires, but is stronger than,
the observation that they are not all adjusted continually)—instability of the
general price level leads to unnecessary and undesired variation in the relative
prices of goods whose prices are adjusted at different times. These relative
price distortions result in deadweight losses, just as in the case of distorting
taxes.”
It is clear that limited-information estimators have difficulty capturing this degree of relative

price variation. With respect to policy targets, Woodford (2003, p. 418) writes:
“If sectors of the economy differ in their degree of price stickiness (as is

surely realistic), then complete stabilization of an aggregate price index will
not be optimal. Stabilization of an appropriately defined asymmetric price

' In Ball and Mankiw (1994), firms experience “cost shocks” which induce prices to fluctuate around an
underlying, long-run, money-driven trend. In Dotsey, King and Wolman (1999), firms experience “money”
shocks and react in a similar fashion. The modeling conventions are broadly equivalent if Dotsey et al.’s money
shocks engender shocks to prices of the intermediate goods purchased by Ball and Mankiw’s firms.

" Here, there is no start up problem. Households are infinitely lived and have access to complete knowledge
regarding the history of price movements. The issue is whether they can learn, from observing the data and
while participating in other life activities, sufficient exploitable information regarding movements in the prices
of individual goods.
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index (that puts more weight on the stickier prices) is a better policy... though
even the best policy of this type need not be fully optimal.”

Woodford continues that since nominal wages also are likely to display stickiness, an
appropriately weighted average of prices and wages might be superior,'? and that “the
question of which price index it is most desirable to stabilize remains an important topic for
further study.”"® Although we do not include wages in our index, and Woodford’s results are
model dependent, we seek in this work to begin to meld Woodford’s suggestion with an

extension of the stochastic theory of price index numbers.

4. Stochastic Index Numbers and Core Inflation Measures

The theory of stochastic index numbers seeks to model the estimation of an aggregate
price index as a signal-extraction problem, based on observations of time-series for prices of
individual commodity-specific prices. Because a number of authors have surveyed the
stochastic approach to price index numbers and we have little to add on that topic, our

. . . . ~l4
discussion is brief.

In one of the earliest models, Jevons (1863, 1896) examined a model where changes
in commodity-specific prices differed from the change in an aggregate price index by a

random component:

Pit .
In| " =m+&y; 1=1,...,N;
( A,t—l} Lo

E(s,)=0; Var() =o; i=L...,N.

R : o .
where 7; =In (—t] denotes the “aggregate” price relative (inflation rate).

R
Identification of the underlying aggregate inflation path is achieved by assuming a common

Pi.t

variance, o; , across commodity-specific price relatives, ln{
Pit-1

] , and orthogonality

'2 See Mankiw and Reis (2003), Erceg et al , Erceg and Levin ().

P E.g., Aoki (1999), Benigno (2001), Erceg (2000).

' Major articles include Diewert (1995, 2006), Wynne (1997, 1999), and Clements, Izan and Selvanathan
(20006).
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between the period t change in the aggregate price relative, 7;, and the commodity-specific

price relatives. The least squares and ML estimators of the unobserved components are:

2
In| 't =—>1 It d =— 1 1.t —In| 't ,
n( Pt—lj N g‘ n( Pit-1 ne o N -1 g‘ n Pit-1 ! R

that is, the aggregate price relative is the arithmetic average of the observed commodity-

specific price relatives.

Wynne (1997, 1999) notes that many existing measures of core inflation seek to
separate a common single component of price change from an idiosyncratic component. The

analysis often begins with an equation similar to Jevons’s, such as Wynne’s (1997) equation

(1):
bi,t = IE)H' ).(i,t >

Pis

where p;; =In , an equation that defines the observed period-to-period increase in the

it-1

price of each commodity, p,,, as the sum of two unobserved components—an aggregate,

economy-wide period-to-period change, Ié’t , and an ill-defined commodity specific

component, ).(i,t . In its formulation, this model resembles the unobserved component models
of Stock and Watson (1999, 2002, 2007) and classical random-effects analysis of variance
models (Scheffe, 1959, ch. 7). As Stephen Cecchetti and his co-authors have emphasized in

a number of papers, the issue is to obtain an estimator for I5t , the common component. The
idea is that individual prices rise along with an underlying common trend which may
represent some concept of monetary inflation that is of interest to policy makers (Howitt,
1997, Bryan and Cecchetti (1994). At any specific point in time, however, some prices can
deviate from the trend due to the idiosyncratic component. Obviously, identifying

restrictions are necessary, imposed across commodities, across time periods, or both.
Extensions of this model have sought to allow richer variance specifications
for the {gi t} , that is, to relax the assumption of a single, shared variance across commodities

(the “shock™ that causes observed commodity-specific price changes to differ from an

unobserved aggregate economy-wide trend). We begin with an extension proposed by



Nonparametric Measure of Core Inflation with Wavelets Conference Draft

Clements and Izan (1987) and Selvanathan and Prasada Rao (1994), strongly criticized by
Diewert (1995), and recently as-strongly defended by Clements, Izan and Selvanathan

(2006). The essence of this work is to address putative heterogeneity in {gi,t } by introducing

N
(nonrandom, predetermined) expenditure shares {Wi ,J=1,..,N }, w; >0 and Zwi =1,
i=1

yielding the specification

0-2 .
E(gi,t)zo; Var(é‘lgt): t WI ;o :1’.“,N ,

and the estimator

EZLZN:W-ln(pV ]
N Pit-1

Diewert (1995) brands this specification “rather weak™ because it assumes that the largest
variance items have the largest budget shares—an empirically false statement."”> Subsequent,
more general variance component models also have been proposed. The “specific price
trends” model developed by Clements and Izan (1987) (see also Selvanathan and Prasada

Rao, 1994) resembles a random-effects ANOVA model via commodity-specific 5 and &, :

ln(py j:”ﬁﬁﬁgn; =1L, Ny t=1...T;
Pi.t—1 ’

2
E(g,)=0; Var(g,)=—L; i=1..,N; t=1..T;
2 b W-

where 7, = ln(F>t b j As before, the weights W; are assumed predetermined. To identify

t-1

7y and f; , it is assumed that Zwi Si =1; the ML estimators are
i

> Wynne (1997) reports for the 36 CPI components used by Cecchetti a correlation of -0.15 between the 1985
expenditure weights and the standard deviations of the series during February 1967 and August 1996. In more
recent data spanning ___ and __, this correlation is __. [being calculated]
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ﬂ' = 9 1= 19 . N:
2
t=1\ Ot
where & = ln[ P J— 7Ty — ,[;’i . This model, as noted by Diewert, moves conceptually
’ Pijt-1

forward by seeking to capture commodity-specific effects in addition to the general growth in
prices. Yet, Diewert discards the model because it is based on two questionable assumptions:
that commodity-specific variances are closely correlated with expenditure shares, and that the

same weights should coincidentally be appropriate as divisors for the disturbance variances

and satisfy the necessary identification condition Zwi S =1. In arecent reply, Clements,
i

Izan and Selvanathan (2006) staunchly defend their assumptions against Diewert’s

objections.

In a further variance-components extension, Diewert has proposed the “neo-

Edgeworthian” model in which the assumption ZWi i =1 1s not necessary for identification.
i

To achieve this, the deterministic commodity-specific price trends, f;, are replaced by

stochastic commodity-specific price trends, 0i2 :

In Pit =7t &y i=1..,N; t=L1...T;
Pi.t-1

E(5,)=0; Var(g)=o7; i=L..,N; t=L1...,T.

Estimation proceeds from the log likelihood function

'® They primarily repeat their previous statements, with little new analysis offered in support.
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N N T _
L(Wl,...,WT;O'IZ,...,Gﬁ)=—2Tln0'i2—ZZaf(ln Pi —ﬂtJ,
i=1

i=1t=1 it—1

via two simultaneous equations:

and

where T =ln( t Ptlj.

Estimated 7; and 6i2 are shown in figure __. [being calculated]

In spirit, this model reflects Blinder’s initial intuition to weight commodities by their
relative variance. But, the model also reflects Blinder’s later change of mind—since the
stochastic trends are not modeled as time-varying, the forecasting ability of the model is
likely to be poor if trends, in fact, change through time—as both Wynne (1997, 1999) and
Diewert (1995) note, it does not allow adequately for flexible changes in relative prices. Said
differently, while the model avoids the counterfactual assumption that there exists a high
correlation between expenditure shares and the variance of commodity prices, the model is

not fully satisfactory because the commodity-specific variances, o, , that model the

difference between aggregate inflation and commodity-specific rates of price increase are not
permitted to be time-varying. Further, the model is subject the criticism of Keynes (1930)
that if the rate of price increase differs across commodities, then “an appropriate definition of
average price change cannot be determined independently of the economic importance of the
corresponding goods.”'” The problem remains of how to combine Keynes’ desired weighting
by relative expenditure shares with Edgeworth’s statistical weighting by relative variability.

Diewert notes that, in principle, such a model might be obtained by including both

17 Others have discussed these same shortcomings, e.g., Wynne (1997).

10
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commodity-specific deterministic and stochastic trends, say f;; and oft . Such a model,

however, cannot be estimated by parametric methods without further identifying

assumptions.
This paper uses an augmented version in the Diewert framework. Our distributional
assumptions are that Val'(ﬂ' it ) = Var(d) j )+ O'J?t and, as t—oo, Val‘(7Z' it ) = Var(d) j )+ O'f . The

latter restriction forces, in the long run, the variance of the commodity-specific price trends to
converge to a common variance (that of the aggregate inflation component).'® To obtain an

overall aggregate inflation series 7;, we must aggregate the commodity-specific inflation
rates, 7; ;. There are several ways in which this could be done. It is desirable, however, to

use a scaling which yields an aggregate measure where expected long run inflation equals

headline inflation. Define w; = (1/ aft )\N it - An aggregate inflation measure that has this

desirable property is obtained using:

[0

A jt
e = Z,- it
Ziwit

5. Wavelet Methods

Economic time series most often are analyzed in the time domain. Some questions,
however, may be better studied by transforming the data to frequencies—which facilitates,
among other things, isolation of seasonal effects and distinction between “high frequency”
(short duration) and “low frequency” (long duration) fluctuations. The familiar Fourier
transform uses a set of sine and cosine functions at different wavelengths (frequencies) and
amplitudes to convert time-series from the time domain to the frequency domain. Sine and
cosine functions, however, are homogenous over time in the sense that the same peak-trough-
peak pattern of amplitudes for a given frequency reproduces itself along the time axis. For
most economic time series—affected by structural breaks, temporary shocks, or GARCH
effects —this homogeneity assumption is too restrictive, and likely accounts for the

infrequent use of spectral methods in economics.

'8 As the figures below show, we do not impose a similar requirement across the levels of the commodity-
specific inflation trends. Perhaps we should.

11
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Wavelet analysis is a nonparametric statistical method for representing unknown,
often nonlinear, functions by sequences of certain functions, such that the approximation has
desirable statistical properties. Wavelets are functions, built from signal filters, that satisty
certain requirements and may be used in various combinations to represent other functions."
The name “wavelet” is reputed to have come from the requirement that admissible functions
integrate to zero, that is, they “rise and fall” (or “ebb and flow”), like ocean waves, above and
below the x-axis. The suffix “let” suggests a local function, rather than a global one. While
not all mathematical functions are admissible as wavelets, there are many kinds of wavelet
functions. Similar to sines and cosines in Fourier analysis (or Chebyshev polynomials in
dynamic programming via collcation), wavelets at different frequencies are combined to form
a basis to represent other functions. Analysis begins by choosing a specific wavelet function
as a basis (scaling function); other functions are obtained by translations and dilations
(stretching and compressing) the scaling function, subject to certain mathematical
requirements. Wavelet transforms are similar to Fourier transforms in the sense that each
converts a time series from the time domain to the frequency domain. In a wavelet
transformation, however, the homogeneity assumption is relaxed so that the amplitude for a
given frequency can change across the time axis. This is achieved by dividing the time axis

into a sequence of successively smaller segments which are analyzed individually.

Specifically, consider the discrete wavelet transform (DWT), which transforms a
time-series into frequency “bands” (segments of the time domain) that are referred to as
“scales” in wavelet analysis. The wavelet transform operates simultaneously on a range of
scales. As the scale decreases, segments become narrower. A low scale corresponds to a
larger number of shorter (in time) intervals, thereby capturing short duration/high frequency
fluctuations, while a high scale corresponds to a smaller number of longer intervals, thereby
capturing long duration/low frequency fluctuations—in other words, there is an inverse
relationship between frequency and scale. To illustrate scale, WLOG suppose an observed

time series lies entirely within the interval [0, 1], and let scale be measured by the function

2] , J=0,..,d. Scale 0 includes the entire interval; since at least two occurrences of any

fluctuation must be observed for a fluctuation to be recognized, scale 0 is referred to as the

base scale. Scale j=1 divides [0 ,1] into %: 2 segments, {0, %}, and [%, 1} ; similarly,

' This paragraph follows Vidakovic and Muller (1994).

12
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scale j=2 divides the interval as {0,%}, {%,%}, {%,%}, {%,1] Over each of these
intervals, wavelet methods seek, by use of functions with specific properties (examined
further below), to capture both frequency and time information.® A reasonable question is:
Why not make J as large as possible? Wouldn’t that capture the maximum amount of
information? The limit to J is straightforward: as the intervals become narrower, the ability
of the approximating functions to capture frequency information decreases. In the limit,

intervals of a width of 1 observation can capture no frequency information at all—hence,

values for J must be chosen judgmentally.

Technically speaking, a discrete wavelet transform (DWT) of a time series is a
collection of functions obtained as translations and dilations (shifts of location and changes of
width) of a scaling function and a mother wavelet. Calculation of these functions utilizes a

high-pass and low-pass filter. The scaling function ¢( ) is obtained via a low-pass filter, and

is calculated as the solution to the equation @(t) = V2 Z h ¢(2t —1), where
|

{h, 1=0,...,L- 1} is a specific predetermined set of real-valued filter coefficients; L is the
width of the filter; hy #0 and h _; #0; hy =0 for | <0 and L < (these conditions permit
{h,} to be an infinite sequence with at most L nonzero values); and the following three

properties are satisfied:

L-1 L1 Ll X
Zhl =0; Z:hl2 =1, and, Zh|h|+2n = Z by 20 =0.
1=0 1=0 1=0 |=—eo

The mother wavelet, y/( ) , 1s defined for each interval of data as y = 2 Z o ¢(2t — I) with
I

the filter coefficients defined as ¢, = -1 h_;. These functions may be shifted and distorted

in certain ways so as to create a wavelet basis useful as an approximation any particular
function over a specific interval. The shifts and distortions are referred to as “translations

and dilations,” and are defined by

Fix()=229(20t k) and (1) =212 (20t k).

* Wavelets are not the only mathematical transformation that seeks to capture simultaneously time and
frequency information. See for example the discussion of windowed Fourier transforms in Kaiser (1994).
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where, t=1,...,T represents discrete points in time, j denotes is the scale, and k denotes

which segment of the time axis is being analyzed.

The relationships above may be expressed in matrix form. Let wavelets associated

with scale j be denoted as matrix Wj and the scaling wavelet as V3, and combine these into a

wavelet transformation matrix W. The vector of wavelet coefficients, w = { Wi j } which is

used to represent the data in the frequency domain, can then be obtained by

w = WX )
where
_Wl_
W2
W=| : (3)
WJ
Vs

W has the dimension (TxT) and w (T*1). Since the scales are orthogonal to each other the
inverse of the transformation matrix W is its transpose. Therefore the wavelet transformation

may be reversed from the time domain to the frequency domain by

J J
X=W'w=> Ww, +V,v; => WW,X+V;V,X 4)
i-1 i=1
where W, X represents an individual frequency component in the frequency domain. The
time series X; can therefore be viewed, in the time domain, as the sum of all its frequency
components.

The wavelet literature contains a number of alternative filter schemes, h,, for

producing a wavelet basis. The most popular is the scheme introduced in 1988 by the
Belgian mathematician Ingrid Daubechies. We discuss her filter at some length to set ideas;

for details, see Nievergelt (1999), chapter 3, and Kaiser (1994), chapter 8. Daubechies

started with an unusual (and arbitrary!) scaling function, ¢(t), t € [0,3] , a function that

visually resembles a cross-section of an ocean wave. This clever function is continuous but
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cannot be represented analytically in closed form—instead, the function is represented only

by a set of initial conditions and a recursion:

p(t)=0 if t<0 or 3<t,

1+«/_ «/5

#(0)=0, ¢(1)= . p(2) =

. and #(3)=0,

1+J— 3+J— 3-43 1-43

g(t) = P(2t) + gp2t=1)+ —¢(2t—2) —¢(2t—3)

=hy (2t) + hy 2t —1)+hy F(2t —2)+ h; B2t —3)

As discussed above, the associated wavelet is defined in terms of the scaling function by the

recursion:

=—hy 2t —1)+h, $(2t)—h, g2t +1)+hy G2t +3);

recall that ¢(t)=0 if t<0 or 3<t. The parameters j and k , respectively, control the

width of the wavelet (or, what is the same thing, the width of the data interval being
approximated and the number of such intervals, all of equal length) and its location along the
real line. The Daubechies filter has a third parameter, usually labeled L and referred to as the
length of the filter (the number of terms in the scaling and wavelet filters). In the example

above, L=4, and the last filter coefficient is h; = h _;. Graphs of the scaling and wavelet

function for L=2, 3, and 4 are shown in Figure 1: Note that the smoothness of the functions
increases rapidly in L. In our empirical work, we use the Daubechies filter with L=4, usually

referred to as D(4).*!

Discrete wavelet transforms have the highly desirable property of simultaneously
representing a time-series in time and frequency domains, thereby relaxing the restrictive
assumptions of traditional spectral analysis. But, they also have deficiencies. A practical
shortcoming is that the number of observations that can be included in the transform must
equal2’ , where J is an integer. This follows from the pattern of division of the time axis;

shorter and longer samples must be truncated or padded. The choice of L also can sharply

2l When N=2, the Daubechies wavelet reproduces the Haar wavelet. The Haar wavelet, the oldest wavelet
function, essentially is a step function that averages moving-averages of data in neighboring windows, each

window of width 27 ) . The Daubechies filters often are referred to as extremal phase filters. An additional
variant of the Daubechies filter is the least asymmetric filter. See Kaiser (1994) or Nievergelt (1999).
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affect the performance of the decomposition. For nonstationary time series that are

integrated of integer order d, L must be chosen such that L >2d . Failure to satisfy this
requirement distorts the frequency decomposition. Further, when L>2, boundary points are
troublesome. For example, a wavelet transformation with L=4 requires for its calculation
two data points after the final time-series observation. A number of alternative solutions
have been proposed for this problem; perhaps the simplest is withhold data points at the
beginning and end of the sample for use by the filter (while including only an even number of
observations). Other common solutions include circularly connecting the ends of the time

series (that is, assuming X, 1s the observation that follows X; in a time series {Xy,X;,..., X7 })

or mirroring the data (that is, assuming that a time series of length 4 with values {0, 1, 2, 3}
may be appropriately extended as {0, 1, 2, 3, 3, 2, 1, 0}). Estimated wavelet coefficients may
not be robust to alternative boundary treatments. The problem worsens as the length of the
wavelet transform, L, increases; the numbers of wavelet coefficients that are affected by the

boundary conditions is given by

()

Treatment of boundary conditions is particularly important for non-stationary time series—
obviously, naively extending these time-series can produce spurious results. A distasteful
tradeoff arises because a large value of L is needed to model non-stationarity but large values
of L give rise to large numbers of boundary effects. We have not yet explored all these

tradeoffs in our modeling.

Some of these deficiencies can be addressed by using a maximum overlap discrete

wavelet transformation (MODWT), e.g, Percival and Walden (2000, chapter 5). This

transformation is based on the assumption that the time series {Xt, t=0,...N — 1} may be
circularly shifted, that is, the observations X, and X,_, may be regarded as appearing “in
order” the same as, say, X, and X,_,. This transformation obviously requires that the time-

series be stationary.”> Hence, the MODWT transform may be applied to samples of any
size.” Further, an ANOVA may be based on the estimated MODWT coefficients. The

** In wavelet-based ANOVA, stationarity (perhaps by backward integer differencing) is assumed for each
segment of the time domain defined by the scale. Circularity is a stronger assumption.
» The window’s width is determined by scale, as in the standard DWT.
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circularity assumption also makes the MODWT less sensitive to the choice of wavelet

function and to the choice of starting point.**

Therefore, the main intuition presented for the DWT in this section remains valid for

the MODWT.?

Our wavelets are maximum-overlap discrete wavelet transforms (MODWT), based on
the Daubechies D(4) wavelet. We use j=5 wavelet scales in the calculation of the wavelet

coefficients Wy and investigate core measures constructed based on those scales. With this

transform, the shortest scale (span) that may be considered is 32 (= 20 ) data-points.*® We
employ a rolling-window technique to obtain time-varying measures of variance over the
sample. As noted in previous sections, this is an important statistical aspect of the problem—
and one for which the wavelet transform is particularly well-suited—because variability in
individual prices varies considerably over time. In this estimation, the period t variance for a
particular scale depends on the past 32 observations. This corresponds, roughly, to the length

of an average U.S. business cycle. Our algorithm to calculate variances for each good i is:

Do T=2001:8 to 2006:7

[
e Compute the wavelet coefficient W using the observations t=T-32 up to and
including T.
2
e Compute the wavelet variances o, __ for each scale 1 to 5.
’ 2

e Calculate core inflation at point T using sums over the variances o; . and

equation (6) or (7).
End do

The wavelet coefficients can alternatively be calculated via an expanding window by
replacing t=T-32 in the loop with t=2001:8. Such an estimation assigns a lower weight to
more recent observations relative to the moving window technique employed in this paper,

but the results are very similar.

* See Lindsay et al. (1996) for a comprehensive analysis based on MODWT. They study the spatial scales of
variability in geophysical data using wavelet variance.

> This is strictly only true for the additivity property, which is relevant to this study.

4 6
*% Setting j=4 would require at least 2 = 16 observations for estimation and setting j=6 would require at least 2
= 64 observations.
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6. Empirical Application

We set out for ourselves the statistical problem of separating the underlying

persistence in each CPI component price series, 7; ;, from the series’ idiosyncratic noise.

Doing so requires some structure. In our modeling, we equate persistence, or “signal,” with
the lower-frequency components of each time series and “noise” with the higher frequency
components. Our nonparametric wavelet estimation allows the relative importance of the

signal versus noise components varies through time.

Our empirical application consists of calculating wavelet-based measures of core
inflation (inflation persistence) for the United States, the United Kingdom, and the euro zone.
We compare each such new core inflation series to three measures inflation expectations: a
household survey; a survey of professional forecasters; and the expected inflation signaled by
the difference between yields on inflation-indexed and nominal government securities.

[Although this work is incomplete, preliminary results follow]

Our wavelet-based estimated time series for the U.K. euro zone, and the United States
are shown in Figure 2A, B and C, respectively, labeled “CORE.” The estimated series is the
12-month (backward) inflation rate, monthly. Also shown are a headline all-items CPI
(labeled “INF”), the published CPI excluding food & energy (labeled “LFE”), and a time-
series of households’ expected inflation over the next year (labeled “INF EXP”’) lagged one-

year to align the time periods.

For the United States, inflation (as measured by the headline CPI) decreased during
the 2001 recession from its previous level of approximately 2.5 percent. Inflation then
gradually increased as a consequence of increasing energy prices to reach 3.0 percent in
March 2003. This was followed by a decline to a 1.7 percent pace 2004, after which inflation
has gradually increased with a peak of more than a 4.7 percent rate in September 2005. The
ex. food & energy measure indicates that core inflation was 2.7 percent in August 2001, close
to the headline CPI. The ex. food & energy measure then gradually decreased to 1.1 percent
in November 2003, after which it has gradually increased whilst remaining below the CPI All
Items inflation rate. The level of our wavelet-based measure is always higher than the ex.
food & energy measure. The difference between the wavelet measure that uses both wavelet
variance and CPI weights and the Ex. Food & Energy measure decreases over time. The
difference in the evolution of wavelet measure that is based on variance only and Ex. Food &

Energy is less pronounced. An important feature of the two wavelet based measures of core
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inflation is that they approach the same level at the end of 2003, after which they move
together with only minor differences. Finally, the wavelet based measures show much less

cyclical variation than the Ex. Food & Energy measure.

For the U.K. and the euro zone, our measure follows surveys of expected inflation
quite closely, suggesting the wavelet method does a decent job of capturing the components
of inflation that worry households the most—even when published headline and core
inflation measures suggest little inflation. For the U.K., while we have no method for
normalizing the wavelet series—and hence no cardinal measure of the “cost” of inflation to
households—the closeness of our measure to survey measures suggests that the costs of
inflation (or, perhaps, the cost of uncertainty regarding inflation) was higher than
policymakers suspected. For the euro zone, all four inflation measures move closely
together. To the extent that the ECB is a credible inflation-targeting central bank, the
information content of inflation surveys might be questioned—Are the surveys simply
echoing back the inflation target? Our estimates perhaps suggest that household expectations
of near-term inflation are more variable than would occur if the ECB had higher credibility,

and hence that inflation expectations are measuring the cost of inflation to households.

For reference, Figure 3 shows some of the weights used in aggregation (ref. the last

equation in section 4).

Figure 4 displays exploratory scatter plots of inflation measured via our wavelet
estimator and money growth, for the United States. Generally, the wavelet-base measure
displays a positive correlation with money. The correlation is modestly superior to that of the
published CPI less food and energy. Correlations between the published headline inflation
CPI and money growth display a negative correlation, reinforcing the breakdown of
relationships between inflation and almost all Phillips-curve style explanatory variables, as

recently documented by Stock and Watson (2007).

7. Conclusions: Further Research

Central banks that seek to control the rate of inflation do so to limit the costs of
inflation to the economy. At the same time, policymakers seek to avoid over-reacting to
near-term movements in inflation. Almost overlooked in discussions of inflation targeting,
however, is that private economic agents are seeking to solve the same problem as the central

bank: minimize the costs of ongoing inflation to themselves. To do so, they must seek to
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solve a signal extraction problem, separating persistent movements in the prices of certain
goods and services from transitory movements. Private agents will seek to minimize their
costs of inflation by altering their demand behavior; such alterations, themselves, may be
costly and are more likely to be undertaken when the higher rate of change in a price is
viewed as more likely to continue. Further, the pace and magnitude of the adjustment will
depend on the budget shares of the various commodities, as suggested by simple

microeconomic demand models.

Often, in the past, this focus on the behavior of private agents has been lost. In its
place has arisen discussions of “core” inflation, most often measured as headline inflation
absent food and energy prices. But, for the household, this measure almost certainly is
flawed: when the household recognizes that energy price inflation has a high variance (that is,
periods with rapid increases often are followed by periods with rapid decreases), the
household will respond sluggishly to the higher inflation—incurring low inflation adjustment

costs—despite more rapid measured inflation.

In this study, for the first time, we have suggested a statistical framework for aligning

measured “core inflation” with the likely signal extraction problem solved by private agents.
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Figure 3. Weightsused in the construction of CPI All Items and the wavelet-based core measures
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Figure 4. Scatter plot of inflation (x-axis) against nominal money growth (y-axis)
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