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Technical Appendix 

 
A. Observation Equations in the State-Space Model 

Our data consists of observations on U.S. GDP, consumption, investment, and 

employment, the relative (non-oil) import price for the United States, U.S. oil consumption 

(barrels), real oil price (deflated by U.S. GDP deflator), world oil production (barrels), rest-of-

world (ROW) real GDP in U.S. dollars as measured by purchasing power parity (PPP), and 

ROW real investment in U.S. dollars as measured by PPP. For several variables, the mapping 

between the model and the data are exact: 

€ 

ˆ Y us,t
cons = ˆ C a,t , 

€ 

ˆ Y us,t
inv = ˆ I a,t , 

€ 

ˆ Y ROW ,t
inv = ˆ I b,t , 

€ 

ˆ Y us,t
emp = ˆ N a,t , 

€ 

ˆ Y oil output,t = ˆ Y o,t , and 

€ 

ˆ Y us,t
oil cons = ˆ O a,t . However, several variables need to be transformed to 

correspond to the data we will employ. Output in the model corresponds to gross output rather 

than value added, thus GDP is given by 

€ 

ˆ Y row,t
gdp = ( ˆ Y b,t −

PoOb

PbYa

ˆ O b,t ) /(1− PoOb

PbYb

)  and 

€ 

ˆ Y us,t
gdp = ( ˆ Y a,t −

PoOa

PaYa

ˆ O a,t ) /(1− PoOa

PaYa

). Similarly, as the GDP (value added) deflator was used to 

deflate the import price and oil price, 

€ 

ˆ Y us,t
rel import price = ( ˆ P b,t − ˆ P a,t ) + ( ˆ P o,t − ˆ P a,t )

PoOa

PaYa

1− PoOa

PaYa

, and 

€ 

ˆ Y real oil price,t = ( ˆ P o,t − ˆ P a,t ) /(1− PoOa

PaYa

). 

 

B. Bayesian Estimation of the DSGE Model 

 One can write the solution to the linearized, rational expectations dynamic stochastic 

general equilibrium (DSGE) model in terms of a state-space model: 
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€ 

Yt
mod el =ΠSt

mod el ,     (B1) 

 

€ 

St = MSt−1 +Vt
mod el ,     (B2) 

where 

€ 

Yt
mod el

 is a vector of endogenous variables in the model; 

€ 

St
mod el  is the state vector that 

includes the capital stocks of the United States (country a) and ROW (country b), oil reserves, 

and the ten exogenous shock variables: oil production shocks; oil reserve shocks; and total factor 

productivity, labor–leisure preferences, oil efficiency, and investment (capital accumulation) 

shocks for countries a and b. 

The model is written in terms of quarters, but we have only annual data for ROW GDP 

and ROW investment. Thus, we partition the observation equation of the state-space model into 

two sets of equations—one corresponding to quarterly observations, the other corresponding to 

annual observations. The observation equation is given by: 

€ 

Yt
obs =

Yt
quarterly

Yt
annual

 

 
 

 

 
 =

Π1 0 0 0
.25Π2 .25Π2 .25Π2 .25Π2

 

 
 

 

 
 

St
mod el

St−1
mod el

St−2
mod el

St−3
mod el

 

 

 
 
 
 

 

 

 
 
 
 

.  (B3) 

The corresponding state equation is given by: 

€ 

St
mod el

St−1
mod el

St−2
mod el

St−3
mod el

 

 

 
 
 
 

 

 

 
 
 
 

=

M 0 0 0
I 0 0 0
0 I 0 0
0 0 I 0

 

 

 
 
 
 

 

 

 
 
 
 

St−1
mod el

St−2
mod el

St−3
mod el

St−4
mod el

 

 

 
 
 
 

 

 

 
 
 
 

+

Vt
mod el

0
0
0

 

 

 
 
 
 

 

 

 
 
 
 

.   (B4) 

The empirical state space model implied by (B3) and (B4) can be rewritten as: 

 

€ 

Yt
obs = H(θ)St +Wt ,Wt ~ MVN(0,R) ,    (B5) 

 

€ 

St = F(θ)St−1 +Vt ,Vt ~ MVN(0,Q(θ)) ,    (B6) 

where  is the vector of observable time series,  is the vector of unobserved state variables, 

and  is the vector of structural parameters in the DSGE model. In our application,  contains 
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detrended quarterly per capita real U.S. GDP, detrended quarterly per capita real U.S. 

consumption, detrended quarterly per capita real U.S. investment, detrended per capita quarterly 

U.S. oil consumption, detrended quarterly world oil production, demeaned quarterly real oil 

price, detrended quarterly real non-oil import price for the United States, detrended annual real 

GDP for ROW (PPP constant U.S. dollars), and detrended annual real investment expenditures 

for ROW (PPP constant U.S. dollars). We scale up all the variables by 100. We set  to be a 

diagonal matrix with diagonal elements equal to

€ 

10−4 . We treat observations for the annual data 

as missing for all but the fourth quarter of the year.  

  Given the parameters, , we can estimate the unobserved states by the Kalman Filter. The 

predictive log likelihood of the state space model is given by: 

 

€ 

l(YT ,θ) = {−.5log(det(H(θ)'Pt | t−1H(θ) + R))
t=1

T

∑

− .5(Yt −H(θ)St | t−1)'(H(θ)'Pt | t−1H(θ) + R)−1(Yt −H(θ)St | t−1)},
   (B7) 

where 

€ 

St | t−1 and  are the conditional mean and variance of from the Kalman filter.  

 Given a prior distribution over parameters, 

€ 

h(θ) , the posterior distribution, 

€ 

P(θ |YT ) , is  

€ 

P(θ |YT )∝ exp( l(YT ,θ))h(θ) .      (B8) 

Because the log-likelihood is a highly nonlinear function of the structural parameter vector, it is 

not possible to write an analytical expression for the posterior distribution. As a result, we use 

Bayesian Markov Chain Monte Carlo methods to estimate the posterior distribution of the 

parameter vector, . In particular, we employ a Metropolis-Hasting sampler to generate draws 

from the posterior distributions. The algorithm is as follows: 

(i) Given a previous draw of the parameter vector, 

€ 

θ (i−1), draw a candidate vector  

from the distribution 

€ 

g(θ |θ (i−1)) .  
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(ii) Determine the acceptance probability for the candidate draw,  

€ 

α(θ c,θ ( i−1)) =min exp( l(YT ,θ
(c )))h(θ (c ))

exp( l(YT ,θ
(i−1)))h(θ ( i−1))

g(θ (i−1) |θ c )
g(θ c |θ (i−1))

, 1
 

 
 

 

 
 . 

(iii) Determine a new draw from the posterior distribution, 

€ 

θ (i). 

€ 

θ (i) = θ c  with probability 

€ 

α(θ c,θ ( i−1)) , 

€ 

θ (i) = θ (i−1) with probability 

€ 

1−α(θ c,θ ( i−1)) . 

(iv) Return to (i). 

 Starting from an initial parameter vector and repeating enough times, the distribution parameters 

draws, 

€ 

θ (i), will converge to the true posterior distribution.  

In our application, 

€ 

θ c = θ (i−1) + v , where 

€ 

v  is drawn from a multivariate t-distribution with 

50 degrees of freedom and a covariance matrix . We set  to be a scaled value of the Hessian 

matrix of 

€ 

− l(YT ,θ))− ln(h(θ))  evaluated at the posterior mode. We choose the scaling so that 

around 50 percent of the candidate draws are accepted. We run five separate Markov Chains, 

each with a different initial condition. For each chain, we set a burn-up period of 100,000 draws 

and then sample every tenth draw for a total of 10,000 draws. Thus, the posterior distribution of 

parameters is based on a total of 100,000 draws. We also obtain the posterior distributions for the 

unobserved states. Given a parameter draw, we draw from the conditional posterior distribution 

for the unobserved states, 

€ 

P(ST |Θ
(i),YT ) . Here we use the “filter forward, sample backwards” 

approach proposed by Carter and Kohn (1994) and discussed in Kim and Nelson (1999).  

 
C. Data Sources for ROW 

To obtain an approximate estimate of the data for the rest-of-world oil-consuming 

country, ROW, we aggregate data from 29 countries—Brazil, China, and India, plus 26 of the 30 

Organisation for Economic Co-operation and Development (OECD) countries. We exclude the 
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United States, whose data is used for the home country in the model; Mexico, which is a major 

oil-producing country; and the Czech Republic and Slovakia, neither of which have reliable data 

prior to 1990. Because real GDP and investment are reported in U.S. dollars, we aggregate these 

series across countries. We convert ROW GDP and investment to per capita series by dividing 

with population aggregated across countries.  

For the period 1970 to 2003, the data for population, real GDP, and real investment for 

all 29 countries are taken from the Penn World Table. For the period 2004 through 2008, the data 

for the 26 OECD countries are from the OECD; and the data for Brazil, India, and China are 

from Haver Analytics. The data from 2004 to 2008 were spliced to the earlier data in 2003, 

country by country, and then aggregated to obtain per capita measures of ROW output and 

investment. 
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