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threshold cointegration model. However, there are circumstances in which the
Tsay procedure may not be as useful or appropriate. While the Tsay threshold
modeling procedure is able to model threshold cointegration, given that the
cointegrating vector is already estimated, it may not be very useful if there
are only a few observations outside of the thresholds. 1In particular, the
Tsay threshold modeling procedure is unlikely to be able to detect and model
the two-sided Barrier process. In addition, we would like to consider
examining threshold cointegration in a systems context; univariate methods
may net be as efficient as a systems approach would be.

Finally, we would like to consider some additional economic examples in
which threshold cointegration might be present. There is a large literature
that uses cointegration to examine purchasing power parity (for example,
Corbae and Ouliaris (1988))., Perhaps, the rejections of purchasing power
parity are due to the relatively lower power of tests of cointegration in the
presence of threshold cointegration. Another example of interest would be
whether consumption, especially consumer durables, and income are
characterized by threshold cointegration. . Recently, Bertola and Caballero
(1990) have applied (S,s) techniques to model the purchases of consumer
durables. That 1s, consumers wait until their stock of durable purchases
reaches a given threshold (either upper and lower thresholds) before making
a durables purchase. This implies that at an individual level, consumer
durables and income are threshold cointegrated. Because of aggregation,
aggregate consumer durables and income may be modeled as a smooth transition

threshold model (Terasvirta (1990)).
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Appendices,
Appendix A. Continuous Time Threshold Models.

In continuous time, the threshold cointegration model is given by
(Al) yo + axg = -2
(A2) yp + PBx, = By,
vhere B, is a Brownian Motion and z; is the continuous time version of the
threshold autoregression. We consider continuous time versions of both the
basic threshold model and the target zone threshold model.

The basic threshold model would correspond to a Brownian motion that
"jumps"” back towards the equilibrium level whenever it hits the boundaries -4
and #. This process is described by a Brownian motion of the form
(A3) dzy, = odW,, -8 <z < 8
where W, 1s a Wiener Process with (Wi 4-W,) ~ N(O,k). When the process hits
the boundaries +(-)#, the process jumps to +(-)pf (0 < p < 1). The value of
p determines how far the process jumps back towards the equilibrium; for p =
0, the process jumps all the way back to the equilibrium.

We can also construct a continuous time version of target zone threshold
model in which the process drifts back to an equilibrium (or target) zone.

This process has the form

‘V(Zt + g)dt + wat for Z¢ < -f
(Aél-) dzt bl o‘th for -0 = Zy -
- (zb -8 ) dt + ath for Zy, > 8

Thus, the process is a Brownian Motion inside the region [-#,6] and an mean
reverting Ornstein-Uhlenbeck process outside that region. The parameter v
controls the strength (or speed) of the attraction to the boundaries; for »

small there is weak attraction while for v large there is strong attraction.
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In the absence of the boundaries, the distributicn of a uncontrolled
Brownian Motion (B.|By) 1s given by P(B, < B | By) = &((B-B,)/oft) where & is
the cumulative distribution function for the standard normal distributionm.
Note that  like - the -discrete time random walk, the variance of the
uncontrolled Brownian Motion érowa; linearly with time. However, the presence
of the boundaries causes both threshold process to have stationary

distributions, The "jump" process z, described in equation (A3) has a

stationary distribution described by the density function

0 for z = -#

(0 + 2)/[(1-p2)8?] for -0 < z < -p@
(AS) $(z) = 1/[(1+p) 8] for -pf < z < pé@,

(8 - z)/[(1-p%)82] for pt <z < @

0 for z = ¢

The asymptotic distribution of target zone threshold process described by
equation (A4) has the following density function:
{[2n02/(20) 1Y% + 2017 expl-(z+0)%/(e%/v)] for z < -4
(A6) ¢(z) = {[270%/(20) )22 + 29372 for -4 =2 9.
{[2r0?/(20) 112 4 20)7) exp[-(z-9)2/(a?/v)] for =z > 8
This process has two interesting limiting cases. As v - « the process
becomes a reflected Brownian Motion on [-#,#] which is equivalent to the two-
sided barrier process described above., The asymptotic distribution for this
process is a wuniform distribution. As # - 0, the process becomes an
Ornstein-Uhlenbeck process over the entire range of z and is the continuous
time analog of a mean reverting autoregressive process. This process has a
asymptotic distribution of N(0,¢2%/(2v)).

To find the stationary distribution, we use standard results from the
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diffusion processes literature (see Karlin and Taylor (1981)). For the basic
threshold model, z, is a Brownian motion in the interval [-#,#] that jumps to
* p# when the process hits the boundaries. For this process the stationary
limiting distribution ¢(z) will satisfy the following Kolmogorov forward
differential equation

a?p"(z)/2 = O for -0 <z < §.
(In the steady state 8¢/t = O, which yields the above differential
equation). On the boundaries and return points ¢(z) must satisfy

¢(8) = 0, $(-6) - 0,

¢'_(p8) = ¢'.(p8) - ¢'-(8), @' (-p8) = ¢'(-p0) + ¢'4(-8),

¢-(p8) = ¢,(pf), and $-(-p8) = $:(-pb),
where (-} indicates evaluated from below and (+) indicates evaluated from
above., Solving the above differential equation and imposing the boundary
conditions along with thé adding up constraint, -J‘ ¢(z) dz = 1, ylelds the
limiting distribution given in equation (AS).

S8imilarly, the limiting distribution of the continuous time process
..whose behavior is given by equation (A4) will sgatisfy the following

Kolmogorov forward differential equations:

0 = 024" (2)/2 + ¢'(z)v(z-0) + v(z) for z > ¢
0 = o%¢"(z)/2 for -4 <z < ¥4
0 = a%"(2)/2 + ¢' (z)v(z+0) + vé(z) for z < -¢.

In addition, the following boundary conditions will need to be satisfied
¢'-(8) = ¢':(8), ¢'4(-6) = ¢’ (-8),
$-(8) = $,+(8), and $+(-0) = ¢_(-8).

Finally, we have the adding up constraint .J ® ¢(2z) dz = 1. Solving the three

differential equations and imposing the various boundary and adding up
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constraints yields the limiting distribution given by equation (A6).

Appendix B Continuous Time Dickey Fuller Regressions

Consider- the continuous time version of the Dickey-Fuller regression
v - of T zy dzy / o T (2y)? 4t
where 2z, is a continuous time stochastic process and -v represents the
reversion or the strength of attraction to the equilibrium., If z;, is the

continuous time version of a unit root process, i.e. an uncontrolled Brownian

Motion, then v = 0,

Proposition Bl. For the Brownian Motion that returns to % p@ (0 < p < 1)
when it reaches the boundaries * # as given by equation (A3), the

plim -» = - 60%/[62(14p) (1+p2]) < O. n

Proposition Bl suggests that the linear Dickey-Fuller test should be
able to distinguish between the unit root process and the threshold-jump
process. The threshold model looks more like the uncontrolled Brownian
Motion the smaller process jumps back towards to the equilibrium (i.e. p is
larger). In addition, the smaller the ratio 02/8% (which is 1/E(r) where E(r)
is the expected hitting time of reaching the boundary starting from zero),
the closer ; is to zero. As o? falls relative to §%, the thresholds are
reached less often; hence, the threshold process looks more like an

uncontrolled Brownian Motion.

Proposition B2. CGonsider the threshold process given by equation (A4) in

which the process drifts back to the target range [-4,4].
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-v < plim -¥ _ | wol/[ o + 2v8%/3 + 20(0% + 2v(ma?/v)-3)/IC | < O,

where IC = [no?/v]1/2 + 24, n

Thus, as in the case of the threshold jump process, the standard Dickey-
Fuller regression can distinguish the target zone threshold process model
from the random walk., However, the Dickey-Fuller regression understates the
degree of mean reversion outside of the range [-#,6]. Note, that as o¢2%/#?
gets small the process becomes more like an uncontrolled Brownian Motion
(i.e. as 0%/62 > 0, plim -» - 0), while as 02/0% gets large the process becomes
more like a mean reverting Ornstein-Uhlenbeck process (as ¢2/8% + «, plim -3
=+ -¥). For the special case of the reflecting Brownian Motion (v = =), plim

- approaches -(3/2)(c%/6%).

Proof of Proposition Bl.

Note that for this process the unconditional mean and variancel!? equals
E(z) = 0 and E(z%) = (1+p2)82%/6.
Furthermore, because of symmetry of the boundaries and return points, the
expected first passage time to the boundaries starting from either return
point is E(r) = (1-p%)8%/0%.
Recall the continuous time analog of the Dickey-Fuller regressioq'is
v - of T zydz, / of T (2,)? dt.
Note that for the above jump process, when the process in the interior
E(z.dz,) = 0. When the process hits the boundary and jumps bank into the

interior, z,dz, = [F8][{p-1)(8)] = (p-1)6%2. Thus,

12 Robert Kunst pointed cut an algebraic error in a previous version of the

paper.
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plim T z,dz /T = (p-1)82 plim N(T)/T,
where N(T) is the number times that the process hits the boundaries in the
[0,T] time interval.

Because of the recursive nature of the above regulated Brownian Motion,
the hitting times are independent and identically distributed with the
exception of the first hitting time whose distribution depends on the
starting value of z. As a consequence, from Renewal Theory,

plim N(T)/T = 1/E(r) = o%/[(1-p%)6?],

(see Ross (1983)). Note, lim q., Var(N(T))/T = Var(r)/E(r)3).

Furthermore, since z(t) has a stationary limiting distribution
plim of T (z;)? dt/T » E(2?) = (1l4p%)82/6.

Therefore,

plim -» = - 602/[8%(1+p) (L+p2)].

Proof of Proposition B2,

For the threshold model given by equation (B&),

-v(z? + fz) dt z < -4
-v(z? - g2) dt 8 <=z

Recall, that the limiting stationary distribution, ¢(z), for this threshold
is given by equation (12). Thus,
plim of T zdz, /T = _J° E[z,dz.|z.=z]¢(z) dz
= 7% -v(z%+82)¢(2) dz + o ° -v(z2-02)¢(z) dz
= -vo?/(2v).
plim of T (2,)2dt/T = E[223] = J° z% ¢(z) dz

= o%/(2w) + 82/3 + 20[0%/(2v) + 8(na?/v)/3]/1C,
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where IC = [no2/v]}Y/2 + 24,
Therefore, after some rearranging, it can be shown that
plim v - plim of T z,dz,/T] / plim /T (z,)2dt/T
= - wolf[o? + 2v0%/3 + 28(0®* + 2w(xd?/v)-F)/IC] < 0,

where IC =~ [no?/v]Y/2 4+ 24.

Appendix C, Proof of Proposition.

(i) We prove the proposition for the case of d = 1 and the target zone
threshold model. Furthermore, ¢,; is assumed to be iid with mean zero and
variance ¢;2. Recall that the modified threshold model is given by:

Zy = Zpq + €y if |zpq) = 8

= Zygg + (p-1)(Z¢q - 0YY) + €y if |zg-,| > 8

vhere §4) = ¢ if z,.; > # and 94 = - if z,, < -#. The basic threshold model
is just a special case where 417 = Q.

The least squares estimator of the autoregressive coefficient, p, from
the Dickey-Fuller regression is given by

;’DFz = { 28" 2ZpZp-1 M 1meET (2¢1)? ).
Using the above threszhold model, we can write

=25 ZeZpog = gepD (Zge1)? 4 (p-1)5aZT (2p0y-1 - #2005

+ t=2S' €14Z¢-1,

where N(T) is the number of times that the series is outside of the threshold
range and (i) is the time period of the i-th exit from inside the threshold
range. Since for starting values anywhere inside the finite interval [-4,4]
the expected hitting time to the boundaries is finite, as T + =, N(T) 2+% w,
N(T)/T is the proportion of the sample in which the process is outside of the

threshold range. For finite boundaries, as T + = this proportion will be
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strictly positive and less than one. This can be seen from the continuous
time results derived above. For the continuous time modified threshold model
plim N(T)/T = P(jz| > 8) = 1 - 28/[(mxa®/v)/2 + 24] while for the basic
threshold model or "jump" process plim N(T)/T = o2/[(1-p%)82%)].

Because z; is assumed to satisfy the "a-mixing" conditions and e, is
independent of =z, ; then

plim 2T €3,2,y/T = O and plim 3T (2,1)2/T = 0,2 < «,
Furthermore, since

=12 (21 - 09)2,3y1 S BT (2p-)?
and plim N(T)/T < 1, we have

PUE [ (Z,1ym = 09 2Z004)-1/T] / Plim [4ug=T (2,-1)%/T] < 1.
Finally, since |Z,gy-1] > |0Y)] and 0 < plim N(T)/T < 1,
Plim [ (@Y (2,451 - 0)2,(4y-1/T )

= plim [ {;Z¥D (2,41 - 69)2,4, 1/N(T)) N(T)/T ] > O.
Hence,
plim ppg, = 1 + (p-1) plim (1 Z" T (Zp015-1 = 817)24¢4y-0/T] / Plim 5T (2,-1)%/T.
which in turn implies that

p < plim PDFz < 1.

For parts (ii) and (iii}) of the Proposition, given that z, is stationary and
is assumed to satisfy the mixing conditions, then the results of Phillips

(1987) and Stock (1987) will hold for the threshold case.
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Appendix D. Threshold models and e-mixing,

The a-mixing condition is needed so that Law of Large Numbers and

Central Limit Theorems hold for 2z, which is serially correlated.
Essentially, a-mixing implies that the serial dependence dies out as the time
interval between observations increases. In this section, we argue
heuristically that the LLN and CLT are likely to apply to the threshold
models considered in this paper.

Consider the definition of a-mixing (Bierens (1992)). Define F as the
Borel Field generated by e€j;,,€34-7,€10-2, ..., and Fp, as the Borel Field
generated by €ipin, €1t4mi1s €1t4mizs -+ . Define for m 2 0

a(m) = Supy SUPaert,, BeRf,, |P(ANB) - P(A)E(B)|
If limye e(m) = O, then z, is called a strong (or a-) mixing process. Thus,
a(m) measures the dependence between events separated by m time periods.

Recall that from equation (10) in the text, the effect on z, of starting
at z, and of hits on the boundary and ¢;, innovations in the distant past
diminishes the more times the process exceeds the boundaries, As t -+ @, the
-mumber of time the process exceeds the boundaries almost surely approaches
infinity. This suggests that as t + =, z, and z, become independent and,
hence, z, is likely to be a-mixing.

To see this more clearly, consider the case where the process jumps back
towards zero (i.e. the basic threshold model). TFor this model, p = 0 and
(i) = 0 for all i; hence, from equation (1Q)

(C1) z¢ = jecomceryn®" €q5.
Thus, once the boundary is hit, z, does not depend on z,. In fact, z; is like
a finite moving average, but one in which the order of the moving average is

determined randomly by the probability of hitting the boundary.
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For an informal demonstration that a-mixing is likely to hold for the
threshold process, consider the case where the process hits the boundary and
Jumps back towards zero. Define the random variable
a = I{{zy,2¢-1,2Zp-2; V€ A)] and by = I[{Zytm: Zesmtis Zeamtzs - --) € B], where
I[]) is an indicator function. Define the random variable G, to be 1 if the
process hits the boundary between t and t+m and zero otherwise. Consider the
joint probability distribution of a and b,, P(a,b,). For the case of the
basic threshold model with p =~ 0, once the boundary is hit the random
variables a and b, Dbecome independent; thus, P[a,bhlédnl] -
Pla|Gy=1]P[by|Gy=1].
Now,
Fla,b,] = P[a,b,|G=1] P[G=1] + P[a,by[G=0] P[Gy=0]

= Pfa|G=1] P{by|Gy=l] P[Gy=1] + P[a,by|Gy~0] P[Gy=0]

= {P[a] - P[a]|Gy,~0] P[Gy=0]) {P[b,] - P[bylG,=C] P[G;=0]) / P[Gy=l]

+ Pla,by]Gy=0] P[Gy~=0]
= P[a])P[by] + (P[a]P[by,] - P[a|Gy=0])F[b,] - P[a]P[by|Gy=0]}P[Gy=C]/P[Cx=1]
+ P[a|G=0] P[by|Gy=0] P[G=0]2%/P[G=1] + P[a,by|G=0] P[G~0]

= P[a]P[b,] + O( - P[G=0]/P[Gy=1] + P[Gy=0]2/P[Gy=1] + P[G,=0] )

- Pla]P[by] + O(P[Gg=0])
Thus, a{m) = O(P[G=0]). Since P[Gy=0] - 0 as m -» =, 2z, is a-mixing. The
rate of decay in a(m) depends on how fast P[G,~0] goes to zero. For the
general model, the degree to which a(m) decays will depend on the relative
values of # and o0, which, in part, determine the frequency with which the
boundary is hit, on whether the process jumps back towards an equilibrium

value or whether the process drifts back to the [-4,8], and on the wvalue of

P.
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As an additional check that the z, process satisflied conditions needed
for the Law of Large Numbers (LLN) and Central Limit Theorem {(CLT), we
verified whether the LLN and the CLT held for the threshold models used in
Table 1. We generated one thousand replications of the threshold series and
calculated for each replication the following statistiecs:
1%t Zo/T, 1mZ' 2,2/T, and 37 z,/(TV2).
If LLN holds for z,, the first two statistics tend towards a constant as T -+
«, while if the CLT holds for 2z, the distribution of the last statistic
converges to a normal distribution as T + =, We consider sample sizes of T
= 100, 250, 500, 1000, and 5000, For all the combinations considered in
Table 1, the threshold model appears to satisfy both the LLN and the CLT;
however, for cases where the threshold boundaries are large, sample sizes

must be quite large before the CLT is approximated.
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Table 1
Power of Dickey-Fuller t-statistic for Various Threshold Models

p = 0.0
Confidence Basic Threshold Target Zone Thresh., Barrier Process
level ¢ = 8 = g =
T=100 5 10 -~ 20~ 5 10 20 5 10 20
5% 71.0 9.0 5.0 18.0 8.0 5.0 15.0 8.0 5.0
10% 88.0 20.0 11.0 27.0 15,0 11.0 25.0 15.0 11.0

T=250
o% 10¢6.0 39.0 7.0 37.0 12.0 6.0 42.0 12.0 6.0
10% 100.0 60.0 14.0 64.0 24.0 12.0 68.0 22.0 12.0
T=500
5% 100.0 97.0 15.0 99.0 19.¢ 10.0 100.0 19.0 10.0
10% 100.0 99.0 28.0 100.0 30.0 17.0 100.0 28.0 17.0
T=1000

5% 100.0 100.0 48.0 100.0 47.0 15.0 100.0 50.0 14.0
10¢ 100.0 100.0 68.0 100.0 79.0 24,0 100.0 80.0 23,0
g = 0.4
Confidence Basic Threshold Target Zone Thresh. Barrier Process
level 6 - g = g =
T=100 5 10 20 3 10 20 5 10 20
5% 33.0 11.0 5.0 15.0 7.0 5.0 15.0 8.0 5.0
10% 51.0 20.0 11.0 24,0 14.0 11.0 25.0 15.0 11.0
T=250
5% 99.0 22.0 8.0 26.0 12.0 6.0 42.0 12.0 6.0
10 100.0 35.0 16.0 47.0 22.¢ 12.0 68.0 22.0 12.0
T=500
5% 100.0 65,0 17.0 87.0 192.0 10.0 100.0 12,0 10.0
10¢ 100.0 91.0 25.0 100.0 28.0 17.0 100.0 28.0 17.0
T=1000
5% 100.0 100.0 25,0 100.0 36,0 14.0 100.0 50.0 14.0C
10 100.0 100.0 38.0 100.0 67.0 24.0 100.0 80.0 23.0
p =0.8
Confidence Basic Threshold Target Zone Thresh. Barrier Process
Level g = = ¢ =
T=100 5 10 20 5 10 20 5 10 20
5% 17.0 8.0 5.0 11.0 6.0 5.0 15.0 8.0 5.0
10% 28.0 16.0 11.0 19.0 13.0 11.0 25.0 15.0 11.0
T=230
o% 50.0 16.0 6.0 17.0 10.0 6.0 42.0 12.0 6.0
10% 79.¢  27.0 13.0 30.0 19.0 11.0 68.0 22.0 12.0

T=500
5% 100.0  23.0 12.0 53.0 17.0 9.0 100.0 19.0 10.0
10% 100.0 36.0 20.0 82.0 25.0 16.0 100.0 28.0 17.0

T=1000
5% 100.
10% 100.

14.0
23.0

83.0 18.0 100.
99.0 29.0 100.

24.0 13.0 100.0 50.
45.0 22.0 100.0 80.

o o
(=N
oo

Notes: 1000 replications.




Table 2
Threshold Autoregressions for the Spread Between
the Fed Funds Rate and the Discount Rate

Threshold autoregression for the spread (spry = ff, - dry)

35

-0.193 + 0.696 spry, - 0.102 spr,, + e if spr,., < -0.2
(0.087) (0.101) {0.056) (0.38)

Spr, = 0.013 + 1.411 spr,.;, - 0.406 spri., + e if -0.2 = spry.; = 1.6
(0.020) (0.068) (0.059) (0.26)
1.358 + 0.985 spry-; - 0.547 spry, + e if spry., > 1.6
(0.346) {G.151) (0.149) (0.99)

Dickey-Fuller T-Stats in the Different Threshold Regimes

Threshold Regime T-Stat Sample Size
Sprp-; < -0.2 -3.702 T = 78
-0.2 < spr,, < 1.6 0.166 T = 278
6pTy; > 1.6 -4.720 T =74

Thresheld Error Correction Models:

-0.21 + 0.30 Aff,, - 0.02 Adry, - 0.37 spre-1+ e if
{0.09) (0.06) (0.19) (0.12) (0.41)

 Aff, = 0.02 + 0.73 Aff,, - 0.07 Adr,, + 0.01 spry; + e, if
(0.03) (0.08) (0.13) (0.04) (0.33)

1.54 + 0.50 Aff,, + 0.71 Adry, - 0.64 spry,+ e if
(0.37) (0.17) (0.62) (0.13) (1.06)

"0.01 + 0.20 Afft'l + 0.22 Adrt..l 4+ 0.01 Sprt-l + et. if
(0.03) (0.02) {0.06) {0.04) (0.13)

Adr, = 0.01 + 0.33 Aff, ;, + 0.20 Adry; + 0.01 8prey + & if
(0.01) (0.,04) (0.07) (0.02) (0.17)

0.19 + 0.09 Aff,, + 0.13 Adry, - 0.05 spry1+ e if
(0.08) (0.03) (G0.13) (0.03) (0.22)

Notes: Standard errors are in parentheses.

apryy < -0.2

-0.2 < spry;
< 1.6

spry-; > 1.6

SpPEi-1 < 0.2

-0.2 < spr,y
=< 1.6

8pr,-; > 1.6
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