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Abstract
This technical note is developed in part as a mathematical companion to the paper ‘The Real
Exchange Rate in Sticky Price Models: Does Investment Matter?” (GMPI working paper no.
17). Our two-country model incorporates capital accumulation with adjustment costs,
variable capital utilization and investment-specific technological shocks. Nominal rigidities
and monopolistic competition distort the goods markets of each country and allow monetary
policy to have real effects. We investigate two different international pricing scenarios, local-
currency pricing (where the law of one price fails) and producer-currency pricing (where the
law of one price holds). This technical note contains three basic calculations. First, we derive
the equilibrium conditions of the open economy model under local-currency pricing and
producer-currency pricing. Second, we compute the zero-inflation, zero-trade balance
(deterministic) steady state. Third, we describe the log-linearization of the equilibrium
conditions around the deterministic steady state. Simultaneously, commentary is provided
whenever necessary to enhance the model description and to place the assumptions
embedded in our DSGE framework into context.
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1 The Benchmark Monetary Open Economy

Here, we briefly describe the structure of the benchmark monetary open economy model.

1.1 The Intertemporal Consumption and Savings Problem

We specify a stochastic, two-country general equilibrium model. Each country is populated by a continuum
of infinitely lived (and identical) households in the interval [0,1]. In each period, the domestic households’

utility function is additively separable in consumption, Cy, and labor, L;. Domestic households maximize,

Zj:) BT E [1_10_1 (Crar)' ™ = ﬁ (Ler)' ™7, (1)
where 0 < 8 < 1 is the subjective intertemporal discount factor. The elasticity of intertemporal substitution
satisfies that o > 0 (0 # 1) while the inverse of the Frisch elasticity of labor supply satisfies that ¢ > 0.

We assume that both countries have unrestricted access to a complete set of contingent claims, traded
internationally. The domestic household maximizes its lifetime utility in (1) subject to the sequence of
budget constraints described by,

P (Cy + X))+ T + /Pb (s s") B (s") dser1 < B (s') + Wil + Z, Ky + Pry, (2)
and the law of motion for capital,
Kiy1 <(1-0) Ky +Vi® (Xy, Xy, Ki) Xy, (3)

where W; is the domestic nominal wage, P; is the domestic consumption price index (CPI), Pr, are the
nominal profits generated by the domestic firms, and 7} is a lump-sum nominal tax levied on the domestic
households.! Moreover, X; is domestic real investment, K; stands for domestic real capital, Z; defines the
nominal rental rate of capital, and V; is an exogenous, investment-specific technological (IST) shock. IST
shocks affect the efficiency in producing investment goods.

We denote s; 41 the event that occurs at time ¢ + 1 and s'*! = (s?,s;,1) the history of events up to that
point. The households’ portfolio includes a complete set of one-period contingent claims (Arrow-Debreu
securities), traded internationally and quoted in units of the domestic currency. Households have unrestricted
access to all contingent claims, P’ (s’ | s=!) is the domestic price at time ¢ — 1 of the contingent claim that
pays off after s; is realized at time ¢, and Pb(sgi‘jt_l) is the corresponding price in foreign currency units. .Sy
denotes the nominal exchange rate, B (s') is the nominal pay-off received by the domestic households after
the event s; occurs at time ¢ on a contingent claim purchased at time ¢ — 1 (which would have paid nothing if
event s; had not happened). The foreign households maximize their lifetime utility subject to an analogous
sequence of budget constraints and the same law of motion for capital.

We assume that there is no trade in either domestic or foreign firm shares imposing de facto a strict

home bias in stock portfolios. Sole ownership of the local firms rests in the hands of the local households.

IWe do not fully incorporate fiscal policy in our model. However, we include lump-sum taxes in order to finance a subsidy
for firms that can neutralize the mark-up distortion associated with our assumption that companies operate under monopolistic
competition. In case no subsidy is introduced, then the lump-sum tax would be equal to zero, i.e. T; = 0.



However, this strong assumption on share-holdings does not undo our postulate of complete international
asset markets because households in both countries do have access to a full set of contingent claims with
which they can pool and share risks efficiently. Therefore, households can replicate any stream of payoffs
that trade in firm shares would afford them by using the available Arrow-Debreu securities only. Money is
purely a unit of account, although monetary policy has an impact by regulating short-term nominal interest
rates in the presence of nominal rigidities. Embedded in the specification of the budget constraint lies also
the assumption that both factor markets (for labor and capital) are homogenous and perfectly competitive
within a country, but segregated across countries. In other words, factors can be used for production purposes
in any firm within the same country, but they are immobile across borders.

Capital accumulation may be subject to adjustment costs. We consider three special cases: the capital
adjustment cost (CAC) case, the investment adjustment cost (IAC) case, and the case with no adjustment
costs (NAC). The (NAC) function is simply,

® (X, Xy, Ky) = 1. (4)

This implies that in steady state ® (Y, X, ?) =1, 9 (Y, X, F) =0, and " (Y, X, F) = 0. The CAC and

TAC adjustment cost functions, however, require a more detailed description.

Capital Adjustment Cost (CAC) Function. We adopt the same specification for the capital adjust-
ment cost (CAC) function as Chari, et al. (2002), which implies that the function ® (-) in (3) takes the

following form,
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where % is the corresponding investment-to-capital ratio and § is the depreciation rate coming from the

law of motion for capital. Among the properties of this adjustment cost function that are relevant for our

model, we note that,
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We assume that in steady state the investment-specific shock is at its unconditional mean, and V = 1.
Hence, in steady state the adjustment costs dissipate and the investment-to-capital ratio is equal to the
depreciation rate (i.e., X = 6K) as in the standard neoclassical model. This implies that ® (§) = 1,
@’ (0) = 0, and ®” (§) = —%. The same adjustment cost formula applies to the foreign households’ problem.

Investment Adjustment Cost (IAC) Function. We also explore the investment adjustment cost func-
tion (TAC) used among others by Smets and Wouters (2003) and Christiano, et al. (2005). We conjecture



that the TAC function takes the following form,
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Among the properties of the IAC function that are relevant for our model, we note that,
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In steady state, the adjustment costs dissipate again and the net investment growth is zero. Hence, the law

of motion for capital is the same as in the standard neoclassical model in steady state. This also implies
that ® (1) =1, ' (1) = 0, and ®” (1) = —«. It is costly to change the level of investment and the cost is
increasing in the size of the change, but there are no adjustment costs in steady state. The same adjustment

cost formula applies to the foreign households’ problem.

Aggregation Rules and the Price Indexes. We assume that investment, like consumption, is a com-
posite index of domestic and imported foreign varieties. The home and foreign consumption bundles of the
domestic household, Cf and CF', as well as the investment bundles, X/ and X/, are aggregated by means
of a CES index as,

. [/Olct<h>”fdh]&,Cf—[/olcmf)“*ldf]&, 7)

X - [/let(hﬂldhrgl,Xf=[/olxt<f>9*dfr1, ®)

while aggregate consumption and investment, Cy and X;, are defined with another CES index as,

¢ = [oh )™ woren)™ | )
X = [oh ()T ok (x0T )

The elasticity of substitution across varieties produced within a country is § > 1, and the elasticity of
intratemporal substitution between the home and foreign bundles of varieties is > 0. The share of the
home goods in the domestic aggregators is ¢, while the share of foreign goods is ¢ . We assume the shares
are homogeneous, i.e. ¢ + ¢ = 1. Similarly, we can define the aggregators for the foreign household. The
only difference being that the share of the home goods in the foreign aggregators is ¢j; = ¢, while the

share of foreign goods in the foreign aggregator is ¢ = ¢ .



The model introduces home-product bias in preferences (Warnock, 2003) as well as in the composition
of investment. By assumption, investment goods can only be used for local production after aggregation.
This is also the case because of compositional differences across countries. However, it must be noted that
all local and foreign varieties can be traded internationally for either consumption or investment purposes.
Moreover, the symmetry of the aggregators implies that the corresponding price indexes are identical for
the investment and consumption bundles. Hence, the price of consumption and investment is the same as
reflected in the budget constraint (that is, in equation (2)).

Under standard results on functional separability, the CPI indexes which correspond to our specification

of the domestic aggregators in (9) — (10) and their foreign counterparts are,

_1
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and the price sub-indexes are,

1
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where PH and PF are the price sub-indexes for the home- and foreign-produced bundle of goods in units of
the home currency. Similarly for Pf7* and P/™ in units of the foreign currency. We define the real exchange

rate as,
_ SPr

RSt Pt ’

(15)

where S; denotes the nominal exchange rate.

1.2 The Firms’ Problem

Each firm supplies the home and foreign market, and sets prices in the local currency (henceforth, local-
currency pricing or LCP). Firms engage in third-degree price discrimination across markets (re-selling is
infeasible) and, furthermore, enjoy monopolistic power in their own variety. Frictions in the goods market
are modelled with nominal price stickiness a la Calvo (1983). At time ¢ any firm (whether domestic or
foreign) is forced to maintain its previous period prices in the domestic and foreign markets with probability
0 < a < 1. Instead, with probability (1 — «), the firm receives a signal to optimally reset each price.

We assume that production employs a (homogeneous of degree one) Cobb-Douglas technology, i.e.

Yi(h) = A (K¢ (h)' (L (h)", Yhe[0,1], (16)
Y (f) = Ap(K; () TV ) v elo1], (17)

where A, is the domestic productivity shock and A} is the foreign productivity shock. The labor share in



the production function is represented by 0 < 1 < 1.2 Obviously, by consistency it should follow that the
aggregate capital accumulated by households in each country is K; = fol K (h)dh and K} = fol K (f)df
respectively, while aggregate labor is L; = fol Ly (h)dh and L} = fol L (f) df. Solving the cost-minimization
problem of each individual firm yields an efficiency condition linking the capital-to-labor ratios to factor

price ratios as follows,

K. K 1-vW,
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as well as a characterization for the (pre-subsidy) nominal marginal costs,
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The labor force is homogenous within a country and immobile across borders, and the national labor markets
are perfectly competitive. Wages equalize in each country (but not necessarily across countries), i.e. Wy (h) =
Wy for all h € [0, 1] and W[ (f) = W for all f € [0,1], and so does the rental rate on capital, i.e. Z; (h) = Z;
for all h € [0,1] and Z; (f) = Z; for all f € [0,1]. Then, since the production function is homogeneous of
degree one (constant returns-to-scale), this implies that all local firms choose the same capital-to-labor ratio
(even though they may produce different quantities in every period). Moreover, the factors of production
are compensated according to their marginal product in all firms.?

We introduce a government subsidy in each country that is proportional to the local firms’ production
costs, i.e. £ MCLYy (h) and & MC;Y,* (f) respectively in the domestic and foreign countries. The pre-subsidy
production costs of a firm are simply a fraction of the (pre-subsidy) nominal marginal costs, M C; and MC},
in (20) — (21) times the output of that firm. Governments only subsidize the production of firms located

in their own country, independently of whether the goods are sold locally or exported. Governments set no

2These expressions reduce to the standard case of linear-in-labor technologies if ¢ = 1.

3The production functions in (16) — (17) can be re-written as
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since capital-to-labor ratios are equated across all firms within a country. All households located in one country supply the
same amount of labor and capital, given that factor prices are equalized whenever the factors of production of each country are
homogeneous (though immobile across borders) and factor markets are perfectly competitive. However, since pricing decisions
are not synchronized, the amounts of labor and capital assigned to each firm will differ in every period. On aggregate, by the
market clearing conditions, the capital and labor demands equal their respective supplies and a measure of aggregate output
can be expressed as a function of aggregate capital and labor, i.e.

1
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Y—t*

1
/Os/t(f)df:A:(K;)l*w(L:)w.



import tariffs or subsidize the local demand over the export demand, hence not distorting the international
relative prices (e.g., the terms of trade and the real exchange rate). Using the pre-subsidy marginal costs
described in (20) — (21), we can write the post-subsidy marginal costs that enter into the pricing decisions

of firms of both countries as follows,

N _+f 4 v 1

(1-&)MCy AP ()" (L=E)W)" (1 =&) Ze) 7, (22)
_ g% * i; g *\ ek 1=
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This characterization of the subsidies suffices for the purpose of either reducing or eliminating the mark-up
distortions associated with monopolistic competition in the goods markets. However, we must point out that
any given subsidy that the government desires to set can be implemented with any possible combination of

wage subsidies, §tL and ftL*, and capital rental subsidies, ftK and §tK *, which satisfies that,
L\ K\
1-¢) = (1-¢) (1-¢) (24)
* * v * 1-v
1-&) = (1-¢) (1-ev) . (25)

Under these conditions it immediately follows that,
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which show that the post-subsidy marginal costs are the same as before. However, the efficiency conditions
in (18) — (19) would not be the same with or without subsidies unless the wage and capital rental subsidies
are assumed to be the same, i.e. unless &, = £ = € and ¢ = ¢/ = ¢~

In other words, we impose the assumption that both factors of production are subsidized in the same
proportion in order not to distort the allocation of capital and labor while trying to correct for the mark-up
distortions with the introduction of these subsidies. Hence, the wage W; and the capital rental rate Z;
denote the amounts perceived by the domestic households in the supply of each factor of production, while
the wage W;* and the capital rental rate Z; are the amounts perceived by the foreign households. In turn,
the cost of a unit of labor and the cost of renting a unit of capital are (1 —&,) Wy and (1 —¢&,) Z; for the

domestic firms, and similarly (1 — &) Wy and (1 — &) Z; are the corresponding costs for the foreign firms.

The Optimal Pricing Problem. A re-optimizing domestic firm h under LCP pricing chooses a domestic

and a foreign price, P; (h) and P} (h), to maximize the expected discounted value of its net profits,

((Z,HT (h) + Xpoir (h)) (ﬁt (h)— (1—¢,.,) Mcm) .

+oo
E "My iir ~ ~ ~
ZTIO i Rt (C’;HT (h) + X{14r (h)) <St+TPt* (h) = (1 - ‘£t+r) MC“FT)



-1
—0
where M4y, = 87 (Cé—tf) Pit is the stochastic discount factor (SDF) for 7-periods ahead nominal

payoffs (corresponding to the domestic household), subject to a pair of demand constraints in each goods

market,

P, (h)

H
Pt+T

—0
Crprr (W) + Xpgir (h) = ( ) (Ch,+X[.), (27)

~ -6
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Ct,tJr'r (h) + Xt,t+7' (h) = < ;)tﬁ[-* ) (Ci{i‘r + Xgr'r) . (28)
CN'M_H (h) and CN’t* ¢+ (h) indicate the consumption demand for any variety h at home and abroad respectively,
given that prices P; (h) and P} (h) remain unchanged between time ¢ and ¢ 4+ 7. Similarly, X, . (h) and
)Z';t +- (k) indicate the households’ investment demand.? Similarly, we characterize the objective of the

foreign firm as,

(ét,HT (f)+ )N(t,tJrr (f)

N—
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+oo
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where My, =0 (%{*) PIEL is the foreign SDF. The demand constraints of the foreign firm are,
A
Crivr (f)+Xiprr (f) = ( Ft’F ) (Ctlj—'r + Xifi—r) ) (30)
t+1
)"
Ct*,t-s-T (f) + Xt*,t-i-T (f) = ( ;DF* ) (Ctljr*T + XE:T) ) (31)
t+1

given that prices P; (h) and P} (h) remain unchanged between time ¢ and ¢ 4 7.

The Optimal Pricing Problem: The PCP Case. Alternatively, we keep the optimization problem of
the firms as before but we replace the assumption of LCP pricing with producer-currency pricing (henceforth,
PCP pricing). This special case implies that deviations of the law of one price would not occur even if prices
are sticky in either country or in both countries. A re-optimizing domestic firm h under PCP pricing chooses
a unique price expressed in the domestic currency for its own variety, ]St (h), irrespective of whether the
variety is to be sold in the domestic market or exported to the foreign market, in order to maximize the

expected discounted value of its net profits,

S B {0 M [(Crer ) Ko ) (Civir () + i (1)) (B () = (1= €41) MCir) |},
B (32)

—o
where M1y, = 87 (%) Pﬁ is the stochastic discount factor (SDF) for 7-periods ahead nominal

payoffs (corresponding to the domestic household), subject to a pair of demand constraints in each goods

4We derive the demand for variety h in the home and foreign markets by combining the first-order conditions in (49) — (50),
section 2.



market,

P, (h)

H
Pt+T
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PH*

~ -0

Y - P* h’ * *
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CN'tﬂH_T (h) and ét* +++ (h) indicate the consumption demand for any variety h at home and abroad respectively,
given that prices P; (h) and P} (h) remain unchanged between time ¢ and ¢ 4+ 7. Similarly, X, (h) and
)Z';t +- (k) indicate the households’ investment demand.” The price paid for the domestic variety in the
foreign market expressed in units of the foreign currency, Zst* (h), must satisfy under PCP that Py, (h) =
St++ P}y, (h). Moreover, that has to be the case also when prices are sticky, i.e. P, (h) = Sy P7 (h). Given
the aggregation rules in (13) — (14), then it can easily be shown that,

PH = S, PH*. (35)

In other words, the law of one price holds at the variety level and so it does when those varieties are aggregated
in a bundle of domestic goods. However, this result holds true because the bundle of home goods is exactly
the same in the domestic and foreign country. PPP can still fail to hold at the CPI level if the aggregation
between domestic and foreign bundles of goods differs across countries (that is, if their consumption baskets
are different) as in our model. Using the law of one price, we can re-write the demand constraints of the

domestic firm jointly as follows,

P, (h)

H
PtJr‘r

)
) et xity ¢ (et xit).

(36)

(Crtr (0)+ Keir (1) + (Cirar (W) + Xy (B)) = (

Similarly, we characterize the objective of the foreign firm as,

S B {0 M [(Craer (D) + Regr ) + (Cor (N + i ) (B () = (1= €54) M) |

e 1 (37)
where My, . . =f (Cé? ) - % is the foreign SDF. The demand constraints of the foreign firm are,
~ -6
Crapr () + Xeapr (f) = (?;;f)) (Ch, +X50), (38)
~*+T -6
Crirr (1) + Kiir () = (ig )> (Cf 4 XE2). (39)

given that prices P, (h) and P} (h) remain unchanged between time ¢ and £+ 7. The price paid for the foreign

variety in the domestic market expressed in units of the domestic currency, P, (f), must satisfy under PCP

5We derive the demand for variety h in the home and foreign markets by combining the first-order conditions in (49) — (50),
section 2.



that P‘Stil(f) = P} . (f). Moreover, that has to be the case also when prices are sticky, i.e. I;tt(f) = Py (f).

Given the aggregation rules in (13) — (14), then it can easily be shown that,

—t = pF~, (40)
Using the law of one price, we can re-write the demand constraints of the foreign firm jointly as follows,

P (f)

F'x
Pt+T

—0
) et xt s (et xt).
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1.3 The Monetary Policy Rules

The Taylor rule is often defined as the trademark of modern monetary policy. In that case the policy
instrument of the domestic and foreign monetary authorities are the short-term rates I; and I} respectively,
while T and T are their corresponding steady state values. We assume that the monetary authorities set

short-term nominal interest rates according to Taylor (1993) type rules,

T (1, (}}f)w] o , (42)
rage-(5)°]

where M; and M, are the (domestic and foreign) monetary policy shocks or the shocks to the interest rate
feedback rule, II; = Pf - and I} = PI? are the (gross) CPI inflation rates, and % and é are the output
- t—1

levels in deviations from their steady state. The index captures both a smoothing term and a systematic

L = M(I;—)"™

L= M ()" ) (43)

policy component. This index specification of the Taylor rule takes a more standard form once it is log-
linearized.

The fiscal policy in each country is characterized by balanced budgets in every period, and a subsidy
to the production costs of the local producers that is fully financed by a lump-sum tax on households. We

summarize the government’s budget constraints as,
1
T, = MG, [ Yih)dn, (44)
0
1
;= quMc; [ (5, (45)
0
where T; and T} are the domestic and foreign lump-sum taxes on households, and £, and & are the domestic
and foreign subsidies expressed as a fraction of production costs. Given the production functions in (16)—(17),

the pre-subsidy marginal cost equations in (20) — (21) and the fact that capital-to-labor ratios in (18) — (19)

are equalized across firms within each country, it is possible to write the government budget constraints as



follows,

K 1= 1
T, = &MCA, (;) / Ly (k) dh
0
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1
where the second equality follows also from the labor market clearing conditions (i.e. L; = / L (h)dh
0

1
and L} = / L (f)df). As these government budget constraints illustrate, the value of the subsidy can

be expresse(f as a share of an aggregate function of the labor income, W;L; and W/ L} respectively, and
the capital rental income, Z;K; and Z; K] respectively. As expected, in the limit whenever the labor share
converges to one, i.e. ¥ — 1, the technology becomes linear-in-labor, and the subsidy becomes equal to a
fraction of the labor income for each country.

In Martinez-Garcfa and Sgndergaard (2008) this tax subsidy is completely ignored, so the implicit as-
sumption is that &, = & = 0 and Ty = Ty = 0. Often, however, these subsidies are used to neutralize the
mark-up distortion introduced by the assumption that firms produce and sell their varieties under monopo-
listic competition. In order to eliminate this distortion, suffices to set the subsidy in each country to satisfy

the following pair of conditions,

0
m(l_ft) = 1,

0 o
o-g) = 1

From here it follows that the subsidy for both countries is characterized as,

gt:£2‘:7<17

which is a function of the elasticity of substitution across varieties produced within a country, i.e. 6 > 1.
The mark-up is also a function solely of the elasticity of substitution across varieties. Since the elasticity is
time-invariant, so are the mark-ups and the subsidies (expressed as a share of the production costs) needed.

For simplicity, we treat the subsidies as a secondary policy instrument intended exclusively to deal with
the mark-up distortion and, therefore, we assume from now on that the subsidy as a fraction of the production

costs will be invariant over time and identical across countries, i.e.

=& —Fc [o, 1}, (18)
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where £ also denotes the steady state subsidy in both countries. In turn, the mark-up and the subsidy—
independently of whether the subsidy is set to zero or neutralizes partially or totally the mark-up distortion—
only affect the dynamics of the model up to a first-order approximation because those terms enter into the
computations of the steady state investment share. Rather than choosing a specific value for the subsidy,

we view its share over the production costs as another structural parameter of the model.

2 The Optimality Conditions

Here, we present the relevant equilibrium conditions of the model. Since the model is built around two
mostly symmetric countries, all the first-order conditions reported correspond to the home country unless

otherwise noted.

The Optimality Conditions from the Households’ Problem. Given the structure described in (7) —
(8), the solution to the sub-utility maximization problem implies that the home and foreign households’

demands for each variety are given by,

C(h) = <P;$)>_ec{f, X, (h) = <P;$)>_exf, Vhe 1], (49)
Ci(f) = (P;g)>ecf, X (f) = (ﬁfﬁ)exﬁ vfelo,1], (50)
while the demands for the bundles of home and foreign goods are simply equal to,
¢l = ¢y (iﬁj) B Ci, X1 = oy (i:) B Xt, (51)
Cl = ¢p (Z) - Ci, X['=¢p <];;j> B Xi. (52)

These equations, combined with the analogous counterparts for the foreign country, determine the demand
functions in the model.

Under complete international asset markets, the intertemporal first-order conditions for an interior solu-
tion result in the following (well-known) equilibrium condition on perfect international risk-sharing (derived

by backward induction),

*\ T
RSt =V (g;) s (53)

SoP; [ C
whereuEM( 0

¥

v C—O) is a constant that depends on the initial conditions. The intertemporal conditions
also pin down the price of any given Arrow-Debreu security. Let I; be the (gross) one-period riskless nominal
interest rate in terms of the domestic currency, and I} be the corresponding rate in terms of the foreign

currency. Under complete asset markets, we can price a one-period nominal (uncontingent) bond using the
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price of the contingent claims available and obtain that,

-1
1 Ct+1)_0 Py
— = BE , 54
I Al (Ot P (54)
-1
1 PR o
- = PBE ( o ) * (55)
It ' Ct Pt+1

The equilibrium conditions of the households’ problem also include a pair of labor supply functions (the

intratemporal first-order conditions) which can be expressed as,

Wt o1 S\@
B (C)” (L), (56)
Wt* _ * ot Sk\ P
Bo= Ty (57)

plus the appropriate no-Ponzi games, transversality conditions, the budget constraints and the law of motions
for capital in both countries. Finally, the equilibrium conditions are completed with a pair of equations that
account for the capital-investment decisions of households. The capital-investment conditions, however,
depend on the choice of the adjustment cost function @ (-).

The domestic households’ maximization problem can be summarized generically in the following La-

grangian,

# (Ct+7')170—1 - ﬁ (LtJrT)H(p R
Pror (Cir + X)) + Tror + [ PP (8574 [ 6547) B (877 dispy oy — o |
B(s'""7) = Wit Liyr — Zi17 Kiyr — Proyr ]
Mprir [Kiprg1 — (1= 0) Kigr = Vi r @ (Xygr, Xy gm0, Ky ) Xy 7]

Z+oo BBy | Aes

7=0

(58)
and the capital-investment decisions can be represented with the following set of equilibrium conditions,
_(7*1
Ct . AtPt = (Ct) s
A A
Kipn @ Ay = BB [ L e+ 2 A <(1 —0)+ Vi

¢ At
0P (X4, X1, Ky) At+10i41 0P (Xp 1, X, Kip1)
X, E Vi
X, o FOE T Ve oX,

A
Xe oo 1=3V [@(Xt,xtl,KtH
t

Xt+1:| .

Let us define Tobin’s q as Q; = %:. Then, after further manipulation, it is possible to re-write the equilibrium

conditions as,

Co\ 7 [Z 0D (Xyo1, X1, K
Qt = BE; ( Hl) { "l Qi ((1 —0)+ Vi1 (Kers, X tH)XtH)] ,
Cy P

0® (Xy, Xe1, K,
QiVy |® (X¢, Xi1, Kt) + (X, Xi1 t)Xt
0X;
C —ot 00 (X, , Xy, K,
=1- OB, {( é:l) [QtHVtH ( Héxtt t+1)Xt+1:| } -
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Under no adjustment costs (NAC), the pair of conditions added to account for the capital-investment deci-

sions of the domestic households are summarized as,

—1
C I VA
o - () [22hana-a) ). (59)
Ci Py
1
= . 60
Qu V. (60)
A similar set of derivations allows us to write the following system of equations for Tobin’s ¢ in the foreign
country,
* —0'71 Z*
* _ 3R t+1 t+1 (1= 61
o - m{(%) 7 [ o
1
* = _ 62
Q; v (62)

The Lagrange multiplier on the law of motion relative to the Lagrange multiplier on the budget constraint
expressed in real terms, denoted @; and @ respectively, has the interpretation of being the real shadow
value of an additional unit of capital (or Tobin’s q). In the neoclassical case is well-known that Tobin’s q is
exactly equal to one, as these equations prove, without adjustment costs and IST shocks.

Under capital adjustment costs (CAC), the pair of conditions added to account for the capital-investment

decisions of the domestic households are,

_ Coii\ ™" [ Zu v e (X (X )
@ = ﬁEt{( Ci ) Pty Qe <(1 0) = Vin® <Kt+1) <Kt+1) )]}’ (©3)
1 X, X\ X7t
@ = glr(e) (@) o

A similar set of derivations allows us to write the following system of equations for Tobin’s q in the foreign

countrys,
* —o 1t 7% X* X* 2
Q* _ BEf < t-:l) t:rl + Q* (1 . 5) . V* (I)/ ( i+1> < t*+1> 7 (65)
! Oh Py o o K4 K
1 X; X\ xp17t
Q= = [@ (Ki> + (Kt) Ki} : (66)
t t t t

The Lagrange multiplier on the law of motion relative to the Lagrange multiplier on the budget constraint
expressed in real terms, denoted @; and @ respectively, has the interpretation of being the real shadow

value of an additional unit of capital (or Tobin’s q). Under investment adjustment costs (IAC), the pair of
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conditions added to account for the capital-investment decisions of the domestic households are,

(%) [tvomaa]} @

1 . N x 1 1
Q¢ A {@ <th1> +o <Xtt1> Xttj BB {(C(tfl) ’ |:Qt+1vt+1(1), (%) (X)?flﬂ} P

A similar set of derivations allows us to write the following system of equations for Tobin’s q in the foreign

o

countrys,

* —o ! Z*
Qo = ma{( ) [Pt:wczz;l(lcs)]}, (69)

t+1

s L[ XN XE X L.
“ S {q) (XZ‘;)H) <XZ‘ 1) ij ﬂEt{( Gy [vaglqﬂ( X ) (X)gtl)Q]}( 0

Once again, the Lagrange multiplier on the law of motion relative to the Lagrange multiplier on the budget

constraint expressed in real terms, denoted @; and (); respectively, has the interpretation of being the real

shadow value of an additional unit of capital (or Tobin’s q).

The Optimality Conditions from the Firms’ Problem. The necessary and sufficient first-order con-

ditions for the domestic firm producing variety h give us the following pair of price-setting formulas,

Zj e "¢ |:Mt t+r (Ct i (B) + Xt par (h)) (fst (h) — % (1-¢4r) MCHT)} = 0, (71)

0o ~ ~ 0
Z;O o By [Mt,tJrf (CZHT (h) + X7 14r (B )) (St+TPt* (h) = 5= (1—&r) Mctwﬂ = 0. (72)

Similarly, the first-order conditions for the foreign firm producing variety f give us the following price-setting

formulas,

Zj:) O[T]Elt
0

S 0B M (G ()4 Kier (0) (P () - 2 (- ) MEs )| = 0

M ey (Coser (1) 4+ Koir (1) (Pf(f) 9f1(15t+7)MC:+7)] -0

St+7'

Using the law of large numbers and the inherent symmetry of the firms’ problem, the price sub-indexes on

domestic varieties, PH and PH*, become,

1

pH = {a (PE) "+ (1-a) (é (h))l_e} (75)

1

P = o) o (B w) ] (76)
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while the price sub-indexes on foreign varieties, PtF and PtF * are computed as,

1
1-6

PF = [a(PtF;l)l_9+(1—a)(E(f))l_e} , (77)

1-0

* * 1-0 % 1-0
pre [a (PF3) "+ (1= a) (Pr (1) ] . (78)
Equations (75) — (78) are a convenient way to reformulate (13) — (14).

The Optimality Conditions from the Firms’ Problem: The PCP Case. The necessary and suffi-
cient first-order conditions for the domestic firm producing variety h under PCP give us the following pair

of price-setting formulas,

S o, v (Crir (1) + Kuvie ) +.. ( R > o
= (Ct*tJrT (h) + X{ t+‘r ) -1 (1 - £t+r) MCyyr

Py (h) = S+ Py (h). (80)

Similarly, the first-order conditions for the foreign firm producing variety f under PCP give us the following

price-setting formulas,

P, (f)

St-i-T

+o0 (ét,t+7- (f) + Xetir (f)) + . ( Pr(f)— .. )
"By | Mf,, . : ) —0. (82
2y B | Mics (Corir (N + Xi1ir () ol (1= &4r) MOy )

=P (f), (81)

Using the law of large numbers and the inherent symmetry of the firms’ problem, the price sub-indexes on

domestic varieties, Pf1 and P/*, become,
H g \1-0 D 1=0)1=e H
P = [a (PE) "+ (1-a) (Pt (h)) } = S,PH* since P, (h) = S, P; (), (83)
H Hx\1-0 > e
e = o) 0o (Brw) ] (34)
while the price sub-indexes on foreign varieties, P/" and P}/™*, are computed as,

o= ey ra-a(me) ] (55)

[a (PP ™+ (- a) (B (f))l_e} o JZF since 7 Sif )P (p). (36)

Fx
Pt

Equations (83) — (86) are a convenient way to reformulate (13) — (14).

Aggregate Output and Real Rental Rates on Capital. Equations (49) — (52) determine the demand

function for each variety. Those demand functions coupled with the market clearing conditions at the variety
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level allows us to aggregate output from the demand-side as follows,

Yt=/01 [Ct (h) + X¢ (h) + C (h) + X[ (h)] dh
= /01 (P}}?))_gdh] o (%) " (Cor Xi) + [/01 (iéﬁ))_gdh} i (2 4 x),

1
Yy = / (Co () + X () + Cf () + X7 ()] df
; (88)

[ ) e (5) e+ [ [ (59) e (55) e .

Equations (87)—(88) tie the aggregate output demand in both countries to aggregate consumption, aggregate

(87)

investment as well as to optimal prices. In the PCP case where the law of one price holds at the variety

level, we can re-express these aggregate output equations as,

Y= /1 [Cy (h) + X (h) + Cf (h) + X[ (h)] dh
J0 0T o )
B _/0 (PIZ’E"SZ)) dh_ (%) [ (Cy + X¢) + o5 (RS (CF + X})],

vy = / (Co () + X0 () + CF (F) + X7 ()] df

Lo -0 Fa\ —71 (90)
()" 9] ) s s

Given the production functions in (16) — (17) and the fact that capital-to-labor ratios are equalized across

firms within each country, it is possible to write the following aggregate output equations,

Vi = A(K)' V(L)Y (91)
Yy o= AD(K)TN(L) (92)

Combining these aggregate production functions with the efficiency conditions in (18) — (19) and the labor
supply equations from the households’ problem (as in equations (56) — (57)), we can express the real rental

rate of capital in terms of productivity shocks, consumption, output and the stock of capital,

é — ﬂ%ﬂ _ ﬂ — e o ! 1t —(HO-we)
P - ¢ BE ¢ TG G (E) e (93)
Zi 1oy Wi Ly 1- (A:)_HT%" (Ct*)fl (Y{")HTSO (Kt*)_(lﬂldjw)w) (04)

Py v PPES W

These two equations summarize the efficiency condition that requires the capital-to-labor ratios to be pro-
portional to the factor price ratios. This characterization is also convenient because it implies that we do
not need to keep track of wages or labor in the simulation of this equilibrium. Manipulating the same set of

conditions a little bit more also allows us to re-write the real wages in terms of the real rental rate of capital
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as well as productivity shocks, consumption, output and the stock of capital, i.e.

W, 1— ¢ —Ta 1 7\ THO
t — v _ @ g @ t —we
— = - A Ta—9)e (C)T+0-9e (YV,)TFa-d)e | — 95
B ( ; ) (A1) (Co) (¥3) <P) : (95)
W 1— ~ (= P -1 Vi TS
t — ¢ *\— £ * 4 * £ t e

= . A IFI-de (CF)TFa-de (YV,*)T+0-9Pe | L . 96
B ( ; ) (47) (o) (¥ (P) (96)

These two equations suffice for the purpose of replacing real wages out of the marginal cost equations.

3 The Steady State

There is a zero-inflation steady state that implies consumption gets equalized across countries, C' = 6*,
the nominal exchange rate equals one, S = 1, and prices are identical for all goods, P = P —p" and
P =P = P"". This normalization is customary in the literature, and often used in the background to
derive the log-linearization of the equilibrium conditions of the open-economy model with nominal rigidities.
We set the unconditional expectation of the shocks to be equal to one, i.e. A = A= 1,V = V= 1, and
M = M" = 1. For the purpose of this paper, suffices to consider the implications of adding capital in the
steady state.

First, we look at the steady state investment-to-capital ratio. The capital accumulation equation in (3)

(and its foreign counterpart) require that in steady state the following equalities must hold,

K = (1-§)K+Ve(X,X,K)X,
- (1—5)F*+V*@(Y*,Y*,F*)Y*.

—%

Operating on the capital accumulation equations it follows that,

5=V (X,X,K) % ~V'o (X X K) =

These two equalities are satisfied whenever = %— = 0 because we normalize the unconditional mean

of the IST shocks to be one, i.e. V = s
adjustment cost (CAC) function we know that ® (%) =o (%*) = @ (J) = 1 in steady state, and (b) under
our specification of the investment adjustment cost function we know that @ (% =0 %) =0(1)=1

in steady state. Therefore, in steady state these adjustment costs have no effect (independently of the

1, and because: (a) under our specification of the capital

specification that we choose), and investment purely replaces the depreciated capital.
Second, using the fact that the investment-to-capital ratio is pined down by the depreciation rate and the
properties of the adjustment cost function ® (-), we can write the steady state household efficiency conditions

that summarize the behavior of Tobin’s q and the real rental rate on capital in either (63)—(66) or (67)—(70)
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as follows,

2 - s|Z+a0-9).
Q =B *—|—Q*(1—6)1,
Q= Q=1

; ~ S Lons: X\ = X\ _ — X\ = X\ _ -
where we also the following assumptions: @’ (?) =9/ (?*> =9’ (4) =0, (Y) =9/ (Y) =3’ (1) =0,

and V=V =1. Naturally, the steady state real rental rate on capital (which corresponds to the aggregate

marginal product of capital) must be equal to,

7
= =p-(1-9).

Sl N

This result is quite standard in the neoclassical literature. It says that Tobin’s q must be equal to 1 in
steady state, and that the real rental rate on capital must be equal to the real returns on bonds (since
based on (54) — (55) the steady state interest rate is I = 1 = 3~ ') after accounting for the effect of capital

depreciation.

c
C+X
=1 — v,, respectively. The standard normalizations not only require that consumption equalizes in

Third, we look at the steady state consumption and investment shares defined as vy, = and v, =

X
C+X
steady state, but also that the real trade balance becomes zero. Therefore, it must follow from the goods

market clearing conditions that,

Using these goods market clearing conditions and the fact that in steady state the investment-to-capital
ratio is determined by the depreciation rate, we can write the investment share as proportional to the

capital-to-output ratio,

]

=<l

Va

On one hand, we know from the Cobb-Douglas specification of the production function in (16) and the
efficiency condition on the firms’ problem in (18) that the capital-to-output ratio can be expressed as a

function of productivity shocks and the factor price ratio. Hence, it follows that,

w5 5 (5) (5 6) )

where A is the steady state domestic productivity shock. On the other hand, we also know that in steady

i

state all firms charge the same price (the Calvo parameter is irrelevant) and the standard pricing formula
under monopolistic competition applies. The assumptions of LCP or PCP pricing are also irrelevant for the

determination of the steady state allocation, and have no bearing on the steady state. Hence, prices are
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equal to a mark-up over marginal costs, and the pricing equation in (71) and the marginal cost function in

(20) reduce to,
—n_ 0(1-¢1 1 P o 1=t
R W T W)’ ().

Dividing this expression by P and re-arranging terms, we infer that real wages are linked to the real rental

= (Zf)w - 9?1‘_15) [W’ (1)~ (i)w_] |

If we replace this expression inside the formula for the investment share «, obtained before we get that,
o (Hﬂ)w (%) [ S PR (Z)“
e v ?) |e0-9 7
— 71
0(1-¢)\ [ Z
= 1— —_— =
5(1- ) l( - (P)

Then, using the steady state real rental rate on capital, we can say that,

Ve =0(1—1) [(”;:P) (B '-a —5))]1.

In other words, the investment share in steady state depends directly on the depreciation rate of capital, ¢,

rates on capital by,

and the capital share on the production function, 1—1, and indirectly on the mark-up, %, the firms’ subsidy
in steady state, &, and the real rental rate on capital, 7 — (1 — ). An analogous set of derivations allows
us to obtain the same expression for the investment share in the foreign country—under the assumption that
the steady state subsidy is the same in both countries, i.e. £ = Z*

Finally, in the deterministic steady state of our model, it follows easily from equation (52) and its foreign

counterpart that,

P\ P\
_F _ . _F _ _
¢ = ¢r (P) C=0¢pC, X =0op (P) X =¢pX,
—Hx\ " —H=x\ —"
C = ¢H(P*> C =¢uC, X :¢H<P*> X =o¢pX,

since P=P =P and P" =P =P . Under the (symmetric) home-product bias assumption (i.e.,
3 = o), given that C' = C and X = Y*, we therefore conclude that,

o+ x"

bp (6+Y) =¢rY,
03 (CT+X") = 6 (C+X) = 657,

where the last equality follows from the steady state market clearing condition in both countries. In steady
state, the trade is balanced in real terms. However, because households have preferences for domestic as well

as foreign goods, exchanges do occur between the two countries. The parameter ¢ denotes the share of real
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domestic imports (and real foreign exports) for consumption and investment purposes relative to aggregate
output in steady state.

As noted earlier, the deterministic steady state is the same independently of whether we assume LCP
or PCP pricing because price stickiness becomes irrelevant in the steady state anyway. In the special
case in which the firms’ subsidy is set at £ = £ = %, then this fiscal policy instrument suffices to fully
neutralize the mark-up distortion caused by monopolistic competition. Therefore, the steady state of the
model becomes observationally identical to the steady state of a frictionless model under flexible prices and
perfect competition. Such scenario is often appealing in the literature because it implies that the frictions
due to price stickiness, monopolistic competition (and LCP pricing whenever applicable) have a first-order

effect on the short-run dynamics of the economy but no effect in the long-run (in its steady state).

4 The Log-Linearized Equilibrium Conditions

Here, we log-linearize the equilibrium conditions around the deterministic, zero-inflation steady state. We

denote generically 7; = In N; — In N the deviation of a variable N, in logs from its steady state.

4.1 The Households’ Equilibrium Conditions

The log-linearization of the Euler equations in (54)—(55) is quite standard, and characterizes the consumption-

savings decisions of the households as follows,

&~ Eoft] - o (i - B Fn)) (97)
G o~ EfGu] -0 (?;‘ _E, [%;‘H}) . (98)

The perfect international risk-sharing condition comes from the log-linearization of (53), i.e.
’c\t—’c\;‘zaﬁit. (99)

As expected, we obtain that relative consumption must be proportional to the real exchange rate.
The log-linearization of the domestic capital accumulation formula in (3) and its foreign counterpart in

the case without adjustment costs (NAC) allows us to obtain the following set of equations,

R - XN\
kt+1 ~ (]_ — 6) kt + <VK> (xt + Ut)

= (-0 k +0(F +7,), (100)
A* Tk **Y* %k sk
o~ (1=0)k + (V *> (@} +7)
K
= (1-8k +6@G +71)), (101)

where the second-equality follows from the steady state investment-to-capital ratio being pinned down by
the depreciation rate. Notice that vy and Uy are the investment-specific technological (IST) shocks in this

model, and that their unconditional mean is normalized to one (i.e. V.=V = 1).
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The log-linearization of the domestic capital accumulation formula in (3) and its foreign counterpart

under capital adjustment costs (CAC) allows us to obtain the following set of equations,

kg1~ {(1 —48) - Vo (%) (;)2] e + [Vcb (%> % + Ve (%> (E)Q} Bet -
To (% 5, (102)
.

B[00 -7 (F) (B) ] R+ e (3) B+ 7o (5) (5) ] 6+
Vo (£) Xy (103)
= (1= 0)kf +0(@; +77),

where the second-equality follows from the steady state properties of the CAC function, and the fact that
X =6K and X = 0K and V =V = 1. The log-linearization of the capital accumulation formula in (3)
and its foreign counterpart under investment adjustment costs (IAC) allows us to obtain the following set of

equations,
B~ (1—0)k + [V (% X
v (%) (%) F]a v (%) F (104)

=(1=0) ki +6@ +7),

|

Fa~(-ok+ Ve (%) 47 (X)) (%) &
< <=\ 2 — <=\
F X X X | o * X X
{V ¢ (?) (7) K:| TPtV @ (Y) el (105)

=(1=8k +6@ +77),

where the second-equality follows from the steady state properties of the TAC function, and the fact that
X = 6K and X = 6K and V =V = 1. It is interesting to note that in spite of the fact that we are
using three different specifications for the adjustment cost function, the log-linearized law of motion for
capital is the same in all cases. However, unlike what happens with the law of motion, the log-linearization
of the equilibrium conditions on capital-investment is not independent of the choice of the adjustment cost

function.

The Capital-Investment Decision under NAC. The log-linearization of the capital-investment con-

ditions coming from the domestic households’ problem in (59) — (60) are,

~ 1 ~ e ~
q; ~ By {—O_ (Cp1—C) + (L= (1=0)B) T + (1 -9) 5Qt+1} ) (106)
gt ~ —, (107)
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and, analogously for the foreign counterparts in (61) — (62), the log-linearizations give us that,

~x 1 ~x sk ~zx ~k
4 %Et{_a (Ct+1_ct>+(1_(1_5)B)Tt+1+( _6)£Qt+1}7 (108)
@ ~ =y, (109)

where naturally ¢; and g are the real shadow values of an additional unit of capital (or Tobin’s q) in each
country, and 77, = Zi41 — D1 and 77}, = Z7, — Dy, denote the real rental rates on capital in the domestic

and foreign countries, respectively. This pair of equations can be re-arranged to show that,

(1= (=B E: () ~ (i =B (Fen)) + (1 - 6) BBy (Brs) — By (110)
(1= =0)B (77) ~ (i B (7)) + (1—0) BBx (57..) — 57 (111)

by adding the Euler equations in (97) — (98). We could interpret this pair of equations as indicating that the
real rental rate on capital (the aggregate marginal product of capital) is proportional to the real interest rate.
The two rates are not equal, however, because capital depreciates over time, while borrowing and lending
in the bond markets is not subject to the same physical depreciation. They also differ because of the IST
shocks. In other words, the real interest rate should be proportional to the aggregate marginal product of

capital only if there are no adjustment costs and IST shocks.

The Capital-Investment Decision under CAC. The log-linearization of the capital-investment con-

ditions coming from the domestic households’ problem in (63) — (64) are,

(Ct+1 )+ (1—=(1—=0)8)ri + (1 —9)Bq41 —
Y RO R (7)) € m(z) .
R Nz Tip1 — kt+1> p— vy Vi
7t <1 -V ( (7)> h Q( ver (% )(7)>
1 . ~ ~
= [ {0 @1 =)+ (1= (1=08)B)Fiyy + (1= 6) BGesr + x6°B (!L’t+1 kf+1)} (112)
@I @),
qQq = — < (X)X ( — k:f) — Ut
e (%) (%)%
= X0 (@ - @t) — U, (113)
and, analogously for the foreign counterparts in (65) — (66), we obtain that,
1 A~k 5k ~x% Tx
¢ ~ B {—U (G =)+ (1= (1 =0)B) 771 + (1 —6) BT + x5°B (xt—i-l - kt-i—l)} , o (114)
@ o~ xo (@ F) - (115)

This pair of equations describes ¢; and g; as the real shadow values of an additional unit of capital (or
Tobin’s q) in each country, 77, | = Zy41 — Di+1 and 77} = Zf, | — Piy, denote the real rental rates on capital
in the domestic and foreign countries, while x regulates the degree of concavity of the capital adjustment
cost (CAC) function around the steady state.
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The pair of equations that relate the current and expected Tobin’s q to the real rental rate on capital

and the real interest rate can be re-arranged as,

G~ OB () + (1= (1= 6) ) B (771) — (00— Bi (F)) | (116)
G~ BB (G + (- (-0 BB (7)) - (3 B (7ra))] (117)

by adding the Euler equations in (97) — (98). We could interpret this pair of equations as indicating that the
differences between the real interest rate and the real rental rate on capital (the aggregate marginal product
of capital) are the result of fluctuations in Tobin’s q. Notice that in the extreme case where there are no

adjustment costs and IST shocks (i.e., when x =0 and v; = v} = 0), then ¢ = g; = 0 for all ¢.

The Capital-Investment Decision under TAC. The log-linearization of the capital-investment condi-

tions coming from the first-order conditions of the households’ problem in (67) — (68) are,

_ 1 z 1-0) .
~ K _ _ _ P z _
qt t{ U(Ct+1 Ct)‘f'IZDJr(l5)7‘t+1+IZD+(1§)Qt+1}
= B { L @ @) A= (1= 98 T+ (L= 0 | (115)
(e (3) () (R) (R) L
q = t — = /¥ — %\ (X Ty —Te—1) +
ve(5)+ve (%) (%)
o (3) ()’ TEE
_% 1+BV<I>/(%) (%)2 (Ct+1 - Ct) + VD %) (%)2 (Qt+1 + Vpy1) +
: (@@ OE)E
e @ET T
= K@ = Ti—1) — BB (Teg1 — Ty)] — vy, (119)

and, analogously for the foreign counterparts in (69) — (70), we obtain that,

1 ~zx 5k
@~ B @ - @) (- (1= )BT+ (1= 0) B | (120)
T o~ k(@ - T - BB (@ - 5)] -5 (121)

This pair of equations summarizes ¢; and g; as the real shadow values of an additional unit of capital (or
Tobin’s q) in each country, 77, = Zy41 — pr41 and 77}, = /| — p;,; denote the real rental rates on capital
in the domestic and foreign countries, and x regulates the degree of concavity of the IAC adjustment cost
function around the steady state.

The pair of equations that relate the current and expected Tobin’s q to the real rental rates on capital

and the real interest rate can be re-arranged as,

G o~ (1= 0)BE ] + (1= (1= 0) ) () — (3~ Bulfena] ) (122)
G o~ (1= 0)BE [G] + [0 - A=A E (7i1) — (F —Bi [7]) ] (123)
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by adding the Euler equations in (97) — (98). We could interpret this pair of equations as indicating that the
differences between the real interest rate and the real rental rate on capital are the result of fluctuations in
Tobin’s q. These equations are almost identical to (116) and (117) except for the fact that the expectation
term on the right-hand side is diminished by (1 — ¢). Hence, we conjecture that expectations about the
future play a potentially ‘smaller’ role in the dynamics of Tobin’s q under the IAC specification. Notice that
in the extreme case where there are no adjustment costs and IST shocks (i.e., when x = 0 and v; = vy = 0),
then ¢; = g =0 for all ¢.

Finally, we can re-write equations (119) and (121) in a more compact form as follows,

~ 1 1 L
Ty = 158 Ty + 1 f 3 ¢ [Deg1] + m (G + 1), (124)
s 1 " 1 .

T, = 1+ﬂ i 1+1—ﬂ|—ﬁ [$t+1} +m(qt +’Ut). (125)

The presence of investment adjustment costs (IAC) changes equations (119) and (121) completely. First, it
introduces an element of inertia in investment captured by the lagged terms in (124) and (125). Second, the
investment decision also becomes forward-looking, captured by the expectation term, because it becomes
costly to adjust the level of investment. The elasticity of investment with respect to Tobin’s q (the shadow
value of an additional unit of capital) is inversely related to the curvature of the IAC function (regulated by
k). By contrast, investment under the assumption of capital adjustment costs (CAC) responds immediately
to movements in Tobin’s q as can be seen from equations (113) and (115), while the elasticity of investment
with respect to Tobin’s q is inversely related to the curvature of the CAC function (regulated by x) and the

depreciation rate ().

4.2 The Monetary Policy Rules

A simple log-linearization of the Taylor indexes described in equations (42) — (43) gives us the following

monetary policy rules,

[AES pi/i\t—l + (1 —p;) [d@ﬁt + lby@t] + My, (126)
i~ piy + (L= py) [Ty T + g, (127)

where m; and m; denote a pair of monetary policy shocks (expressed in logs and relative to their uncon-
ditional expectations). The Taylor rule for each country is symmetric, has a smoothing component, and it

also responds to fluctuations in output and inflation.

4.3 The Firms’ Equilibrium Conditions
4.3.1 The Open Economy Phillips Curves

Efficiency Conditions and Aggregate Output. The efficiency conditions can be summarized by equa-

tions (93) — (94), as reported before. The log-linearization of these conditions implies that the real rental
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rate on capital must be approximately equal to,

~ Lo I+p. (1+(0-9P)p\2 14+
Tt ~ E + —|— ,l/) Yt — ( '(/} kt — 'l/) Qg, (128)
. 1 L+oy.. (1+(1—¢)<P>A L+ep.
o~ —¢f + — ki — ——a;. 129
t o t ’l/} t ’l/) t ,l)[} t ( )

If we define the world consumption as ¢} = ¢ ¢;+¢pc; and ¢V * = ¢pci+¢ ¢ and the relative consumption

as ¢l' = ¢, — ¢}, then we can write that,

~ ~W ~R W ~
¢t = ¢ +opc = + Qporsy,
> oWk SR AWk o~
GG = G —OpC RC T — gpoTsy,

where the second approximation follows from the perfect international risk-sharing condition in (99). Then,

we can express the efficiency conditions in (128) — (129) as,

e 1+ 1 . 14+ 1+(1=vY)p\~
TR - ” at+;C¥V+¢FTSt+ ” yt_< ¥ ke, (130)
Ty R — ” at"‘;EXV — Qprse+ ” Yi — ” ky .- (131)

These equations are necessary to close down the model without having to keep track of either labor or wages
explicitly.

Using the demand constraints of the domestic firm in equations (27) — (28), the demand constraints
of the foreign firm in equations (30) — (31), complemented by (51) — (52) and the corresponding foreign
counterparts, it follows that the log-linearization around the steady state of the output demand for a given

firm, i.e. gz (h) for a domestic firm h and g7 (f) for a foreign firm f, takes the following form,

Gy = =0 @Y ) =)+ @ —n) (B ) + (1= 1)@ +El,

G~ 0BT =) O (B =B + (=) a4 al

Q

where the weighted variables are,

& = ol topc, &= 0pt + ducr,
= opTi+ opTy, B = ¢pli + dply,
Pt (h) = oube(h) + ¢pb; (). By (f) = ¢xbe () + ¢uby (f)
" = oubi 4+ opbi B = bpby + dubi
P = bubi+ ¢rby, B * = Gpbi + Oubi-
We define the steady state consumption and investment shares as v, = @% =1—7, and v, = %,
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respectively. We can log-linearize the price sub-indexes in (13) — (14) as

1 1
P~ / B () dh, BT ~ / B (f) df,
0 0
1 1
o~ [ mman st~ [ B
0 0

Q

so it follows that the weighted prices of all domestic and all foreign firms are ﬁf Wox fol PV (h) dh and
ﬁf W~ fol PV (f) df, respectively. Adding up the output market clearing conditions for all varieties

(firms) within each country, we obtain an expression for aggregate output in these terms,

o~ (Y =B) + (=) d (132)
o~ (B0 ) (=) e (133)

These equations become very important in our posterior derivations of the Phillips curves. Furthermore, if
we combine the efficiency conditions in (130) — (131) with the output equations derived in (132) — (133), it
follows that,

ST+ gprs -5 (B -1 -

\_/

rfz(f—i— 1—7,) %

( +(1— ww)k Ite "
ﬁw(%m—m% A R gt g (R A -

14+(1— Tox ok

(w) kr — 1;‘/‘}“’&“

These conditions can be appropriately used to simplify the description of the inflation dynamics.

The Optimal Pricing Equations. In steady state the standard pricing rule under monopolistic compe-
tition holds. Accordingly, the log-linearization of the optimal pricing equations in (71), (72), (73) and (74)

can be compactly expressed as follows,

P =B~ B3 (B0) Rur] + (L= Be) B[S0 (Ba) (et — Fier)]
B =7~ B Y (Ba) R ]+ (L Ba) B [30 ) (B) (e — Brir — Pourr)]
Plf) =P~ B[ (Bo) Rup] + (1 - BB [ () (e, — By + Pouir) |
BN -5~ B[ (Ba) R + (1 - Ba)E [30 (B (e, — Bar)|

which defines the distance between the optimal price decision of a given re-optimizing firm and the CPI
level prevailing in each market as a weighted function of current and expected future CPI inflation and real
marginal costs. Here I must recall the assumption that the government subsidy is time-invariant and equal
to its steady state value in every period, which explains why the government subsidies do not appear in the

log-linearized pricing equations. We derive the (pre-subsidy) marginal cost equations in (20) — (21), and
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they can be log-linearized as,

%

— 1) (?f-l,-q— + ﬁt-s-r) — Utgrs

- w) (?f-t‘l' +§,tk+7') - a:-;-w

YWy + (
{l/}ﬁ)\:—i-T + (

mcCi4r

1
1

%

o~k
me; -
while the labor market clearing conditions, which are implicit in (95) — (96), can be approximated as,

0 ~ a 1 14 » 1—9)e =~ 1 ~
Devr &~ Tisgp Ot + THIgp oot + TSR Ier T TR g)p (itr T Pir) + gy Peer

~ ) ~x 1 1~ ) P (A=)p  (mzx s 1 ~

Wyir B —Traegystivr + Tra 0)s s Ot T T e bier + Tiaos (Pikr +Digr) + Tra—gyaPisr-
The labor market clearing conditions and the marginal costs reduce to the standard linear-in-labor case
without capital if the labor share in the production function goes to one (i.e., ¢ — 1), as expected. If we

combine these two log-linearized equations, it follows that the marginal costs can be expressed as,

—~ ~ ~ 1 ~ ~ ~
Meitr X I gg oot T T g — Ty (@ = (L= ¥) (e + Pesr)) + TrasgppPer
1

~x b W) 1+ ~ Sz P
MCyr ™ Trays o Cbr T T e Ve — Trys (@ipr — (L= 0) (77 + Pigr)) + tramgyePiers

where ¥, and 77, , reflect domestic and foreign aggregate output. Finally, if we combine the marginal cost
equations with the output equations derived before in (132) — (133), it follows that,
. ~ 1~ ~H,W
MCtyr — Pt4r ~ m;ct-&-r - %U (PHT

1+ -~ ~z
s (e — (L= )77, ),

— )+ s (U= )Y, + ) -

. SEWs s * AWk
My r — Pigr & ﬁ t+r %n (thrT " —PK/H) + ﬁ ((1 — Vo) ClYs + %-’Emr) BRREE

1+ ~x *
Ty (@ — (L= 9) 77, ).

We can use our characterization of the real marginal costs with the pricing formulas log-linearized before
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to write that,

Py (h) —pr =

(1= B0) (rets ) Yo s (B) B

S (Ba) By (Resr).

~k

Py (h) —p; =

(1= 60) (i) 2o (Ba) By

S (Ba) i (Ri)
()= =

(1= B0) (trets ) Yooy (B) B

S (B0) By (Resr)

b (f) —Pi

Q

(1= Ba) (ﬁ) Z:Z (Ba)" By

S (o) (Riy) -

We log-linearize the price sub-indexes in (75) —

~

p: (h) — b
b (h) =5
b: (f) = B
b () =D

which is quite convenient for our purposes.

cost. If we define the world consumption as ¢} = ¢p¢; + ¢ and ¢/ *

Q

Q

Q

Q

We replace the isolated terms

N ~HW R
%ct-‘r‘r — @n (pt+r —pKT) + 2 ((1 - ’}/x)/c\K/‘rT + ’VxxK/‘rT) -
1 ~
(52) @eer — (1= 9)7,r)

—~ ~HW IR R
%CPH' —©n (pt+7' _pyi‘r) +o ((1 - 7$> CIE//KT + 'szmr) -
1 —~ Py 14+(1— ~

(1) 00 77) - (20 .

al=

~FW PR PR ~
e —m (pHT = pfii) +o (=) & +7.387) — -
1 ~x 14+(1— ~
(552) @i — (1 =0 7) + (HU522) s

/\F,W* WV % W * A *
%/c\tk-&-T —©n (thrT - pK{-T) + 2 ((1 - rY.L) CK/FT + 71371‘5/-[{—7') -

(%2) @5, - (1 - 0)77L)

(76) and (77) — (78) and re-arrange them to obtain that,

(ﬁfﬁtH( « )%ff,

l-«a
G -0+ (125 ) 7
6f -5) + (125 ) 7.
(ﬁf*—ﬁxh(lfa)%f*,

1%, and 1¢; out of the marginal

o
= ¢pCt + ¢pC; and the relative

consumption as ¢I* = ¢, — ¢, then we can write that,

¢ =

ok p—
Cy =

W ~R W ~
¢y +opcy e + GpoTsy,

W x
Ct

— ol R — dpoTE,

where the second approximation follows from the perfect international risk-sharing condition in (99). Hence,
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the pricing equations can be expressed more compactly as,

i+ (552) (0 -5 ~
(071 + (1= 7,) @) e, + 10T, + ..
U () 3 Ga) B | derse —on (B B ) - [
(1£2) @rsr — (1 - 0)75,)
(52) 37 (Ba) By (Rrr).
A+ (52) (B - B) ~
(071 + (1 —v,) @) e + 70Tl —
U () 0 (B0 B | (0 552 A4 0) e — o (B - BY) — o | 5
(152) @uer — (0 - 0) F52)

()3 (B0 Ee (714,
T+ (152) (0F — i) =

(07 + (1 =7,) @) & + v, 0T + ...

e tee T 1-9 3 o SFWs s\
v <1+(1w_¢)¢> ZT:O (Ba)" By (¢H + = (114-: @)) St4r — PN (pH_T pt_,_T) R
(152) @, - 0 - 0)it)

(52) 3 (B0)" By (R

o (15 B - )

(071 4+ (1= v,) @) EE + vl t —
U (i) S oy B | ermi —en (B ) e | 4
(42) @irr — (0 - 0)751)
() (B0) B (7).

(-a)(1-fa)

[e3

where ¥ =
Furthermore, these pricing equations can be expressed in the form of a system of expectational difference
equations. Let us focus on the first equation as an example. If we re-write the equation at time ¢ + 1 and

take conditional expectations on information up to time ¢, it should follow that,

By {%EH +(15%) (0 —ﬁtﬂ)] ~
(07" + (1= 72) ©) Wirgr + V09T 1r + e
) (ﬁ) Z::Z (Ba)” By GpT8tp14r — PN (ﬁfﬁKT —ﬁKHT) - .. T
(H_Tw> (at+1+T —(1—1) ﬁ+1+r)
(I?Ta) ij (ﬁa)T E; (%tJr]_JrT) .
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Hence, using this conditional expectation, the pricing equation can easily be decomposed in two terms as,
w o+ (45) (0 - B ~
— PR ~ ~ ~HW
—— (07 4 (L= 72) @) &Y + 7,8l + 0pisy — on (B = BIY) -
T+
= (%2) @ - a-v)7)
(1 — ) BEq (Te41) + BBy [Wt+1 + (1 a) (ﬁtﬂ §t+1):| .

Further re-arranging allows us to express the expectational difference equation as,

— BBy (%tffi—l) + ¥ (pf' — )
. (07 4 (L= 7) @) & + 7,08l + dprs —on (B B ) — ..
~ (1+(1*¢)<ﬂ) v 1+¢ o~
(42) @ — (1 -)7)

We can apply the same approach (and algebraic steps) to re-write all other pricing equations as expectational

difference equations, i.e.

,\H* B]Eﬁ‘ (%gﬁ) + U (AH* 71’)\;)
. (67 + (1= 72) @) & + 7,08l — (60 + 52 (L4 9)) 750 — o (5177 =51V -
(o)W
(1+(1—1/))s&>

(52) @ - (1 - )7)
~ BB (710) + ¥ (5F — B1)

(v Ny | OO @) el (¢H + 52 (14 w)) 75— on (pF T —p

~ (71+<1 w7%) e o
_ ) @ (1- ) 77)

w0 — BB (705) + ¥ (B — )

i ~FLW AW*> _
_ "
~ (o) ¥

(071 + (L= 72) @) &Y + 7,020 = 6y — o (51" — B}
(52) @ - 1 -w)7)

These equations provide a very simple characterization of the price dynamics at the price sub-index level.

Now, we use the pricing equations described above to infer the dynamics of the relative price sub-indexes

sl =70 R R = pH _ pH*y and 708 =78 — 28 (pF" = pF — pE'™) as follows,
— BE (nm ) + U (AH R_ ]35) ~ Ui, (136)
#PR _ gE, (ml) LU (AFR ﬁf) ~ Ui, (137)
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where pf = p;

(vt @

~H x ~H
T ~ PE; (7Tt+1

IN—

#H ~ BE, (%fL) ¥

(1+(1

_|_

(' + (1 —7,)0) e +v,02

~ ~HW
GpTs: — on (pt - ptW) -

)t -5) - ()

— Py is the relative CPI. We can re-write the price sub-index equations further as follows,

+ ...

-1 =9)77)

( +(1—%)<P)5tw + Y02 —

Y —on (W _ AW) _
(m) v (¢ 1 =+ (p)> st @1\ Dt by B
1+(1— (Bl 5
(“ ) He-pn) - (552) @ - (- 0)7)
7, ~ B (7?1:F+1)
( + (L =7)9) & + .92 +
Y ~F W _ /\W*) -
(o) | (o 5205 57) . |
14+(1— ~ 1 " ¥
(+< )pt ~5) - (42) @ - - w7
7~ B (%fjl) + .
(M A=) ) & + T —
—Y v P8 — P (pFW* -p) -
1+(1—v)e F ¢
1+(1— ~Fs 1 "
(M) (5 - ) - (552 @ - (- ) 7)
We have defined the world price sub-indexes as ﬁf[ = qSHpt + ¢pp* and pf We = = ¢ppl + dypl*, and
the relative price sub-indexes as ﬁf’R = pf — pH* and p; pt = pI" — pI'*. Then, naturally, we can write that,
~ ~H.R ~Hx _ ~HW ~H,R
pfl = HW+¢F 7p{i = D¢ — ouby ",
A~ * ~F % ~F W % ~F'R
o= B oun "t B =0 —opb

Analogously, we have defined the world CPI as p}V = ¢ p; + ¢ xp; and p}¥ *

CPI as p* = py

— p;f. Then, we can write that,

W ~R o~ ~W ~R
Dy + QD> Dy =Dy — Qb
U4 oubt, By =Dt — drbi
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Therefore, we can re-arrange the pricing equations as follows,

71 ~ SR, (7rt+1) + ..

[ (e '+ (1= 7) 0) & + 7,07 + ... (135
(ﬁ) ) (ZSFF-\St - (1+(1¢’ ble +Q077> ﬁf’w *ﬁ?) - ... ,
(”“ DY) 6 (F° - 5F) — (152) @ - (1 - 0)7)
7~ BB (%’il) +.
(e '+ (1 =7)9) & + 7,98 - (139)
(ﬁ) )\ (QSH + d) (1 + @)) 7:?915 - (1+(11/jw)£ +S07]> (Afw A}”) —+ ,
_ (1+(1¢ W) . (@HR _]35) _ (1?0)( — (1= )7
#F ~ BB, (W,H) ¥
( T (-,) 90) o+ vww@W* .. "
| (LZ 22) gy (0 —ﬁﬁ) - (12“’) @ — 0w
R~ BB (7E0) + -
(07 (1= 7)) & + 7,98 — )
(ﬁ) v GpTs — (H(l,/i)@ + 9077) e *22”) + ...
| () o (R - p8) - (422) @ - (1 - 0)77)

By appropriately replacing the efficiency conditions in (134) — (135), and after a little bit of algebra, we can
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now re-arrange the pricing equations for the sub-indexes in (138) — (141) as follows,

#1 ~ BE, (%fil) ¥

(0—1 +(1—-n,) (ﬁ) (go—l— (1—1) %)2 )EXV + ..
Ve (ﬁ) (SﬁJr (1—1) (T)z)

PpTse — (1 +n (ﬁ) (‘P +(1-9) (1?})2)
or (B - 5F) = (1 - v) (2) B - (552) @

~H % ~H*
T ~ BB (7Tt+1> + ..

-
<[F
)
SN—
[V
S~
~
D)
<
+

(o7 + =) (o) (o -0
Ve (ﬁ) (SDJF (1—1) (1?})2) zy - ..

GyTE — <1+77(1+(1¢¢)¢) (‘P"‘(l_w) (1?9)2)> (ﬁflw_ﬁgv) + .

on (P17 = BF) — (1—v) (552) | - (52) @

#F ~ BE, (%f]rl) ¥

(
b — <1+n(1+(fbw)@) (<p+(1—w) (17‘”
o (PP7 = PR) — (1= (552 B - (552

~Fx ~Fx
o~ PE; <7Tt+1> + ..

We define the world price sub-indexes as pi"" = ¢upl + ¢pp* and pr"V " = ¢ bl + dpy

. . . ~H
we easily derive the dynamics of 7"

<cr_1 +(1-7.) (s ) <<p+ (1) (1;*0)2))61”* + ..

7o (i) (e + - 9) 2
¢Ffst—<1+n(1+(1wo) o+ (1-v) (L2

o (P07 —BF) - (1—w) (152) Fi -

~F W %

W _ ~HW _ ~HW .
= b

~F W ~F W %
Dy — Pt t

and 7, =p
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from the equations

(142)

(143)

(144)

(145)

. Therefore,



above as,
~H,W ~HW
7w =~ OB (7Tt+1 ) + ..

(o7 =) () (v + -

| 1 () ()
R~ BB (FEY") =+

(o + =7 () (o + -
v %(ﬁ) (w+(1—w)(1fﬁ))x
(1 0 (1+(1 w)w) (<p+ (=) (1?())2)) ﬁfw* _ﬁ?/*) o

(1 —v) (552) b - (2) ar

We define the domestic and foreign CPI indexes as p; ~ ¢yupit + ¢ppl and pf ~ ¢ppl* + dupl™*,

respectively. Therefore, it is easy to derive the dynamics of 7 = p; — py_1 and &, = p; — p;_; from the

equations above as follows,
T~ BB (Fer1) + ..
o (1= (i) (o + 00 (52)°) ) lowat” + ot + .
Va (H(l%) <<P + (1 =) (HJ)Q) [Ou + opT)""] + 20 dpTs: —
| oot (-0 ) o7 58) s )] |
onor | (77 = BF) + (50"~ BF)] - (1) (152 R -
i (1 <p) [¢par + dpay]
7 m_ﬁEt (%;1) + ...
52) (o + =) (22)") ) [orat + utt’) 4 .
Ve (ﬁ) (SO+ (1- ( ) ) Op + oul*] = 20p¢y TS —
(140 () (o =0 (52) )) (5 =) + o (P =)+ |
bron | (B - BF) + ( —ﬁf)} (1) (52) B -
) [Ppar + dpa;]

,1_1'_(1—’}/3C 1+(1

where world aggregate capital is defined as E/V =¢ HEt +¢ FE;‘ and E’V =0 Fk\t +¢ H%f . We can also write
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certain terms inside the brackets of the inflation dynamics in a more compact form as,

- (e () (o4 @0 (52)7)) o (0 =) 0 (5 - 227)] - .
onor | (" —5F) + (A — 21|
=n(ﬁ) <<P+(1—¢) ( " >2> (65 — ¢F] (AFW* —ﬁyv*) -
n (i) <s0+(1—¢) (27”)2) on [ (B =B ) + (B0 B | -
ou | (B =) + o (B =8| = or | (55" =) + o (0" - 5F)]
~(venrzs) (00 (5))) o () o 505+
oo (3151 + (550
) (209 (52)°) - o) (507 ) -
n (m) (504'(1 — 1) (12}@)2) b KﬁtH’W —ﬁfv) + (ﬁf’w* _ﬁy*)} e
o (=) o (5 50)] o [ 58 o (56 51)]

Based on our definitions of the world weighted price indexes, denoted with the superscripts W and W*, it

is possible for us to argue that,

bu [(AHW—@/V)‘*‘(ﬁF (ﬁfR )} + or [(AFW*_A )+¢H (ﬁwR_ﬁﬁ)}
= ¢y (D' — i) +ép (PF — D) =0,
o (B =) = o (B = 5F)| + om [ (B0 = 5V) = 0p (5077 = 5F)]
= op (P = P7) + o (B — D7) =0,

since p; ~ ¢upl + ¢ppl and pf ~ ¢ppl* + ¢ypl*. Furthermore, we also know based on those same

definitions, that the following result must hold true,

(B =pt )+ (BF™ =) =B B - (B + 1)
= oén (pt *ﬁt) + ¢r (pt *Z/’\tk) +op (pt *f’\t) +on (Pt — /;k) (146)
=[x B —B2) + ¢p BF —50)] + [0 (B —57) + oy (BF* —57)] = 0.

Hence, we argue that those terms inside the brackets of the Phillips curves involving prices can be simplified

as,

(1—|—77 g d))so) o+ (1—1) (%)2 [(bH (ﬁtHW >+¢F (ﬁfW*_@W*” .

op (B —51Y) + on (ﬁfW* —p)] +

|
(e <¢+<1—w>(1+*"))[¢H or) (50"~ 51").
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We conclude that both Phillips curves in the model take the following form,

7o~ BB (Fi) + -

(o 1—vx(H1¢W)(¢+< 0 (52)7)) [outt” + 050 4.

%; Tieww <<p+ (12“’)) Ol + Spl*] + 205 ¢ R + ... (147)

(61— )7 (1) gw 1-w) (1)) (P - at) -

_ (1 —v) (552) B - (52) [onts + 6]

7y ~ BB (Tr41) + -

<a1 +(1-7.) () <<p—|— (1-) (1;%0)2» [6p + 65" + ..

o | 7 () (w(l—w L) ) [6p31 + onEl "] — 2007 — | (143)
(0~ o () (o4 (-0 (352) ) (B0 ) -

(1—w) (2) R — (152) 0500 + 6107]

which extends the characterization of the inflation dynamics in models like those of Steinsson (2008) by
adding capital and investment. However, even though we start with an equivalent structure, our model
does not replicate exactly the Phillips curves discussed in Steinsson’s (2008) homogeneous labor market
model. Unlike him, whenever the labor share in the production function goes to one, we cannot eliminate
the impact of relative prices through (pt W ﬁW*) on CPI inflation except in the special case when there
is no home-product bias, i.e. ¢ = ¢p.

With a little bit of additional algebra, it is possible to obtain simply that,

~HW _ ~HW
W & BE, (wm + o

(o7 0o (SR ))& e (SGHRE) A —- |
v (1 me (25EE0)) (0 =) — |
| (e (e
FFWs o g, (%ﬁ‘f}*) + ..
(o7 o (S ) ) e (SR A - | )
v (14 me (i) (o ) - |
| 0 ()
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and, naturally,

%t z_ﬁEt (;T\t+1) + ...

Pp+(1—)he

__(0—¢¥1+w)>gyf_

%: %_ﬁEt <%I+1) +

(<1f¢)¢}(1+w>) e

1 PP’ +(1—y)(1+9)?
(" +( _%c)@( POHT—0) 0"

0 (LAl w e

(%)

-1 e +(1—) (1+¢)*
A =7)e < PP+(1—1)9p?

)) [orcl” + omc”
VaP (%) [opZl + opt*] — .

20pduTSt — (P — dp) NP (%
1+¢)

~F W %
) (pt

[Ppar + ¢yay]

)) [prcl + opcl ] +
) [053 + 6p21] +
+26,3 6575 + (b5 — 6p) Mg (%W) (™
[¢nar + ¢pay]

—ﬁtW*)—

]+

_@W*) — .

(151)

(152)

Capital appears in the equation dynamics because it reflects the impact of the efficiency conditions on the

marginal costs of firms.
W %

Let us define £}V = p;{"""* — p/V* as the world measure of terms of trade in the model. Then, the Phillips

curves under LCP pricing can be re-expressed as,

;T\t %_ﬁEt (%t+1) + ...

((k%lﬂo)) BV -

7?: %_6Et (%;’_1) + ...

P +(1—1) (1+¢)?
" TP ( oot (1) b2

These equations constitute the aggregate supply block in this economy under LCP pricing.

The International Relative Prices. We have defined the world price sub-indexes as ﬁfl W =

Eﬁt _pt

AF W x

*

(pr and p

pl — pf~. Then, naturally, we can write that,

20p¢uT5 — (0 — dp) 1P (
(Wﬂ) W (1+so> [ppar + ¢gar]

-1 _ PP’ +(1—) (1+¢)
(O’ +(1 ’Yx);P ( PO )t
Yo (ELAGEOEEE) [6, 81 + 62l ] + .
20 0FTS: + (P — dF) NP (

1+<p

-1 _ PP +(1—y) (1+¢)*
(U +A=7)e ( PP+(1—1)hp?
) [6p2l"

~ ~H W ~H %
pf = D + ¢Fpt ) pfl =
A /\F W* SOk
o= +oub ", BrY =
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pih+(1—

pp+(1—

)) [pucl + opc) ] + ...

e’ +(1=v) (1+¢)? )?"
P)hp t

[bpar + ¢pay]

=Pt

~F W %
t

)) [¢Fct + épct” }

+ ouTi ] — ..

e +(1—1p) (14¢)* W
P)hp? t

= ¢ppl + ¢ppl*, and the relative price sub-indexes as ﬁfl R

~H,W ~H,R
- ¢H by )

~F.R
— Qpp;

(153)

(154)



Analogously, we have defined the world CPI as p}¥ = ¢ p; + ¢pp; and py¥ * = ¢pppr + ¢y i, and the relative
CPI as p* = p; — p;. Then, we can write that,

bt = ﬁ?/""_(bFﬁﬁv Dt :ﬁfv_ngﬁf’

e = P+ oubls b =D — ¢pbr-

The definition of CPI in both countries, i.e. p; ~ ¢5pil + ¢ppl and P} ~ ¢ppil* + ¢y pl™*, can be written

as,

oyss [ﬁf —ﬁt] +op [ﬁf —ﬁt]
or (D7 —Dr] + ou [pF " — D]

L 2
e L

Then, based on the relationships described before, we can write the definitions of the CPI indexes as,

on (" =B ) + 0w (8" = 5F) | +0r [(BF" =) + 0 (55" -5F)] ~ 0.
op [(B" =) — o (B = BF)] +ou [ (PO =) 0 (50" - F)| =~ 0

Let us define tt = pf W —pV* as the world measure of terms of trade in this model. World terms of trade

are implicitly characterized by the previous pair of equations.
We already know that by construction (ﬁflw —ﬁfv) + (ﬁfw* —ﬁl’v*) ~ 0 (see equation (146) for a

demonstration), hence the two expressions above become simply,

onor (" —5F) + (37" -7
ouor |(AI"" - 51) + (P07 - )]

In summary, the only constraint that pins down the world terms of trade is given by,

Q

(61 — op) (B = B1)
(6n — or) (B0 =)

Q

(6n — o) (B0 = BV) ~ omor [ (7~ ) + (507 - 5F)] - (155)

W _ ﬁXV*) only matters

If the model has no home-product bias in consumption, i.e. if ¢ = ¢, then (pF
because it affects output and output enters into the specification of the Taylor rules in (126) — (127).

Therefore, it must follow from (155) that (ﬁf“?‘ fﬁf‘) + (ﬁf’R 713{2) ~ 0. In that case, this constraint

imposes no restriction on the world terms of trade tt = ﬁf W _ p/V* and we would need to keep track of
the price sub-indexes in order to close down the model.
If the model has a home-product bias in consumption, i.e. if ¢ # ¢, then tt (ﬁf W ﬁy*) matters

because it affects output in both countries and it also matters because it affects the inflation dynamics through

the Phillips curves. Moreover, we can write the world terms of trade as follows,

_FWs W by _HR  ~ F.R
="V - = [(pf’R*pf>+(pf’R*pf>] (156)
by — op

In equations (136) and (137) we derive a simple characterization for the relative price sub-indexes 7" and
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~F,R

7,7 under LCP, i.e.,

AHR — 8E, (”t+1> + U (AHR

w00 — B, (70) + v (0"

— YY)
- %)

Simple manipulations allow us to write this pair of equations as,

(%fI’R AR) BE; (ﬁfi? %ffH) + W (AHR *ﬁf)
(%f’R AR) BE; (7Tf+1 7Tt+1> +Vv (AFR - ﬁf)

where the relative CPI is defined as pF = p;

combine it with these two equations, we can write the dynamics of ﬂxv

ATY — BE, (ARY ) + wil ~ 2HOP
by — Op

1%

{\Ilrst -7l 4 BE, (ﬂtH)] ,

Ursy,

Urs,.

\I/T'St — 7Tt + ﬁEt (7Tt+1>

WUrg, — 7rt + PE; (7Tt+1>

— p;. If we use the definition of world terms of trade and we

(157)

where we define the first-difference of world terms of trade as At}Y =}V —#V,. This suffices to close down

our model under LCP pricing. Closing the model under PCP pricing is—as we shall see later—a much

simpler proposition.

Following on Engel (forthcoming), we can show that when the degree of price stickiness is the same

across firms and markets then the relative prices in each country must be equalized even if the law of one

~ (1/7\75 _ﬁf*

. . . ~F ~H ~F
relative prices in each country (7; — 7, ) and (7, *

price fails to hold, i.e. (ﬁf — ﬁf)

(142) — (145) as follows,
T =7~ BB, (RE —7h) + -
(0_1+(1 )(1+(1 ) )<90+(1—¢
. 7. (i) <¢+(1—¢) (152
(6 — 6p) 5t — <1+77(1+(f"¢,)) <<,0+(1—1/1) (L
_ (6 (B~ BF) o5 (517~ 57)) - (1 - )
w - w ~ BE, (REn —70) +
(0_1+(1 )(1+(1 ) )<90+(1—¢
. s (o) (500 (15
(¢p — dm) 751 — <1+n(1+(1w¢)) ((p—i—(]_—q/}) (HTW
i (6r (P07 =2F) = 0u (A" =) ) — (1= v) (122) (B

We noted already that by construction (ﬁf] W
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) To show this, we start by computing the inflation for the

- 7rt ) from the dynamics of the price sub-indexes in
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the relative prices above become simply,
# — 7l ~ BBy (%fH &)+ _
(74 0= (i) (o4 0w (22)) ) @ -ty o+
) e (o) (o -0 (252)')
(0~ o) =2 (140 () (40— )
| (o (BP" = 5F) =0 (B = 5F)) — (1 =) (552) (B =) = (M42) @5 — @)
A" — R ~ BB, (%f:l - %{’:1) .
(o + 0= (o) (o -0 (2)°) ) @ - )+
o (i) (o4 0w (552)7) @t —at) -
@ —ewyrn—2 (140 () (o4 00 (422))) (G - 1)+
| (o0 (P07 =5F) = om (B —5F) ) — (1 =) (552) (R =) = (2) @5 —a0)

Let us define the variable Z; as the difference between the relative prices in both countries, i.e. z; =

(pf —pf') — (pF'* — pf'*), and the first-difference of z; as Az, = (%tF - %f{) - (%f* — %fl*) Using the two

equations we derived previously for (%f —7H ) and (%f *_gH *)7 it immediately follows that,

~F ~H ~Fx _ ~H*\ o gR ~F ~H ~Fx  ~Hx
Ty — Ty ) — Ty — Ty ~ OBy T4l = M1 ) = \Tegp1 = Tgg1 ) ) = oo

~F\R ~ ~H,R ~ ~F.R =~ ~H,R =~
v [st o —p5> ~or (pt —pf> +or (pt —péR) — ¢y (pt —pF

- ~F ~H ~F%  ~Hx ~F,R ~R ~H,R ~R
~ BBy T4l = M1 ) = \Teg1 — T -v (Pt — Dt ) - (Pt — D )
~ AR ~F ~H ~Fx  ~Hx v |5FR _ SH,

~ A\ Te41 = M1 ) = \Tegp1 = Tey1 ) | — Py — D .

Finally, since we have already defined ﬁf R = (ﬁfl —pH *) and ﬁf R = (ﬁf —pF *), we can easily infer that,
~F\,R  ~H,R ~F _ ~Fx PN ~H x ~F ~Fx  ~Hx ~
[pt — D } = —p07) — 0 =)= 0f —p7') — B7* = D) =%, (158)
and, accordingly, we can re-write the expression above as,
A/Z\t =~ ﬁEt (Agt_;'_l) — \I//Z\t (159)

Naturally, as Engel (forthcoming) emphasizes, if we combine equation (159) with the initial condition zy = 0,
then it has to be the case that the solution implies that the relative prices in both countries ought to equalize

as we postulated initially,
Zo=f —p)— (B b)) =0, (160)
or simply that,
(07 =p") = (B0 =P (161)
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In steady state, the relative prices of both countries do equalize as well.

Furthermore, if we combine equations (158) with the solution in (160), we obtain the following result,
(50" = 58) = (31" - 5F) ~0,
or simply,
~F,R ~HR
(pt *pf) ~ (pt *pf"‘>~ (162)
Therefore, we can re-write the world terms of trade in (156) as follows,

EWs s bu¢ N N
i =p "V —pl =2 (ptF’R—pf)- (163)
by — ¢p

This expression is going to be particularly helpful to simplify the equations for the real exports and real

imports later.

4.3.2 The Open Economy Phillips Curves: The PCP Case

Efficiency Conditions and Aggregate Output. Under PCP pricing it follows that the law of one price
holds, i.e.

Pih) = S+B (), B () =5+ (),
1 1

o~ [ mmd=sis [ 50 dn=5 45t
0 0
1 1

oo~ [ B =5 [ B (d =l
0 0

so the output equations in (11) — (12) can be easily simplified. We notice that the weighted prices can be

re-expressed as,

p” (h) P (h) = opse, B (f) =05 (f) + 6551,
~HW ~ SEWE _ ~Fx ~
Pt = Pfl — QprSt, Dy - pr + QpSt,

~W ~ ~x AWk __ ~ P~ 3
2 ¢ubt + ¢pp;, Py = pPt + Oy,

while it follows from equations (11) — (12) that the log-linearized CPIs are,

P & oubi + ¢rbi
~~k ~F x ~F'x ~H "%
Py = Qﬁ{pt + ¢*Fpt = ¢pD; "+ oyb; -

The second equality comes from the assumption that the share of the home goods in the foreign aggregator

is ¢} = ¢, while the share of the foreign goods in the foreign aggregator is ¢ = ¢ 5. Moreover, it follows
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that,

Pr—Dr ~ gD+ oubi — oubi — ¢rbi
= ¢p (ﬁf —5) + o (ﬁf -5) - Ouby — opbi
= 81+ 0pDi +Oubi — Subi — i
= 5+ (¢p — bn) (ﬁf‘ﬁf),

which tells us that the real exchange rate ought to be proportional to terms of trade, i.e.
5 =S+ D — e ~ (6 — op) (D — D7) -

Domestic terms of trade are defined as the price of imports relative to the price of exports, and in the PCP
case they are computed as fot; = (pf — pi').° Notice that the real exchange rate does not become constant
even though the law of one price holds at the variety level in the PCP case. That is so because we also
assume that the shares of domestic and foreign goods differ in the consumption baskets of each country (as
in Warnock, 2003). To close down this channel that ties real exchange rate fluctuations to movements in
the terms of trade we must assume, in turn, that the consumption baskets are identical in all countries, i.e.
oy = oy and dp = ¢p.
Therefore, the aggregate output equations in (132) — (133) can be re-written under PCP as,

T (ﬁfl — st — (Pupr + ¢Fﬁ:)) + (1= 7)e + 7.3
- (ﬁfl - ((ZSH}/?\{{ + (bFﬁf) — ¢p (5t + D7 — ﬁt)) + (1 =7, +7,3

Yy = N (ﬁf*+¢F§t*(¢Fﬁt+¢Hi§:))+(1*71)E¥V*+’Yrﬁ”*
—n (B — (6Bt + dubr ™) + ér (5o + 57 —P)) + (1 —7.) 8" + 7,8
~ —ndp (5 —01) + (b — o) (07 —D1)) + (L —v) & +7,27
= 200py (0 —P1) + (1 —7,) & + 7,3 (165)

In other words, aggregate output depends on country-weighted consumption and investment and it also
depends on the domestic terms of trade, i.e. tot, = (ﬁf — ;5{1) Given that in our model terms of trade are
proportional to the real exchange rate under PCP, we can easily re-write these equations in terms of the real
exchange rate as well.

We note that if we define the world consumption as ¢} = ¢ ¢ + ¢pc; and ¢}V * = ¢p¢; + ¢ ¢; and the

relative consumption as ¢ = ¢; — ¢}, then we can write that,

~ AW ~R . W ~

ct ¢y +opc BT + GpoTsy,
0 Wk SR AWk -~
G = ¢ —QpC RC = GpoTsy,

6Under LCP pricing the law of one price does not hold, so we cannot use the local price of the domestic good (ﬁf) in our
definition of terms of trade and must replace it with the price of exports expressed in units of the domestic currency (5t +ﬁfl*).
Hence, terms of trade is computed in the LCP case as fol; = ®F -5 — ﬁfl*)
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where the second approximation follows from the perfect international risk-sharing condition in (99). This is

a substitution trick that we have used before. Then, we can express the efficiency conditions in (128) — (129)

as,
L lte 1 1+o (1+(1- -
ry =~ wwatJr*Ct + QpT8 + wwyt< (w w)Sﬁ) ke,
N 1+ 1AW 1+ L+ (1 =) p\
2k ~ _ - r * *_ *_ k*.
T} ” at+a PpTsr + ” Yt ” t

Furthermore, if we combine the efficiency conditions with the output equations derived in (132) — (133), it
follows that,

?tz% (177I) %> +Py£1+tp W+¢F7"St 771+Lp (ﬁfW7W) (166)
(W) ke — 524,
7 (5 (=) KR e R gt kg (B R) -

Qy -

(1+(1 111)90) L _ ltegx
[z t [z

These conditions can be appropriately used to simplify the description of the inflation dynamics. The terms
(ﬁtH W v ) and (pF W -V *) can be further simplified using the implications of the law of one price
as we have done with the aggregate output equations. However, the efficiency conditions are used only to
replace out the real rental rates on capital in our characterization of the Phillips curves. The simplification

under PCP does not become very useful until we have derived the Phillips curves, so we leave it for later.

The Optimal Pricing Equations. In steady state the standard pricing rule under monopolistic compe-
tition holds. Accordingly, the log-linearization of the optimal pricing equations in (79), (80), (81) and (82)

can be compactly expressed as follows,

) =B~ B[S (B0) Rep | + (1- Bo) By [30 7 (B0) (s, — Pier)]
PN =B~ B Y (Ba) F] + (- BB [30 T (Ba) (e, — Bk

which defines the distance between the optimal price decision of a given re-optimizing firm and the CPI
level prevailing in each market as a weighted function of current and expected future CPI inflation and
real marginal costs. Unlike in the LCP pricing case, there are only two prices formally set instead of
four. The prices of the exported goods of each variety from each country are determined by the price set
in the local market expressed in units of the currency of the importing country by means of the nominal
exchange rate. Hence, exchange rate pass-through is complete. Here I must recall the assumption that the
government subsidy is time-invariant and equal to its steady state value in every period, which explains why
the government subsidies do not appear in the log-linearized pricing equations. We derive the (pre-subsidy)

marginal cost equations in (20) — (21), and they can be log-linearized as,

MCryr = YW + (1 —1) (7’"\?4.7- +§t+r) — Cpprs

’I’/YL\C;LT ~ wthr'r (1 - 1/J) (?fir +I/?\tk+’r) - a;ikJr'r?



while the labor market clearing conditions, which are implicit in (95) — (96), can be approximated as,

e e — ~ 1L 1s -~ (=) ~ P
Bir ¥ — gyt + Tra—pg 7Ot + TFamg Ut + Tra—pys (itr +Ditr) + Tragyg P

~ ) ~x 1 1~ ) P (A=)p  (mzx P 1 ~

Wyir B —Traegystier + Traewys o0t T T e bier + Tiaos (Pikr +Digr) + Tra—gyaPrer-
The labor market clearing conditions and the marginal costs reduce to the standard linear-in-labor case
without capital if the labor share in the production function goes to one (i.e., 1 — 1), as expected.

If we combine these log-linearized equations, it follows that the marginal costs can be expressed as,

—~ ~ ~ 1 ~ ~ . ~
MCtyr & 1+(1léw)<péct+f + 1+(fibw)<pyt+f = s (@ = (1= ) (FFar +Brir)) + 1+(1w—1/f)¢>pt+7’

1
=k ~ P 1 P 1+ ~ ok P
MCyr ™ Trawys o Ctr T T e Ve — Trys (@rpr — (L= 0) (77 + Pigr)) + tragyePiers

where y; 1 and 77, , reflect domestic and foreign aggregate output. Finally, if we combine the marginal cost

equations with the output equations derived before in (132) — (133), it follows that,

MCtir — Prtr = ﬁ%gﬂ-r - %7} (ﬁff;zv _ﬁtvf&/-7'> + % ((1 - %)EKT + %@VL) -
gy @ — (1= )7 )
My — Pl & ﬁ tr ﬁ’? (ﬁgx;v* —ﬁgﬁ) + ﬁ (1= 7a)@s +7,385) — -
g7 @, — (=) FE,).
At this stage the marginal costs have not been simplified to take into account the fact that the law of one

price holds in the PCP case. However, this will be crucial when we simplify the Phillips Curve equations

later on.
We can use our characterization of the real marginal costs with the pricing formulas log-linearized before

to write that,
pr(h) —pr =

(1—Ba) <ﬁ) Z:Z (Ba)" B

~

~HW =
%Ct+7‘ —©n (pt—i-T _pz“,/z'r) + ¥ ((1 - 71)6\2{7 + ’}/zxmr) -

(452) @ — =) 7

+oo r ~
ZTZl (Ba)" B (Te4r)
P (f) —D; &
(1 ﬁa) ( ¥ ) Z-FOO (ﬁa)TE %8;-&-7' — N (ﬁ)ﬂ-‘ﬁ/* - ﬁﬁ:) + ¥ ((1 - ’Yz)/c\K/i-j' + Vrffyﬁ-i) e
B 1+ = t s *
( e 0 (%) (a’tJr'r - (1 - w) ﬁ%ﬂr)
+OO T Ak
Y (B B (77,).
We log-linearize the price sub-indexes in (75) — (76) and (77) — (78) and re-arrange them to obtain that,
= ~ ~H ~ (0% ~H
pe(h)=pe = (B —be) + <1 _a> T

=* ~ « ~F'x
B -m o~ 0 -+ (1) A
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¢ and 1€} out of the marginal

¢pCt + ¢pc; and the relative

which is quite convenient for our purposes. We replace the isolated terms
cost. If we define the world consumption as ¢} = ¢ ¢ + ¢xc; and ¢’ *

consumption as ¢I* = ¢, — ¢}, then we can write that,

~ N 174 ~R W ~
¢t = ¢ tope R + Qporsy,
~ . Wk SR AWk o~
G = ¢ —QpC RC = Gporsy,

where the second approximation follows from the perfect international risk-sharing condition in (99). Hence,

the pricing equations can be expressed more compactly as,

i+ (450) (BF - )~

(7 + A=) @) e, +7.92 +
oo T ks /\H,W ~W
v (ﬁ) ZT:O (Ba)" By PpTSt4r — ©1) (pt+T - pt+7> — .. + ...
(12) @esr — (1= 9)71)

(52) 3 (Ba)" i (7).

i+ (450) B - B ~

(0™ + 1 =72) @) A5 + 7.9 —

“+o0 r ~ ~F W % W
\I/ (ﬁ) ZT:O (BO() Et ¢F’r8t+7' —®n (pt+7' _pt+7'> e +

(%) (a;fk+7' - (1 - 1/}) ?ﬁ;‘r)
+o0 o
(52) 37 (Ba) B (7).

(1-a)(1-fa)

(03
Furthermore, these inflation equations can be expressed in the form of a system of expectational difference

where ¥ =

equations. Let us focus on the first equation as an example. If we re-write the equation at time ¢ + 1 and

take conditional expectations with information available up to time ¢, it should follow that,

~H _ . A
B {Wtﬂ +(457%) (P —Pt+1)] ~
(07 4+ (1= 72) ) &1 + VT 1+ o
2 +oo T o~ ~H W ~V
v (1-‘1—(11/7—1!1)%7) ZT:O (/605) Et ¢F7‘St+1+‘r —®n (pt+1+7— - pt+1+7-) — . + ...
(12) @esrir — (0= 9)Farsr)

(42%) Zj: (Br)" By (Reg14r) -

Hence, using the computation of the conditional expectation, the pricing equation can easily be decomposed

in two terms as,

R+ (52) (G~ 7) ~

( v ) (07 + (1= 7,) ©) & + 7297l + dpis — on (ﬁf’w_@"/> _
T—0)s - Az

(I=9)p (12@) (at _ (1 _ ’L/)) 7})
(1 - a) BBy (Te41) + a BBy [%fil +(45%) (0 _ﬁt-&-l)} .

+ ..
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Further re-arranging allows us to express the expectational difference equation as,

- BB, (7(%1) + ¥ (5 - 7)
N( " )\1: (0‘1+(1—%)<P)5tw+%<p@W+¢FFst—wn(ﬁf’W—ﬁtw)—
AT+
e () @ - (1-0)7)

We can apply the same approach (and algebraic steps) to re-write the other pricing equation as an expecta-

tional difference equation, i.e.

7+ (552) (0F - 1)

~ (s ) ¥ (071 + (1= 72) @) Y + 7,081 = s — on (517" = V") -
1+(1—9)e (1Z<p) (@ — (1— ) 7)
(1 ) BBy (7,1) + aBBy [715 + (152) (Bl — i)

and,

7 — BBy (%5:1) +¥ (p* — ;)
~ (o) (071 + (L= 70) @) &Y 4 7,080 = oy — o (51" = 1Y) -
~ N1+ ~x *
=7 (552) @ - 1 =) 7)

These equations provide a very simple characterization of the price dynamics at the price sub-index level.
The price sub-index for imports in each country is entirely determined by the nominal exchange rate and
the price sub-index of the same bundle of goods in its local market. Naturally, the dynamics of the relative
price sub-indexes 7 = 78 — 7l (G = pH _ pH*) and 70F = 7F — 78 PR = pE — pF'*) can be

derived as follows,

it = B R 5 -5 = (R — Ry) + 78 — 781, (168)
P = BB R = BB+ (169)
%f’R = %f*%f*zg Si—1 = (Te — 7)) + 78 — 7541, (170)
Bt = BBl R = (B ) + (171)

where pF = p; — p; and 7?? =7, — 7, are the relative CPI and the relative CPI inflation, respectively.
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We can re-write the pricing equations after further simplification as follows,

#i e BB (7l ) +
[ (' + (A=) o) & +7,97 + ...
G ~H W ~WV
(ﬁ) v PpTSe — n (pt — Dy ) - 7
1+(1— ~] ~
| (522) G -5 - (452) @ (1= 0)7)
R~ BB (i) +
(7 + (=70 ) & T
o ~F W % WV
(ﬁ) v PETS — 1] (pt — by ) — ..
1+(1—y P i}
(e G ) - (H2) @ - (1 - 0)77)

We have defined the world price sub-indexes as ﬁtH = qupt + (pr * and ﬁfw* = ¢ppl + dypl™, and
the relative price sub-indexes as ﬁf R = pH — pH* and p; pt = pl" — pF'*. Then, naturally, we can write that,
. ~H, W ~H,R ~H,W ~H,R
Pf[ = b +éEpy pf* =Dt — ouby
. AF w ~Fx _ ~FW ~F\R
i = “toup Bl =00 = oppy "

Analogously, we have defined the world CPI as pYY = ¢y p; + ¢pp; and D)V * = ¢pppy + ¢ D;, and the relative
CPI as pf* = p; — p;. Then, we can write that,

b = b +opbi, Dy =D — dubi,
o= D+ oub, By =0 — ¢pbr-

Therefore, we can re-arrange the pricing equations as follows,

~ ﬂEt (7I't+1) + .
(07 + (A —7)9) & + .08 + ...

(Hﬂ%) PpTse — (H(l e 4 wn) " —ﬁZV) . , (172)
(1+(1 w)w) (ﬁfI,R —ﬁﬁ) B 1?0) Gy — (1—)75)
#7* ~ BB, (%f;‘l) L.
(07 + (1 —7,) @) & 47,02 -
(o) ¥ | orm = (S22 ) (G ) 4|

(HO2) o (517 - ) - (22) @ - (01— 0)7%)

By appropriately replacing the efficiency conditions in (166) — (167), and after a little bit of algebra, we
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can now re-arrange the pricing equations for the sub-indexes in (172) — (173) as follows,

i ~ BB (?rf:’rl) + .. _
(0 P (1-7) (H(HW («p+(1—w) e 2))51”+...
o 7. (i) (so +(1—) (15“’)2> AWy
et (1en (rea) (o4 (- (52) ) ) (P ) - |
_ or (P —PR) — 1 —w) (52) b — (52) @ |
R~ BB, (7)) + -
(0 (1 =,) (H(f‘iw)g,) (go +(1-9) (ljﬁ)z» UL
o Vo (1+(1w—w>so) p+(1-1¢) (HT“’)Q z
et (140 (i) (0 + -0 (52)°)) (@ =) .
_ or (P~ ) — (1 —v) (452) e — (42) @ |

Furthermore, given that under PCP the law of one price holds at the variety level, then it must be the case

~
~

that pi

S+ pit*

and pf' ~ 5 + pi'.

sub-indexes as follows,

~H
T

(
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Hence, we can express the dynamics of the other implied price

G- gt_l)) + (3 — §i_1) ~ SE, ( A (G — §t)) ¥ (Bopr — gt)) ¥

<a—1+(1—7x)(1+(1_w o+ (1) 1%7@)2 )?;;W+ :
7. (i) (so + (1) (15*")2) W4
e~ (10 (i) (w40 -0 (5))) (5 ) - |
or (17" - BF) - (1 - 0) (2) B - (12£2) @ _
G- Fe) — G5 = 0 (R G = 80) — G = 8) +
(o7 + =) (o) (=0 (222) ) o+
v (s ) (0 + - (22)") &
e~ (10 () (o -0 (222)7) ) (F - 07) o |
or (1" —5F) — (- ) (52) Ry — (452) ar _




which implies that,

w1 BBy (7(17) = (50 = 5i1) + BBr (Bt —51) + ..
(al+(1—7m)(1+(1%; <<p+(1—¢) L)’ )ﬁfu
v 7. (i) (so+ (1-v) (15*")2) G
oers— (140 (mrrs) (o4 -0 (352))) (9 - )
_ or (B = 5F) — (1—v) (H2) b — (52) @
7l BB (1) + (i = 5m1) = BBr (s —50) +
<gl +(1-7) () (¢+(1 — ) (1;%0)2)) G
. v (e ) (0 + - (22)") &
e~ (14 (mrsers) (o + -0 (352))) (8 -0
_ or (P07 —BF) — (1 —v) (52) b — (42) @

We define the log-linearized CPI indexes of both countries as py ~ ¢ +¢ppr and pf ~ ¢ ppl*+¢upl ™.

In turn, it follows that CPI inflation can be calculated as 7 ~ ¢H%f{ + ¢Fﬁf and T} ~ ¢p

~H *

~F'x
Ty

+oum;

Therefore, it is easy to derive the dynamics of 7; and 7, from the equations above. For domestic CPI

inflation, 7, it follows that,

(0‘1 +(1-
Va (H(l%) (%04'(1—7/’)(

R~ BBy (6P ) + 0 v
PrPRpTsE — (1 +n (m) (@ +(1 = HTLF)
_ onor (B —F) — (1 =) (2) oy
BB (6pR11) + 0p (51— 811) = GpBE (Bra = 51) + .
(o7 + =) (o) (w4 =0 (182)) ot 4
. e (o) (o4 (- ) (32) ) ot -
OpPpTs — <1 +n (ﬁ) <<p +(1—1) (1-;4,0)2)) on (ﬁfw* W
_ bror (00" - BF) = (1= ) (552) opki — (552) opty
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and, after further re-arranging, it follows that,

e z_ﬁEt(mH +ép 5y —5_1) — OpPE: (Bep1 — 8) + ...
2
(" (1 =7) m) (s0+(1 ¥) (15“") )) [pucl’ + dpel*] + ...
2
v Va (1+(1 w)«») ( — ) (HTW) ) [¢H§7\XV +¢F3?tw*] + (o — OF) RT3t — ...

(140 () (o =) (52)°) ) o (92 = 30) 4 0 (52" = 17)] - .

onor (B =) +opop (A" —5F) — (=) (552) B — (552) [o1: + 6]

and,

T %_BEt (Te41) + Op [(/s\t —5t—1) — BB (8141 —5¢) — ¥ (ﬁst (pr _‘6’5))} T

<01 +(1=7,) (m) <<p+ (1-19) (1_1250)2>) [‘ZSHCt +¢FEXV*] + ...

U Vo (ﬁ) ( (%) > G+ OpE] + 2o orte =
©

¥)
(“’7 (=) ( o) (5 3 )) [qu (B =) + or (A5 = 5)| - -

Y
ouor [(F"" - PR + (1” PR = (=) (B52) B~ (552) [omi + ori;]

where world aggregate capital is defined as kXV =¢ Hkt +¢ Fk:jf For foreign CPI inflation, 7y, it follows that,

_l_

71~ BB (067 141) = 0r (50 = 5im) + 0p BB (511 — 51
(o7 + =) () (o 1= 0) (“7@)2 Jostl 4.
. e () (o4 -0 (13)

PpdpT — <1+77 (=3 (tp+ (1—v) (52 F
bror (BIM" =) = (1 =) (552) oks — (152) oras
(o7 (=7 () (o4

%%@—(Hn(w) <<p+(1—¢) ;)) ¢
onor (5" =) — (1 =) (552) euks — (52) onits
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and, after a little bit of algebra,
7 %_ﬂ]Et (%IH) — ¢p (5t —51-1) + 0pPE; (8441 — St) + ...
2
(o7 =) () (o =0 (222)°) ) et 4.
2
. e (o) (o 00 (52) ) et .
2
¢F¢F7:?9t<1+77(1+(1w_¢)¢) <90+(11/’) o F (P
oror (7 =) = (1= ) (552) ok — (152) ot
(o7 + =) (o) (4
W Va (14.(11[:1;,)(‘9) (90 + (1 - 1#
¢H¢F7:‘\9t_<1+77(1+(1w¢)¢) (‘P‘l‘(l_w m ¢
ouor (P07 —BR) = (1= v) (552) ouhi — (552) ot

and,

T, ~ BBy (Try1) — Op (5 — St—1) + 0pBB (Siq1 — 5¢) + ...
_ 2
(o7 4 0= (i) (o4 0= (552)7) ) [t + ot + .
2
Y. (i) (so+ (1-v) (152) ) [6pT} + ol "] + ...

SpdrTSi — bydpidi — ..

(140 (o) (o + -0 (252)°) ) for (5 =9 + o (0 = 5°)] - .

| bror (B = BR) + oo (007 - BF) = (1= ) (552) [0k + ouhi] — (552) [or + o407] |

where world aggregate capital is defined as E}’V =0 FE + ¢ HE; Moreover, foreign CPI inflation can be

expressed alternatively as,
77 A~ BB (714) — 0 | (50 = Sim1) = BBy (S —50) = ¥ (70 — (37" = 5F) ) | + -
M 2
(o + =) (o) (o4 =) (52)7) ) [t +uet™] +.
2
. e (o) (04 =00 (252)°) (ot + 0t - .
) [

oo (B = BF) + (0" = 5F) | = (1= ) (552) W™ = (552) [op + o]

o1

2 11 T8 — (1 +n (ﬁ) (sO+ (1-v) (%) ) b (ﬁfvw _ﬁtW) +ou (ﬁva* _@W*)} + ...




In summary, it follows that the Phillips curves under PCP can be expressed as,

P BB (Fea) + 6 (51— 5im1) = BB (Gia =50 + ¥ (517 = 51) | + .

o1+ (1- 7)(1+(1W)( +-0) (152)") ) [onl + 0sal] + .

v Y (H(l)( (;)) OuEl + 6pEW ] + 2056550 — .
(140 (i) (o + -0 (32) )[«ﬁH(pt ) o (A )] -
onor | (P~ BF) + (ﬁf RopR)| - - ) (B2) R - (152) [ond + ortr]

7~ BB (7711) = op | (50— $im1) — BBx G — sgw(p?R &)+

(o +a- 7)(m> (@ =w) (552)°) ) ol + 0] 4.

\_/

. ”e (1+<1)< )(*)) Opl + oyl *] = 20,6575 — ..
(1+n(1+(;ﬁ) (o0 ff ) or (P = 5Y) + o (A0 =177 +..
Pudr [(p — D ) + (AfR bt - )(Hw) kW ( ¥ ) [¢rar + ¢praz]

where world aggregate capital is defined as k,}’v =¢ Hkt +¢ Fk:;k and k:t =¢ Fkt +¢ HE;‘ We can also write

certain terms inside the brackets of the inflation equations more compactly as,

(140 () (o =) (52)7)) o (92 = 0) 4 0 (57 = 1)) - .
ouor (50" =5) + (3" = 7F)|
= () (o4 0= 00 (552) ) o - 0] (A0 507 - .
o (rrie) (4 0w (552) ) o [ (P =) + (5" - 9°)] -
ou [P =B ) + o (517" = 58) | — 0w [ (B0 —BI7) + o (51" —5F)] -
(140 () (o =) (52)7)) o (B =) 4 0 (EV" = 217)] .
opon |(B7 = BF) + (51" - 1)
— () (o (=9 (552) ) o = 0] (357" = 30) - .
o (vrie) (4 0= (552) ) o [ ) + (87" = 2t7)) - .
o [(B = BY) = o (B = )] — on [ (B - B0) = 0r (51" - B1)]

Based on our definitions of the world weighted price indexes, denoted with the superscripts W and W*, it
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is possible for us to argue that,
o (50 3) o (37~ 0 [(GE ) - 667 -
=ou (P —pt) + or (PF — D) =0,
o [(BY = B) = o (A" = 5F)] + ou [ (BF™ =) — 6 (577 — )]
) =0,

p
=¢p (1" —PF) + ou (Bf* — D7

since Py = ¢yl + ¢ppl and P = ¢ppi* + ¢ypr*. Furthermore, we also know based on those same

definitions, that the following result must hold true,

(B =) + (Y =) =B 0 - (B + )
:¢H(5t pt)+¢F(AH* @)+¢F(pt —pt)+¢H(pt _@k)
= [¢H (Pt _pt) + ép (pt _ﬁt)] + [¢F (15{1* _ﬁtk) +on (ﬁf* _]?tk)] =0.

Hence, we argue that those terms inside the brackets of the Phillips curves can be simplified as follows,

- (1+77(1+(f"¢)¢) (so+(1—w> (13"’)2» (o (B =) + 0 (B = 517)] - -
omor (0 - 98) + (307 = 58)] =1 (i) (o + (-0 (552)) fow — 0 (FV" - 1),
(e () (o4 00 (52)7)) o (50 = 31) o+ 0 (5 - 27)] 5.
oro (- 9) + (50" = 58)] == () (9 1= 0) (59)) 0w = o] (5 - 7).

These derivations hold true irrespective of whether the law of one price holds or not.

Finally, we conclude that both Phillips curves in the PCP model take the following form,

7o % BB (Fei1) + 0p [(gt —51-1) = BBy (Se41 —50) + ¥ (ﬁf’R - gf)] T
(0_1 +(1-7,) (ﬁ) (‘p‘L (1—4) (1?)2» (Ol + oret] +
(@n = or)n (i) (0 + -0 (52) ) (B0 —pt) -
_ (1—1) (jﬁ’ BV — ( ) [prar + ¢ pay]
R BB () = 0 (6= 5i0) = BB G =30+ ¥ (51 =50+
<a—1+(1—%) (1+ . w)«:) ( +(1-v) (H”) >> [0t + dpct’*] + ...
Yo (o) (w (1- (;)2) Opal +ondl"] = 26 pdpTs -

(¢ — dr)n (1+(1 w)qo> ( +(1- (1Z,¢> ) (AFW* —ﬁy*) -

(1—1) ( o )E - ( ) [ rar + ¢pay]




or,

T & BBy (Te1) + Op [(gt = 81-1) = BB (Se1 — 50) + ¥ (AFR gt)} to
r _ P+ (1—)(1+
(v T (W» [6uet” + 0p&"] +
Vot (%) [P + opT] + ..
2 A~ * W *
20y ¢pT5t + (P — Op) NP (%) (pf’w - ) o
T e T e
i = BB (Tr1) — op [(gt = 51-1) = BB (B2 = 5) + ¥ (5" — gt)} T
(071 F (1=, (%)) [ppel” + ey ] + ...
2 —b 2 ~W %
e (PEEE ) [0nal + oualt] .

v 2
20p0pT5 — (o — dp) NP (%) (pf’W —ptW*) —
B e
which extends the model under PCP pricing by adding capital and investment. Let us define tt = pf W _

pV* as the world measure of terms of trade in the model. Then, the Phillips curves can be re-expressed as,

o~ BBy (Frt) + O | (5t = 11) = BBx (s —50) + (L=2l=2) (517 —5,)| + .
r 2 _ 2 N WV
(071 + A=) (%)) [prcl + opet’™] + ..
2 —1 2 ~ AW
VP (%) [T + opzt’*] + ..
~ 2 _ 2 bl
20 0pTSt + (0 — dp) ng (%) ?XV e
i (%) kY — (lﬂa) [¢ga: + ¢pay]
7l BB (Ripn) = 0p |50 = 5i1) — BBy (Bogn — 51) + (L=2=22) (507 - 5,)| + ..
r 2 _ 2 PR % T
(071 + (1 =7)¢ (%)) [orcl + ouct"*] + ...
V2 (%) [op +opzt’*] — ..
2006575 — (03 — op) e (LSO ) 7 —
(0= e (152) 0,3, + 6,331

Furthermore, since the law of one price holds under PCP, then it must be the case that,

~H,R ~ ~F R ~
2 -5 =0, p, " =5 =0,
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so the dynamics of inflation can be further simplified as,

T %_ﬂ]Et (Tea1) + Op [AS; — BBy (ASp1)] +

(0.—1 + (1 — )(,0 (Wﬁ +(1=¥)(A+¢)
x

R pp+(1— w)w
PP +(1—9)(1+¢)
U ’Mp( P+ (1—1h)pp?

T~ P (M) — ¢p (A8 — BBy (Ast1)] +

e+ (1) (14¢)?
o Vot ( SO (I—0) P2

1 e?+ (1) (1+¢p)
+(1 *%)‘P( (=)

»)pp?

Y2

)a

)

)) [¢Hct +¢FC } + ...
) [d) z” +¢FAW*] + ...
2005 + (G — dp) N (%%

(%ﬂ) EtW - (1+7s0) [prrat + dray]

)) [¢Fct + oy } + ..
) [¢Fxt +¢HAW*] —
20pduTse — (P — dp) P (%w

(s (15 v

where we denote the first-difference on the nominal exchange rate as As; = 5; —5;_1. Alternatively, we note

that,

e — opAs = fEy (T4 — ¢pASeyr) +

((1_¢3,b(1+w> g

[ -1 P> +(1-9) (1+¢)*
(G H1=7)e ( ep+(1-)pe?
(¢w2+(17¢)(1+¢)2
U TP\ "o T—9)de?

20 ¢pTse + (o — dp) Ny (mw

p)pp?

)) (ol + opcl”
) (o) + opzV*] + ...

)y

(H_w) [prras + dray]

;T\: + d)FASt ~ BEt (%:+1 + ¢FAst+1)

The Phillip curves under PCP pricing are very similar to those under LCP pricing in (153) —

(0 +(1—~ )QO(W +(1— ¢)(1+50
x

R pp+(1— w)w
eYP"+(1—9)(1+¢)
U ’Yf(p( P+ (1—1h)pp?

p)pp?

)it -

SR

)) [¢Fct +¢HC } + ...
) [‘f) zy +¢HAW*] — ..
20675 — (9 — 6r) e (LLFHTLEE"

(U= ) R — (252 [0 + onar]

(174)

(175)

(154), except

for the fact that there is full nominal exchange rate pass-through into import prices under PCP.

CPI inflation in each country can be expressed with the exact same present discounted value of real

marginal costs as for the LCP pricing case with an additional term that reflects the direct full pass-through

of nominal exchange rate movements into import prices. That is, under LCP pricing current domestic and
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foreign inflation can be expressed as,

o V2 +(1—) (1+¢)* PDAPES J
(a ") e (%)) [rel; + orci] + -
2. 140)2 ~ AW %
Vot (%) (O + OpTi] + -

+oo
e vy R ~ 2 (1o 2
j=0 261 d s + (b — b)) NP (%) -

(L=t Ry~ (H2) (o + x|
(07 W o) (P ) ) [oncll + onelfs] +
20p¢uTSt4j — (dg — dp) Ng (%) mj o
(%ﬂ) E/K; _ (HT‘P) [ ptr; + dpar ;]

Q
Q

T, =~ \Ilzjzoﬁ E,

while under PCP pricing current domestic and foreign inflation become,

(o7 + (=) (PG ) ) [0l + orells) + .
Vo (%) [6nTH; + 6r25] + -

20 0pTSe4j + (0 — dp) Ng (%) ﬂy&-j oo
(%ﬂﬂa)) EX.VH - (HTSG) [Gpary; + ¢Fa:+j]

(‘fl + (1 =7)e (%)) [orctl; + omell] +
VP (%) [0, + on?l5] -

20pduT511; — (b — op) NP (%) b -

(M=) s — (152) [optnrs + dmi,]

N N “+oo .
T = ¢FA875 + v Zj:o ﬂJEt

. . +oo
o~ —¢FAst+\I!Zj:O R,

These expressions reflect the role played by the LCP and PCP assumptions on the trade-off between nominal

and real variables captured by the Phillips curves.

The International Relative Prices. We have defined the world price sub-indexes as ﬁtH W= b P

~H

opp* and prV* = ¢ppl + ¢ppE*, and the relative price sub-indexes as pi-" = pff — p* and pp"

pl” — pf'*. Then, naturally, we can write that,

~H ~H,W ~H,R ~Hx _ ~HW _H,R
Py = P +épD; T, Dy =Dy —ouby
~F  _ ~F Wk ~F\R  ~Fx _ ~F,Wx ~F\R
pr = b touby, P =b —bpDy

Analogously, we have defined the world CPI as pYY = ¢y p; + ¢ppr and D)V * = ¢pppy + ¢ D;, and the relative

CPI as pf* = p; — p;. Then, we can write that,

e = B+ oubr, by =bi " — dpDp-
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The definition of CPI in both countries, i.e. p; =~ ¢ypil + ¢ppl and pf ~ ¢ppil* + ¢pL*, can be written

as,

oyst [ﬁf _ﬁt] +op [ﬁf _ﬁt]
o D1 —Dr) +ou [PFF—Pr] ~ O

¢
o

Then, based on the relationships described before, we can write the definitions of the CPI indexes as,

o [(B7" =) + o (57 =58 | + 0 | (B0 =B ) + 0 (P07 - BF)] ~ 0,
o (B8 =) = o (57 = 5F) | + om [ (B0 =) = 0r (077 - 5F)] =~ 0.

Let us define £V = pr"* — %* as the world measure of terms of trade in this model. Terms of trade are
implicitly characterized by the previous pair of equations.
By construction (ﬁfw —ﬁfv) + (ﬁfw* - ﬁy*) ~ 0 (see equation (146) for a demonstration), hence

the two expressions above become simply equal to,

Q

(6 —or) (B = 51)
(61 — op) (B = B1)

onor |0 —5F) + (37" - 57
oo | (B - 51) + (507 - 1)

Q

In summary, the only constraint that determines the world terms of trade is given by,
(6 — o) (B0 =) ~ oo [ (B = 51) + (50" - 57 - (176)

If the model has no home-product bias in preferences, i.e. if ¢ = ¢p, then (ﬁfw* -V *) only matters
because it affects output and output enters into the specification of the Taylor rule in (126)—(127). Therefore,

it must follow from (176) that (Af{ R_ ﬁf) + (ﬁf R ﬁﬁ) ~ 0. In that case, this constraint imposes no
restriction on the world terms of trade A,E’V = ﬁf W — pV*, and we would need to keep track of the price
sub-indexes in order to close down the model.

If the model has home-product bias in preferences, i.e. if ¢ # ¢, then axv = (ﬁf W -V *) matters
because it affects output in both countries and it also matters because it affects the inflation dynamics.
Moreover, we can write the world terms of trade as follows,

SEWs _ we __Pu® - - - -
i R sl | (ZHUES 7 R (S U | B
b — Or

This is going to be crucial to derive the dynamics of world terms of trade. We have shown that under PCP
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it must be the case that ﬁf’R A ﬁf’R ~ 5, so it follows that,

_  _%udr [(f + 73, — DFY) + (PF + 750 — Pf) ]
by — dp
20q0F

_ 20w6r 177
o —0p v

which is an equation that clearly ties the world terms of trade to the real exchange rate (an endogenous
variable already accounted for in the model). This relationship coupled with the definition of the real

exchange rate, i.e.

Afs, = A +7 — 7, (178)
A’f:?t = ’l%t — @t,h (179)
AS, = 5 51, (180)

suffices to close the model in the PCP case. The trick here is that the world terms of trade under PCP
are tied to another observable variable (the real exchange rate), while in the LCP framework they are tied
to the real exchange rate and also to deviations from the law of one price across borders. Therefore, in
the LCP case it is necessary to model explicitly those interactions that go beyond the connection with the
real exchange rate (which is what we show in equation (157)) while that is not necessary in the PCP case.
The PCP case is much simpler because world terms of trade can be tied directly to another observable,
endogenous variable in this way.

W %

Given that p, = ¢ppi + dubl* and PV = ¢ppPr + ¢ P;, so the definition of world terms of trade,

ftW, can be expressed as,
_ S Wx A ~ — ~
t = p" =P = ¢pbf + dubi " — dpbr — dub;
= ¢p (B — D) +ou (Pr D7),

and,

bF (ﬁf —Dt) + ou (ﬁf* - D7)

op (0 — oubt' — opbi ) + éu (F" — dpbi™ — oub; ")
¢r (1= 6p)DF — dubi’) + b (1 — ¢p)PF* — ¢rbr )
¢rdu (r — D) + drdu 07 —P1),

Q

where we make use of the approximation of the CPI indexes p; ~ ¢ pi! + ¢ppl and pf ~ ¢ppr* + ¢ bl *.

Then, using the implications of the law of one price, i.e. p ~ 5;+p’* and pI’ ~ 5;+pf *, we can immediately
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obtain the following expression,

8 = opoy (07 —B) + épdu (B~ B)
= ¢pou (0F —01) + ordu (B — %) — (B —51))
= 20p¢y (ﬁf _23{[) )
where fot;, = (ﬁf —pH ) is our definition of domestic terms of trade under PCP. If we put this expression

together with the expression that we just derived linking the world terms of trade to the real exchange rate,

then it immediately follows that,

20u08 g T 966, (5F — ) (181)
e
and,
75 = (b — op) (BF —D1), (182)

which gives us the conventional finding under PCP implying that the real exchange rate is proportional to
domestic terms of trade. Hence, if there is no home-product bias (i.e. ¢ = ¢dp), then the real exchange

rate is invariant over time.

4.4 Other Relationships

On Aggregate Output. We have shown in equations (132) and (133) that the aggregate output in each
country can be expressed as,

—~ ~HW A IR R
o~ (B )+ () a el
~FWs W — =
= (B =) =) +al
~ ~F W s =] * -~
since (ﬁf{ W v ) + (ﬁf W v *) = 0. Most notably, we can write both output equations as a function

of world terms of trade without having to keep track of any other international relative price. Using the

world terms of trade definition we can write aggregate output as,

which holds true independently of whether the model assume LCP or PCP pricing. However, under PCP
pricing we can replace the world terms of trade with a measure of domestic terms of trade or with the real

exchange rate as noted before.
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This also means that world aggregate and relative output must satisfy the following conditions,

9 = oul + oy = —n [¢H (ZA){{W *ﬁfv> +op (ﬁfw* @/V*)] + .

(1=, [ouel” +opcl"*] + 7, [0uT) + 0pT)" ]

=0 (0n — 6p) [0 =B ] + (1= 7,) [0l + 652"+, [0531 + 053],
1= 0pdi+ ol ~ —n o (B =B ) + om (BT -5+

(1 =7,) [opcl” + 0ucl”*] + 7, (05T + 05T "]

= —1(¢y — o) [AF W ]/J\XV*] + (1=, [orel + oue™] + 7. (07 + ouT "],
B =0 -5~ [(pHW =BY) = (B B) ] 4

(1 —,) [@ =]+, (7 - 2]

=2 [P =B+ (L) [EY - ] o (B -

The perfect international risk-sharing condition derived in equation (99) implies that,
& =" = oy —op) (@ —C) = (¢ — o) 075,
so we can re-write relative output as,
R — 0 _ o o [5EWE _ 5W - 1— ~ AW AW
£ =009 =20 | P |+ (0 = 0p) o (1= 7,) 75+, [3 — 3]

In a model without capital and with identical preferences (i.e., if ¢y = ¢p) the relative output and the
implicit measure of world terms of trade in ¢}V = (Af W
Wk

p
in order to substitute out consumption in the inflation dynamics equations,

-y *) are proportional. We can use the equations
derived before for 7}V and 7}
so we can write everything in terms of output instead of consumption. We can also replace out ﬂ’v =

(ﬁf W _ v *) using the equation for relative output.

On the Efficiency Conditions. Using the efficiency conditions in (134) and (135) and, after a little bit

of algebra, it follows that the real rental rates on capital can be expressed as,

TP~ (*‘*‘ 1=7,) % ""Yxlﬂj W+¢F7ﬂ5t+777tt

( (lwlb) )kt_i

P
1 1 ~ ~ 1
P (4 (L) ) @V 4y, B2 — o — 20 —
;

v

This simply re-writes the previous conditions replacing the relative prices with the definition of world terms
of trade. However, for the purpose of simulating the model, suffices to use the expressions derived in
(134) — (135) or in (166) — (167).
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On Aggregate Employment. The aggregate employment can be easily derived by log-linearizing the
aggregate production equations in (91) and (92) as,

Y = at"ﬁ‘(l—’lﬁ)gt‘*‘w?n
vr ay + (L =) kf + 9l

Q

Naturally, the linear-in-labor case for employment can be derived as a special case of this log-linearized

production function in which the labor share converges to one, i.e. ¢ — 1.

4.4.1 On Real Exports, Real Imports, and the Net Exports Share

In a two-country model, suffices to determine the net exports of the domestic country. Let us denote the
deviation of net exports / GDP from its steady state as t%t.7 Then, because the trade balance is easily
computed as the difference between domestic aggregate output and domestic aggregate consumption and

investment (or domestic absorption) in real terms (see, e.g., Gali and Monacelli, 2005), we obtain that,
thy = G — (1= 7,) & — 7,5
Using the formula derived above for the domestic aggregate output, we obtain the following expression,
e ~ b + (1 —,) (bt + optr) — Gl + 7, [(SuTt + GpFF) — B
= 77%?/ —(L=,)ople—c;] — ’Yzéf’F/ffi,

where ¢V = ¢ ¢+ ¢pcr, T} = ¢+ ¢y, and T = 7, — 7. Using the perfect international risk-sharing

condition in (99), we can express the net exports share as,
P nis o~ ~R
thy mty" — (1= 7,) Qporse — V,05T;

In other words, adjustment in the trade balance comes either through movements in the world terms of
trade, ftW, fluctuations in the real exchange rate, 75, for a given relative consumption path, or from relative
adjustments in investment, Z%.

The real exports and imports of domestic goods in the model can be inferred from equations (49) — (52)

and their foreign counterparts as follows,
1 1 * -6 Hx\ — N
Py (h P,
[ierm+xzmian=oy [ (Z2) (52) s+ xiian
0 0 P P

IMP, = /01 (Ce (f) + Xe () df = bp /01 (1%5))" <§§j>n [C} + X4 df,

EXP;

where ¢7; = ¢ under our assumption of (symmetric) home-product bias in consumption and investment.

"We use tby instead of the more conventional 7#; notation in order to avoid possible confusion with the investment variable.
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A simple log-linearization of both definitions allows us to obtain the following pair of equations,

1
G~ —e(/ﬁ:(h)dh—ﬁf*)—n(ﬁf*—@*)+<1—m’c¢+mz
0

—

1mp,

Q

1
iy (/ ﬁt(f)dh—ﬁf> BT B+ (L= 1)@+ e
0

The log-linearization of the price sub-indexes in (13) — (14) clearly implies that fol pr (h)dh ~ pf* and
fol Dt (f) dh = pI'. Therefore, relative price dispersion at the variety level has no first- order effects, and we

can re-write the export and import equations as,

ezp, ~ —n (B —p;) + (1 —7.)C + 7.3,

impt ~ 1N (i)\f - Z/)\t) + (1 - P}/m)af + ’Yaza}t

We have defined the world price sub-indexes as pr" = ¢upt + ¢ppl* and pro"V* = ¢ppf + ¢upl™,
and the relative price sub-indexes as ﬁf{ R = pil — pH* and ﬁf " = pF' — pF'*. Then, naturally, we can write
that,

A ~H,W ~H,R = ~H,W ~H,R
pil = BT A epb B =0 — ouby
~F prW SFR s _ ~F Wk ~F,R
by = +éupy s Dy =Dy —QrDy -

Analogously, we have defined the world CPI as pYY = ¢y p; + ¢pp; and b}’ * = ¢pppy + ¢y D;, and the relative
CPI as pF = p; — p;. Then, we can write that,

e = b +oppl', b =D — dubi

Pe = B+ oubis B =D — ¢pb;-

Using these definitions, it is possible to express the relative prices embedded in the definition of real exports

and imports in the following terms, i.e.

~H * Sk ~H W ~H,R ~WV ~R
by —Pbr = (pt — QD ) - (pt — Oub: )
~HW W ~H,R =
= Di —py —%n ( - pﬁ )
~F FEw R
pf—pt = +¢HP —( W*+¢Hpt)
AW N -~
= D W* + ou ( — D ) )
where the world terms of trade is defined as £}V = p;*"* — pV*. The definition of CPI in both countries,

ie. pr ~ oppl + ¢ppl and P} ~ ¢ppl* + ¢yl *, can be re-written as,

by [P —Di) +op [Pr D) =~ O,
foFs [AH* pt} +ou [ i A:] 0.

Q

Then, based on the relationships described before, we can further re-write the definitions of the CPI indexes
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as,

ou [ (P =) + 0 (B =) + 0 (A" =) + 0 (07 -BF)] =~ o,
op (P =) = o (B =58 |+ om | (51" = B1) = 0 (B07 - BF)] =~ 0.

Using the second equality derived above and the definition of the world terms of trade, we can write the

relative prices embedded in the definition of real exports and imports in the following terms, i.e.

A p o~ S [I —on (p7 -T)).

. ~ ~F R~
Pl —p ~ ?[V+¢H(pt *pf),

\
=
Q

and,

%

o (P — 1Y)
op (0 —Dt)

~6u [ = or (" - 5F)] .
o [0+ o (50" - 57)] -

Q

Under these conditions it naturally follows that,

o (B = 51) = (BF —p)) ~ —ou [B —op (B7 = BF)] — o [B + 0 (51" - B)]
= —(u+op)tt =0

Therefore, we can compute the real trade balance in this model straight from the definitions of real exports

and imports as,

Or (e/@t - @%) ~ —nop (B = D7) + op (1 =7)E + 7.2+ n9p (B7 —Dr) — ¢p (1= 7,) & + 7,74
= —nop [ —57) = (B — )] + 0 (1= 7.) @ = @) + 7, @ - &)
= Utt —(I=,)0p e —¢] — ’quﬁpff ~ ﬁ)t,

where relative investment is defined as % = #, — Z7. In other words, our measure of the trade balance
is equivalent to the difference between the log of real exports and imports (in deviations relative to their
respective steady states), scaled by the parameter ¢p. In the deterministic steady state of our model,
it follows easily that the parameter ¢ denotes the share of domestic imports (and foreign exports) for
consumption and investment purposes relative to aggregate output.
Real exports and real imports can be re-written in the following form,
@~ SR = o (A= 9) + (=) + 0

: ~F,R ~ ~
imp, ~ -ty —noy (pt —pf) + (1 —7,) ¢ + 7,71,
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or, simply, as,

exp, ~ nog |:tt ( — Dy )} (1 —72) ¢ +7,7%,
i, w8 (AR5 + (04
H

(185)

(186)

Therefore, we can use equation (163)—which relates (ﬁf R _ ﬁf) to the world terms of trade #}¥—in order

to express the real imports and real exports more compactly as follows,

1 (g —or)]w

or 2¢>H¢F]f( At

& ~ n¢H[

_ 1 ~ ~
imp, N —nNgy [¢H + ((Z;Z;H;;F)] ty 4 (1 =7,)C + 7,7
or,
. 2
eTh, n[ Oi — ézfg ¢F)] + (1= 7.) & + 7.2
~ n( ! )tt (= 7,) T+
20p
imp, ~ - [2¢F+éz;[ ¢F>} + (1= 7,) 8 + 7,3

Q

1 ~ ~
20r

(187)

(188)

(189)

(190)

These two equations tell us that the strength of the demand for consumption and investment purposes is

likely to have a major impact on both exports and imports. However, they also tell us that exports and

imports depend on world terms of trade, Z¥V7 which is the sole variable that summarizes the impact of

international relative prices on both real exports and real imports in the context of our model.

The world terms of trade, ﬂ“’, can be expressed in terms of the relative price of each country as follows,

~F W ~IV * A~ ~F % ~
Y = p" =P = bpbr + dubi " — dpbr — duby

= ¢p (B —Pe) +ou (5" — D7)

~ op (i — oubi — ¢pb; )+ ¢u (BF = Orbi* — oubi ")
= ¢pbu (B —P1') + opdu (07 —D1)

= ¢poy [(pF —07) + (57" —00)] s

while using the definition of the CPI for both countries, i.e. p; ~ ¢y Pl + ¢ppr and p} ~ ¢ ppll
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We can re-write the real exchange rate, 73, as,

St +Df — D

54 (6pDi™ + ¢ubi *) — (bubi’ + 05Dy )

= S+ (L= 0u)p"" +0ubi ") — (¢ubi + (1 —du)bi)
= (Ge+p" =B) +on [(0F —B) + (7" —P)]

75

%

The international relative price effect on trade can be partly captured by the cost of replacing one unit of
the foreign good with one unit of the exported domestic good, i.e. it is partly a function of the domestic
terms of trade fot, = (ﬁf -5 —pl *) If the law of one price holds (as it is the case under PCP pricing),
then we can express domestic terms of trade as the opportunity cost of replacing one unit of the foreign
good with one unit of the domestic good sold locally, fot; = (ﬁf —pH ), since p ~ 8, + pH*. However, in
the LCP pricing case we have to use the definition of world terms of trade, ZYV, to re-write the real exchange

rate, 734, as a function of domestic and world terms of trade as follows,

— 1
75, ~ —tot, + () i
b

We easily see that world terms of trade, Z¥V7 can be expressed now as a function of the domestic terms of
trade, tol; = (ﬁf — 5 — ﬁ{{*), and the real exchange rate, 75;, as,

The advantage of this transformation is that the world terms of trade can be expressed as a linear function
of domestic terms of trade and the real exchange rate which are both measurable in the data—unlike world
terms of trade itself. Hence, the trade balance, the real export and the real import equations can all be
re-expressed in terms of international relative prices that are easier to match with the data even in the

presence of nominal rigidities and LCP pricing (that is, even when the law of one price does not hold).

4.4.2 On Real Exports and Real Imports: The PCP Case

The real exports and imports of domestic goods in the model can be inferred from equations (49) — (52) and

their foreign counterparts as follows,

EXP, = / (C7 () + X7 ()] dh = 63y / (% (’”)6 (PH) (C7 + X{) dh,

P P
me = [ ) + X ()] df = 6 / 1 (P ;fﬁ)e (;F) e ar

where ¢} = ¢ under our (symmetric) assumption of home-product bias in consumption and investment.
In a two-country model, the real exports of the home country are clearly equal to real imports of the foreign
country. Similarly, the real imports of the home country are equal to the real exports of the foreign country.

From the background on equations (185)—(186), we know that real exports and imports can be log-linearized
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as,

exp, ~ -0 —pr) + (1= 7.) & + 7.3,
i?n\pt ~ ( t)+ (1 =7,)C + 7,2

It is evident that this approximation follows from the description of real export and real import functions
presented before.
The definition of CPI in both countries, i.e. Py ~ ¢y + ¢ppl and pf ~ ¢ppi* + ¢yl *, allows us to

express these two linearized equations also as,

erp, =~ ((1 - ¢F) — b ) + (1= 7,) & + 7,7}
imp, ~ -n((1- ch)ﬁt —ubi') + (1 —7,) T + 7,7

= _n¢H (ﬁf - ﬁf) + (1 - fo)Et + r)/x&"\t

In a model under PCP where the law of one price holds we know that,

~H ~H
yz ~ St +pt )
~F ~F'x
by = 5¢ +p s

which in turn allows us to re-write the expressions for exports and imports in the following terms,

exp, ~ oy (Ge+00) — Ge+517)) + (1 —7,)C + 7.7
= 0oy (0F —P1') + (1= 7.) T + 7.3,

—

imp, —nég BF —D1') + (1 —7,) G + VT

%

If we simplify equations (189) — (190) replacing world terms of trade by its equivalence under PCP, i.e.
W = 20,0y (pf — pf') (see for a demonstration equation (181)), then we obtain exactly the same real
export and real import equations we have derived here.

The equations for real exports and real imports reflect two well-known forces on the demand-side, the
international relative price effects and the income / wealth effects. The income effect is captured by the overall
demand for consumption and investment (the absorption), respectively (1 —~,)¢ +~,%: and (1 —v,) ¢ +
~v,Z7 in each country. The international relative price effect is a function of the cost of replacing one unit
of the foreign good with one unit of the domestic good, i.e. it is a function of the domestic terms of trade
tot, = (ﬁf —pH ) The impact of domestic terms of trade is symmetric in size but enters with opposite sign

for imports and exports. Alternatively, we can express real imports and real exports as follows,

&, ~ n(&)@ﬁu—w%m, (192)
imp, ((b On " >fst+(1_%)a+%@, (193)
H F

since we already know that the real exchange rate is proportional to domestic terms of trade in the PCP
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case. It is easy to see that the real net exports share can then be expressed as,

tby

Q

= 2 . e . N -
o (empt - Zmpt) ~ (W) 75t + 0p (L= 7,) & +7.71) — ¢p (L= 7,) & + 7,7¢)
bu — or

2 _ G — ) — v, b
n (Q/) :Z:}I _qi;;?) TSy — (1 - ’Yx) ¢F (Ct ct) 7w¢pl’f
9 . ~ ~
n (¢ :)I—I _(ﬁ(g‘p) TSt (]- - ’y:r) ¢F0_T'st ’ngbF‘rL'?’

where 7% = 7; — 7} and the last equality follows from the perfect international risk-sharing condition in
(99). This is the standard expression for the trade balance under PCP pricing.

Naturally, if these export and import equations are embedded in an otherwise symmetric model, we can
expect exports and imports to have a negative correlation if the international relative price effect is strong

but to display otherwise symmetric business cycle properties (i.e., volatility and even persistence).

5 An Extension: The Role of Capacity Utilization

For this extension, we follow the definition of variable capacity utilization as presented in Christiano, et al.
(2005).

5.1 The Structure of the Model
5.1.1 The Intertemporal Consumption and Savings Problem

We assume that both countries have unrestricted access to a complete set of contingent claims, traded
internationally. The domestic household maximizes its lifetime utility in (1) subject to the sequence of

budget constraints described by,
P, (ct + X+ A(Uy) f(t) + T, + /Pb (s | s') B (s"™) dsypr < B (s') + WyLy + ZU K, + Pry, (194)
and the law of motion for physical capital,
K1 < (1= 0) Ky + Vi® (X4, X1, Ky) X4, (195)

where W; is the domestic nominal wage, P; is the domestic CPI, Pr; are the nominal profits generated
by the domestic firms, and 7} is a lump-sum nominal tax levied on the domestic households. Moreover,
X, is domestic real investment, [?t stands for domestic physical capital, Z; defines the nominal rental rate
on capital services, Pr; are the nominal profits generated by the domestic firms, and V; is the domestic
investment-specific technological (IST) shock. Money can be thought as playing the role of a unit of account
only.

We denote s;41 the event that occurs at time ¢ + 1 and s**! = (s?, s;,1) the history of events up to that
point. The households’ portfolio includes a complete set of one-period contingent claims (Arrow-Debreu
securities), traded internationally and quoted in units of the domestic currency. Households have unrestricted

access to all contingent claims, P? (st \ st_l) is the domestic price at time ¢ — 1 of the contingent claim that
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. . . Pb(st|st1) . . Lo . .
pays off after s; is realized at time ¢, and % is the corresponding price in foreign currency units. .Sy

denotes the nominal exchange rate, B (s?) is the nominal pay-off received by the domestic households after
the event s; occurs at time ¢ on a contingent claim purchased at time ¢ — 1 (which would have paid nothing
if event s; had not happened).

Capital services, K, are related to physical capital, I?t, by,

K, = U,K;. (196)

Here, U; denotes the utilization rate of physical capital, which we assume is set by the households. ZtUtf(
represents the domestic households’ earnings from supplying capital services. The increasing, convex func-
tion, A (Uy) IN{t, denotes the cost, in units of consumption goods, of setting the utilization rate U; above its
long-run steady state of one (over-utilization). The cost is scaled by the size of the stock of physical capital.
In turn, whenever the utilization rate is set below one (under-utilization), the function now indicates the
units of consumption goods that the household can re-allocate for other purposes like consumption, invest-
ment, or net borrowing. The foreign households maximize their lifetime utility subject to an analogous
sequence of budget constraints, the same law of motion for physical capital, and the same linear relationship
between physical capital and capital services.

Physical capital accumulation may be subject to adjustment costs too. We consider three special cases:
the capital adjustment cost (CAC) case in (5), the investment adjustment cost (IAC) in (6), and the case
with no adjustment costs (NAC). We define capital adjustment costs in terms of capital services rather
than physical capital because we want to capture the idea that setting utilization rates can also influence
how costly it becomes to accumulate physical capital. However, this distinction does not matter under IAC
adjustment costs. All other assumptions of the model are maintained in this extension.

The home and foreign consumption bundles of the domestic household, CH and Cf', as well as the
investment bundles, X/’ and X[, are aggregated by means of the CES indexes in (7) — (8), while aggregate
consumption and investment, C; and X, are defined with the CES indexes in (9) — (10). Under standard
results on functional separability, the CPI indexes which correspond to our specification of aggregators for
consumption and investment are (11) — (12), and the price sub-indexes are (13) — (14). An analogous set
of consumption and investment aggregators for the foreign household and price indexes and sub-indexes for

the foreign market apply. We still define the real exchange rate as in (15).

5.1.2 The Firms’ Problem and Monetary Policy

Neither the problem of the firms’ nor the simple monetary policy rules proposed by Taylor (1993) do change
in this environment with variable capital utilization. The only point that is worth emphasizing is that firms
in this model rent capital services rather than physical capital. Therefore, the capital utilization rate set by
the households and the physical capital they accumulate will have an impact on the firms’ marginal costs
by influencing the overall amount of capital services supplied in equilibrium. Everything else is unchanged.

We assume that production employs a (homogeneous of degree one) Cobb-Douglas technology as in
(16) — (17). Solving the cost-minimization problem of each individual firm yields an efficiency condition
linking the capital-services-to-labor ratios to factor price ratios in each country as in (18) — (19), as well as

a characterization for the (pre-subsidy) marginal costs as in (20) — (21). The government subsidizes firms as
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n (22) — (23), and each country fully finances its subsidies with a lump-sum tax on households as specified
in the government budget constraints in (44) — (45). The firm subsidy is time-invariant and common across
countries as in (48).

A re-optimizing domestic firm k under LCP chooses a domestic and a foreign price, P, (h) and P} (h),
to maximize the expected discounted value of its net profits in (26), subject to a pair of demand constraints
in each goods market in (27) — (28). Similarly, we characterize the objective of the foreign firm f under
LCP pricing as in (29), subject to the demand constraints in (30) — (31). A re-optimizing domestic firm h
under PCP chooses a price in domestic currency, }St (h), to maximize the expected discounted value of its
net profits in (32), subject to a joint demand constraint for both goods market as in (36). Similarly, we
characterize the objective of the foreign firm f under PCP pricing as in (37), subject to the joint demand
constraint of the foreign firm in (41). Naturally, the law of one price still holds under PCP.

The Taylor rule is often defined as the trademark of modern monetary policy. We assume that the
monetary authorities set short-term nominal interest rates according to Taylor (1993) type rules as in (42) —
(43).

5.2 The Optimality Conditions

Here, we present the relevant equilibrium conditions of the model only when they differ from those reported

before.

The Optimality Conditions from the Households’ Problem. Given the structure described in (7) —
(8), the solution to the sub-utility maximization problem implies that the home and foreign households’
demands for each variety are given by (49) — (50), while the demands for the bundles of home and foreign
goods are given by (51) — (52). Under complete international asset markets, the intertemporal first-order
conditions for an interior solution result in the well-known perfect international risk-sharing condition derived
in (53).

Let I; be the (gross) one-period riskless nominal interest rate in terms of the domestic currency, and
I} be the corresponding interest rate in terms of the foreign currency. Under complete international asset
markets, we can price a one-period nominal (uncontingent) bond using the price of the contingent claims

available and obtain that,

-1
1 Ct+1)(r =
~ — BE 197
I PE: ((Jt Pt (197)
-1
N\ pr
— = BE ( tﬁl) o, 198
It ' Ct Pt+1 ( )

which are exactly the same Euler equations that we derived in (54) — (55). The equilibrium conditions of the
households’ problem also include a pair of labor supply functions (the intratemporal first-order conditions)
which can be expressed as in (56) — (57), plus the appropriate no-Ponzi games, transversality conditions, the
budget constraints, the laws of motion for physical capital in both countries, and the linear transformation
functions between physical capital and capital services. Finally, the equilibrium conditions are completed

with a number of equations that account for the capital-investment decisions of households. The capital-
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investment equilibrium conditions, however, depend on the choice of the adjustment cost function & (-).

The domestic households’ maximization problem can be summarized generically in the following terms,

T—6— 1T (Ct+T) - ﬁ (Lt+'r)1+w -
Py (CtJr'r + Xt r + A(Usyr) KtJr'r) + Tir + By Myt 7 por 1 Bigr 1] — - ]
Bisr = WisrLisr — ZigrUpir Kiyr
Nevrhiir [Riirin = (1= 8) Koy = Vigr® (Xosr, X1, Unr Ky ) Xoosr |

Z:ZﬁT By | Aar

(199)
and with the following set of equilibrium conditions,

-1

Ce + MP=(C)7

. )\f+1 (Zt+1Ut+1 Pt+1A (Ut+1)) +

K : A= (E K ’
t+1 t ﬂ t /\t+1 At+1 (( _ 5) + ‘/}/+1 3<I>(Xt+1v)if,,Uf,+1Kf,+1)Xt+1>

0Kty

~ 0P (X, X1, UK
=&y, {fb (X0, Xi1, UL + Xe e eks) ‘)Xt} + ..

X _
PRy, VI 3<I>(Xt+1,Xt,Ut+1Kt+1)
BE: Vit Xt s

At Py 00Xy

Pri1 A (Ups1) Kepr — Zesr Ker —

8@(Xt+1,Xt7Ut+1f(t+1) =0.

Aty1
U1+ BE
A1 Vi Ui Xit1

APy

Let us define Tobin’s q as Q; = At . Then, after further manipulation, it is possible to re-write the equilibrium

conditions as,

C —o ! P Ut+1 A (Ut+1) +
Q. = PE; < t+1> . 0%(X141,X,Ur1K141)
) on Qi1 ((1 —0)+ Vs Hléfgﬂtﬂ s Xt+1> ’

-t X1, Xe,Upy1 Ke g1
1 — BB {(C’C“) |:Qt+1Vt+1 (X1 a;(t e )Xt+1:| }
Qt = )

~ 0P ( X4y, Xe—1,Us Kt
Vi o (X X Ui 4 S

C —o ! » 7 0P Xt+1,Xt7Ut+1kt+1 X
OB, ( t+1> K1 t+1—A’(Ut+1)+Qt+1Vt+1 ( ) 41 o

P aUtJrl I?t+1

Under no adjustment costs (NAC), the set of conditions added to account for the capital-investment decisions

of the domestic households are,

Q: = POk { <Cgr1>_ []Z;HUtH = A(Ug1) + Q1 (1 — 5)} } ) (200)
t t+1
1
Qe = A (201)
G\ 7~ [Z
0 = pBE {<gzl> K1 {P:: - A (Ut+1)] } : (202)



A similar set of derivations allows us to write the following system of equations for the foreign country,

* C* _071 . * * *
Qr = PE {( ct*ﬂ) [Pt*+1 =AU + Qi (1— 6)} } , (203)
t t+1
1
Q = Vo (204)
t
* —0'71 . Z*
0 = BE { (é“) Kiy [Pt“ — A (U;‘H)] } (205)
t t+1

The Lagrange multiplier on the law of motion relative to the Lagrange multiplier on the budget constraint
expressed in real terms, denoted @; and @} respectively, has the interpretation of being the real shadow
value of an additional unit of capital (or Tobin’s q). In the case without adjustment costs (NAC) Tobin’s ¢
is exactly equal to one, if there are no IST shocks.

Under capital adjustment costs (CAC), the set of conditions added to account for the capital-investment

decisions of the domestic households are,

ol Zit1 — A
_ g, (G P Vet = A U)o 2 206
Q: = pE; C / Xeg1 Xig1 ’ ( )
t Qt+1 (1 - 6) - ‘/t"’_l(I) Ut+1i€t+1 UH»II?H»I Ut+1
1 X X X, 17
0, = {@( i)+<1>’< i) i] , (207)
‘/t Uth Uth Uth
70_71 Zt _ —
= BE Cit1 ~ Ptii A (Urr) = - 2
0 = B, Qv () () | -
t+1Vi+1 Ut+1i€t+1 Ut+ll~(t+1

A similar set of derivations allows us to write the following system of equations for the foreign country,

Z:+1 * *
K t+1_A(Ut+1)+”'

QF = pE (”*1) X2t xr. )2 , (209)
G Qi (-0 - v () ()

* *
t+1 841 t+1 41

-1

1 X X X7
o Ll e e e o

2 U K} Ui K} ) UfKY

Z! *
Ciq -0t ~, P}L _AI( t+1) oo
0 = ﬁ]E‘t (C’*) Kt+1 Q* VE @ Xii X 2 . (211)
t dunt —
t+1Ve+1 Ur Kioy Ui K

The Lagrange multiplier on the law of motion relative to the Lagrange multiplier on the budget constraint
expressed in real terms, denoted @; and @} respectively, has the interpretation of being the real shadow
value of an additional unit of capital (or Tobin’s q).

Under investment adjustment costs (IAC), the set of conditions added to account for the capital-
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investment decisions of the domestic households are,

Q: = PE; { (ngl > - []ZDZ:UtH —AU1) + Q141 (1 — 5)} } ) (212)
veom { (%) Jomma (%) (%)}

"o WpE) e () )] o

0 = mEt{(Cgl)—U Kot [IZDZ: - A (UM)] } (214)

A similar set of derivations allows us to write the following system of equations for the foreign country,

o - BE{( )T B - awi) i (1_5)”, (215)
() e () ()]

T R -
0 - mﬁz{( )RR :;1)]}- (217)

Once again, the Lagrange multiplier on the law of motion relative to the Lagrange multiplier on the budget
constraint expressed in real terms, denoted @ and Q) respectively, has the interpretation of being the real

shadow value of an additional unit of capital (or Tobin’s q).

The Optimality Conditions from the Firms’ Problem. The necessary and sufficient first-order con-
ditions for the domestic firm producing variety h under LCP pricing give us the pair of price-setting formulas
in (71)—(72). Similarly, the first-order conditions for the foreign firm producing variety f under LCP pricing
give us the pair of price-setting formulas in (73) — (74). Using the law of large numbers and the inherent
symmetry of the firms’ problem, the price sub-indexes on domestic and foreign varieties, P, P* PF and
PF* become equal to those reported in equations (75) — (78).

The necessary and sufficient first-order conditions for the domestic firm producing variety h under PCP
pricing give us the price-setting formula in (79). Similarly, the first-order conditions for the foreign firm
producing variety f under PCP pricing give us the price-setting formula in (82). Using the law of large
numbers and the inherent symmetry of the firms’ problem, the price sub-indexes on domestic and foreign

varieties, P, PH*, PF and PF*, become equal to those reported in equations (83) — (86).

Aggregate Output and Rental Rates on Capital. Equations (49) — (52) determine the demand

function for each variety. Those demand functions coupled with the market clearing conditions at the
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variety level allows us to calculate the aggregate output from the demand-side as follows,

Y, — A(Uy) Ky 2/1 [Ci (h) + Xy (h) + CF (h) + X{ (h)] dh
N ! P,(h) 0 pHNTT ! prn)\ " « (PEENTT N (218)
_ /0 (PtH ) dh] ¢H(ﬁ> (Ci + Xi) + [/O (PtH*) dh} ¢>H(p;) (Cr + X7),

Yr - A(UF) K /1 [Ce (f) + Xe (f) + CF () + X7 ()] df

_ 0
- _/ol (Péiﬁf))_gdf] or (%) QX0+ [/01 (Péﬁf’)_edf] or (%) (v xp).

Equations (218) — (219) tie the aggregate output in both countries to consumption as well as to relative

(219)

prices, after adjusting for the costs of capital utilization. When the utilization costs are set equal to zero,
these aggregate output equations correspond exactly to those reported in (87) — (88).

Given the production functions in (16)—(17) and the fact that capital-services-to-labor ratios are equalized
across firms within a country, it is possible to write the aggregate output equations as in (91) — (92).
Combining these aggregate production functions with the efficiency conditions in (18) — (19) and the labor
supply equations from the households’ problem (as in equations (56) — (57)), we can express the real rental
rates on capital services in terms of productivity shocks, consumption, output and capital services as in
equations (93) — (94). Manipulating the same set of conditions a little bit further also allows us to re-write
the real wages in terms of real rental rates on capital services as well as productivity shocks, consumption,
output and capital services as in equations (95) — (96). Those two efficiency equations suffice for the purpose

of replacing real wages out of the marginal cost equations, as before.

5.3 The Steady State

We impose two restrictions on the utilization cost function A (-) in steady state. First, we require that the
E’ge of utilization is set at U = U = 1 in steady state. Naturally, this also implies that K = K and
K =K. In other words, physical capital and capital services are equated in steady state. Second, we
assume that in steady state A (U) =A (U*> = 0. Hence, in steady state, the capital utilization cost drops
from the first-order conditions (200) and (203), (206) and (209), and (212) and (215). Furthermore, it also
drops from the steady state market clearing conditions implied by (218) — (219).

By the first-order conditions in (202) and (205), we can easily derive that,

A'(0)

a(T) z

These expressions are derived under the NAC version of the model without capital adjustment costs. For

*

SEIS

g

the CAC case, we can derive exactly the same steady state conditions from equations (208) and (211), and
the same can be said for the TAC case based on equations (214) and (217). Hence, the steady state with

capital utilization is essentially identical to that without capital utilization that we have described earlier.
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The only difference is that the first derivative of the capital utilization cost function must satisfy that,
AU) = S=8"-(1-9),

aT) = S=p"-0-9),

N| ol N

where the second equality follows from our derivations of the steady state real rental rates on capital services.

5.4 The Log-Linearized Equilibrium Conditions

Here, we log-linearize the equilibrium conditions around the deterministic zero-inflation steady state. We
only report those equations that differ from our previous derivations. For instance, we maintain the exact

same specification of the Taylor (1993) rules described in (126) — (127) as our benchmark for monetary policy.

5.4.1 The Households’ Equilibrium Conditions

The log-linearization of the Euler equations and the perfect international risk-sharing condition is the same

as reported in equations (97) — (99), i.e

& ~Ey[Gga] — 0 (?t _ R, [ml]) : (220)
G ~E ] —o (- E 7)), (221)
Et — /C\I ~ O"f:St. (222)

The log-linearization of the domestic capital accumulation formula in (195) and its foreign counterpart in
the case without adjustment costs (NAC) is unaffected by the addition of variable capital utilization. Hence,

simple re-labeling allows us to conclude that,

ki1 ~ (1=0)ki+06@+0), (223)

koo~ (1=0)k, +06 (3 +707), (224)

o~k

where Et and Et denote the physical capital, and v; and vy are the IST shocks.
The log-linearization of the domestic capital accumulation formula in (195) and its foreign counterpart

under capital adjustment costs (CAC) allows us to obtain the following set of equations,

B (-0 - 7o (Z) (2)] }k
7o () E 7 () () 1] a+0) -7 () (

=(1=8ke+06@+71),
) (&

* —x\ 2 . — =\ 2
X 1 ~x ~x * 5/ X X 1 ~x
(ﬁ*?)(?) U*}(xt”t)_v‘b (55%) (&) g

H><\

e

=l

N———
[V

=

Fyy ~ {(15) vq>'( X

[V o (%) X%

ok

:(1—5)kt+6(@‘+6§),




where the second-equality follows from the steady state properties of the CAC function, and the fact that
X =0K, X =6K and V =V = 1. The log-linearization of the capital accumulation formula in (195)

and its foreign counterpart under investment adjustment costs (IAC) allows us to obtain the following set of
equations,

R (-0 k+ [7e (2) 2+
7 () (3) F|r e ()
= (1= 08) ke + 0@ +70),

By~ (1—0) ks + [V*cb XI) L4V (Xi) (XI) EI] Zr—
T (E) () E]ave (F) Eu

=(1=8k +6@ +77),

where the second-equality follows from the steady state properties of the TAC function, and the fact that
X =K, X' =6K andV=V =11In spite of the fact that we are using three different specifications for
the adjustment cost function @ (-) and that we allow for variable capital utilization, the log-linearized law of
motion for physical capital is the same in all cases.

A first-order approximation of the link between capital services and physical capital in (196) also gives
us the following relationships between these two variables,

ke =~ up+ ky,
~k

ko~ ap+k,
where k; and E’{ denote the capital services.

The Capital-Investment Decision under NAC. The log-linearization of the capital-investment equi-

librium conditions coming from the domestic households’ problem in (200) — (201) is as follows,

R

R 1 N Z\ Z — | =~ .
T Et{_o_(ct+1_Ct>+ﬁ(P)7"t+1+B|:P_A/(U):| Uut+1+ﬂ(1—5)%+1}

= B {2 @ @)+ (=B 8) T+ 8- )G | (225)
@ = U, (226)

and, analogously, for the foreign counterparts in (203) — (204),

=
Q

B {2 (G ~20) + (=B - )T+ A=) | (227)

(228)

=
Q
s

where q; and ¢ are the real shadow values of an additional unit of capital (or Tobin’s q) in each country.

These are the same equations derived under no capital utilization in (106) — (109).
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These capital-investment equations can be re-arranged to show that,

(1-B8Q1-0)E (Ff11) = (gt — B (%t+1)) + B8(1 = 6) By [Up41] — o, (229)
(=B -0NE (i) ~ (7~ (Fin)) + 50— 0B ] — 07, (220

by adding the Euler equations in (97) — (98). Finally, we must add the log-linearization of (202) and (205)

as,

By (T7y1) = AB (Ur), (231)

E, (7751) ~ B (47). (232)

AT A(T)T
a) — AaU)

on capital services to the capital utilization choice made by households.

where \ = and U = U = 1. These two first-order conditions link the real rental rate

The Capital-Investment Decision under CAC. The log-linearization of the capital-investment equi-

librium conditions coming from the domestic households’ problem in (206) — (207) are as follows,

L@ -a)+ (1 -1=-8)B) 7T+ (1 =0) BG4 + x6*p (ftﬂ - 76it+1) + ..

(
2 O)T+a (Ve () () ()7 (2)(£))7]
- U1 — -

%UfA(ﬁ)JrQ((lfﬁ)fV{)’ i)(ﬁ%)%) has

= E {_a (Cyr—c) + (1= (1 =9)B) T, + (1 =90)Bgir1 + x0°B (ZE\tJrl - ZtJrl - a1k+1) } ,(233)

— — — — — —\2
Vo (X)) (X)) +vVe' (X)) (X )+ver (X)) (X
P ~ 7 ve (m?) (m?) Ve (U;?) (m?) Ve (m?) (m?) ~ =
G ~ x0(xy— ki |+ — — — ——— Uy — Uy
Ve (X)+ve (X)X
UK UK/ UK
= X6 (a?t — ey — ﬂt) — v, (234)
and, analogously, for the foreign counterparts in (209) — (210),
~ 1 ~ ~k % ~k ~x =* A~
@ ~ L {_a (Ct+1 - Ct) + (1= (1-0)B)T{1 +(1—6)Bgq + x6%8 <33t+1 — ki — “t+1) } (235)
T ~ X6 <§; —k, — a:) -7 (236)

This system of equations describes ¢; and ¢ as the real shadow values of an additional unit of capital (or
Tobin’s q) in each country, and x regulates the degree of concavity of the capital adjustment cost (CAC)
function around the steady state.

The pair of equations that relate the current and expected Tobin’s q to the real rental rate on capital
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services and the real interest rate can be re-arranged as,

G~ BB (] + (1= (1= 8)B: () — (B — B (i) (237)
G~ BB (G + (- (- 9B B (7)) - (3 - B (7)) (238)

by adding the Euler equations in (97) — (98). These equations are exactly the same ones that we found in

(116) — (117). We can re-write (234) and (236) in terms of capital services as,

G =~ X0 (ft _Et> — 0y,

qs =~
o~ Xa(a;_k:)—a:.

These equations are effectively the same ones that we derived in (113) — (115). Finally, we approximate the

first-order conditions on capital utilization in (208) and (211) that complete the model as follows,
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so we obtain that,

A OU-Qve () () -0V () ()",
v (@rave () () "
Bl = e e LN
(e e Gl (@) s,
0 () D () ()

<5C\t+1 - Et+1 - at+1)
)3
(@4—1 - Et—&-l - at-|-1>
" (8) 6° R = N
(51_((1_50 (xt“ e ut“) }
R 52 N = N
AUpqq — (M) ($t+1 — ki1 — Ut+1> } )

x6*3 ~ T
m Ty — kg1 — U .

Using equations (234) and (236) we obtain that,
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E; [?erJ ~ E; {)\at+1 - (%) (Gt +ﬁt+1)} , (239)
o~k ~x d ~~ ~k
Et [Til’l} ~ Et {)\qu — (W) (qu + ’Ut+1)} . (240)

These first-order conditions on capital utilization are similar to those derived in the NAC case (equations
(231) — (232)), but they show that the real rental rates on capital services are tied to capital utilization,
Tobin’s q and the IST shocks as well. The extra term on the right-hand side—which is proportional to
Tobin’s q and the IST shock—is the result of having assumed that the capital adjustment cost function
penalizes the size of investment relative to capital services in each period, rather than the size of investment

relative to physical capital.

The Capital-Investment Decision under IAC. The log-linearization of the capital-investment equi-

librium conditions coming from the first-order conditions of the households’ problem in (212) — (213) are as
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follows,

~ 1 . ~ [% — A (U)} v
@ = B q——@u—-c)+(1-0-0)8)1T7 1 +(1=0)Bqs1+ =— —— Ugt1
[%U—A(U) +Q(1—5)}
1 ~ . ~
= B{-2 @ -0+ (- (- 98T+ (1-9) 8 |. (241)
L @),
G o~ -0 — T\ o (% (% (T —Ty1) +
ve($)+7e (3) ()
L EE o A
. o 1+/37<I>’(%) (%)2 (Ct+1 Ct) + 148V %) (%)2 (Qt+1 + Ut+1) + ..
t (T @@ ®E)E
1+5V4"(%) (%)2 (xt+1 - .’Et)
= K@ —Ti1) = BBy (o1 — Ty)] — 0, (242)
and, analogously, for the foreign counterparts in (215) — (216),
1 o ~
@~ Bl @ @)+ 0 (=R (- 0) AT | (243)
@ ~ k@ -7 ) - BB (T — )] -7 (244)

This system of equations summarizes ¢; and g; as the real shadow values of an additional unit of capital (or
Tobin’s q) in each country, and « regulates the degree of concavity of the investment adjustment cost (IAC)
function around the steady state.

The pair of equations that relate the current and expected Tobin’s q to the real rental rates on capital

and the real interest rate can be re-arranged as,

G o~ (1=0)BE G + (1 - (1= 0) ) () — (2~ Bulfena] ) (245)
G~ (1= 0) BB [G] + [0 - A=) B B (7i1) — (F —Bi [7]) ] (246)

by adding the Euler equations in (97) — (98). Finally, we re-write equations (242) and (244) in a more

compact form as follows,

~ 1 B 5 1 PN

T o~ —T+ ———By [T + ———— (G 4+ 01) s 247
t 1+ﬁt1 1+ﬁt[t+ﬂ H(1+5)(qt t) ( )

o~ L B @) (248)
t 1+p g U T gy T

The presence of investment adjustment costs (IAC) changes equations (242) and (244) completely. These

equations are the same equations derived before without capital utilization in (122) — (125). Capital utiliza-
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tion, however, adds an additional pair of equations to the system of equilibrium conditions,

By (Tis1) = AB; (Ur1), (249)
B (Fi11) ~ B (U4q), (250)

A"(Oyo  A(T)T" = T . . .
A'((U)) = ) and U = U = 1. These conditions link the real rental rates on capital to
the capital utilization choice, and they are identical to the equilibrium conditions derived in the case without

adjustment costs (NAC).

where \ =

5.4.2 The Firms’ Equilibrium Conditions: The LCP Case

Efficiency Conditions and Aggregate Output. The efficiency conditions can be described by the same
pair of equations reported in (134) — (135) (or in (166) — (167)). Those efficiency conditions are necessary
to close down the model without having to keep track of either labor or wages explicitly. Using the demand
constraints of the domestic firm in equations (27) — (28), the demand constraints of the foreign firm in
equations (30) — (31), complemented by (51) — (52) and their corresponding foreign counterparts, it follows
that the log-linearization around the steady state of output demand for a given re-optimizing firm, i.e. g (h)

for a domestic firm h and gy (f) for a foreign firm f, takes the following form,

) = 0@ () -+ @) (B ) + (1)@ +al,

G~ 0@ =) 0 —n) (B =) + (=) @+ El

where the weighted variables are,

& = duli+opcy, ¢ = dpt + ducy,
) = ouTi+opT;, B = pl + oy,
P (h) = ¢ubi(h)+opp; (h), b (f) = ¢rDi (f) + éub; (f),
Y = oubl 4+ opbi BT = 6pby + dubi
B = Sube+ophi, Pt = OpPr + Oub;-
We define the steady state consumption and investment shares as v, = @% =1—-7, and v, = %7

respectively. These expressions hold true independently of whether we assume LCP pricing or PCP pricing,
although the price indexes and sub-indexes can be further simplified in the PCP case (where the law of one
price holds).

We can log-linearize the price sub-indexes in (13) — (14) as,

Q

1 1
/@wmﬁw/@mﬁ
0 0

~H
yz

Q

1 1
Pl /@wmﬁw/ﬁm%
0 0

so it follows that the weighted prices of all domestic and all foreign firms are ﬁfI Wox fol YV (h) dh and
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ﬁf W~ 01 pV* (f)df, respectively. Adding up the output market clearing conditions for all varieties

(firms) within each country and adjusting for the capital utilization costs, as per equations (218) — (219),

we obtain an expression for aggregate output in these terms,

R A (U)KU \ _ . R R R
yt—<()~>ut ~ —W(PiH’W—PXV)+(1—7m)crv+7z33¥v»
Y-A@O)K
A (U*> E*U* W
i | o= |~ (B0 ) (L ET
Y —A(U)K

which using our characterization of the steady state can be expressed more compactly as,

_ _ K\ . . . A "
G- (5 - 0-0) (3) @ = —n (Y - A) 0 d el
- -1 K\ _. SEW s W AW
Ui — (B - (1-9) o) w o~ —n(pt — by )+(1—%)ct +7. 3

We know that in steady state we can write the investment share as proportional to the capital-to-output

ratio,

—k

where physical capital and capital services are equated because the utilization rate is set to U = U =1.

Therefore, we can re-express the aggregate output equations in the following terms,

~ R R ~ 1—8(1-6)\
B o (E ) 0 a sl (SRR Y a (251)
U~ —n(pf’w —ptVV)Hl—%)CW + 7.3+, <ﬁ(5 ))ut- (252)

These equations become very important in our posterior derivations of the Phillips curves. Equations (251)—
(252) are identical to those derived in the model without capital utilization in (132) — (133) only when
uy = u; = 0. These equations calculate aggregate output from the demand-side by incorporating the capital
utilization costs at the same time.

We note that if we define the world weighted consumption as ¢}V = ¢ ¢ + ¢pc; and &V * = ¢pc; + ¢y

and the relative consumption as ¢I* = ¢, — ¢;, then we can write that,

~ ~W ~R W ~

¢t = ¢ +opc = + Gporsy,
~ . Wk ~R W o~
G = G —OpC RC T — QpoTsy,

where the second approximation follows from the perfect international risk-sharing condition in (99). This is

a substitution trick that we have used before. Then, we can express the efficiency conditions in (128) — (129)
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as,
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Furthermore, if we combine these efficiency conditions with the output equations derived in (251) — (252),
it follows that,

~ 1-5(1-46 -~ ~
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These conditions can be appropriately used to simplify the description of the inflation dynamics.

The Optimal Pricing Equations. In steady state the standard pricing rule under monopolistic compe-
tition holds. Accordingly, the log-linearization of the optimal pricing equations in (71), (72), (73) and (74)

can be compactly expressed as follows,

B —p ~ B[ (Ba) Fue| + (1= Ba) B [0 (Ba) (s — Biir)]
P =B~ B[ (Ba) R+ (1 BB [S T (B0) (i — e — Piir)]
Pl =P~ B[ (Bo) Runr| + (1 - ) B [ (Ba)T (7, — Biis + Pour) |
PN =B~ B [Y T (Ba) R+ (1- BB [30 (B (e, — Biir)]

which gives us the same pricing formulas that we obtained before without capital utilization. Here I must
recall the assumption that the government subsidy is time-invariant and equal to its steady state value
in every period, which explains why the government subsidies do not appear in the log-linearized pricing
equations. We derive the (pre-subsidy) marginal cost equations in (20) — (21), and they can be log-linearized

as,

MCiyr = YWy + (1 —1) (?54_7 Jrﬁt-s-r) — Qpyr,
1

Wy, ~ G, + (1= ) (7L, + Pler) — G prs

while the labor market clearing conditions, which are implicit in (95) — (96), can be approximated as,
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If we combine these log-linearized equations, it follows that the marginal costs can be expressed as,

MCyyr N 71“11/;1,)@ %/C\Hr + 71“;021,)@@#7 - 71+(1 s (atJr'r - (1) (ﬂﬁr +2/9\t+7')) + 71+(11i¢)¢]/7\t+77

—x w1 v v
M s ™ T gys s e T TroiemeVitr — Trms (@r — (1=0) (71 + Piyr)) + mrasgyaPies

where 7. and 77, . denote domestic and foreign aggregate output. Up to this point, the derivation of
marginal costs is the same independently of whether the model allows for capital utilization or not. If we
combine the marginal cost equations with the output equations derived before in (251) — (252), it follows
that,
o~ ~ - 1~ ~H W ~
MCtyr — Ptir = ﬁ;ctﬁﬂ' - ﬁﬁ (pt+7 pKiT) =+
e ~ 1—B(1-5)
% ((1 - Vm) CK/H' + ’YIIBK{-T + Yz < B( ) U‘H—T) e
1+ ~
ﬁ (at+7’ - (1 - w)ﬁJﬁ) )

% ~ 1 ~F W ~W
MCyy 7 = Piir & ﬁ;aﬁr - ﬁ” (pHT pt+‘; +

R ~ 1-8(1-6) 1 5)
14 ~x
ﬁ (a‘t+'r - (1—=1) Tt+r) :
This characterization of the real marginal costs is central to our derivations of the Phillips curve. It naturally
shows that now marginal costs have to account for the costs of variable capital utilization.

We can use our characterization of the real marginal costs with the pricing formulas log-linearized before
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to write that,

Q\»—t

—¢n (pm —ﬁtVL) + ..
(1+(1 ) +jo (ﬂa)T E | ¢ ((1 - ’Yx) ’YZSCH_T + 7, (M> uH_T) e I
T) (@r4r — (1 =) T74,)

%/C\ — N (pt-i-r _ﬁXY‘rT) + .
—Ba +oo T o
(1(_;,1_(1[3_12;#@) Z _ (BO[) Et ((1 - 7x)6w + 71$t+‘r + Ve (1 B(l )> ut+7') T + ...
1+

(7 (Ge+r — (1 =) Tt+'r) — T84r

—¢n (ﬁﬂvrv* - @VK?) + .
—fBa too T —B(1=96) | ~x
() > 7 (B B | (- %c) cly +%3«“t+7 70 (S2) Ay ) = [+
(%) (at+r - (1=1) Tt-T-r) + PS4y

>Chr — P (pt+T " ﬁ?ﬁ) + ..
—Ba too T —B(1=9) | ~x
(%) ZT:O (BO‘) ]E‘t ® ((1 - rYx)/C\VV + ’Yﬂ’,"rt-‘rT + Ve (%) ut-i-‘r) e + ..
e (@, - (1-¥)77,)
JrOO T Ak
ZT:l (,BCY) Et (7Tt+7_) .

We log-linearize the price sub-indexes in (75) — (76) and (77) — (78) and re-arrange them to obtain that,

= —~ N ~ « ~
P (h) =P =~ (ptht)+< )Wf,

11—«
~ ~ ~H ~x o ~Hx
Py (h) —pf =~ (pfl t)+(1_a>7rt )
= ~ ~ (63 ~
n(f)-p ~ (B - p)+<1 )Wf,
—«
~ ¢ ~F'x ~~k a ~F'x
P (f)-0 ~ (b —p)+(1a>ﬂf,

which is quite convenient to aggregate the optimal pricing decision of firms. We replace the isolated terms

= and 2 1% out of the marginal cost. If we define the world consumption as ¢V = ¢y ¢ + ¢pc; and
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eV = ¢pc; + ¢y and the relative consumption as ¢ = ¢; — ¢}, then we can write that,

~ W ~R . W ~
¢t = ¢ topc RC + QpoTst,
Sk _ Wx ~R o W ~
G = ¢ T —opG R T — QpoTsy,

where the second approximation follows from the perfect international risk-sharing condition in (99). Hence,

the optimal pricing equations can be expressed more compactly as,

~H —a [~ N
T+ (IT) (o' —pr) =
— ~ — ) ~
(@ + o —72) &Y + 0Bl + ¢, (%) Upir + e
+oo r ~ SHW
v (ﬁ) ZT:O (Ba)" By PpTSt4r — PN (pt+7' - ptVKT) - + .
(1?0) (@r4r — (L= ) 7T74,)

(522 Y (B0) Br (R
m o+ (152) (B - ) ~
(071 + (L= 70) @) B+ 1aBH, + 07, (252 ) s —
v (ﬁ) Zj:; (Ba)" By (¢H+%(l+ap)) TSi4r — ©ON (ﬁfirf —ﬁKiT) —— + ...
L2 ) (G, — (1 —9) 77,,)
(52) 31 (Ba) By (77,0)

T+ (550) (O - B) ~

Sk

(071 + (1= 1) ) A + 7,081 + 07, (252 Wt + o
v (ﬁ> Z:’Z (Pa)" By <¢H + % (1+ @)) T84 — Q1) (ﬁﬁ’r‘f* - mi) — .. 4o
(HT@) (aszr‘r - (1 - ’(/}) ’/r\fir)

(52) 37 (B0) By (Ror).

T+ (5) 0 - )~

B * SWx —B(1=6) \ ~x
(U ' T (1 o ryi) QO) EK‘T + fyxwa/‘rT + PV (%) Upyr — ---
e T e ~F W A~V %
v (ﬁ) ZT:O (Bo)” Ey PpTSepr — ©1) (pt+r - p?—{-T) o + ...
(152) @tyr — (1 - 0)752)
—« +oo T A~k
(1a ) z :T:I (504) E; (7Tt+7_),

(1-a)(1-fa)

[e3

Furthermore, these pricing equations can be expressed in the form of a system of expectational difference

where ¥ =

equations. Let us focus on the first equation as an example. If we re-write the equation at time ¢ + 1 and
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take conditional expectations with all the information available up to time ¢, it should follow that,

~H —a [~ ~

By [”t+1 +(15%) (0 *Pt+1)] ~

- ~ —B8(1-8)\ ~
(07" + (1 =7) @) @i + 70T 1 + 070 (%) U147 T -
oo T o~ ~H,W PR
v (ﬁ) ZT:O (Ba)" By GpTSt+147 — 1) (pt+1+T - pK/HJr-,—) -
(52) @rrer — (1= ) 41)

JFOO T o~

(43%) 27:1 (Ba) By (Tiq14-) -

Hence, using the properties of the conditional expectation, the pricing equation can easily be decomposed

in two terms as,
T+ (152) (0 - ) =
(07 + (1= 7) @) T + 7,08l + o, (22 ) i + .
A~ ~HW  ~
(ﬁ) v GpTSL — PN (pt —ptW) - + .
(452) @ - (- w)7)
(1— ) BE; (Fer1) + BB, [7?{11 + (=) (p, - @H)} .
Further re-arranging allows us to express the expectational difference equation as,
w68 (7() + ¥ (5 — 1)
(07 + (L= 72)0) & + 7,08l + oy, (252 ) @+ .
b ~ ~HW
~ (H(f/w) v GpTse — on (pt —th) — .
(22) @ - (1-0)7)

We can apply the same approach (and algebraic steps) to re-write all other pricing equations as expectational
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difference equations, i.e.,

AH* — BE, (%g_*l) + U (ﬁ,{{* 7]3*)
(0‘1+(1—7m)sﬂ) + a8 + oy, (2L -

~ (1+(1’/iw)w) v (¢H ( +¢)> TSt — 9077( et —@W) - ;
_ (22) @ - (1 -0)7)

— BB (7Tt+1) + v (ﬁf —ﬁt)

(071 + (L= 72) @) Y 47,080 + oy, (2572 ) @ +

~ (1+(11/i¢)¢)‘11 (¢H+%(1+QP)> 78, — 5077( prW= @W*) — ,
_ (42) @ - - w)7)

F = BB (RI5) + v (BF —57)

(071 + (1= 7) @) T + 7,080 + oy, (28

~ (1+(11/i¢)¢) v QRTS8 — <,077( I —ﬁXV*> - ..

() @ - 1 -w)7)

1— /3(1 5))

uy —

These equations provide a very simple characterization of the dynamics at the price sub-index level.

Now, we use the pricing equations described above to infer the dynamics of the relative price sub-indexes

sl =7 g pHR = pH _ pH*y and 708 =78 — 2 (pF" = pF — pE™) as follows,
— 6B (REET) + 9 (BT BF) ~ Wi, (255)
#PR _ g, (%fj) r v (AFR - ﬁf) ~ U, (256)

where p* = p; — py is the relative CPI. We can re-write the pricing equations further at the price sub-index
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level as follows,

~ B, (7Tt+1> + ..
_ (-1

(m) v

AH* ~Hx*
~ BE, (7rt i

(o) @
7rt ~ BBy (7Tt+1)

(m) v

AF* ~Fx
~ BE, (7rt +1

(vt ) @

+(1—v)e)e +7zs0rvt + Y, (%) U+ ...
¢F7"8t—<pn( — D )— ;
(¥ —51) - (452) @ - 1 =0)7) _
¥
(67 + (L= 72) @) &+ vagdl + v, (S22 ) - o |
(6n + 5L (1+ ) o — son(HW—ﬁfV) :
(= 77) = (452) @ — (1= 0)7%)
+ ..
[ (07 (1= 72) @) &7 + 1Bl + v, (225 @+
(6n + 552 A+ ) e — o (B8 = 51) - . ,
6F -5) - (52) @ - (1 - 0)77) _
T
(0*1+(1—%)<p)5tw*+%soffv*+<ﬁ%(%) ... |
o — on (B0 = BI)
F —51) - (552) @ - 1 —9)7) |
= ¢Hl/7\tH+¢FI/?\F* and ﬁf’w* = ¢Fﬁf+¢Hﬁf*v

We have defined the world weighted price sub-indexes as ﬁf W

. . . ~H,R
and the relative price sub-indexes as p; "

that,

~H
yz
~F
2

Analogously, we have defined the world weighted CPI as p}¥ = ¢yD; + ¢xp; and pY¥*

the relative CPI as pl* = p; —

=pH — pH* and ﬁf R = pl" — pf'*. Then, naturally, we can write
AH w ~H,R ~Hx _ ~HW ~H,R
+ ¢F ) pt - pf - ¢H )
AF W ~F, W ~F,R
+ ¢Hpt ) pt =D’ — ¢pp

pf. Then, we can write that,

+¢Hpt , Pt =
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= ¢ppt + OyD;, and

~R
- ¢Hpt )
- ¢Fpt .



Therefore, we can re-arrange the pricing equations as follows,

71 ~ SR, (7rt+1) + ..

i (0" + (1 =7) ) & +7.908" + v, (#) Up + ...
(o) ¥ o = (B2 4 on) (51— 1Y) - ’ o
_ <1+(11;w)90>¢ <ﬁ§1R ﬁ?) 141250)( (1))
R~ BB () +
(o= + (1—%) @) & +1apml + o, (SR - 5%
(ﬁ) 4 (¢H + 55 Y (14 cp)) (H(l b)e +s077> ( —;5}”) +.. 1,
| (M2) on (@H’R 1) - () @ - (1 - 9)7)
7l ~ BE, (7rt+1) + ..
(0T (1= 1) @) A 0E e, (M ar+ ... 259)
(ﬁ)‘l’ (¢H+M( +<P))A —(M+¢n)(FW*—@W*)—... ,
(1+(1 )¢H (AFR ﬁﬁ) (HTS(;) @ — (1—)73%)
#1* ~ BE, (7?5:1 ¥
(07 (=) @) B+ el + e, (717%75)) u; - (260)
() @ o — (FUF02 4 on) (BT = B) +
() o (BPR - BR) - (H52) @ - (1 9) )

By appropriately replacing the efficiency conditions in (253) —
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(254), and after a little bit of algebra, we can



now re-arrange the pricing equations for the price sub-indexes in (257) — (260) as follows,

#1 ~ BE, (%fil) ¥

_ (0’ 1+(1—7$)(1+(1diw)@) (go—l—(l_z/)) (Hff))’c\f"_,_ -
Va (1+(11[i¢)¢) (30 + (1 =) (1-:;/;)2) fXV + (261)
) (o () (e |
PpT5E — <1 +1 (M) (804' (1—1) (1?0)2)> (Af]’W —@W) e
i ¢F(ﬁf’R—ﬁﬁ)_(1_W)(H7¢ At—(HTW)At |
7~ BBy (7rn) + _
<a Y+ (1=, (H(ﬂiw)@) (so +(1—1p) (1?@ 2)) eV +
2
) (o0 () - .
v Yo <1+(1w—¢)<p> <<P T1=9) (1%) ) (17%;76)) U = 7
outs = (10 () (o4 -0 (452)") ) (B = 2) +
ou (P17 = BF) - (1-v) (552) = - (52) @
7 %:BEt (%ﬂl) + .. _ )
(0._1 +(1=7,) (ﬁ) <<p + (1 =) (1*7“")2 ) A
e (et (o 0 (22) )2+ -
v Ve (ﬁ) <<P+ (1—19) (%) > (17%((1;5) ui + ... )
w100 (s (o 00 (%)) G -30)
o (5 8) 00 ()5 ()
i H (Pt ¢ v ) v ) 4t |
A" ~ BE, (7o) + _
<01 +(1=,) (1+(115¢)¢) <<P + (1 —1) (&Tw)? ) EZV* +
Ta (1+(17¢>w) vt (1-9) (?0)2> w (264)
v Ve (ﬁ) (@ + 1 =) (HTW) (1_[3&((15_6)) up — ...
e = (140 (v ) (o + -0 (52))) (P8 - 3tr) +
_ or (77— 5F) - (1— ) (S2) By - (22 @ _
We define the world weighted price sub-indexes as pi"’ = ¢up? + ¢ppl* and pr"V* = ¢ppF + pypl™.
Therefore, we easily derive the dynamics of 7;""" = pi"" — piPW and 70" = pP""* — V" from the
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equations above as,
#HW o BE, (%f{f) ¥
_ <01—|—(1—7m) (i) <<p+(1—¢) (1+7¢)2 )ﬁfu |
e (o) (o4 - (22)7)
o () (o -0 (52)7) () @ |
<1+n(1+(1'¢iw) (Wr(ld)) (HT“’)Q
| 10 ()5 (59,
RO~ BB (RIY) +
_ (a—1+(1—%) (i) (¢+(1—¢) %ﬂ)z )atW+ _
% (i) (s0+(1—1/)) (L
v 7 () (Wr (-9 (%)

<1+77(1+(1¢)¢) (90+(1_¢) 11?0)2) <ﬁfW*_ﬁ¥V*)_
(1 —w) (H52) b - (H2) a

We define the domestic and foreign CPI indexes as p; ~ ¢pdl + ¢ppl and P ~ ¢ppil* + dydl™,

~

respectively. Therefore, it is easy to derive the dynamics of 7y = p; — py_1 and 7, = pf — p;_; from the
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pricing equations above as follows,

P~ BBy (i) + -
(o—-l +=7) (rrrs) (o400 (22)°)) [l +6pe] +..
() (w +(1—) (wa)Q) (0T + opl*] + ...
) (o4 =0 (152)") (S2452) lowtn + 5] + 2601751 — .
o) o1 () o) 0 5]
p
e

gl

N
P
(197

+

1
(

Y
<1+77

‘|‘e

ouor (B —5R) + (B0 - PR)] - (1 —v) (452 B — ..
- ) [Pra: + oray]

/\

T %:ﬂEt (Fip1) + -
(0—1+(1_7 )(W) ( ( )<1+go) )> [ppel” + el ] + ...
Vo (m < )) ¢pZ) + ouTt "
o (s <<P+(1 %) (i*f) ) (=252 )[<z>put+¢Hut] 20 p 05750 -
<1+77(1+(1w ) ) e+ (1- (H@) )) [ (AHW_@ )+¢H (ﬁfw _ﬁyv )} + o
Oron (AHR—ﬁﬁ) (P =) - (52 R
H@) [¢rar + ¢pay]

where world weighted capital is defined as EXV =0 Hkt +o Fk;‘ and kXV =¢ F7€\t + (;SHEZ‘ . We can also write

certain terms inside the brackets of the Phillips curves in a more compact form as,

(e (o) (o4 @90 (52)7)) o (2 =) 0 (5 - 207)] - .
ouor (B - BF) + (" - 57|
= () <so+(1—w>(1+9”)>[¢H or) (B =B ) —
(o) (5090 (350 o [ ~30) = G0 - 30)] -
on (B = B) + 0 (B = 5F)| = op [(B5"" ") + 0 (077 - 5F) |,
—(1+n(1+(1w) <<p+(1 v) (42) )) o (B = B1) + om (PO = B1)] + -
oo (P77 - PF) + (z’ff . —ﬁﬁ)]
(o) (70 ()" o - e 7 7).
i (rrs) (w4 0 w>(1+¢))¢F[(AHW—ﬁXV) (7 —5)] - -
o [(B1"Y =) = ou (0" = 5F)| = o (58" = 51) =0 (" = BF)] -

Based on our definitions of the world weighted price indexes and sub-indexes, denoted with the superscripts

92



W and W*, it is possible for us to argue that,

ou (6 ) o G- 8)] o [~ 1) 0 57 )]
=ou (P —pt) + or (PF — D) =0,
g KAHW _]3?/) — o (ﬁtH’R_ﬁR }

)]+ en [ (B0 = 57) — o (77 - 1)
=¢p (P —P;) + ou (0r " —D;) =0

since Py ~ QD + ¢ppl and P ~ ¢ppi* + ¢ypr*. Furthermore, we also know based on those same

definitions, that the following result must hold true,

(B =) + (Y =) =B 0 - (B + )
= ¢y (PF — i) + 0 (1 — D7) + ¢r (DF —Pt) + ou (BF* — PF) (265)
= [¢H (pt _pt) + ép (pt _ﬁt)] + [¢F (15{1* _ﬁtk) +on (ﬁf* _]?tk)] =0.

Hence, we argue that those particular terms inside the brackets of the Phillips curves can be simplified as,
2
- (1+77(1+(1w¢)¢) (<P+(1—1/J) (HT@) >> {(bH (ﬁf{’w —ﬁ?/) +¢F( 7 ﬁy*)} e
2
onor |(B17" —58) + (50" —58) | =0 (e W) (wu—w) (12) )[¢> —op) (B0 - B)),

|
_(H”(u(l ww) (‘P+(1_ % )) ¢F B —ﬁXV)Jrqu(hW*_@W*)}J“_
|

oro (- 9) + (50" = 58)] == () (9 1= 0) (59)) 0w = o] (5 - 7).

We conclude that both Phillips curves in the model take the following form,

%t %_ﬁ]Et (%t.}rl) + ...

<01+(1’ym) (71+(11ﬁw)<p) <<,0+(1 1)) %) >> [puel” + opet” ] + ... ]
7. () (‘P Ha-v) (52) ) oud +opT] +
1_B(1-5) (266)
Vi, (14_(1#)99) (‘P + (1 =) <1—£¢) ) ( ﬁ((; ) [Grte + OpUf] + 205 PpTs + .. |
(¢ — 9r)n (1+(1 go) )(%> ) (Afw* ﬁgv*> B
i (i E ( j/_, ) [prar + ¢pay] |
T, ~ BB (Tre1) + - . )
<01 +(1-7,) (714_(11{1#)@) (cp +(1-v) (1%’0) >) [orel + ope] + ...
Yo (1+(1 w)sa) (<p+ (1=9) (ITP@)2> [opZ + "] + ...
T 140\ %) (1-81-0) - s ~ (267)
Va (m) (‘P +(1-9) (7@) ) (7) [pptr + dpur] — 20pPyTse — . |
(6 — 600 () (s0+ 1-v) (1)) (o) -
i (1—1) (Hw) ki — (%) [ rar + ¢pay] |
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which extends the specification in models like those of Steinsson (2008) by adding capital, investment, and
variable capital utilization.
With a little bit of additional algebra, it is possible to obtain a simpler characterization of the Phillips

curves as,

Y~ gl (7)) +
-1 PP +(1=9)(1+9)? \ | aW PV +(1L=9)(1+9)? | AW
( 1_%)@(W)>Ct ¥ (W) Tyt
V(1) (14+9)?) (1=8(1-6) =
v %‘P(Wsow(l—w)wf )( By ) Ut (268)

24 (1—9)(1+p)? HW )
(14 me (PSSR )) (7 =) - ..

| (=i (59

AF’W* ~F W %
T ~ PE; (ﬂtJrl ) + ..

B 2 2 2 2
(071 + (1= ) o (ELEEERE ) ) & + 0 (R ARG ) 1 4.

«pw+(5w>w ) eP+(1—9)ve
Y +(1—y)(A+yp) 1-B(1=6) | ~x
U Va¥ (Wsow(lfw)wf ) ( Bs Up = e (269)
P2 +(1-9)(1+¢)* W _ W ’
(1+77<P (W)) (pt -p ) =

(0o20t0) 7~ (122 g

and, naturally,

7o~ BB (Rigr) +
T -1)e (%)) (el + ppel] + ...
100 (PSS ) [ondl + 68l ] + .
v Yo (CLEEEEE ) (25 [owe + 0pi] + . |
20pdpTse + (0 — dp) Ny (%) (ﬁfw* ﬁy*) - ..
_ (A=) B — (552) oy + opa]
T, ~ BBy (Tyy1) + -
(7 ) e (PR )) [osel! + el +
Vap (%) [0pZ) + opZ) "] + ...
! Yo (ELFETOR ) (5570 [opi + 1] -
2050575 — (05 — or) 0 (Lot ) (B0 - ) - ..
(%) %tW* - (H"D) [prar + ¢pray]

(270)

(271)

Capital appears in the Phillips curves because it reflects the impact of the efficiency conditions on the
marginal costs of firms. A similar argument can be made regarding the role of capital utilization on the
amount of capital services made available to firms.

Let us define tt = pf W —pV* as the world measure of terms of trade in the model. Then, the Phillips
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curves under LCP pricing can be re-expressed as,

T & BB (Tet1) + ..
! (0—1 +(1—7)¢ (%)) (G + opd*] + ...
Ta¥ (%) [P + opZf*] + ...
U e (P ) (B [ow + o] + . 7
20075+ (0 — Op) NP (%) W
L (%) /];XV - (%) [bpar + ¢pay]
7: ~ BBy (Tig) + -
_ _1+(1_7x)§0(%)> [¢pcl + o] + ...
oo (SN [, 51 1 g5V 4.
V| e (L) (SR ertn + o) -
20675 — (0 — 6p) np (LU ) TV
(ﬂ—‘/fzpﬂ) kW — (1+w) [6pas + dpar]

(272)

(273)

These equations constitute the aggregate supply block in this economy under LCP pricing.
The International Relative Prices. Let us define tt (ﬁf W -V *) as the world measure of terms
of trade in this model. As in the model under LCP without capital utilization in (155), the only constraint

that determines the world terms of trade is given by,

(01 — 0p) (PO = B1*) ~ oo | (07"~ BF) + (0" = BF) |- (274)
If the model has no home-product bias in consumption, i.e. ¢y = ¢p, then ﬂ’v = (ﬁf W ﬁXV*) only

matters because it affects aggregate output and aggregate output enters into the specification of the monetary
policy rules. Therefore, it must follow from (274) that (AH R_ ﬁﬁ) + (ﬁf’R - ﬁR) ~ 0. In that case, the

constraint imposes no practical restriction on the world terms of trade tt (ﬁf W —p/"*), and we need

to keep track of the price sub-indexes in some other way in order to close down the model.

If the model has a home-product bias in consumption, i.e. ¢y # ¢, then ftW = (@F’W* - ﬁtW*> matters
because it affects aggregate output in both countries, and it also matters because it affects the real marginal
costs of firms. Moreover, we can write the world terms of trade as follows,

~F W W Puo ~H,R _ ~ ~F.R =
i R e i | 2 7O R (7R 7 | B (275)
by — br
This expression is crucial to derive the dynamics of world terms of trade. In equations (255) and (256)

we already derived a simple characterization for the relative price sub-indexes %fI H and %f’R under LCP
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pricing, i.e.
#HR _ gE, (ntH) +\11(AHR—73§) ~ Ui,
0% g (RID) + v (B07 - BR) & W
Simple manipulations allow us to write this pair of equations as,
(%fI’R AR) P (ﬁfff %fil) + v (AHR *ﬁf) Uis, — 7 + BB (7Tt+1>

(%f’R AR) BE; (7Tf+1 7Tt+1> +Vv (AFR - ﬁf) ~ Urs, — 7Tt + BBy (7Tt+1>

1%

where the relative CPI is defined as pf* = p, — p;. If we use the definition of world terms of trade and we

combine it with these two equations, we can write the dynamics of tt (ﬁf W - *) as
AT — BB, (AT, + Wil ~ % (wis, 7+ om, (7)) (276)
H~ PF

where we define the first-difference of the world terms of trade as A}V =}V — 1}V,. This suffices to close

down our model under LCP pricing, but it is the same equation as in (157) without variable utilization.
Following on Engel (forthcoming), we can show that when the degree of price stickiness is the same

across firms and markets then the relative prices in each country must be equalized even if the law of one

price fails to hold, i.e. (pf —pf') =~ (p;* — pf'*). To show this, we start by computing the inflation for the

relative prices in each country (ﬁf —7H ) and (%t — 7z ) from the dynamics of the price sub-indexes in
(261) — (264) as follows,

wl — 7 ~ BB, (Rl = 7l) +
(o + =) (o) (o + 0= (22) ")) @ —at) =
e (i) (o4 0w (522)7) @t —at) o+
v v () (o 000 (52)) (2272) @ -0+
(0 — o)~ (140 () (o4 -0 (252))) (0 - ) - (0 - 5)) -
_ (0m (B0 = B8) = o (B = 5F) ) = (L= w) (552) (R —*u) - (552) @1 - @)
RO =R~ BB (R - ) +

i (U—1+(1—%) () <¢+(1—¢) (11&0)2» (@ =)+ ..

(p — du) T8 — <1+77(1+(1%
(¢F (ﬁfR_ﬁ?) b (P
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We noted already that by construction (ﬁfl W_pw ) + (ﬁf W

-V *) ~ 0, hence the two expressions for
the relative prices above become simply,

~F ~H _ ~F ~H
T, — 7 ~ OB (7Tt+1 — 7rt+1) + ...

v Yz (ﬁ) <<P+(1—1/1)(1+

¥
(64 — 0p) ¥ 2 (1 +1 (i) (go+ (1) (11*;”)2)) (PrYs — ) - ..
| (on (B8 = 5F) —or (37 -5F)) — (1 -0 (452) (R —Re) = (452) @ — a0
R AT i R _
(74 0= (i) (o4 0w (22)) ) @ -ty o+
e (o) (o4 0w (32)7) @ o)+
e (rrters) (o - (52
(¢ — @u)Tse —2 (1 +1n (ﬁ) (¢+ (1—4) (1?’)2))
| (or (58— 58) — ou (07— 58)) — (L) (222) (B — ) - (452) (@7 —a) |

Let us define the variable z; as the difference between the relative prices in both countries, i.e. z; =

(pf —pf') — (pF* — pf'*), and the first difference of z; as Az, = (%f — %tH) — (%f* — %fl*) Using the two

equations we derived previously for (ﬁf —7H ) and (%f e *), it immediately follows that,

~F ~H ~Fx ~Hx\ __ E ~F ~H ~F'x ~H *
T =y ) =T =T ) RBE (T = T ) — (T = g ) ) — o

SR~ ~H,R A ~F,R  ~] ~H,R
\I/[dm Dy —pf)—% i —pi) + o (B —PF) —ou (B —PE

- ~F ~H ~Fx ~Hx* ~F\R  ~R ~H,R ~R
~ OB, i1 = M1 ) = \ M1 — T -V (pt — Pt ) - (pt — D )
~ BE ~F ~H ~Fx ~H * N, ~F.R ~H,R

R BB (T —Tign ) — (T — T ) ) — Py — D .

Finally, since we have already defined pir* = (pf' — pi'*) and Pl = (pf — pi'™), we can easily infer that,
~F\R _ ~H,R ~F  ~Fx ~H  ~Hx ~F _ ~H ~Fx _ ~Hx ~
[pt — Dt }:(pt — Dt )_(pt — Pt ):(pt _pt)_(pt — Dy ):Zt7 (277)
and, accordingly, we can re-write the expression above as,
A/Z\t ~ BEt (A/Z\t+1) — \I}/Z\t (278)

Naturally, as Engel (forthcoming) emphasizes, if we combine equation (278) with the initial condition zy = 0,

then it has to be the case that the solution implies that the relative prices in both countries ought to equalize
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as we postulated initially,
5 _ (~F _ oH ~Fx  ~Hx
t:(pt _pt)_(pt — Py )%O, (279)
or simply that,
(Pt —pi) =~ (" —p{") - (280)
Furthermore, if we combine equations (277) with the solution in (279), we obtain the following result,
(50" = 58) = (31" - 5F) ~0,
or simply,
~F.R - ~H,R
(pt *pf) ~ (pt *ﬁ)- (281)
Therefore, we can re-write the world terms of trade in (275) as follows,

_ R Wr AW Puo FR
i R vl (ZRUEI T B (282)

by — Or
This simplification is exactly the same one that we derived in a model without variable capacity utilization

in (163), indicating that our result is not sensitive to the addition of utilization into the model.

5.4.3 The Firms’ Equilibrium Conditions: The PCP Case

Efficiency Conditions and Aggregate Output. The aggregate output equations in (251) — (252) can
be simplified under PCP—because in that case the law of one price holds—but will only differ from those
obtained before in (164) — (165) due to the addition of utilization costs. We notice that the weighted prices

under PCP can be re-expressed as,

SHW -~ ~ Wk .
i = P — ¢ps, Dy =Dp A+ dpse,
b = bubi+ opby, DI = Gpbr + dubi,

while it follows from equations (11) — (12) that the log-linearized CPIs are,

~ - ~H ~F
Pt = Oub; + ¢pby
¢ sk ~H % * ~F'x ~F'x

D~ oubyt + ORDr T = dpbr "t + Guby
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Hence, the aggregate output equations can be re-written as follows,

&
Q

- ~ R R . R R 1-6(1—=9)\ ~
=0 (B = dpde — (bube + 6pD})) + (1= 7) 8 + 7,5 +7, (ﬁﬂ(5)> "

Q

0 = (0B + 06F) = p G-t 57— 7)) + (1= )@ 4.l 4, (220
1-8(1 —5))ﬁh (283)

619
~x ~F'x ~ -~ ¢ ~W * ~W x 17ﬁ 1-0 ~x
Yy = _W(pf +¢F3t_(¢Fpt+¢Hpt))+(1_7m)crlf/v + 7. E + 7, <5(5)) Uy

~F'x ~H x ~F'x ~ ¢ -~ ~W ~W x 1_ﬁ1_6 ~x
—n (B — (0pBy" + ouby ") + ¢p G+ 0 —De)) + (L= 7))@ + 7.8 + 7, (L?(é))ut

—~ ~~ poy’ poy ) T — _6 u
—nop ((BF = 01) + (b — op) BF —P11)) + (L= 7.) & " + 7,31 + 7, (165(;)) uy

%

mopbi (B — )+ (17 e + 7.8 1, (

Q

Q

o e e 1-B(1-0)) -,
= —0pdy (B —B) +(1=7)8"" +7.3 " +7, (%) ;. (284)

In other words, aggregate output depends on country-weighted consumption and investment, on the rate of
utilization and also depends on the domestic terms of trade, i.e. tot, = (ﬁf —pH ) Given that in our model
terms of trade are proportional to the real exchange rate under PCP, we can easily re-write these equations
in terms of the real exchange rate as well.

We note that if we define the world consumption as ¢} = ¢ ¢ + ¢pc; and ¢}V * = ¢ ¢y + ¢y ¢; and the

relative consumption as ¢ = ¢, — ¢}, then we can write that,

~ ~W ~R W ~
¢t = ¢ +opc = + Gporsy,
~ Wk ~R . Wk ~
G = G —OpC RC T — QpoTsy,

where the second approximation follows from the perfect international risk-sharing condition in (99). This is

a substitution trick that we have used before. Then, we can express the efficiency conditions in (128) — (129)

as,
. 1+o. 1 1t 1T+ -9\~
TR - ” @t+;C¥V+¢F7‘3t+ ” Yyt — m ke,
% 1+Lp/\>k 1 * ~ 1+L)0A* 1+ 1_¢<P Tk
A BN at—i-g’c\l/v — QpTSt + ” I‘Jt_( <7¢J ) ki -

Furthermore, if we combine the efficiency conditions with the output equations derived in (251) — (252), it
follows that,

— ~ 1—-8(1-6 ~
P (07 (L) ) Y 4 MR 4, 1 (Y )t
1

~ + ~H W SV +(1— = 4o~ (255)
¢E7 St 771,1/)(/) (prﬁ by ) (1 (1111 wyp) kt wwat7
* 1 +o |\ Wk +o W +¢ (1-B(1-4 Sk
’/r? ~ (o’l ( 71) 11/; Ct 73811/) th Vzlw ﬁb’(& )) ut ( )

. 1 ~FWx 14+(1— T ltpa
— ¢pry — e (Pt * 7ppf*> _ (% ky — ear.
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These conditions can be appropriately used to simplify the description of the inflation dynamics. The terms
(ﬁtH W v ) and (ﬁf W _ v *) can be further simplified using the implications of the law of one price
as we have done with the aggregate output equations. However, the efficiency conditions are used only to
replace out the real rental rates on capital in our characterization of the Phillips curves. The simplification

under PCP does not become very useful until we have derived the Phillips curves, so we leave it for later.

The Optimal Pricing Equations. In steady state the standard pricing rule under monopolistic compe-
tition holds. Accordingly, the log-linearization of the optimal pricing equations in (79), (80), (81) and (82)

can be compactly expressed as follows,

) =B~ B[S (B0) Rerr| + (1 - Ba) By [30 7 (B0) (s, — Prer)]

BN =B~ B Y (Ba) w4 (- BB [0 (Ba) (e — By

Q

which are the same two pricing formulas that we obtained under PCP pricing in the model without capital
utilization. Here I must recall the assumption that the government subsidy is time-invariant and equal to
its steady state value in every period, which explains why the government subsidies do not appear in the
log-linearized pricing equations. We derive the (pre-subsidy) marginal cost equations in (20) — (21), and

they can be log-linearized as,

T/n\ct+7' ~ w"/U\tJrT + ( - 1/’) ('?tZJr-r +ﬁt+7) - atJr‘ra

1
T/TL\CI_;'_T ~ 77[}&)\1T+7' + (1 - w) (?tZ-T-T +ﬁ:+7') - /a'\:-‘rT?

while the labor market clearing conditions, which are implicit in (95) — (96), can be approximated as,

-~ ~ @ -~ 1 14 ) - A=)y (== -~ 1 ~
Wiyr N — 1+(17w)§0at+7 + 1+(17w)tp;ct+7- + 1+(17w)<pyt+‘r + 1?1(11;1;,%; (rt-‘r‘r +pt+7) + 1+(17w)</7pt+7—’
—P)g

A ~ ~x 1 1 * 1
D7 X — T iegyp Ot + TrI—wip o Ctr T Trewyg bt + Tiioys (Tiir T+ Pivr) + Tra—gypPisr
If we combine these two log-linearized equations, it follows that the marginal costs can be expressed as,

mc ~ Y 1a oy~ 1+¢ ~
MCttr = T _p)p o Ct+T + TP+ ~ Tr1—v)e (at+r - (
—F P 1~ o ~ 1+ ~
M7 X TR pg o Or + T g Uier — 0075 (@i — (

1- w) (?’ta»’r + ﬁtJrT)) + ﬁﬁt+’ra
1= ) (71, +Piyr)) + mrasgyebiies
where ¥4, and y;, . define domestic and foreign aggregate output. Up to this point, the derivation of
marginal costs is the same as before independently of whether the model allows for capital utilization or

not. If we combine the marginal cost equations with the output equations derived before in (251) — (252),
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it follows that,

~ ~ ~ ’ ~HW
MCtyr — Pt &~ 1+(1w_1/,)¢; %Ct+r - 71+(ff¢)¢77 <pt+7— - mf +
~ o~ 1-8(1-9 ~
1+(f:/}1/’)90 ((1 - 7:6) CK/H' + memr + Ve ( ﬂg(g )) ut+7) T

1 —~
gy (@ — (L= 9)Tir)

~ ~ P 1o wp SEWs S
MCtir = Pitr ¥ THA—g)p o Ctbr — THA-)p ! (pt+7 Piir )+

s (=) 8 + 788 + v, (2572 ) — -
s (@, — (- v) 7).
At this stage the equations have not been simplified to take into account the fact that the law of one price
holds in the PCP case. However, we keep that fact on the back of our minds since it will become crucial
when we simplify the Phillips Curve equations later on. The expressions now show that real marginal costs
have to account for the costs of variable capital utilization.
We can use our characterization of the real marginal costs jointly with the pricing formulas log-linearized

before to write that,

Py (h) =P~
~ ~ — -3 ~
2Cr + o ((1 — V) B VT e (%};)) ut—i—r) — ..
Hoo ™ ~H,W

(1= B0) (mratms ) 22,2, (Be) B on (P - H) -

(%) (atJr‘F - (1 - ¢) ?§+'r)
+OO T ~
Z (Ba)" Bt (Te4r)

T=1

~k

b (f) =i =
* AWk - —8) ) ~x
%/c;k-&-T + ((1 - rYI)/C\l/I/FT + ’Yx'rl/-iv-‘r T Ve (%) ut—i—r) -
+oo T ~F W % W x
(1—pBa) <%) ZT:O (Ba)" Ey ©n (pH_T —pH_T) - ..
(452) (@1, — A=) 71)
+OO T Ak
27:1 (Ba)" Eq (ﬂ'H_T) .

We log-linearize the price sub-indexes in (75) — (76) and (77) — (78) and re-arrange them to obtain that,

= ~ N ~ o .
pe(h) =P ~ (B —pr) + <1_a> i

=* -~ «@ ~F'*
B -m o~ 0 -+ (1) A

%

which is quite convenient for the purpose of aggregating the optimal pricing equations. We replace the isolated

terms 1¢; and 1¢} out of the marginal cost. If we define the world consumption as ¢{" = ¢ ¢; + ¢pC; and

eV = ¢pcr + ¢y ¢; and the relative consumption as ¢ = ¢, — ¢, then we can write that,
~ WV ~R W ~
¢t = ¢ +opc =T + Gpors,
~ AW ~R . Wk ~
G = G —OpC RCG T — ¢poTsy,
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where the second approximation follows from the perfect international risk-sharing condition in (99). Hence,

the pricing equations can be expressed more compactly as,

~H —a [ N
T+ (452 (0 —pe) =
~ R s
(0 ! + <1 - ryI) <P> /CKT + ’YQC(PZCKT + OV, (%) Upgr + -.n
e a ~ ~HW
v (ﬁ) ZT:Q (Ba)" By PpTSt4r — 0N (pw - ptVKT) - T
(452) @eer — (0= 0) 7%,
— JrOO T ~
(43%) 2721 (Ba)" By (Tq7)

o+ (15 0 - p)

— * AWk - —6) \
(U ! + (]' - ’Va:) 90) /C\KT + ’YISWK/H + 90730 (%) ut+7’ e
+oo T —~ ~F W WV %
v (ﬁ) ZT=0 (Ba)" By RISt — PN (th - pK/H') e +o
(452) @ — (1 - 0)751,)

(52) 327 (Ba) By (77,0)

— (1—a)(1-Ba)

where ¥ = *— ——.
Furthermore, these pricing equations can be expressed in the form of a system of expectational difference
equations. Let us focus on the first equation as an example. If we re-write the equation at time ¢ + 1 and

take conditional expectations with respect to all information available up to time ¢, it should follow that,

~H —a) (o .
127 [”t+1 +(13%) (B —pt+1)} ~
- - 1-8(1-6)\ ~
(07" + (1 =72) @) @i + 79T 1 + 07 (%) U147 T oo
oo ™ ~ ~H,W
¥ (o) 2., (Bo) B Opsi1er — on (B — Bler) = o
(52) @rer = (1= ) 71140)

(452) Zj: (Ba)" By (Ft14+) -

Hence, using the computation of the conditional expectation, the pricing equation can easily be decomposed

in two terms as,

w4+ (552) (B —pe) =
(07 + (1= 7) @) T + 78l + o, (22 ) + .
~ ~HW  ~
(ﬁ) v GpTSE — PN (pt —ptW) - + o
(152) @~ - w)7)
(1— ) BE; (Fer1) + BB, [%fil + (=) (p, - ﬁm)} .
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Further re-arranging allows us to express the expectational difference equation as,

w88 (7(11) + ¥ (5 — 1)
11— 1-8(1=6) ) ~
(' + (=7 0) & + 7,98 + v, (— 552 ) U + .

%(ﬁ>\y ¢F7"5t—9077( ' _pt)_
(%2) @ - (- %)77)

We can apply the same approach (and algebraic steps) to re-write the other pricing equation as an expecta-

tional difference equation, i.e.

o (52) (B = p7)
(07 + (1= 7) @) TV + 7,080 + o, (2570 @7 —

—~ ~F W % W %
~ (41+(411/iw)sa> v OprSt = @n( - ) o T

(52 @ - 1 - w)7)
(1—a)BE, (%2'41) + afE, [%5:1 + (%) (th;kl - Pt+1)] )

and,
AF* _5Et (7rt+1) +\II( _]/7\;)
— ~W % AW % §
(07 + (L= 7)) &Y + vl + oy, (S22 a7 -
~ ~F W AW *
~ (ﬁ) g OpTsE — N ( —pXV ) — ..
(%2) @ - (1 —)7F)
These equations provide a very simple characterization of the price dynamics at the price sub-index level.

By the law of one price, the price sub-index for imports in each country is entirely determined by the

nominal exchange rate and the price sub-index of the same bundle of goods in its local market. Naturally,

the dynamics of the relative price sub-indexes 71 = 71 — 7* (pHF = pH — pH*) and 71" = 7 — 7~
(ﬁf R = = pl" — pF'*) can be determined as follows,
it = A R S =8 = (R — ) + 8 — P81, (287)
Bt = BB~ S = (BB + T (288)
%f’R = %f—%f*%At—At—l:(%t_%r)+7%t_ﬁ9t*1’ (289)
POt = BB S = (- ) + (260)

where pP = p; — pf and 7' = 7, — 7, are the relative CPI and the relative CPI inflation, respectively.
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We can re-write the pricing equations after further simplification as follows,

7 ~ BE, (7rt+1> + ...
(071 + (L= 7,) 0) &Y + 02tV +90%(1 B 5)) Uy + .

(ﬁ) v GpTS:e — N (pt — Dy ) - .. :
(B0oie) (31— ) — (2 @ - (1 - v)77)

77 ~ BE, (%fjl + .
i — W AW - —6) \ ~=
(07 (1 =72) @) &V + 7,07 + 97, (%) uy — ...
~ ~F Wk AWk
(ﬁ) v PpTst — ¢ (P - ) e

(1-&-(17;1!1)47) (ﬁF* pt) (1:?0)(@:5 (1—)75")

We have defined the world weighted price sub-indexes as ﬁf W= yP +¢pp™ and pi W

= ¢pDi +oubi "
. . . ~H,R _ ~H H o Y S S
and the relative price sub-indexes as p; """ = pH — pH* and p, """ = pI" — pI'*. Then, naturally, we can write
that,
N AH w ~H,R ~H,W ~H,R
pr = + ¢rby 7PtH*—pt — Guby ",

~FW ~F' % ~F W ~F\R
o oap ™ BE =00 — oy

~F
2

Analogously, we have defined the world CPI as pYY = ¢y p; + ¢ppr and D) * = ¢pppy + ¢ D;, and the relative
CPI as p* = p; — p;. Then, we can write that,

P o= B+ oubr, by =bi " — dpDp-

Therefore, we can re-arrange the pricing equations as follows,

(0" + (=) 9) & + 7.9 + ¢, (M) T + ... o)
o +(1-9 ~H,W
(1+(1ﬂi¢)¢7) v ¢F7“5t - (T)(P + 907]) o — D¢ ) — ... R
() o (B -0 - (152) @ - (1 - 0)7)
R~ BB (RE) +
(07 + (L= 7)) &Y+l + oy, (S22 ) a7 - (202
(%) v PR — (71“11;1")“’ + 5017) Pt *ﬁfv*) ¥
() o (AP - 57) - (152) @i - (- )

By appropriately replacing the efficiency conditions in (285) — (286), and after a little bit of algebra, we
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can now re-arrange the pricing equations for the price sub-indexes in (291) — (292) as follows,
#i e BB (71 ) +
r 2
(o7 =) (o) (o4 -0 (32)7) o+
( 0 )( Jr(lfd,)(lﬂ;vf W
Ve \THT-90 ) \ ¥ ¥ ¢ e
1+

v Ve (ﬁ) (90 +(1-v) (%)

GpT8 — (1 +7 (ﬁ
) om0 (3R ()

~Fx ~Fx
=~ PE; (thrl) + ..

v Va (ﬁ) (<P+(1—¢) (HTSD
prse — <1+77<1+(1w_¢)@> <90+(1—7/1) (HTxo
or (B0 —B1) - (1—v) (2) By — (152) @

Furthermore, given that under PCP the law of one price holds at the variety level, then it must be the case
that p ~ 5, + p* and pf" ~ 35, + pI'*. Hence, we can express the dynamics of the other implied price

~

sub-indexes as follows,
(7 = Gi=5i0)) + G = 5i0) ~ BB, (7l — Gia = 50)

_|_
_ (a—1+(1—%) (m et (1-v) (To>2>

Y

(R + Ge = 8im0) ) = G = 5im) = BB ((R1 + G~ 50)

(o + @ =) (i) (o4 -0 (132)
2 A~

Ve (ﬁ) (‘P-i- (1—1) (HT@
)




which implies that

)

7~ BE, (ﬁfil) — (8¢ — Si_1) + BE¢ (g1 — B0) + . _
() () (e 0w (B2)) a4
7: () (so+ (1) (11;")2) &+
) (rro-a () (e
oo~ (140 (v ) (0= 00 (52))) (P =) -
_ o (P17 —BF) = (1—v) (1£2) o — (122) @ _
7l ~ BB, (ﬁfﬂ) + (81 — B-1) — BB (Beg1 — 51) + .. _
(U_l +(1-7.) () (¢+ (1—) (HTSD)Z )atW T
e () (o + - (32) ) ot
v 7o (i) (so + (1) (1*7“”)2 (=252 @
oo~ (140 (rrrs) (o4 -0 (252))) (87" =) +
_ or (B0 - B1) - (1= v) (2) By — (152) @ |

We define the log-linearized CPI indexes of both countries as py ~ ¢ 5 pil +¢ppr and p; ~ ¢ppl*+¢ i *
i
Therefore, it is easy to derive the dynamics of 7y = p; — pi—1 and 7y = p; — p;_; from the equations above
For domestic inflation, 7y, it follows that,

In turn, it follows that CPI inflation can be calculated as 7, ~ ¢y7L + ¢ppit and 7} ~ pp7tl ™ + ¢y

Ve (1+(11/i¢)¢) e+ (1—1) (17@) ) duTy +
7 ~ BB, (¢H%EH) + ", (ﬁ) <<p+ (1) (1?)2> (17[3,6(;75)) by +

PudpTSt — (1 +1 (ﬁ) (‘P +(1-9
budr (ﬁf’R_ﬁtR) —( 7/’)(
BB (657l1) + 6p (51— 5im1) = 6p BB (Biar —51) + .

(al +(1—-7,) (ﬁ) (SO + (1 =)

Ve (m) <50+(1¢)(

PrPpTS — (1 +n <ﬁ) <<P+ (I-v
ProF (ﬁf’R ) -—(1-9v) (

~R
— Pt




and, after further re-arranging, we get that,

71 & BBy (Tiv1) + ¢p (5t = 51—1) — BBy (Sp1 — 50) + -

and,

T

(0—1+(1—’ym) (M)( (1=v) (%> )) SHEl ¥ opel]
Ve (M) (90-1-( — ) (1?)2 [ul + op2i] + ..

e () (9 0= 0) (59)7) (S272) ot + 65011 + (0 — 0) G550 = .

g )))[qu(pt =) + o (B0 -5 | - .

(147 (=) (e + 0

~ )
oo (7" = BF) + oror (B0 —PF) — (1 —w) (452) B = (552) [omite + 0r;]

z_B]Et (Tt41) + O {(gt —5t-1) = BBt (8441 —5¢) — ¥ (Tst (ﬁfR _ﬁﬁ))} to

(0_1 + (1 =) (m) ( +(1-9) HTCP) >> [Pnel” +opcl] + ..
Ve (W) ( Hw ) ouTt + opa) ] +
7% (o) <s0+ (1) (1#) ) ( 0G0) (g + 6pT7] + 26165751 —

(”’7(1“11@@) <<P+( v (55) )) (60 (B = B1) + 0 (B8~ BV )}_,._

onor |(BM" —P8) + (B0 —5F) | = (=) (552 ) Y = (142) [omtn + 0r7)

where world weighted capital is defined as E’V = (bHEt + (;SFE;‘ For foreign inflation, 7}, it follows that,

7, ~ (B¢ (¢F%E:1) — ¢p (5t — 51—1) + ¢pPE (5441 — 5¢) + ...

v
srortss— (140 (o) (o4 00 (52)7) ) o (51 - 17) -
oo (AP =) = (1 =) (552) ok — (152) oras
(al +(1-7.) (s ) <<P +(1-) (Hff)) bt +
e () (o + (-0 (22) ) ol +
581 (6Ai) + ¥ Yo () (so +(1-v) (lfﬁ)z) (=252) oy —
G106 pTS - (1 +1 (i) <</> +(1-) 13”)2» on (B~ B
ouor (P07 =R ) = (1= ) (152) duhi — (552) oty

2
(o7 + =) () (o =0 (222)°) ) et 4.
2
v () (o 00 (552) ) ot .
%)

(
7. (i) (o0 (-9 (469)") (2272 o+ -
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and, after a little bit of algebra,

and,

;T\:{ %_ﬂEt (;T\I+1) - ¢F (gt - é\t,]) + (IZSFﬁEt (/S\t+1 - /S\t) + ...

(a—l + (=) () Ew (1-) glz*"f)) oty + .

v %o (s ) (s0+(1w) B
¢F¢Ffst—<1+n(wma) <so+<1—w 12“")2» ;
opor (I —BF) = (1 =) (552) ok — (552) oras

(o =7 (o) (o

e (e (o + -0 (3

v e () (o =0 (52))
OrrT: - <1+77 (o) (so+<1 -0) (%
ouor (b7 = BR) = (1= ) (552) ouhi — (552) ot

/71:: ~ ﬁEt (%:+1) - (bF ((/S\t - é\tf]) + d)F/BEt (/S\t+1 - /S\t + “ee

and,

T, ~ BBy (Try1) — 0p [(gt —5t-1) — BB (8141 —51) — ¥

(7t + 0= (oo (o =00 (552)7) ) vt + o]+
Ve (ﬁ) (SDJF (1—1) (1?;>2> [0rZt" + ¢uT "] + ...
%o (i) (sﬂ +(1-) (15*”)2) (202 (95 + dpry] + -

PrOpTs, — dpdpTs — ...

(140 (o) (o4 @00 (252)°) ) for (0 =0+ o (0 = 7)) - .

| bror (B = BR) + oo (007 —BF) — (1= ) (552) [0k + ouhi ] — (552 (o5 + 0107] |

(7o = (307 =78 )] +
(0_1 +(1=7) (1+(1w—w)so) ("D +(1-9) (11?9)2)> [‘bFEZV + ¢H/C\1¥V*] +
Va (Hu%) (Wr (1 —w>( , ) [op” + o] + ...

Ve (Mﬁ) (SO + 1 =) (%)
)

20 PpTS — <1 +n (ﬁ) ((p +(1—=1) (HT‘P

-
w@‘
)
—
N

#) [Ppte + dptiy] — ...

(
2)) [¢F @?W _@W) +ou (lfw* —17?/*)} ¥

ouor (B = 5F) + (0" =5 | = (

—_

—v) (%) ks - (HTSD) [Prar + ¢pay]
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where world weighted capital is defined as k}V* = ¢ k; + ¢ k; .

In summary, it follows that the domestic and foreign Phillips curves can be expressed as,

~ B (Te41) + Op [ 5t —Si—1) — BBy (Seq1 — 5¢) + ¥ (ﬁfR - §t)} + ..

[ o+ (=) (o) (o =9 (552)°) ) Tomat” + orct™] +.
e (o) (o =9 (182)) [0l +0r8t] +.
Y (k) <w+(1—¢)(1fﬁ’) )(1 B0 [y + Op ] + 20505751 — :
(14 (o) (o -0 (52)°) ) o (2 =) + 0 (55 —@W*)} -..
L owew (BT -PR) + (B0 - BR) | - (- ) (B2 ) R — (152 [ontn + o]
7 A BB (714) — 0 (50— 5i1) — BB (S —50) + ¥ (77— 5) | + ..
(e () (so+ (1-v) (ﬁf)Q)) [oral + 6] + .
7 (e )( v (222) ) N P
L I (R w)( v) (152 )2> (S200) [ + 307] — 26105 — ’
(om0 (52 ) o G 3) o087

onor [(B1"" —98) + (B0" - 5F)| - 1%)(%}’)@”7(”@)wmatw};af]

where the world weighted capital measures are defined as E’V =¢ HEt + ¢ FE;* and E’V =0 FEt +¢ HE;“ . We

can also write certain terms inside the brackets of the Phillips curves more compactly as,

(o0 (rmtton) (o400 () o 6 <) o G157
buoe [ (71"~ 98) + (P~ 78]
W(M)(““‘w(w
1 (s (o + 00 W))
ou |5 = BIY) + or (P17 - 51
—(1+77(1+(1ww)¢)<§0+(1_¢)(13p
oron (P07 BF) + (507 - 51
Y (wa-w) 12)) 64— 0l (PP - 5H7) —
1 () (gﬁ—(l ) (13”)2) or (P =) + (B0 = 5)] - -
o (B =) o 3 ~8)] - o (6~ - 4 56)]

Based on our definitions of the world weighted price indexes and sub-indexes, denoted with the superscripts

\/
DN

) (o1 — 0wl (BO" =51 ) = .

~H ,W = ~F W N
o (Y =)+ (B )| -

6
| =or (B8 = 01") + 0u (30" - 51)],
))) [or (7 = 5) o (0= 2] 4
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W and W*, it is possible for us to argue that,

on | (B =) + o (B = BF) | + o [(B0Y" =) + 0 (577 - 5F) |
= oy (ﬁfl —ﬁt) +op (@m _]/9\15) =0,
o (B =) = on (B - 5F)]

B)| o |(P -5 ) — o (57" - 5F)
= op (B —07) + ou (B —P7) =0

since Py = ¢yl + ¢ppl and P = ¢ppi* + ¢ypr*. Furthermore, we also know based on those same

definitions, that the following result must hold true,

(B =) + (B0 =) =B + 5 = (B + 1Y)
=0y (B — i) + ¢p (P = P7) + 6p (B —Pt) + 6 (P — D7)
= [on (B —be) + ¢r (07 —Pe)] + [0F (B — D7) + ¢u (B —B7)] = 0.

Hence, we argue that the terms inside the brackets of the Phillips curves can be simplified as,
- (1+77(1+(1w¢)¢) (‘P‘f' (1-19) (112@)2>> [¢H (ﬁflw _ﬁ?/) +op (ﬁfw* _ﬁy*)} -
~ ouor [ (38 = 58) + (5 = 98)] = (o) (94 =0 (32)) 6w = 0] (3 - 2)
(e () (o4 00 (52)7)) o (50 = 31) o+ o (5 - 2°)] +
+opon [ (30 = 58) + (55 98)] = =n (o) (v + 0= 00 (252) ) fowr — o] (55" - 31°).

These derivations are true irrespective of whether the law of one price holds or not. Finally, we conclude
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that both Phillips curves in the model take the following form,

o~

R BB (Rest) + 0 |G = 5i1) — BB (G — 50 + ¥ (517 = 5) | + ..
<a1 +0-) (s ((p—|— (1— ) (15*")2>) [0 + opcl*] + ...
7. (i) (w (1-v) (1?’)2) [6n7E + 0 F ] + ..
¥ o (i) (o o0 (59)7) (S22 o+ ori] + 20005 4 e |
(0~ om0 (i) (0 0= w) (52)) (B =)
_ (=) (552) B — (152) [t + ora;]
7~ BB (R1i) — o [(@—@,1) 8E, (stﬂ—st)—i—\ll( —st)] ¥
(o—1+(1—%) (ﬁ) <<,0—|— 1—1 (%) >> [opct” + opel ] + ...
e (i) (4 =) (552)7) [0l + 98] + .
¥ () (4 000 (552) ) (S242) ot + 0] - 20000 - |
(61 — 08) 1 7z ) (w(l—w) (1;*”)2) (51" —p) -
(1 =) (152) B - (52) o501 + oxrdf]

or simply,

%t ~ 5Et (%t+1) + ¢F |:(§t — §t 1) — ﬁEt (§t+1 — :9\75) + v (ﬁfR gf,)} + ...
r _ Y + (A=) (1+ e
Ly (1—7,)e (W)) [¢Hct + ¢pc; W } + ...
2 _ *
e (%) [Qﬂ l't +¢)F;UW ] + ...
b2 _ 2 ) ~x
vl e () () o orm s
~ 2 - 2 -~ * v *
200575 + (0 — 6p) e (ESEHTDEE) (51" = B") - ..
_ (st R = (15 lowti + o]
iy ~ BB (7i11) — Op [(é\t = 5t-1) = PBe (Sea1 = 5) + 0 (ﬁf ’ gt)} M
- B ¢2+ 1711) 1+ 2 W %
(77 0 )0 () ) 00 + 0l ) 4
2 _ 2 A~ *
12 _ 2 — ) ~ Sk
vl e (SR () lem b o~
~ 2 - 2 .~ * DoV *
20p¢uTS: — (P — dp) NP (%) (p?W -t ) o
(U= ) B - (152) et + ]

which extends the model under PCP pricing by adding capital, investment, and variable capital utilization

rates. Let us define ?t’v = ﬁf W _ pV* as the world measure of terms of trade in the model. Then, the
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inflation dynamics can be re-expressed as,

7y~ BEy (Reg1) + op {( —51-1) — BBy (5441 — 50) + ((lfa)((lﬂ) (ﬁfﬂ ,§t)} + ...
(U_ + (=)0 (%)) [pnct +opel” ] + ..

Yz ® (W) [¢H1’t + ¢FAW*] + ..
2 N s .
0| (et (o) o |,

~ 2 _ 2
20 dpTse + (9 — dp) ne (%) i

(7(1_w3¢,(1+¢)) E}V - (H@) [ ar + ¢pay] |

T, ~ BB (Try1) — ¢p [(gt —5t-1) — BBt (8141 — 5¢) + 7(1760(17%)) Pt - gt)] + o

«

(e +-7)e (%)) [oret’ + oue]"] + ...
Yo (LLEETOO) (03l + 92l ] + .

2 Fy A~
v mwﬁum&MKW(”E>ﬁww+%w%
~ 2 _ 2
20pPuTse — (o — dp) 1P (%) t

_ ((1—%}&) kW — (%se) [pras + ¢pay]

Furthermore, since we already have argued before that because the law of one price holds, then it must be
the case that,

/\HR ~ AFR ~
Py -5 =0, pp — 5 =0,

so the Phillips curves can be further simplified as,

Ty ~ BBy (Tey1) + Op [AS — BBy (ASp)] +

- W2 (1) (14 W
(0 P+ (1 —%);P (W)) [onct +opct”*] + ..
VP (%) [ouTt + op@) "] + ...

2 _ 2 8) e
U] () (S0 iy |,
205 0pT8t + (95 — Op) NP (%) Q/V
() - (35) oo
T~ BB (Ti1) — ¢ [A3 — BB (ASi41)] +

- P+ (1=1) (1+¢)* AW
1+(1_7x)¢(%)> [¢Fct +ouct ]+
P2+(1=9) (1+p)? ~
Yap %) [0p2l + du"] + ..

2H(1—9)(14p)? 1-8(1-6 ~ ~

~ 24 (1— 2
20p ¢TS5t — (o — dp) ng (%) ﬂ”

(7(1_w2¢51+¢)) E/V* - (1+¢> [ppar + ¢pay]

where we denote the first-difference of the nominal exchange rate as As; = s, — s;_1. Alternatively, we note
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that these Phillips curves can be re-arranged as follows,

T — opAS ~ BBy (M1 — ¢pASi41) +
(a-1+<1—m¢(%)) [0t + 0pel] + ..

~%

T +

2 _ 2 - _6 .,
V=¥ (W‘;Jﬁli‘%iﬁ? ) (1 oy ) (b0 + Gpil] + ... 7

-~ 2 _ 2
2ontrr (o0 orn (St v

DrAF,

(

2 _ 2 _ _s R s
A T S G T T

~ 2 _ 2
20p¢pTS — (9 — Op) Ne (%) %YV

1+ﬂ‘%)<ﬂ(%)) [opct” + opel”*] + ..

2 — = *
Volp (%) [6ul + ¢pal*] + ...

(A=) B = (552) lowt + o]

~ BBy (Trp1 + OpASig1) + -

1—1)(1 *
V=P (Lptlzi(l 1/1&;1&—;@) ) [¢Fxt + (mel/V ] + ..

(L= ) Ry — (252) [0 + opir]

(293)

(294)

which means that the Phillips curve in each country can be written as the exact same present discounted

value as for the LCP pricing model (with variable capital utilization) except for the addition of an extra

term that captures the full pass-through of nominal exchange rate movements into import prices. That is,

under LCP pricing current domestic and foreign inflation can be expressed as,

A~

Q

v Z: BIE,

+
v Zj:;

BBy

r B 24 1w (1 2 = .
(U (1=, (—@tdfﬁljﬁgwfﬁ) )) [¢HCK/H' + ¢F/C¥Kj} + .

2 1— 1 2 R ATV %
Vap (%) [¢H$K&/-j + ¢Fm1‘f/g-7] +

P2+ (1—1p) (14p)> 1-B8(1-6 ~ *
VzP (Sa LP"/)+((1*’¢)’§1/JS;§) ) ( B((; )) [¢Hut+j + ¢F'U/t+j] + ...

~ 2 _ 2
20 @pTSe4; + (0 — dp) ng (%) ;-
1— -~ P~
(("Z}Lﬂ) kﬁ] - (H_TSD) [¢Hat+j + ¢Fat+j]

2 _ 2 e N
(U_l + (1 =7,)¢ (—“"”iﬂ}li‘%ﬁ‘? )) [¢rCtY; + Outis] + .

2 (1—9) (1+¢)? ~ W
Vo (%) [or@; + OuZi5] + -
21 (1—p)(1+p)2 1-8(1-6 ~ ~x
V2P (%ﬂufmgwwf) ) ( ﬁ( )) [ququ +¢Hut+]] -
1) (14¢)?
20pPuTst; — (O — ¢p) NP (W;NL(O ulzgﬁa) )tt'H
(=802 () e o
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while under PCP pricing current domestic and foreign inflation become,

_ (0*1 +(1=7)e (%)) (G0l + 6rEL5] + - |
Room opAS WY DB | e (PLEHEIEEEN) (S [yt + o)+ |
20y ¢pT3e4j + (0 — ¢r) 1P (%W) mj T
B (%) E/YH _ (%) (paey; + dray, ]

[ (o7 + (=) o (PGS ) ) orelt + ults]) +
R AR WY | e (SRR () st + o] - -
2¢F¢H7::9t+j - (¢H — ¢p) Ny (%> ﬂﬁj U

(L=t s — (452) (o, + o]

These expressions reflect the role played by the LCP and PCP assumptions on the trade-off between nominal
and real variables captured by the Phillips curves.

The International Relative Prices. Let us define £}V = (ﬁf W _pw *) as the world measure of terms
of trade in this model. As in the model under PCP without capital utilization in (176), the only constraint

that determines the world terms of trade is given by,

(6n — o) (B0 = B) = omor [ (7 = 5F) + (57 - 5F)] - (295)
If the model has no home-product bias in consumption, i.e. ¢y = ¢p, then ng = (ﬁfw* —ﬁ?*) only

matters because it affects aggregate output and because aggregate output enters into the Taylor feedback
rule for monetary policy. Therefore, in this case with no home-product bias it must follow from (295) that
(ﬁtH’R - ]35) + (ﬁf’R - ;55) ~ 0. Hence, the constraint imposes no restriction on the world terms of trade

%‘W ~F W
t

= (P} —p{"*), and we need to keep track of the price sub-indexes in some other way in order to
close down the model.

If the model has a home-product bias in consumption, i.e. ¢ # ¢, then ftW = (@F’W* - ﬁtW*> matters
because it affects aggregate output in both countries and it also matters because it affects the real marginal
costs of firms. Moreover, we can write the world terms of trade as follows,

FWx W Oy ~H,R F,R
& =p, " —pl" = 3 —on H_g [(pt —p?)+ (pt —pf)]
H F

This equality is crucial to derive the dynamics of world terms of trade. We have shown that under PCP it
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must be the case that ﬁf’R =~ ﬁfl’R ~ 5, so it follows that,

ﬁf‘,W* _I/)\XV* — M [(gt —ﬁtR) + (gt _ﬁf)]

b — or
_ _Ou%r_ ((BF + 75 — i) + (B + 75 — D) |
b — Or
26500 (296)

O — op

which is an equation that clearly ties the world terms of trade to the real exchange rate (an endogenous
variable already accounted for in the model). This is the same relationship as in (177) without variable

capital utilization. This relationship coupled with the definition of the real exchange rate, i.e.

Afs, = A +7 — 7, (297)
A’f:?t = ’l%t — @t,h (298)
AS, = 5 51, (299)

suffices to close the model in the PCP case.
. ~F W __ N N e o ~ ~ N e N N
Given that p, " * = ¢ppl +dubi *, D' * = Gpbi + dubi, Dt = ¢ubi + ¢pbi and Py ~ ¢ppi* + dpb; *,
the definition of world terms of trade, ﬂ’v, can be expressed as,

~F Wk WV % P~ ~F'x -~
?XV Dy —D{" = pbf + dubt * — dpbr — dub;

= ¢p (Pf —Pt) + o (01 — D7)

~ ¢op (B — Oubl — oy ) +ou (B — 0pbl " — dubi )
= 6p((L=9p)D —bubl') +ou (1= 0u) D" — ¢ppi')
= ¢poy (B — D) + drdu (B — B

Then, using the implication that the law of one price holds under PCP pricing, i.e. p ~ & + p* and

Pl ~ 5 + pI'*, we can immediately obtain the following expression,

6 = dpody (ﬁf _ﬁf) + Opdy (ﬁf* - ﬁf*)
= 6pbu (07 —D1') + orou (07 —5:) — (B —51))
= 2050y (07 —P1)-

If we put this expression together with the expression that we just derived linking the world terms of trade

to the real exchange rate, then it immediately follows that,

72¢H¢F 78y = ﬂjv =20pdy (ﬁf - ]3{{) ) (300)
by — Or
and,
5= (¢ — ép) (B — D7) (301)

which gives us the conventional that the real exchange rate is proportional to domestic terms of trade,
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tot, = (ﬁf —pH ), in the absence of deviations from the law of one price. Furthermore, if there is no

home-product bias, i.e. ¢ = ¢, then the real exchange rate would be invariant over time.

5.4.4 Other Relationships

On Aggregate Output and the Efficiency Conditions. Using the definition of world terms of trade

we can write aggregate output from equations (251) — (252) as,

- 1-=8(1-=6)\ ~
% AW x 1- ﬂ 1-9¢ ~k
g~ A ()@ T <ﬁ(5)> ;. (303)

Using the efficiency conditions in (253) — (254) and, after a little bit of algebra, it follows that the real rental

rates on capital can be expressed as,

T (L4 (L= y) 2 ) &Y o, LR oy, 12 (200 Gy 4 s, + LT —
(1+<1—w)¢> R — eg
v v

at,

G (% +(1-7,) “ﬂ) oy el + oy, (71 - 6)) — ¢prs — i EEY —
(1+(11;¢)90) k‘: _ HTLPZL\:
Here, we simply re-write the previous equations replacing out the relative prices with the definition of world
terms of trade. However, for the purpose of deriving the Phillips curves of the model suffices to use the
expressions obtained in (251) — (252) and (253) — (254), replacing the relative prices with world terms of
trade afterward. To posit the model, however, we need to add (302) — (303) in place of (251) — (252).
These expressions do not depend on whether LCP pricing or PCP pricing are assumed. However, with
PCP pricing the law of one price holds and we can tie the world terms of trade to the real exchange rate as

noted before.

On Aggregate Employment. The aggregate employment can be easily derived from the production

functions in (91) and (92) as,

Q

Ut a;+ (1 — ) kt‘*‘Wn
U~ @+ (- )k 4l

R

These are the same equations that we obtained in the model without capital utilization. However, Et denotes

now capital services rather than physical capital as before.
On Real Exports, Real Imports, and the Net Exports Share. In a two-country model, suffices to

determine the net exports share of the domestic country, tAbt. The net exports share can be easily computed

as the difference between domestic aggregate output and domestic aggregate consumption, investment and
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capital utilization costs in real terms (the domestic absorption) (see, e.g., Gali and Monacelli, 2005), i.e

SLTELIY

t/i)t = ?J\t - (]- ’Va:) ’szt Yo ( ﬂ(;

Using the formula derived above for aggregate output, we obtain the following expression,

the ~ oty +(1—7,) [(SuC + €)= &l + 7, [(bnTr + dpT) — T4
= it} — (1 =7,) ¢p € — &1 = 1,052],

~W

where ¢V = ¢, ¢+ ¢pcy, T) = ¢y +¢pTy, and T = 7, — 7. Using the perfect international risk-sharing

condition in (99), we can express the net exports share as,
the =t — (1= ,) po7se — 7,0 571

In other words, the trade balance is not directly affected by capital utilization costs because aggregate capital
cannot be traded across countries (only varieties are tradable). In this environment, therefore, the capital
utilization term appears on the domestic aggregate output demand and it also appears on the domestic
absorption, so it cancels out. The trade balance can be simplified for the PCP case by recalling that world
terms of trade are tied to the real exchange rate whenever the law of one price holds.

The real exports and imports of domestic goods in the model can be inferred from equations (49) — (52)

and their foreign counterparts as follows,
1 1 * —0 Hx\ —"
pxp = [emex;mian=oy [ (S0 (50) e xian
0 o \ B P

ner = [emexia=o [ (B () o xiar

0

where ¢}; = ¢ under our assumption of home-product bias in consumption and investment. A simple

log-linearization of both definitions allows us to obtain the following pair of equations,

1
55, ~ —9</ﬁ?(h)dh—ﬁf*)—n(ﬁf*—ﬁ?)Jr(l—%)EH%fEI,
0

—

mp,

Q

1
—e(/ ﬁt(f)dh—ﬁf>—n(ﬁf—@)+(1—%>@+%’w}~
0

pH* and

The log-linearization of the price sub-indexes in (13) — (14) clearly implies that fol 7 (h)dh ~
fo pi (f)dh =~ pI'. Therefore, the first-order effects of relative price dispersion at the variety level are
negligible for real exports and real imports (as they are for aggregate output), and we can re-write the
equations above simply as,

exp, ~ (B —pr) + (L= 7.)E + 7,17,
b~ —n(BF — ) + (1 7.) 8+ 1,

We have defined the world weighted price sub-indexes as @H W= oudH + ¢pppl’* and ptF = = ¢ppl +
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éypr*, and the relative price sub-indexes as j)\tH R = pH — pH* and ;Bf = pf' — pI'*. Then, naturally, we

can write that,

~H AH,W ~H ~Hx _ ~H ~H,R
= +oepi " B =" — o
~F AF W ~F % ~F W x ~F R
py = +oup ", BT =17 — Qpp;

Analogously, we have defined the world CPI as p}¥ = ¢ + ¢rp; and pyY * = ¢ppps + ¢y i, and the relative
CPI as p? = p; — p;. Then, we can write that,

bt = ]/3\7‘5/‘/ +¢Fﬁ§, ]/9\: :ﬁfv - ¢Hﬁ?v

P = P+ oubls b =D — ¢pbr-

Using these definitions, it is possible to express the relative prices embedded in the real export and real

import equations in the following terms, i.e.

o —p = (B = oup") — (B — 0l
= B B = o (B BT,

pr—m = B+ oubl T — (B + oubl)
= 155W* P +¢H( _ﬁt>a

where the world terms of trade is defined as tt (ﬁf W _ v *) The definition of CPI in both countries,
ie. Py = ¢yl + ¢ppi and p; = ¢ppi* + pp; *, can be written as,

b [P — D) +op [Pl D) =~ O,
op [P1 — D7) + on [PF* — D7)

l
e

Then, based on the relationships described before, we can re-write these definitions of the CPI indexes as,

on (P =51 ) + 0w (3" = 5F) | +0r [(B5™ =) + 0 (55" -5F)] ~ 0.
o (B = B1) = bm (B = F)| + o [P0 —B) =0 (A7 -5F)] ~ 0.

Using the second equality derived above and the definition of the world terms of trade, we can write the

Q

relative prices embedded in the definition of real exports and imports in the following terms, i.e.

~H x ~k (b ~F\R ~

P —p ~ ¢H [W ¢F( —pf)}»
F

P-b o~ Y oy (B0 -5,
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and,

or (P — 1Y)
op (B —Dt)

Q

~ou [ = or (" - 5F)] .
o [0+ o (50" - 57)] -

Naturally, under these conditions it follows that,

o [ = o (A" = 98)] - o5 [ + 0w (07— 57))
= —(u+op)tt =0

Q

Q

or (P —57) = (7 —Pv)]

Therefore, we can compute the real trade balance in this model straight from the definitions of real exports

and imports as,

or (€0, —imp,) ~ —nop (B = B7) + 6p [(1 = 1) & +7,87] + n0p (B — ) = 0p [(1 = 72) & + 7,74

= —nop (07 = D7) — (0F —P0)] + ¢r[(1—7,) (€ — ) + 7, (@] — 7))
= 772” —(1=7,)9ple — ] — 71¢F5§ ~ ﬁ%,

where relative investment is ZI* = 7, — Z7. In other words, our measure of the trade balance is equivalent
to the difference between the log of real exports and real imports (in deviations relative to their respective
steady states), scaled by the parameter ¢ . In the deterministic steady state of our model, it follows easily
that the parameter ¢, denotes the share of domestic imports (and foreign exports) for consumption and
investment purposes relative to aggregate output.

Real exports and real imports can be re-written in the following form,

— ¢ A~ -~ Sk ~k
@p ~ g 0oy (BP" —5F) + (1 = 72) & + 7.7, (304)
imp, ~ =t = o (507~ BF) + (1= 7,) G + a8, (305)
or, simply,
R P A A | PSRN P (306)

—

i, —ny [ ()] + =)+ (307

S '

Therefore, we can use equation (282)—which relates (ﬁf R _ ﬁf”) to the world terms of trade £}V —in order

to express the real imports and real exports more compactly as follows,

_ 1 N
@y~ w5~ IR (1= )T (308)
fn, o |+ G (1= 9,24, (309
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or,

— 1 ~x ~sk
&5, n(m)?‘” (=) E + 78, (310)
_ 1 L
mp, ~ —n (Q%)?W (-7 E 4. (311)

These two equations tell us that the strength of the demand for consumption and investment purposes is
likely to have a major impact on both exports and imports. However, they also tell us that exports and
imports depend on world terms of trade, ﬂ’v, which is the sole variable that summarizes the impact of
international relative prices on both real exports and real imports in the context of our model.

Let us define domestic terms of trade as fot; = (ﬁf —5 —pH *) in a model under LCP pricing, where
deviations of the law of one price can occur. Operating with the definition of world terms of trade, fXV =
prW* —pW  the real exchange rate, 75, = §,+p; —pt, and the CPI for both countries, i.e. Py &~ ¢ pl +dppF
and P} ~ ¢ppH* + ¢y b, we can easily see that world terms of trade, /t}’V, are a simple linear function of the
domestic terms of trade, fot; = (ﬁf -5 —pH *), and the real exchange rate, 73, expressed in the following
terms,

B~y (i + 7). (312)

The advantage of this transformation is that the world terms of trade can be expressed as a linear function
of domestic terms of trade and the real exchange, which are both measurable in the data (unlike world terms
of trade itself). This expression is exactly the same one that we found in (191) in a model without variable
capital utilization.

We have shown that under PCP it must be the case that ﬁf’R ~ ﬁf’R ~ 8y, so it follows that,

~F R ~R\ _ = Sk ~ __
(pt —pt>~st—|— . — Pt = T'S¢.

We also know that under PCP the world terms of trade are tied to the real exchange rate as well, i.e.

so it is possible to simplify equations (306) — (307) by replacing ZtW and (ﬁf B ﬁf) with a linear transfor-

mation of the real exchange rate as we have done before. We, then, obtain the following expressions for the
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real exports and real imports under PCP,

1 20p9r

&P, n¢H[ —A} (=)

bp by — bp
. [M} Fou + (1= 72) & + 7a8)

F—
~ (&) Fou + (1—72) & + 7a5, (313)

7;?n\pt ~ _77¢H |:¢1 %f\st + 7:\'5f:| + (1 - F)/r) Et + V"cit
H YH F
—

S (&) R+ (1= 7,) @ + 7ad. (314)

These equations are the same ones that we derived in (192) — (193) under PCP, but without variable capital
utilization. Contrary to what happens with the LCP model, we do not need to add a third equation to close
the model because all international relative prices that affect the path of real imports and real exports are

summarized by the real exchange rate which is already one of the endogenous variables of the model.
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Appendix

A The Linearized Equilibrium Conditions with LCP: A Summary

Here, we report the system of equations derived after log-linearizing the equilibrium conditions of the model

with LCP.

A.1 The Model Without Capital

The Households’ Problem:

IS ¢ ~ By [Et+1] -0 /Z'\t - By [%Hﬂ) )
1S &~ B [E] — o (I - B 7))
RS Cy — Cf = OT8y,
The Firms’ Problem:
i 7~ BB (Tegr) + i
AS " ((1 a)(1— aﬁ)) (07 4+ @) [oucl + opl"*| + 205 0pT5¢ + (0 — O) ety —
“ I — (1 +¢) [ppar + opa;] I
_ T ~ BB (Tyyq) + )
AS* n ((ka)(kaﬁ)) (c7'+¢) [¢F‘3t + Ol | = 20pdyTs — (b — dF) ety —
“ —(1+) [ppar + ¢Haﬂ ’

™ it - () () | 2 (o)

e
Aggregate Output and Employment:

Y Y ~ Uiyv +¢,

Y U~ -ty

L Iy~ G — iy,

L i ~g; —aj,

The Monetary Policy:
MP 9y pi/i\t—l +(1—p;) [wyﬂt + 1%7?4 + My,
MP* i~ piif o+ (1= pg) [0, 57+ 0a77] + iy,
Other DeﬁnitionS'
& = oyt + opcy, ¢ = ¢pr + Oy,

W W _ W
ARV =8V — 3V

~R o= facd
! i _7Tt—71't,7Tt Pt—pt—lﬂTt—Pt—Ptfr
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A.2 The Model With Capital, Without Capital Utilization - NAC

The Households’ Problem:

IS & ~ By [Gn] —o (i — B [mﬂ) ,
1S &~ B G — o (i - B [71])
RS Ct — Cf &~ OTS,
9 G~ (1= 0) BBy [dn] + [(1— (1= ) B)Be (7F) — (B — Be (i) )|
qt = —t,
o G~ (1= 0) BB (G + (1= (1= 0) B) B, (771) — (3 — Be (i) |
O a@wsew
KA ki1~ (1—0)ki+0(Zr+vy),
KA* ki~ (1—0) ki +6 (@ +77),
The Firms’ Problem:
e~ BBy (Teg1) + -
[ (0_1 + (L =7)e (%)) [¢HE¥V + ¢F€¥V*} o -
AS ((1—a)(1—aﬁ)) Yz (%W) [‘ZSH@":& + ¢FAW*] T+
“ 20 ¢rTse + (o — dp) ng (%) - 7
<7(1_¢3¢,(1+W)) E/V - (H@) [¢rar + opa;]
] 7~ BB (7ryy) + oo )
[ (o7 (o (S ) ot + el ] 4 |
AS* ((1_a)(1_a5)) Yz (%) [¢Fxt +¢H§¥V*]
* 2¢F¢H7"Sf ¢F ne (Wl;l;;h 1/%11#;%) >H/V - 7
owil I—W)) kv — ( ) [prar + dpay]
™ ALV — BE, (Aﬂﬁl)-—&— (7(1_@((11 “6)) W f”‘é;F [ (= a)(l O‘B))Tst 7+ BE; (7T_t+1)]
EC 7 Lo+ ey, - (B ) Ty - Leq,,
EC" 77 L+ Mgy - (e B - ey,
Aggregate Output and Employment:
Y Z/J\t%W?tVJF(l Vo) e+ .1
Y* gi ~ =t + (1= ) @+
L Wtfvyt—at (1- )k’t;
L VI G —a; - (-9 K,
The Monetary Policy:
MP Zt ~ Pﬂt 1+ (L= p;) [0 +0rTe| + g,
MP* Zf ~ Psz 1+ (1 —=p;) Wyl?fk + w,ﬁf] +my,

Other Definitions:
& = oyt + ¢pCr, ¢ = Gpt 4 Or, T = dpT + OpTy, T = opZ + OylTy,

kXVE¢Hkt+¢karkXV*E¢Fkt+¢Hkt777t =7Tt_7"taAt :a/v_tt—lthzpt_pt—lvﬂt:f’?_@k—l-

Other Coefficients: v, = (1 — 1) 6 Ke(el_f)) (B -(1- 5))} N

124



A.3 The Model With Capital, Without Capital Utilization - CAC

The Households’ Problem:

¢ =B [Cia] — 0 /Z.\t — Ky [ﬁt+1]> )

IS c
IS* &~ B G — o (i - B [71])
RS Ct — Cf &~ OTS,
@~ BB @] + (1= (1= ) B)Br (77,1) - (3 — B () )|
° azxa(@—%)—a,
Q q; ~ BBy [atkﬂ} + {(1 —(1-0)p) B (?ﬁil) ( — B (ﬁ*ﬂ))} ?
é?%xd(xt - t) -7,
KA Fepr~ (1= 08) k46 (Z + ),
KA* kg~ (1= 0)k; +6 (T +707),
The Firms’ Problem:
i 7y~ BB (Teg1) + - )
C +(1—vx>¢(%)) (Dl + dpelV™] + ...
AS ((1_a)(1_aﬁ)) V2P (%) [QSth + ¢F1’W*] to
“ 20 ¢rTse + (o — dp) ng (W) 2 7
(%ﬂ) kY - (Hw) [prar + ¢ pay]
) 77~ BBy (Ripy) + - )
[ (o7 (=) (S ) ordt” + el ] 4. |
AS* ((1_a)(1_a5)) VP (%) [¢Fxt + ¢HAW*] B
o 20pduTse — (S — dp) NP (—“"ﬁﬁh YLl ) 3 — 7
((1 Hw)) kv — ( [pra; + dpay]
™ At — BB, (Aﬂﬁl)-—&- (7(1_(1)8_(16)) A iH(ﬁast [( Es aﬁ)) 75 — 7+ BB (71';“)]
EC TP~ G+ &TW@/ - 71“1’!# De ) iy — HTSDZL},
EC* e %a&k 4 1:?:@\; (1+(11;w)s0) kr — 1:?:&,;7
Aggregate Output and Employment:
Y Y ~ th + (1 =) Ct + 7.5,
Y gi ~ =t + (1= ) @
L WtNyt—at (1- )kt,
L Yl; ~ 3 =y — (1= )k,
The Monetary Policy:
MP iy & piie—1 + (1= p;) I:’(/}y@\t + 7] + T,
MP* i~ piif g+ (L= p) [, + ] + i,

Other Definitions:

eV =out + opcy, ¢V = ¢pi + Oy, T = oyl + dpTy, T
kF/E¢Hkt+¢Fk:7kW*E¢Fkt+¢Hkt’7rt :WtfﬂtaAt

:%\W*tt—l, e =Dr

TV = ¢ply + oy,

e 3
*pt—17 Trt =Dz

“~k
— Pt—1-

o(1-

Other Coefficients: v, = (1 — )0 {( 9_12)

)t —a-o)|
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A.4 The Model With Capital, Without Capital Utilization - IAC

The Households’ Problem:

IS & ~ By [Gn] —o (i — B [mﬂ) ,
IS* G B[] —o (it B [%,’;H]),
RS &~ ~ oSy,
9 G~ (1= 0) BB: [Gea] + (1= (1 - 6) B) By (1) - (3 — B 7ol ]
Ty~ ﬁ@q + 15515 [$t+1] H(1+g) (G + 1),
o @~ (1= 6) BB [g7,] + [(1— (1 - B (72 - (& -E 7))
Tp A 1+5$t 1t 1+5Et [$t+1] ,«u(1+5) (@ +7),
KA /]\ft+1 (1-9) kt +0 (Tt +vp),
KA~ ki~ (L= 0)k; + 03 +77),

The Firms’ Problem:

i 7y~ BB (Teg1) + -
_ 2+ (1—) (1+ Wk
(0 ") (%)) [puct” +opct ] + ...
ev? +(1=¢) (1+¢) FW
AS ((1—a)(1—aﬁ)) 79?90( PP+(1-9)hp? ) [QS 2} + ¢5t ] Tt
«a ~ 1 1 ’
20 ¢rTse + (o — Op) Ny (%) -
(U=l ) kY — (552 [owiis + opd]
_ 7 e BB (7iy1) + -
- Yo+ (=) (1+
(0 1‘*‘(1—%)@(W)) [ppct” + opel*] + ..

AS* (1-a)(1-a8) V2P (%) [0pT" +0u@t"] -
( « ) 201075 — (b — dp) Ng (Wfo;;h w)(lﬂ") )ZXV ’
(G=fite) w>(1+¢>) R () ¢Fat e
™ ALY — BE, (ABY,) + (7(1_0‘)8_0‘5)) [N ¢¢H—¢afp [ (1= a)(l aﬁ)) 75 — 7y + BBy (7Tt+1)]
EC TP~ %Et + %Z/J\t - (71“17;@@) /k\:t - lj/_saatv
EC* 7 Ly 4 gy - (D) Ry - e,
Aggregate Output and Employment:
Y Y ~ ntt +(1—7,)¢ Ct + 7.2
Y Y ~ 77tt +(1- ) T+ ’Yq«xt 5
L WtNyt—at (1- )k‘t,
L~ wl ~yr—a; —(1— )k?v
The Monetary Policy:
MP iy~ i1 + (1= p;) [, 00 + 7] + e,
MP* i~ piify + (L= p) [0,57 + ] + i,
Other Definitions:
&V = out+ opc;, ¢ = Opt + oy, T = Gy + ¢ply, T = GpT + Oy,

kY = ok + opki, kIV* = dpky + okt 7Y =T — 7y, A =8 — 8V, Ry = D — D1, T = Py — D

Other Coefficients: v, = (1 — )4 K (1-¢ )) (57— (1- 5))} o
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A.5 The Model With Capital, With Capital Utilization - NAC

The Households’ Problem:

¢ =B [Cia] — 0 /Z.\t — Ky [ﬁt+1]> )

IS @
IS* &~ B G — o (i - B [71])
RS Ct — Cf &~ OTS,
9 G~ (1= 0) BB: [Gea] + (1= B(1— ) By (77,1) — (3 — Be (Fen)) |
qr = —y,
o G~ (1= 0) BB, (G + [(1- 8- 0B, (77,) — (3 — B (i)
q; = —vf,
KU By [P711] ~ ABq [U41]
KU* ~ By [P ] ~ ARy [U714]
KA Fpgr~ (1= 08k +0 (T + 1), By~ + B,
KA Fyoy ~ (L= 8) by + 8 (35 +7), bt ~ 0 + oy,
The Firms’ Problem:
7w &~ BBy (Teg1) + -
'@4+uwad%%%%%ﬂﬂ%w+%mﬂ+ﬁ
As Vot 2(“”1‘;21?&{_%%2?)3 (62} + op2l "] +
(=) | e (S5 (552) i+ o) 4|
20565750 + (6 — bp) 1o (ELEUTDLELE ) v
(7(1%}2&(1“0)) EXV - 1+w) [par + ¢pa;]
7, ~ BBy (Tyyq) + .-
(fwnfm¢@%%%%ﬂﬁww+%ﬁwhf
. »uwSWﬁEigﬁggﬁf)[¢F + o] + .
((1—a>(<ll—aﬁ>) Yo (%Jﬁfﬁgﬁf) ) (1 % a)) [t + dpur] — ... ,
20p¢pTSt — (9 — dp) NP (%) %‘tw
7(171%(1%0) E}/V* - (Hw) [opar + ¢pya;]
T AT - g (AT () g e [(USen) o ot (58],
EC Fi o~ Lo+ 2 lﬂkﬂﬁ)kf—%#m,
e v Loy + Lhegy  (FHI) Ly
Aggregate Output and Employment:
Y et 4+ (1 =7,) e + 7,7 +m(1 6=,
Y" Ui = *ntt (1 =7) &+ 7,53+, (%) uy,
L Wtfvyt—at—( _¢)]€t,
L A VL
The Monetary Policy:
MP lt ~ Pﬂt 1+ (1 =py) [wy@ + %ﬁt] + My,
MP* Zf ~ pzZt 1+ (1= py) Wy@? + 1/’71%:] +my,
Other Definitions:
&V = ouci+ opc;, ¢ Ct = ¢F612*7' O, T = dple + ¢pTy, T = opls + Oy,

E¢Fkt+¢Hkta7Tt =7Tt_7"ta At Zf?/—tt—lvﬂt:pt—pt—lvﬂ't =Df —Di_1-

D) 5 )]

kY = ¢y + opk;, BV
Other Coefficients: v, = (1 — )0 {(




A.6 The Model With Capital, With Capital Utilization - CAC
The Households’ Problem:
IS ¢~ Ey [Et+1] -0 /Z.\t — B [ﬁt+1]> )
IS~ G B [Ga] -0 iy — By WH]) J
RS Ct — Cf ™ 0T84,
Q@ ~ BB [qr 1] + [(1 —(1=08)B8) By (77yy) — (/i\t — By (%t+1))} ;
@ G~ (@~ k) = B,
o i ~ OB (G ] + [0 (1= 0)9) B (77) = (3~ B (711) )]
@~ xo (5 —kp) -7,
KU B, [?f—i-l] ~ By | Mipy1 — (1_((157_5)5) (Qet1 + Veg1)| s
KU~ By [F7{] ~ By | Aty — (17((157535)5) (@1 +0540) |5
KA Torer ~ (1= 0) by + 6 (Fo +5) , o ~ Ty + h,
KA Foor & (1= 8) &y +6(F +07), B ~ ) + b,
The Firms’ Problem:
) 7 ~ BBy (Feg1) + - )
(0’1 +(1- %;)Qf(g“W)vz [¢H51”W+ opel”*] + ..
¢ - ¢ = AW
AS (1—a)(1-aB) %22‘(+(fﬂ)(<11+?>f¢2 2&&? . d)ixt | t ”
(f) %@( O+ (=) pp? ) ( 6 ) [rt: + opty] + ... ;
20 0pT8: + (o — Or) NP (%) ?t/v
(U= ) B — (152) (o + 6]
: 7y~ BB (71a) + - :
(071 +(1— vxzzf(g‘W)) [ppel” + el ] + ...
¢ - %
PPN o viss i (R L
(?) %-@( Ot (=) 0g? ) ( 55 ) [Opts + dpuy] — ... ,
20p ¢TS5t — (o — dr) ng (%) ?XV
U=bheo)) BV — (142 [0, + 9410
W W BB, (AT + (M) ~ Sty [((1 a)(1— m) 75, — 7 4 BE, (W'm)]
EC R G e R
EC* P %3; + 1?:@\; _ (1+(11;1p)¢) E; _ 1:7:&,;7
Aggregate Output and Employment:
Y e et + (1 =v,) e +7,80" +%(%)uh
Y G il (L= ) S 8l (2
L Yl = G — ar — (1 — ) ke,
L VI = G~ — (L= 9k,
The Monetary Policy:
MP Et ~ pitfl +(1=p;) [wy@\t + 7] + s
MP* it =i+ (L= py) [V, 00 + .70 + W,

cher Definitions:

& = ot +opc;, —¢F0t+¢HCta33t = ¢yl + oply, T = dple + ¢ply,
k?/E¢Hkt+¢FkI,k?/*E¢Fkt+¢Hkt’7rt :ﬂ—tfﬂtﬂAﬂ&y:ayitt—lvﬁt:ﬁt*ﬁt—h%::ﬁfﬁ—l'

]jﬁw*am}3

Other Coefficients: v, = (1 — )0 {(0(9




A.7 The Model With Capital, With Capital Utilization - IAC

The Households’ Problem:

¢ =B [Cia] — 0 /Z.\t — Ky [ﬁt+1]> )

IS @

IS* &~ B G — o (i - B [71])

RS G — O~ oisy,

9 @Rﬂlf®6&@ﬂﬂ+ﬁlfﬂfﬁﬁﬂLGﬁJf(@fEdﬂHDy
Ty~ ﬁ@q + Hg Bt [T1] + H(1+g 5 (@ + )

o ﬁz(rfﬁmaﬁad+ﬁl (L= BB () - (- B [77])]
Tp N gty + 1+5Et @] + v @ +707),

KU E; [ﬂi ] ~ AE; [Gy41] ,

KU* R By [Fi1a] ~ B [a7]

KA %t+1%(1—5)kt+5(xt+vt) B~ G+ b,

KA Fups ™ (L= 0) by +8 (3 +87), Ry ~ 0 + .

The Firms’ Problem:
] e = BB (Tig1) + - i
(et =) (—%ﬁl DY) [onel + 6pel] + .

20 1—)(1 2 Wk
VP (%) [Tt + opE) "] + ...

AS —a)(l—a 24 (1—g 2 ~x
(<1 a m) %@(W +(1-¢)(1+¢) ) (1 % 8) ) (6 iy + dptiy] + ... ,

Pp+(1—1p)pp? , ,
205 bpTse + (9 — dp) P (%) v

(w)@y_ (1+%’)[¢Hat+¢pat] |

_ 7 ~ PR (%rﬂ) + - -
(071 +(1=7,)¢ (—wtqjﬁl wj,giﬁp )) [¢FCt + opcy” } + .

Y2 +(1—9) (1+p)? FWx
V=¥ (Lp @11,4,(1,11,)11,(;5 ) [¢F + (bH ] T+

AS* (Wﬂ) v, (W?+(1—w)(1+ga)2> (1 ﬁﬁ((ls 5) ) (65T + by — . ’

Ph+(1—1)hp? , .
~ 1-)(1
20p¢uTSe — (P — Pp) NP (%) ?XV

m) e (W) [6ar + G}
(M) ~ Pudp |:((1 a)(l aﬁ))TSt_Trt —|—BE1§ (7r-t+1>]

™ ALY — BE, (A +1) o
EC ﬁw§a+%#@—(H%;M)@_%#@
EC* PP A %’C\tk + HTap:/y\tk _ (1+(11;1/))80) ET _ HTWa:v
Aggregate Output and Employment:

Y Ge et + (1 =v,) e +7,8) +%($ Uy,
Y G =il (L= ) S g8l (25

L Yy ~ Gy = ar = (1= ) by,

L VI = G —ap — (L= vk,

The Monetary Policy:

MP iy pﬁtﬂ +(1—p;) [1/{1,@5 + w,ﬁt] + 1,

MP* ;f ~ piji\:—l +(1—p;) [T/Jyf/? + 7| + Wy,

Other Definitions:
¢’ = ¢HCt + ¢pcr, ¢ Ct = ¢F/129 OuCi, T = ouly + OpTy, T} = ¢pli + opTt,
kY = ke + dpki, KV = dpke + bkt 7f =7 — 7y, A =8V — 0V, e =B — Pro1, Ty = Py — Di_1-

Other Coefficients: v, = (1— ) Ke(gl_‘f)) (B - (1- 5))} o




A.8

Net Exports, Real Exports and Real Imports

The Model Without Capital:

NX thy = ntl — ¢poisy,
EXP emp ~ (2 ) BV + 4,
IMP imp, ~ = (=) W + @,
The Model With Capital (NAC, CAC, IAC), With or Without Capital Utilization:
NX ﬁ?t EUW — (1= 7,) 0poT8: — 1o 0p (Tt — T7)
EXP e, ~n (5 ) B+ (1= 7,) G + 7,37,
IMP imp, ~ = () B + (1= 1)@ + 7,3

Other Coefficients:

—TI

=-ws|(N52) 7 -a-)
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B The Linearized Equilibrium Conditions with PCP: A Summary

Here, we report the system of equations derived after log-linearizing the equilibrium conditions of the model
with PCP.

B.1 The Model Without Capital

The Households’ Problem:

IS ¢ ~ By [€t+1] -0 /Z'\t — By [%Hﬂ) )
IS* &~ e - o (i — By [ﬁ;l]),
RS /C\t — /C;k ~ O"F:St,

The Firms’ Problem:
Tt — OpAS ~ BBy (Trp1 — ¢pASiy1) + ..
AS ((ka)(kaﬁ)) (7' + @) [oucl + opct" "] + 205 0pT5: + (b5 — dr) et — ...
“ (L+¢) [prar + opa;]
i T, + opAS ~ BBy (71 + 0pASig1) + ...
AS* (<1fa><1—a5>) (07" + ) [orel” +ouel"] = 20pbyTs — (65 — dp) et — ...
“ (1+ ) [Ppar + ¢yat]

™ RS %ﬁst, A7y = AS, + 7f — Ty,
Aggregate Output and Employment:

Y v =ty +el,

Y* v~y e

L Z\t N Y — ar,

L it ~ i -,

The Monetary Policy:

MP gt ~ pi/i\t—l +(1—=py) [wy@\t + ¢W7Aft} + My,
MP* i = piti oy + (L= ) [9, 7 + 0] + 7,

Other Definitions:

&V = ot + opcr, ¢V = ¢l + oty

~ o~ ~ ~ o~ ~ ~ 0~ ~ ~k o~ ~x
ATsy =78 — 7841, ASy = 5¢ — S4—1, Tt = Pt — Dir—1, Ty = D; — Di_1-
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B.2 The Model With Capital, Without Capital Utilization - NAC

The Households’ Problem:

¢ =By [Crqr] — 0 gt — B [%t—&-l]) )

IS c
IS* &~ B G — o (i - B [7])
RS Ct — Cf m OT5y,
a ~ (1= 0) BB [Gi] + (1= (1= 9) D) Bx (77,1) — (3 — B (R ]
qe = —y,
o G~ (1= 0) BB, [G] + [(1- (1= ) B) B, (772) — (7 — B (i)
q; = =y,
KA ki1~ (1—0)ki+0 (T +vp),
KA* ki~ (1—0)ki +6 (@ +77),
The Firms’ Problem:
) — ¢pAS = fE; (Tiy1 — dpASie1) + ... )
(‘7_1 + A=) (%)) [onel” +opcl] + ..
AS (G=ed0=02) 1 (PGt ) [6ual +0rl ] +
“ 205 ¢pTse + (o — dp) NP (%) i 7
(wﬂ) kY - (H@) [ppar + ¢ pay]
] T, + ¢pAS ~ BE, (Ty, 1 + ¢pASii1) + ]
(071 + (1= 7p) o (EEEGEREER)) [¢Fct +out"] + ..
AS* ((l—a)(l—aﬁ)) Yz (%) [¢F$t + ¢HAW*]
“ 20p¢uTSe — (o — dp) ng (%) ﬂ” - 7
((1—111)(1'*‘%0)) %W* _ (1+<P) [¢Fat + ¢Haﬂ
™ ) S iiﬁip T8¢, ATsy = ASy + 7, — T, )
EC P~ i+ I%PZ/J} - (71+(1¢ Ye )/];t Z“"fitv
EC* 7 %a&k T 1%@@ _ (1+(1 1/))50) kr — 1;“’6’{,
Aggregate Output and Employment:
Y U ~ ﬁtt +(1=7)8 +7,2,
Y el + (1= ,) @+,
L WtNyt—at (1- )km
L~ wl ~y—ap —(1— )k;v
The Monetary Policy:
MP iy pi/i\tfl +(1—=p;) [wy@\t + 7] + T,
MP* i & piii_y + (1 - p;) [T/Jyfftk + ¢, 7| +mF,

Other Definitions:

¢ =yt + ¢Fctv eV =l + oy, BY = QT+ ¢pTy, T = ¢ply + Gy,

EIW = QSHEt +¢Fk£k7 ]%W* =

(;SFkt + QSHkt, AT3y =783 — 7841, AS; =8 — S4_1, Tt = Py

ok
7pt—15 ﬂ—t =D

~¢
— Pi—1-

Other Coefficients: +, = (1— )6 K“;_ﬁ) (-~ 5))} -
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B.3 The Model With Capital, Without Capital Utilization - CAC

The Households’ Problem:

¢ =By [Crqr] — 0 gt — B [%t—&-l]) )

IS c
IS* &~ B G — o (i - B [7])
RS Ct — Cf m OT5y,
9 G~ BB (G + [(1 = (1= ) ) Br (77,1) — (3 — B (7e) ]
Gt ~ X0 (ft ) — g,
Q ZI? ~ B, I:a:‘i‘rl} + {(1 - (1 - 5)ﬂ Tt+1) (Z: — By (%:Jrl))} )
ZJ?“X(S(E:_ t) -,
KA Frpr~ (1=8) ke + 0@ +711),
KA* kg~ (1= 0)k; 46 (3 +707),
The Firms’ Problem:
T — ¢pAS & By (T — ¢pASi) + i
(‘7—1 +(1=7)¢ (%)) [¢Hct + ¢pey ] + ...
AS ((1_@(1_@5)) Yz (%) [ngx + ¢pzlV ] + ...
“ 20 ¢pTse + (0 — dp) P (%) t{ 7
(%) kY~ (H@) [prar + ¢ pay]
R+ 0pAR & BB (7 + 6 A + '
(ot =) o (P ) ) [orcl + onel ] + ]
AS* (t-mp-an) Yo (LLEETOOE) (057l + 652l "] — ..
“ 20p¢uTSe — (o — dp) np (%) ?t” - 7
_ (L= ) R — (252) (o + oy _
™ 0~ SPHOE Y, ARy = AS + 7 — At,
EC* P %gtk T 11_&%@? _ (1+(1 w)ga) @? _ 12“’6:7
Aggregate Output and Employment:
Y U ™ ntt +(1—7,)¢ Ct + 7.2
Y el + (1= ,) @+,
L WtNyt—at (1= ) ke,
L* wlfmyt —a; — (1 - )k;a
The Monetary Policy:
MP it & piie—1 + (1= p;) (0,0 + U7t + g,
MP* i~ piif g+ (L= py) [0, + ] + i,

Other Definitions:

¢ = oyt + OpCr, 6 = ¢ptr + oy, TYY = Opy + dply, T F = dply + dp Ty,

EXVE¢HE:£+¢FE:,%¥V*E

opkt + qukt, AT3y =784 — 7841, AS; =8 — S4_1, Ty

=Dt

ok
7pt—1; ﬂ—t = Dy

~
—Dt—1-

Other Coefficients: v, = (1 — 1) § {(9(6)1_‘15)) (B —(1— 5))} o

133



B.4 The Model With Capital, Without Capital Utilization - TAC

The Households’ Problem:

¢ =By [Crqr] — 0 gt — B [%t—&-l]) )

IS c
IS* &~ B G — o (i - B [7])
RS Cy — Cf m o8,
9 G ~ (1= 6) BB: [Gisa] + (1 — (1 - 6) B) By () - (5~ B Fesl)]
Ty~ ﬁ@q + 15:515 [xt+1] K(1+5) (G + ),
o ~ (1= 0) BB [G,] + [(1 - (1 - 0) B) By () - (7 ~ B (7).
Ti A 1+59@t 1t 1+@Et [xt+1] ,{(1+5) (@ +77)
KA kt+1 (1-9) kt +0 (Tt +vp),
KA* ki~ (L= 0) kj +6 (@) +77),
The Firms’ Problem:
) — opASy & PBy (M1 — opASi1) + i
(et =) (%)) (6 +0r] 4.
AS ((1—a)(1—aﬁ)) Tap (W) (03" + ¢p3]] + ...
“ 20 0pT8: + (0 — OF) NP (%) Zyv 7
(O_Q%M) kY~ (HW) [P ar + ¢ pay]
: Tr + opAs = By (Trq + 0plSi) + .. :
(071 + (1= ) o (LG ) [¢Fct +ouc ]+
AS* ((1_a)(1_a5)) YzP (%) [Qbet + ¢HAW*] e
“ 205 ¢TS5t — (o — Or) Ng (%) EZV - 7
i (%) E/V* - (HW) [prar + ¢y |
™ IS ;i{iiﬁt, ATsy = A5, + T — Ty
EC 77 Lo 4 g, - (U Ty - Leg,,
EC* P %/C»tk I HT%/J\; _ (1+(1 «/))sa) %Zk _ 12“”6;‘7
Aggregate Output and Employment:
Y Je ~ it + (l—vm)AW+vﬁtW»
Y" yp & *ﬂtt + (1 =7) & + 7,3
L Dl ~ G — G — (1= 0) b,
L* Yl; ~ 7 —a; — (1—9) kf,
The Monetary Policy:
MP 2t ~ pi/i\tfl +(1—py) wy?jt + 1/17ﬁt] + My,
MP* i~ piify o+ (L= py) [0, + 7] + i,
Other Definitions:
R R & = oyt + ¢Fct7 & = bpCi+ 0pC;, T = ol + 0pTy, T = GpTe + oy,
kY = dpki + dpki, KV = dpky + dpky, AFs, = 78 — 751, AS =8 — Si—1, Tt =Dy — Pi_1, T = Df — Di_y.

Other Coefficients: v, = (1 —1)d {(9(91__15

)

) -a-0)]
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B.5 The Model With Capital, With Capital Utilization - NAC

The Households’ Problem:

At ~ Et [Et+1] — 0 gt - Et [%t-&-l]) )

IS c
1S &~ B G — o (i - B [7])
RS Cy — Cf & 0Ty,
9 G~ (1 6) BB (@] + [(1 = B (1= ) By (7,) — (30— B (Rern)) ]
qe = —y,
o @~ (1= 0) BB, (@] + [(1- B -8B, (7712) — (7 — B (i) ]
q; = =y,
KU By [7,1] ~ ABy [fa]
KU~ R E, [Tt+1] ~ NEBy [Uf4],
KA ki~ (1= 0)ky+ 6 (T +04), By~ T+ e,
KA* Fyoy (L= 8) by + 8 (@ +7), Rt ~ @ + oy,
The Firms’ Problem:
— ¢pAs; = By (M1 — ¢pASi11) +
[ (071 + Q=7 (%)) [QSHE}/V + d)FEW*] + ... |
e +1=4)(1+p) AW
AS (1-a)(1-aB) %22(“@%((11&)?@ 1) E(z)l isﬂ; ot
(f) %HP( PN G P > ( 35 ) [ppt: + ¢puy] + )
20505750 + (b — dr) 1 (LLEUDUED) Y
(%) E/V - (H_SO) [prar + ¢pay]
] Ti + op S, ~ BB, (Tyyq + ¢0pAsii1) + ... )
(- vm>2so((wf,:,é;<11):jg§;;@2)) [oret + ol ] 4. |
PP +(1—¢)(A+e W
AS* (1—a)(1-ap) 7‘"”22+<fi%iﬁliif“ﬂ 1) zE?lei Fontl J: ”
(f) %“p( POHA— )2 ) ( A5 ) [brte + dyui] - ’
20p¢uTse — (O — Pp) NP (%) %?E/V
i (%) E}V* - (H—w) [prar + ¢ pay] |
™ 0~ JoHlE Ty, AR = AS + R — Ty,
EC 7~ Lo 4+ g, - (7”(1*1”*") ke — 24,
EC" 77 L+ Mgy - (B By - ey,
Aggregate Output and Employment:
Y Gl + (=) 4w+, (S @,
Y G il (L= ) S Bl (2
L Zblt%yt—at—( —w)km
L Vli = 7 —a; — (1= ¥) K,
The Monetary Policy:
MP i % piirer + (1= py) [0y 0+ 0nTe] + i,
MP* i & piii_y + (1 - p;) I:Tzzjy@? + ¥, 7| +mF,

Other Definitions:

&’ = ot + opcy, ¢ —¢1{§5+ Oy, T = oyl + opTy, T
kF/E¢Hkt+¢ka7kW*i¢ka+¢H ki, Ars; =784 — 7841, AS; =5 — 841, Tt = Dt

= ¢p + oy ay,
7pt—1a 7Tt :Z/ftk

~¢
— Pi—1-

Other Coefficients: v, = (1 — )¢ {(9(01_15

)

)




B.6 The Model With Capital, With Capital Utilization - CAC

The Households’ Problem:

IS ¢ =By [Crqr] — 0 gt — B [%t—&-l]) )
Is* & ~EB ] o iy — By [%;-1]) )
RS Cp — Cf &~ 0Ty,
G ~ BBy [Gua] + [(1 = (1= 0) ) Br (7r) — (3 — B (Ren))]
@ qQr =~ X0 (Et kt> — 7y,

@ ~ OB [q4] + {(1 —(1=08)B) By (F751) — (77? — By (ﬁﬂ))} ;

@ @~ o (7 - ) - 77,

KU By [?fz-‘,-l] ~ By | Mipy1 — (%) (Qet1 + Vegr)| s
KU* B, [Atzjh] ~ By [ Aupy — (17((15516)ﬁ> (@tkﬂ +6?+1) )
KA Tooer ~ (L= 8) by + 6 (B +0), b ~ Ty + b,
KA* Tyoy (L= 8) by + 8 (@ +07), bt ~ @ + oy,

The Firms’ Problem:
Tt — opAsy =~ BB (Tip1 — ¢pASi1) +
r 2 o 2 Vs
(07 + (1 = 70) o (ELAEERERS)) [omdl + ol ™) + ..

)2 1— 1 2 N R .
Va¥ (%) [¢H$¥V + (beXV ] 4o

AS —a)(l—« 2 — 2 — - ~ 3
((1 (1 ﬁ)) %Qp(gow (1) (1+) ) (1 o4 5>> (Gp T + dptif] + ... ,

o PY+(1—1)Yep , ,
204 0pTSt + (9 — Op) NY (%) v

(%) g (1+s0) (63t + bpait]
) T, + opAs: ~ BB, (7ATI+1 + ¢FA5t+1)
(o741 - Z)Qﬁ(gW» [qs o +¢Hc I+
o) | TS S
(#> %(p( z ) ( Bo ) [Ppte + dpty] — ... )

PP+(1=P)vep , .
~ 1—
20p¢uTse — (O — dp) NP (%) a}V

(U= R = (552) forn + o]

™ ty ~ iiﬁ‘x%t, ATsy = A5y + Ty — Ty
EC TR e+ HTW@ - 71+(1Jw)w ki — Zwah
1 1+(1— Tox 1 -~
EC* i,.\?* ~ %a‘.k 4 %@\; _ ( ( d’)#’) kt _ z@a;‘;’
Aggregate Output and Employment:
- PR “3(1—-6)\ ~
Y ety + (1L =7,) e + 7,2 +7, (w)uh
* 1-8(1-6
Y yr ~ _ntt (1 - ’Yx) *+ szt *+ YV (L) uta
L Wt%yt—at—( Tﬂ)kt,
L~ Ylif =y —ay — (1 —¥) ky,
The Monetary Policy:
MP iy Pigtfl + (1 =p;) [wy@t + P T | + My,
MP~ i = piiiy + (1= py) [V, 07 +¥.7] + Wy,
Other Definitions:
W — I~ > Wk 136
¢ = bpti+ opct, ¢ = ¢pci + oy, T = dpli + OpTF, T = OpTi + Gy,

k{V = ¢k + opkl, KV* = ¢pki + ¢Hkt, A7s =78 — 7841, ASy =8 — S4_1, Ty = Pt — Pr—1, Ty =Dy — Dy_1-

Other Coefficients: v, = (1 — 1) § K“;:P) (B —(1— 5))} o




B.7 The Model With Capital, With Capital Utilization - TAC

The Households’ Problem:

At ~ Et [Et+1] — 0 gt - Et [%t-&-l]) )

IS c
IS* &~ B G — o (i - B [7])
RS Cy — Cf m o8,
9 G ~ (1= 6) BB: [Gisa] + (1 — (1 - 6) B) By () - (5~ B Fesl)]
T~ ﬁ@,l + 1+B Bt [Ze11] + n(1+6 ( + 7)),
o @~ (1= 6) BB (1] + [(1 - (1= 0) B)B (72 - (& - [7ra])]
Ti A 1+59Ct 1t 1+@Et [$t+1] n(HB (@ +77),
KU By [P711] = ABy [G44]
KU* = E; [rﬂrl] ~ AE, [a7,4],
KA kipr~ (1= 0) ki + 6 (B +0y), ke ~ T+ o,
KA Fro ~ (L= 0k, +6(F +70), B ~ 07 + Ky,
The Firms’ Problem:
) — ¢pAs; = BBy (Tiy1 — GpASi1) + }
(071 +(1=7)e (—Wi,jﬁl w,zgif;w )) [QSHCt + et
PY"+(1—¢)(1+9) FW
AS (1-0)(1-ap) 7w22(+(¢w+)<(11+1£;§w 1) /Ei :j;) et J: .
(f) Vap ( PN R ) ( Bo ) [rt: + ¢puy] + )
20 ¢pTSe + (o — dp) ng (%) ?{V
(7(17w1b(1+¢)) EXV - (HSO) [pmar + ¢pa;]
] T + opAS ~ BB ()1 + opASigr) + .. )
(7 0= (R ot s+
e +(1=9)(1+p) FW
AS* (1—a)(1-aB) %22( (Wi((llff;)W 1) L[j)lF 5) Fout] J: “
(*) ’h@( o0t (=) 0p? ) ( o ) [pptir + Ppuy] — ,
20p¢uTSe — (o — dp) ng (%) t?“
(w) %W* - (H_W) [prat + ¢y
™ ] S iiHiF T8¢, Arsy = ASy + 7T, — Ty, ]
EC 7 L+ ey, - (U ) Ty - Heq,
EC* e m L 4 HTSON (1+(1 w)v)@? _ HTsaa;’
Aggregate Output and Employment:
Y g+ (1—7,) 8" + 7.8 +7, (M U,
Y* G il (L= ) S 8l (22
L Yl ~ G — ar — (1= ) ke,
L* Yl; ~ 7 —a; — (1= ) kf,
The Monetary Policy:
MP RS pﬁtq +(1—p;) [wy@\t + wﬂﬁt] + 1,
MP* i~ piify + (L= p) [0, + 7] + i,

Other Definitions:

e = ¢pc+ ¢Fct7 ¢ = Qg+ oy, Y = oyl + ¢pT;, Ty
kY = ¢yks + (bpkf, kfv* = (;SFk't + (i)Hkt, A7 =78 — F5¢_1, NS, =8 — 84—1, Tt = Dy

V= ¢pT + oy,

~
_ptfla ﬂ—t = Dy

Sk
— Dt—1-

Other Coefficients: v, = (1 —1)d {(9(91__1&

)

) -a-)




B.8

Net Exports, Real Exports and Real Imports

The Model Without Capital:

NX thy = ntl — ¢poisy,
EXP &b, = (5 ) P+
IMP imp, ~ —n (525 ) i +
The Model With Capital (NAC, CAC, IAC), With or Without Capital Utilization:
NX tAbt EUW — (1= 7,) 0poT8: — 1. 0p (Tt — T7),
EXP e, ~n (.20 ) P (1= 9,) & + 7,81,
IMP imp, ~ = (225 ) P+ (1= 7,) 6 + 7,80,

Other Coefficients:

=0 |(N2) (6 -a- 6))}1-

138





