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1 I NTRODUCTION
Recent work has started to interpret nonlinearities in the data through the lens of the canonical
search and matching model à la Diamond-Mortensen-Pissarides (e.g., Abbritti and Fahr, 2013;
Dupraz et al., 2019; Ferraro, 2018; Hairault et al., 2010; Petrosky-Nadeau et al., 2018; Pizzinelli
et al., 2020). While some papers find large nonlinearities in textbook models, others find smaller
effects and rely on additional features to match higher-order moments in the data. These competing
explanations indicate that the sources of nonlinearity are not fully understood. This paper derives a
closed-form global solution to the search and matching model that sheds light on the mechanisms
that generate nonlinearity and then quantifies their contributions in an estimated nonlinear model.
Our analysis reveals a strong link between the choice of the matching function—the mapping
from unemployed workers and vacancies into matches—and the amount of nonlinearity. Focusing
on the commonly used Cobb-Douglas (CD) and Den Haan et al. (2000, DRW) matching functions,
we show the latter specification generates much stronger nonlinearities in labor market dynamics.
This finding contrasts with the prevailing view that the matching function choice is innocuous.1
The stronger nonlinearities occur because the DRW matching function exhibits gross complementarity between vacancies and unemployed workers and a procyclical matching elasticity—the
elasticity of matches with respect to the number of unemployed workers. Gross complementarity
implies that the matching elasticity is increasing in labor market tightness, so a larger stock of
unemployed workers generates more matches when vacancy creation is high. In contrast, the CD
matching function has a constant matching elasticity and is a much weaker source of nonlinearity.
We show the matching elasticity determines the slope of the mapping from productivity shocks
to the job finding rate. Under the CD specification, the constant elasticity implies that the job finding rate is approximately linear in productivity, with the slope declining in the size of the elasticity.
Intuitively, when the matching elasticity is higher, unemployed workers are relatively more important than vacancies in the matching process. Since only vacancies respond on impact to changes
in productivity, a higher matching elasticity weakens the transmission of productivity shocks to
the job finding rate. In contrast, the procyclical variation in the matching elasticity generated by
the DRW matching function implies that the job finding rate is a concave function of productivity.
When productivity is high, the matching elasticity is high and vacancies are relatively less important in the creation of new matches. As a result, the transmission of productivity shocks to the job
finding rate is weaker than when productivity is low and vacancies are relatively more important.
Nonlinear job finding rate dynamics driven by gross complementarity interact with unemployment dynamics via its law of motion. While unemployment is inherently a nonlinear stochastic
process (Hairault et al., 2010; Jung and Kuester, 2011), we show that nonlinear job finding rate
1

Petrosky-Nadeau and Wasmer (2017) say the two specifications generate similar business cycle moments. The
only justification for the DRW matching function is that it restricts the job filling and finding rates to the unit interval.
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dynamics exacerbate the state-dependent responses of unemployment to productivity shocks. Intuitively, when productivity is low, a productivity shock causes a stronger response of the job finding
rate. If unemployment is high, this leads to a large response of unemployment inflows or outflows.
We assess the quantitative implications of the matching function by estimating our model using
a simulated method of moments. Modest procyclical variation in the matching elasticity more than
doubles the skewness of unemployment and quadruples the skewness of the job finding rate. In
contrast, the model with a constant matching elasticity relies almost entirely on the law of motion
for unemployment to generate meaningful nonlinearities. As a result, the welfare cost of business
cycles more than doubles, further indicating the power of a procyclical matching elasticity. Finally, the state-dependence from the interaction of the procyclical matching elasticity with the law
of motion explains 87% of the empirical variation in unemployment uncertainty without appealing
to exogenous volatility shocks. With a constant matching elasticity, this percentage drops to 39%.
Overall, our results caution against the prevailing view that the matching function choice is
innocuous. Small fluctuations in the matching elasticity driven by a departure from the CD specification have significant effects on the nonlinearities. Choosing to use the CD specification places
exogenous restrictions on the model’s ability to generate nonlinear dynamics. While this naturally
creates room for additional mechanisms to explain nonlinearity in the data, it is important to acknowledge that the results depend on the CD matching function.2 Likewise, justifying the variation
in the matching elasticity implied by the DRW matching function is important to provide credibility
to the underlying mechanism. Given the clarity that our results provide on these issues, we hope future empirical work can provide guidance on the amount of time variation in the matching elasticity
and the type of matching function that can reconcile these competing explanations in the literature.
Related Literature Our closed-form solution offers a clean way to analyze the sources of nonlinearity in the textbook search and matching model. In important earlier work, Petrosky-Nadeau et al.
(2018) numerically analyze the nonlinearities and disaster dynamics in a similar model. They argue
that downward rigidity in the marginal cost of vacancy creation is the main driver of the nonlinearities. Our analytical results show the nonlinearities stem from procyclical variation in the matching
elasticity created by the DRW matching function and the law of motion for unemployment. While
a recent literature uses the DRW specification, these papers do not analyze how this choice influences outcomes other than noting that it restricts the job finding and job filling rates to the unit interval (Ferraro, 2018; Hagedorn and Manovskii, 2008; Hashimzade and Ortigueira, 2005; PetroskyNadeau et al., 2018).3 Our analysis emphasizes that the matching function choice is not innocuous.
Previous work examined nonlinearities in the search and matching model under the assump2

For example, Dupraz et al. (2019) show their model with a CD matching function cannot generate realistic unemployment dynamics, which helps motivate their focus on downward nominal wage rigidity. In contrast,
Petrosky-Nadeau et al. (2018) generate realistic disaster dynamics in a textbook model with a DRW matching function.
3
Others include Petrosky-Nadeau and Zhang (2017, 2021), Ferraro and Fiori (2020), and Bernstein et al. (2020).
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tion of a CD matching function. Hairault et al. (2010) argue that the impact of productivity shocks
on the job finding rate is theoretically ambiguous because the job finding rate is a concave function of labor market tightness, which is a convex function of productivity. Using our analytical
solution, we show this ambiguity is irrelevant for empirically plausible values of the matching
elasticity, which imply almost linear job finding rate dynamics. Relatedly, our quantitative results
show almost all nonlinearity stems from the law of motion for unemployment under a CD matching function. Although the skewness of unemployment undershoots the data in this case (Dupraz
et al., 2019), it still generates a substantial welfare cost of business cycles, in line with Hairault
et al. (2010) and Jung and Kuester (2011).4 Importantly, none of these papers consider the effect of
relaxing the CD assumption. We show that allowing for modest procyclical variation in the matching elasticity more than doubles the skewness of unemployment and the associated welfare cost.
Our identification strategy for the structural labor market parameters synthesizes the results of
earlier papers. To generate realistic volatilities of unemployment and vacancies, we combine the
matching elasticity with the “fundamental surplus,” defined as the marginal product of labor minus
any resources not allocated to vacancy creation (Ljungqvist and Sargent, 2017). The fundamental
surplus sets the overall level of labor market volatility, while the matching elasticity determines
how the volatility is split between vacancies and unemployment (Mortensen and Nagypal, 2007).
Additionally, we follow Hagedorn and Manovskii (2008) and target the wage elasticity. Relative to
this earlier work, we show our strategy allows the model to perfectly match these empirical targets.
Our estimated model is also consistent with recent empirical work that finds macroeconomic
uncertainty is often an endogenous response to exogenous first moment shocks rather than an
exogenous propagation (Ludvigson et al., 2020). We show a procyclical matching elasticity generates a negatively skewed job finding rate, which is particularly pronounced in deep recessions. The
state-dependent transmission of productivity shocks allows the model to match most of the countercyclical variation in macroeconomic uncertainty without relying on exogenous volatility shocks.5
The paper proceeds as follows. Section 2 introduces our model. Section 3 derives a closedform solution and discusses the implications of the matching function. Section 4 describes the
identification and estimation methods for our structural model. Section 5 shows the quantitative
implications of the matching function and law of motion for unemployment. Section 6 concludes.

2 E NVIRONMENT
We use a textbook search and matching model similar to Hagedorn and Manovskii (2008). Time is
discrete, and the population size (equal to the labor force) is normalized to unity. We consider risk
4

Lepetit (2020) computes welfare costs in a New Keynesian model with labor search and a CD matching function.
From a theoretical perspective, our mechanism complements recent papers that focus on other sources of timevarying endogenous uncertainty (Arellano et al., 2019; Brunnermeier and Sannikov, 2014; Fajgelbaum et al., 2017; Ilut
et al., 2018; Mendoza, 2010; Plante et al., 2018; Straub and Ulbricht, 2015; Van Nieuwerburgh and Veldkamp, 2006).
5
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neutral and risk averse households. Under risk aversion, we assume perfect insurance so all households choose the same consumption path (Andolfatto, 1996; Den Haan et al., 2000; Merz, 1995).
Search and Matching Entering period t, there are nt−1 employed workers and ut−1 = 1 − nt−1
unemployed workers. Within the period, a fraction s̄ of the employed workers exogenously lose
their jobs. The newly separated workers are able to search for new jobs within the same period as
their job loss. However, it is natural that these workers will have less time to search for new jobs in
period t than those who became unemployed in a previous period.6 Therefore, let χ ∈ [0, 1] denote
the fraction of a period that newly separated workers spend searching for work in the same period
as their job loss. Then the total number of unemployed searching workers in period t is given by
ust = ut−1 + χs̄nt−1 .

(1)

The matching process is described by a constant returns to scale matching function M(ust , vt ),
where vt is vacancy postings.7 We consider the CD and DRW specifications used in the literature:

ξ(us )α v 1−α
CD,
t
t
s
M(ut , vt ) =
(2)
us v /((us )ι + v ι )1/ι DRW,
t t

t

t

where ξ > 0 denotes matching efficiency and α ∈ (0, 1) and ι > 0 govern the relative importance
of unemployed searching workers to vacancies in the matching process. Section 3 shows how these
parameters map into key elasticities. The number of matches in period t, mt , is then defined by
mt = min{M(ust , vt ), ust , vt }.

(3)

We can use the matching process to define the job finding and job filling rates,
ft = mt /ust ,

qt = mt /vt ,

(4)

where the feasibility condition, (3), ensures ft , qt ∈ [0, 1]. The DRW matching function guarantees
mt = M(ust , vt ), whereas (3) could bind under the CD matching function. When mt = M(ust , vt ),
we can express the job finding and job filling rates in terms of labor market tightness θt ≡ vt /ust ,


ξθ1−α
ξθ−α
CD,
CD,
t
t
qt =
ft =
1/(1 + θ−ι )1/ι DRW,
1/(1 + θι )1/ι DRW.
t

t

Following Blanchard and Galı́ (2010), we assume newly matched workers begin employment in
6

Shimer (2005) makes a similar comment when constructing a measure of the monthly job finding rate in the data.
Pissarides (2000) formalizes the axioms of the matching function and its role in a search and matching model.
Petrongolo and Pissarides (2001) survey the empirical evidence for constant returns to scale in the matching function.
7
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the same period they are matched with a firm. Hence, aggregate employment evolves according to
nt = (1 − s̄)nt−1 + mt .

(5)

The unemployment rate ut includes anyone who is not employed in period t, so it is given by
ut ≡ ust − mt = 1 − nt .

(6)

Firms A firm chooses vacancies and employment {vt , nt } to maximize the present value of dividends, Vt = at nt − wt nt − κvt + Et [xt+1 Vt+1 ], subject to nt = (1 − s̄)nt−1 + qt vt and vt ≥ 0, where
κ > 0 is the vacancy posting cost, wt is the wage rate, and Et is an expectation operator conditional
on time-t information. The pricing kernel, xt+1 = β(ct /ct+1 )γ , where ct is consumption, β ∈ (0, 1)
is the discount factor, and γ ≥ 0 is the coefficient of relative risk aversion. Productivity, at , follows
at+1 = ā + ρa (at − ā) + σa εa,t+1 , 0 ≤ ρa < 1, εa ∼ N(0, 1).

(7)

The optimality conditions imply
κ−λv,t
qt

h
i
v,t+1
= at − wt + (1 − s̄)Et xt+1 κ−λ
,
qt+1
λv,t vt = 0,

λv,t ≥ 0,

(8)
(9)

where λv,t is the multiplier on the non-negativity constraint vt ≥ 0. Condition (8) sets the marginal
cost of posting a new vacancy, (κ−λv,t )/qt , equal to its marginal benefit, which consists of the flow
profits from the match, at − wt , plus the savings from not having to post the vacancy in the future.
Wages We specify a wage rule given by
wt = ηat + (1 − η)b,

(10)

where η ∈ (0, 1) and b > 0. Following Hall and Milgrom (2008) and Freund and Rendahl (2020),
this rule can be derived as the result of an alternating-offers bargaining game in which workers discount future payoffs at rate η and receive flow payoff b before a wage agreement is reached. Alternatively, following Jung and Kuester (2011), the wage rule can be derived as maximizing the Nash
product (at −wt )1−η (wt −b)η , where η is the worker’s bargaining power and b is the outside option.
Equilibrium The aggregate resource constraint is given by
ct + κvt = at nt .

(11)

∞
An equilibrium includes sequences of quantities {ct , nt , ut , ust , vt , mt , qt , λv,t }∞
t=0 , prices {wt }t=0 ,
∞
and productivity {at }∞
t=1 that satisfy (1)-(11) given the initial state {n−1 , a−1 } and shocks {εa,t }t=0 .
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3 A NALYTICAL R ESULTS
3.1 S OLUTION

For tractability, assume risk neutrality. Then combine (8) and (10) to obtain
κ−λv,t
qt

v,t+1
= (1 − η)(at − b) + β(1 − s̄)Et [ κ−λ
].
qt+1

(12)

We guess and verify that (12) has a solution of the form,
(κ − λv,t )/qt = δ0 + δ1 (at − ā),

(13)

where
δ0 =

(1 − η)(ā − b)
,
1 − β(1 − s̄)

δ1 =

1−η
,
1 − β(1 − s̄)ρa

and λv,t > 0 only when qt = 1.8 The remaining variables can then be solved for recursively as functions of (at , nt−1 ) with (1)-(11). To the best of our knowledge, this solution is new to the literature.9
Our solution clarifies the mechanism described in Petrosky-Nadeau and Zhang (2017) and
Petrosky-Nadeau et al. (2018), in which the real marginal cost of vacancy creation, κ/qt , runs into
a “downward rigidity”. As (13) makes clear, κ/qt only faces such a rigidity when productivity falls
so low that it causes vacancies to hit the nonnegativity constraint. Since vt > 0 in the data and
almost all simulations, real marginal cost remains linear in productivity and the main source of the
nonlinearity must come from elsewhere in the model. Fortunately, we can use our solution to highlight the matching function and law of motion for unemployment as key sources of nonlinearity.10
3.2 M ATCHING F UNCTION Given (13), we can use the matching function to derive the aggregate supply curve for vacancy creation. Assuming vt > 0 and λv,t = 0 for tractability, we obtain

(κ/ξ)θα
CD,
t
(14)
κ/qt =
κ (1 + θι )1/ι DRW,
t

where vt = θt ust implies that vacancies inherit the properties of labor market tightness since ust
is pre-determined in period t. This expression captures the upward sloping relationship between
the marginal cost of vacancy creation and aggregate vacancies. Since δ1 > 0 in (13), vacancies
are increasing in productivity. In equilibrium, higher productivity raises the marginal benefit of
vacancy creation, causing firms to post more vacancies. A rise in vacancies increases labor market
tightness, θt , which raises the marginal cost of vacancy creation until it equals the marginal benefit.
8

Note that for vt arbitrarily close to 0, mt = vt by (3). By continuity, λv,t > 0 implies qt = 1. Therefore, if
productivity is low enough that δ0 + δ1 (at − ā) < κ/qt for all qt ∈ [0, 1], then qt = 1 and λv,t = κ − δ0 − δ1 (at − ā).
9
Pissarides (2009) and Petrosky-Nadeau et al. (2018) add a fixed hiring cost so the marginal cost of vacancy
creation is κ0 /qt +κ1 , rather than κ/qt . Our analytical and numerical results are robust to this alternative specification.
10
The absence of matching function parameters in (13) follows from the linear wage rule. However, Appendix C
shows the matching function has little or no effect on the marginal cost of vacancy creation under Nash bargaining.
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Inverting (14) yields labor market tightness as a function of marginal cost. Combining this result with the matching function and (13) pins down the job finding rate as a function of productivity,
 
 1−α

ξ α1 δ0 +δ1 (at −ā) α
CD,
κ
(15)
ft = 

ι 1/ι

κ
 1−
DRW,
δ0 +δ1 (at −ā)
which is increasing in productivity since more vacancies create more matches for a given amount of
unemployed searching workers. To interpret the dynamics of ft implied by (15), we use two matching function elasticities: (1) The elasticity of matches with respect to unemployed searching, or
the matching elasticity (mt ,ust ), and (2) The elasticity of substitution between unemployed searching workers and vacancies (σ). The CD matching function features a constant matching elasticity
(mt ,ust = α) and a unitary elasticity of substitution (σ = 1). The DRW matching function features
a time-varying matching elasticity (mt ,ust = ftι ) and gross complementarity (σ = 1/(1 + ι) < 1).11
Figure 1 plots (15) for different values of α and ι, conditional on the two matching functions
having the same steady-state matching elasticities (¯m,us = α = f¯ι ). The other parameters are set
to their estimated values in Section 4.5. The values of ¯m,us are all in the range of matching elasticities in the data (Mortensen and Nagypal, 2007; Petrongolo and Pissarides, 2001). To facilitate interpretation, we compute the slope of the job finding rate function in terms of the matching elasticity,

 1−α φCD
CD,
dft
t
α
= 1−m ,us
(16)
t t
dat 
φDRW DRW,
t

mt ,us
t

combine terms that do not impact the key properties of the job finding rate.12
and φDRW
where φCD
t
t
First consider the job finding rates under the CD matching function. While (15) shows the curvature depends on α and its shape is ambiguous a priori (Hairault et al., 2010), Figure 1 shows that
for empirically consistent values of α, the job finding rate is approximately linear over plausible
values of productivity. This finding emphasizes the importance of assessing potential nonlinearities in the correct numerical context. The slope of the job finding rate, (16), is decreasing in α. The
matching elasticity controls the importance of unemployed searching workers in the production
of matches, and hence the determination of ft . When α is higher under constant returns to scale,
unemployed searching workers are more important, while vacancies are less important. However,
only vacancies can respond on impact to changes in productivity, so a higher α weakens the transmission of productivity shocks to matches and the job finding rate. Hence, the ft schedule is flatter.
Now turn to the job finding rates under the DRW matching function. In each case, the job find11

Stevens (2007) micro-founds the DRW and more general constant elasticity of substitution matching function.
Specifically, φCD
= (ξft1−2α )1/(1−α) δ1 /κ and φDRW
= ft (1 − ftι )1/ι δ1 /κ. Given a plausible range for the job
t
t
finding rate, ft ∈ (0.2, 0.6), setting a realistic value of α = f¯ι ≈ 0.5 implies φCD
and φDRW
are close to constant.
t
t
12
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Figure 1: Sensitivity of the job finding rate to changes in productivity.

ing rate lies tangent to its CD counterpart at the steady state level of labor productivity. This property is a result of our calibration and ensures that both matching functions generate the same finding
rate f¯ and matching elasticity ¯m,us when at = ā = 1. Thus, the matching functions generate similar predictions for job finding rate dynamics when productivity fluctuations are sufficiently small.
Crucially, increasing ι makes the job finding rate more concave by increasing the steepness of
the policy function at low productivities relative to high productivities. As a result, the deviations
between the CD and DRW job finding rates are increasing in ι, especially at low productivities. We
can see this analytically in (16) by noting that the DRW slope term, (1−mt ,ust )/mt ,ust = (1−ftι )/ftι
is time-varying, in contrast with the CD case. Since the matching elasticity is increasing in ft , the
slope coefficient is decreasing in ft . Therefore, the job finding rate is more sensitive to productivity
shocks when ft is low. Intuitively, when ft and mt ,ust are low, vacancies are important in the production of matches, which amplifies the transmission of productivity shocks to the job finding rate.
To understand why the matching elasticity is procyclical under the DRW matching function, recall that unemployed searching workers and vacancies are gross complements in the production of
matches. Therefore, a larger stock of unemployed searching workers generates more matches when
vacancy creation is high and the labor market is tight. This is captured by the matching elasticity
mt ,ust = ftι , which is increasing in labor market tightness. It is also useful to note that relatively little time-variation in the matching elasticity is necessary to generate significant nonlinearities in the
job finding rate. For example, when ¯m,us = 0.5, (1 − mt ,ust )/mt ,ust = −4 in the neighborhood of
steady state, so a ±5% change in mt ,ust causes a ±20% change in the slope of the job finding rate.
3.3 U NEMPLOYMENT DYNAMICS The specification of the matching function also has important consequences for unemployment dynamics. The law of motion for unemployment is given by
ut = ut−1 + s̄(1 − ut−1 ) − ft ust .
8
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Under the CD and DRW matching functions, the interaction between the job finding rate and unemployed searching workers captured by ft ust is a source of state-dependence. When ust is higher,
labor productivity shocks have a larger impact on unemployment. Intuitively, any change in the
job finding rate has a larger effect on unemployment when it is applied to a larger pool of workers.
Since ust is pre-determined, dut /dat = −ust dft /dat , so the unemployment response to productivity shocks inherits the properties of the job finding rate response. Under the DRW matching
function, unemployment responds more to shocks during recessionary periods when the job finding
rate is already low, creating additional state-dependence that is absent under the CD specification.
The state-dependence is summarized by the variation in uncertainty. Following Jurado et al.
(2015), we define uncertainty as the conditional volatility of the forecast error for unemployment,
u
Ut,t+1
=

p
p
Et [(ut+1 − Et ut+1 )2 ] = ust+1 Vt [ft+1 ],

(18)

where Vt denotes conditional variance. There are two endogenous sources of variation in unemployment uncertainty. First, the unemployment forecast error depends on the number of unemployed searching workers. When ust+1 is higher, the variation in the job finding rate ft+1 is amplified, creating more uncertainty about ut+1 in period t. Second, when the job finding rate is a nonlinear function of productivity, its conditional variance is also state-dependent. For example, under the
DRW matching function, ft is concave in at , and the variance of ft+1 is higher when productivity
is lower. Intuitively, lower at shifts the distribution of future productivity to the steeper portion of
the job finding rate schedule, resulting in greater variability and higher unemployment uncertainty.

4 M ODEL I DENTIFICATION AND E STIMATION
4.1 DATA S OURCES We use data from 1955-2019. Following Shimer (2005), the job finds
ing rate is ft ≡ 1 − (Ut+1 − Ut+1
)/Ut , where Ut is total unemployed and Uts is the subset who
are unemployed one month or less in the Current Population Survey. The unemployment rate is
ut = Ut /LFt , where LFt is the labor force. The vacancy rate vt is based on the series in Barnichon (2010) until 2000, after which it equals job openings as a share of the labor force from the
Job Openings and Labor Turnover Survey. These series correct for trends in the print and online
help-wanted indexes published by the Conference Board. Labor productivity is measured by the
series for the non-farm business sector from the Bureau of Labor Statistics. Following Hagedorn
and Manovskii (2008), the wage rate is the product of labor productivity and the labor share in the
non-farm business sector. We aggregate the monthly labor market series to a quarterly frequency so
they match the frequency of labor productivity and wages. Appendix A provides more information.
4.2 I DENTIFICATION This section explains our identification scheme. For simplicity, we conduct our analysis in the deterministic steady state, but the intuition holds nonlinearly. The disagree9
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ment payoff b governs the economy’s “fundamental surplus fraction” (Ljungqvist and Sargent,
2017), defined as the upper bound on the fraction of a worker’s output that can be allocated to vacancy creation. A small fundamental surplus fraction is crucial to deliver realistic volatilities of unemployment and vacancies (Hagedorn and Manovskii, 2008; Ljungqvist and Sargent, 2017). To see
this, combine the vacancy creation condition, (8), with the wage rule, (10), in steady state to obtain
κ/q̄ = (1 − η)(ā − b)/(1 − β(1 − s̄)).
Differentiating then yields an expression for the elasticity of tightness with respect to productivity,
¯θ,a =

1
ā
,
×
ā − b ¯m,us

where (ā − b)/ā is the fundamental surplus fraction and ¯m,us is the steady-state elasticity of
matches with respect to unemployed searching. Given estimates for ¯m,us typically range from
0.3-0.7 (Mortensen and Nagypal, 2007; Petrongolo and Pissarides, 2001), a large response of labor market tightness to changes in labor productivity requires a small fundamental surplus fraction,
which requires that b is close to the marginal product of labor, ā. A small fundamental surplus fraction makes labor market tightness, and hence unemployment and vacancies, sensitive to changes
in labor productivity. Therefore, we identify b by targeting the two standard deviations in the data.
While b changes the volatilities of unemployment and vacancies, ¯m,us affects their relative
volatilities. Consider the elasticities of unemployment and vacancies with respect to tightness:13
¯u,θ = −(1 − ū)(1 − ¯m,us )/(1 − χf¯),
¯v,θ = 1 − (1 − χs̄/ūs )(1 − ū)(1 − ¯m,us )/(1 − χf¯).
As ¯m,us increases, the responsiveness of unemployment to changes in labor market tightness
shrinks relative to the responsiveness of vacancies. Intuitively, when ¯m,us is higher, an increase in
matches requires a smaller increase in unemployed searching, and hence in unemployment. Therefore, when matches fluctuate, unemployment fluctuates less relative to vacancies. Hence, we identify ¯m,us by targeting the relative standard deviations of unemployment and vacancies in the data.
We partially identify the matching function by fixing ¯m,us across the two matching functions:
¯m,us = α = f¯ι .
Identifying ¯m,us is equivalent to identifying α in the CD matching function. Furthermore, given
that we set f¯ to target the average job finding rate in the data, we can pin down ι in the DRW
matching function. Setting f¯ also pins down the steady-state DRW job filling rate, q̄ = (1 − f¯ι )1/ι .
13

The elasticities come from differentiating the steady-state conditions ū = s̄(1−χf¯)/(s̄(1−χf¯)+ f¯) and v̄ = θ̄ūs .
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We set the CD matching efficiency so q̄ is consistent across the matching functions, which implies
ξ = q̄ 1−α f¯α .
Recall from (10) that η governs the responsiveness of the wage rate to changes in the marginal
product of labor, which is driven by labor productivity. Hence, we follow Hagedorn and Manovskii
(2008) and identify η by targeting the elasticity of the wage rate with respect to labor productivity.
We set ū and s̄ to target the average unemployment and job separation rates. We then solve for
the vacancy posting cost, κ, and intra-period search duration, χ, using the steady-state conditions:
κ = q̄(1 − η)(ā − b)/(1 − β(1 − s̄)),
χ = ((1 − ū)s̄ − f¯ū)/((1 − ū)s̄f¯).
Steady-state labor productivity, ā, is normalized to unity and the steady-state job separation
rate, s̄, is set to its sample average. We identify the parameters of the exogenous process, {ρa , σa },
by targeting the quarterly standard deviation and autocorrelation of labor productivity in the data.
4.3 S OLUTION We solve the nonlinear model with the policy function iteration algorithm in
Richter et al. (2014), which is based on the theoretical work on monotone operators in Coleman
(1991). The algorithm minimizes the Euler equation errors on each node in the discretized state
space. It then computes the maximum distance between the policy functions on any node and
iterates until it falls below the tolerance criterion. We approximate the productivity process with
Gauss-Hermite quadrature and use piecewise linear interpolation to calculate the updated policy
functions. Following Garcia and Zangwill (1981), we ensure that vt ≥ 0 by introducing an auxiliary variable, µt , that satisfies vt = max{0, µt }2 and λv,t = max{0, −µt }2 . µt maps into vacancies
when vt > 0 and the Lagrange multiplier, λv,t , when vt = 0. See Appendix B for more information.
4.4 E STIMATION The discount factor, β, is set to 0.9983, consistent with an annual real interest
rate of 2%, and the coefficient of relative risk aversion, γ, is set to 1, consistent with log utility. The
empirical targets are stored in Ψ̂D
T and estimated with a two-step Generalized Method of Moments
(GMM) estimator, where T = 780 months. Given these values, the parameters are estimated with
a Simulated Method of Moments. For parameterization P and shocks E = {εa }, we solve the nonlinear model and simulate it R = 1,000 times for T months, the same length as our data. The model
M
analogues of the ΨD
T empirical targets are the mean moments across the R simulations, Ψ̄R,T (P, E).
The parameter estimates are obtained by minimizing the following quadratic loss function:
M
0
D
−1
D
M
J(P, E) = [Ψ̂D
T − Ψ̄R,T (P, E)] [Σ̂T (1 + 1/R)] [Ψ̂T − Ψ̄R,T (P, E)],

where Σ̂D
T is the diagonal of the GMM estimate of the variance-covariance matrix of the empirical
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targets. The targets are based on quarterly data, in percent deviations from a Hamilton (2018)
filtered trend.14 Each period in the model is 1 month, so we aggregate the simulated time series to a
quarterly frequency. We then detrend the simulated data by computing percent deviations from the
time average, so the units of each moment are directly comparable to their counterpart in the data.

Model Parameter

Value

Empirical Target

Data

Model

Intra-Period Search Duration χ
Vacancy Posting Cost
κ
Job Separation Rate
s̄
Disagreement Payoff
b
Matching Elasticity
¯m,us
Bargaining Weight
η
Productivity Persistence
ρa
Shock Standard Deviation
σa

0.5294
0.2100
0.0327
0.9337
0.5916
0.5723
0.9537
0.0083

Average Unemployment Rate
Average Job-Finding Rate
Average Job Separation Rate
Unemployment Standard Deviation
Vacancy Standard Deviation
Wage-Labor Productivity Elasticity
Labor Prod. Autocorrelation
Labor Prod. Standard Deviation

5.89
42.14
3.27
23.66
21.69
0.59
0.89
2.61

5.89
42.14
3.27
23.66
21.69
0.59
0.89
2.61

Table 1: Estimated parameter values under the DRW matching function.

4.5 E STIMATED PARAMETERS Table 1 reports the parameter estimates under the DRW matching function. The disagreement payoff, b, is 0.934, just below the estimate of 0.955 in Hagedorn
and Manovskii (2008). Workers’ bargaining power, η, is 0.572, similar to Jung and Kuester (2011)
who also use a linear wage rule. The steady-state matching elasticity, ¯m,us , is 0.592, which is
within the (0.3, 0.7) range suggested by Petrongolo and Pissarides (2001). Given ¯m,us = α, the
DRW matching curvature is ι = log α/ log f¯ = 0.645. The implied elasticity of substitution,
σ = 1/(1 + ι), is 0.608, which is well below the unitary elasticity implied by a CD matching function. It is also much higher than the implied elasticity of 0.47 in Petrosky-Nadeau et al. (2018),
which would generate considerably larger nonlinearities from the DRW matching function. The
steady-state job filling rate is q̄ = (1 − f¯ι )1/ι = 0.254, which lines up with the quarterly calibration
in Den Haan et al. (2000). Given that value, the CD matching efficiency is ξ = q̄ 1−α f¯α = 0.349.

5 M ACRO I MPLICATIONS
5.1 M OMENTS Table 2 reports key moments conditional on the parameter estimates in Table 1.
To identify the sources of nonlinearity, we compare our estimated model with a DRW matching
function to models with a CD matching function and a linear law of motion for unemployment.15
Consider first our baseline model (column DRW-1). The targeted moments shown in bold
perfectly match their empirical counterparts, indicating the strength of our identification scheme.
14

Specifically, we regress each time series on its most recent 4 lags following an 8 quarter window. Hodrick (2020)
shows this approach is more accurate than an HP filter when time series, such as ours, are first-difference stationary.
15
Appendix E shows our results are robust to estimating the model with the CD matching function instead of DRW.
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DRW
Moment
SD(u)
SD(v)
SD(f )
Skew(u)
Skew(v)
Skew(f )
Slope(w, a)
Corr(u, v)
SD(Uu )

CD

Linear

Data

SE

1

2

1

2

3

4

23.66
21.69
14.96
1.10
−0.02
−0.60
0.59
−0.74
6.49

2.51
1.51
1.47
0.35
0.35
0.45
0.08
0.05
0.59

23.66
21.69
15.88
1.91
−0.19
−0.80
0.59
−0.85
5.62

16.52
22.78
15.60
0.71
−0.31
−0.73
0.59
−0.95
3.89

16.79
20.83
13.26
0.82
−0.01
−0.16
0.59
−0.92
2.52

14.93
21.11
13.23
0.12
−0.17
−0.13
0.59
−0.95
0.79

16.29
20.00
12.95
0.65
0.24
−0.02
0.59
−0.91
3.16

15.71
20.68
12.94
0.00
0.00
0.00
0.59
−0.95
0.00

Table 2: Data and simulated moments. Models: (1) All nonlinear; (2) All nonlinear except linear law of motion; (3) All linear except nonlinear law of motion; (4) All linear. Bolded values indicate targeted moments.

Focusing on nonlinearities, the model generates substantial skewness in unemployment and the job
finding rate. As a result, the model also endogenously generates realistic movements in unemployment uncertainty. The standard deviation SD(Uu ) equals 87% of the standard deviation of the real
uncertainty index in Ludvigson et al. (2020), without appealing to exogenous volatility shocks.16
Importantly, these nonlinearities only require small movements in the matching elasticity, which
has a mean of 0.59 and a standard deviation of 0.06. Thus, fluctuations in the matching elasticity
rarely leave the conventional range of values (0.3, 0.7) used in the literature (Mortensen and Nagypal, 2007; Petrongolo and Pissarides, 2001). This illustrates the strength of the nonlinear mechanism generated by the procyclical matching elasticity embedded in the DRW matching function.17
The term for new matches in the law of motion for unemployment, mt = ft ust , also generates
nonlinearity in the model. To isolate the nonlinearity from the matching function, we compare the
baseline model to a model with a linear law of motion for unemployment (column DRW-2). The
DRW matching function alone generates roughly 37% of the baseline skewness in unemployment,
91% of the skewness in the job finding rate, and 69% of the volatility in unemployment uncertainty.
This shows the DRW matching function is essentially the sole source of the skewness in the job
finding rate, which then interacts with the law of motion to increase the skewness in unemployment.
We can also isolate the effects of the procyclical matching elasticity by solving the model using a CD matching function (column CD-1). Removing time-variation in the matching elasticity
reduces the skewness in unemployment by 57%, the skewness in the job finding rate by 80%, and
the volatility in unemployment uncertainty by 55%. In line with our analytical results, the con16

We use a quarterly average of the monthly real uncertainty series (h = 1) from Ludvigson et al. (2020). This series
is a sub-index of the macro uncertainty series from Jurado et al. (2015) that accounts for 73 real activity variables. To
u
make the units from our model comparable to the real uncertainty series, we define SD(U u ) ≡ SD(Ut,t+1
)/SD(ut ).
17
Appendix D shows our qualitative results carry over when we add job separation rate shocks to our baseline model.
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stant matching elasticity generates almost linear job finding rate dynamics with little skewness.
Crucially, when we then linearize the law of motion for unemployment, there is essentially no
skewness in either unemployment of the job finding rate (column CD-2). This holds even though
the other equations in the equilibrium system remain nonlinear. This shows almost all of the nonlinearity stems from the law of motion for unemployment when the matching elasticity is constant.
Finally, to further highlight the importance of the law of motion in generating nonlinearities,
we compare the moments in a fully linearized model to a model in which we linearize all equations
except for the law of motion for unemployment. In the fully linear model, we do not differentiate
between the matching functions because they are equivalent. As expected, there is no skewness in
unemployment or the job finding rate in this case. Simply introducing a nonlinear law of motion
for unemployment generates nearly all of the skewness in unemployment and all of the volatility of
unemployment uncertainty that occurs in the fully nonlinear model with a CD matching function.
5.2 I MPULSE R ESPONSES Recall from Figure 1 that the DRW matching function predicts similar job finding rate dynamics to the CD matching function when the economy is near steady state,
but larger fluctuations when the economy is in a recession. Figure 2 demonstrates this property by
plotting generalized impulse responses of unemployment and the job finding rate to a 2 standard deviation negative labor productivity shock.18 We illustrate the state-dependence of the responses by
initializing each of the simulations at steady state (u0 = 5.9%) and a severe recession (u0 = 10%).
Under the CD matching function, the constant matching elasticity implies that the state of the
economy has no discernible impact on the job finding rate response. State-dependency only occurs
in the unemployment response, rising from a peak effect of 0.6 percentage points when the economy is in steady state to 1.2 percentage points in a severe recession. When the law of motion for unemployment is linear, there is no state-dependency since it is the only major source of nonlinearity.
In contrast, the procyclical matching elasticity embedded in the DRW matching function generates state-dependency in both responses, even with a linear law of motion for unemployment.
Furthermore, the responses when the economy is in a severe recession are larger than under the
CD matching function. In the fully nonlinear model, the job finding rate falls 7.5 percentage points
when the unemployment rate is 10% and only 4.5 percentage points when the economy is in steady
state. It also triples the peak unemployment response, rising from 0.7 to 2.3 percentage points.
Importantly, the responses in normal times coincide with those under the CD matching function,
indicating that the DRW matching function only alters labor market dynamics in severe recessions.
5.3 W ELFARE C OST OF B USINESS C YCLES To further examine the implications of the matching function, we compute the welfare cost of business cycles by implementing the experiment
18

Following Koop et al. (1996), the response of xt+h over horizon h is given by Gt (xt+h |εa,t+1 = −2, zt ) =
Et [xt+h |εa,t+1 = −2, zt ] − Et [xt+h |zt ], where zt is a vector of initial states and −2 is the shock size in period t + 1.
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Figure 2: Generalized impulse responses to a negative 2 standard deviation productivity shock.

in Lucas (1987, 2003).19 We first compute the representative household’s lifetime utility in an
economy where consumption always equals its stochastic steady state, c̃. Then we compute expected welfare in the stochastic economy and solve for the percentage of stochastic consumption λ
households would require to make them indifferent between the two consumption paths. Formally,
PT
PNE
1−β
1
t
E
[
λ = 100 × (exp(ln c̃ − 1−β
0
T −1 N
t=0 β ln cj,t |zj,0 ]) − 1), where T = 3000, zj,0 is the
j=1
E
jth draw from the ergodic distribution with path {cj,t } and NE = 20,000 is the number of draws.
With the CD matching function, we find λ = 0.18%, so households require an additional 0.18%
of consumption in each period to accept the fluctuations from business cycles. This number is over
4 times larger than the linear model (0.04%), which is close to the cost reported in Lucas (2003, λ =
0.05%) when aggregate consumption is a Gaussian process. Under a DRW matching function, the
cost of business cycles is 0.43%, more than double the cost with the CD matching function. These
results further emphasize the importance of the matching function for characterizing nonlinearities.

6 C ONCLUSION
Analyzing macroeconomic nonlinearities through the lens of the search and matching model is an
exciting and growing area of research. We contribute to this enterprise by analyzing the implications of a key model ingredient: the matching function. Using closed-form analytics and an esti19

Appendix F shows the matching function choice also affects the vacancy subsidy that restores economic efficiency.

15

B ERNSTEIN , R ICHTER & T HROCKMORTON : S EARCH AND M ATCHING E XPLAINED

mated model, we show the matching function choice greatly affects the model’s ability to generate
nonlinear dynamics, in contrast to the prevailing view that it is innocuous. The matching function
is a powerful source of nonlinearity when it features a procyclical matching elasticity. This is the
case for the DRW matching function, but not the CD matching function. As a result, a textbook
model with the DRW matching function significantly increases the skewness of the unemployment
rate and welfare cost of business cycles. In contrast, a model with the CD matching function relies
almost entirely on the law of motion for unemployment to generate nonlinearity. We hope future
work can use our results to provide guidance on the type of matching function that best fits the data.
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3. Job Openings, Job Openings and Labor Turnover Survey,
Seasonally Adjusted, Monthly, Thousands (LJJTLA@USECON)
4. Unemployed, 16 Years & Over
Seasonally Adjusted, Monthly, Thousands (LTU@USECON)
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5. Civilian Labor Force: 16 yr & Over
Seasonally Adjusted, Monthly, Thousands (LF@USECON)
6. Civilians Unemployed for Less Than 5 Weeks
Seasonally Adjusted, Monthly, Thousands (LU0@USECON)
We also used the following data from other sources:
1. Help Wanted Advertising Index (HWI), based on Barnichon (2010) and in units of the
labor force. The series corrects for online advertising and is available on the author’s website.
2. Real Uncertainty (U), 1-quarter horizon, based on Ludvigson et al. (2020). The series is
available on Ludvigson’s website. The monthly series is averaged to a quarterly frequency.
We applied the following transformations to the above data sources:
1. Unemployment Rate: Ut = 100(LT Ut /LFt ).
2. Vacancy Rate: HW I from 1954M1-2000M12 and LJJT LA/LF from 2001M1-2019M12.
3. Short-term Unemployed (U s ): The redesign of the Current Population Survey (CPS) in
1994 reduced ust . To correct for this bias, we follow Elsby et al. (2009) and scale ust by
the time average of the ratio of ust /ut for the first and fifth rotations groups to ust /ut across
all rotation groups. Using IPUMS-CPS data, we extract EMPSTAT (“Employment Status”),
DURUNEMP (“Continuous weeks unemployed”) and MISH (“Month in sample, household
level”). Unemployed persons have EMPSTAT equal to 20, 21, or 22. Short-term unemployed
are persons who are unemployed and have DURUNEMP equal to 4 or less. Incoming rotation groups have MISH equal to 1 or 5. Using the final weights, WTFINL, we calculate
unemployment rates conditional on the appropriate values of MISH and DURUNEMP. We
then apply the X-12 seasonal adjustment function in STATA to the time series for the ratio.
Finally, we take an average of the seasonally adjusted series from 1994-2019. This process
yields an average of 1.1725, so U s equals LU 0 prior to 1994 and 1.1725 × LU 0 after 1994.
4. Job Finding Rate: ft = 1 − (LT Ut − Uts )/LT Ut−1 .
5. Real Wage: wt = LXN F BLt × LXN F St
6. Wage Elasticity: Slope coefficient from regressing wt on an intercept and LXN F St .
7. Job Separation Rate: st = 1 − exp(−s̃t ), where s̃t satisfies
LT Ut+1 =

(1 − exp(−f˜t − s̃t ))s̃t LFt
+ exp(−f˜t − s̃t )LT Ut ,
f˜t + s̃t

f˜t = − log(1 − ft ).

All monthly time series are averaged to a quarterly frequency. The data is detrended using a
Hamilton filter with an 8 quarter window. All empirical targets are computed using quarterly data.
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B S OLUTION M ETHOD
Our baseline model only includes labor productivity shocks. This section describes the more general problem that also includes job separation rate shocks because it is considered in Appendix D.
The nonlinear equilibrium system can be compactly written as
Et [g(xt+1 , xt , Et+1 )|zt , P] = 0,
where g is a vector-valued function, xt is a vector of variables, Et = {εa,t , εs,t } is a vector of shocks,
zt is a vector of endogenous and exogenous state variables, and P is a vector of model parameters.
The bounds on the state variables, at , st , and nt−1 are set to [0.925, 1.075], [0.024, 0.041], and
[0.85, 0.995], which contains at least 99% of the ergodic distribution. We discretize each state into
11 evenly-spaced points. The product of the points in each dimension, D, is the total nodes in
the state space (D = 1,331). The realization of zt on node d is denoted zt (d). We discretize
the exogenous states separately from the shocks, εa,t+1 and εs,t+1 , which are discretized according to Gauss-Hermite quadrature for standard-normal i.i.d. random variables using 7 points (i.e.,
±2.65SD). The Gauss-Hermite method provides integration weights, φ(m), for m ∈ {1, . . . , M }.
Since vacancies vt ≥ 0, we introduce an auxiliary variable, µt , such that vt = max{0, µt }2 and
λ0,t = max{0, −µt }2 , where λ0,t is the Lagrange multiplier on the non-negativity constraint. If
µt ≥ 0, then vt = µ2t and λ0,t = 0. When µt < 0, the constraint is binding, vt = 0, and λ0,t = µ2t .
Therefore, the constraint on vt is transformed into a pair of equalities (Garcia and Zangwill, 1981).
The following steps outline our nonlinear policy function iteration algorithm:
1. Use Sims’s (2002) gensys algorithm to solve the log-linear model. Then map the solution
for the policy functions to the discretized state space. This provides an initial conjecture.
2. On iteration j ∈ {1, 2, . . .} and each node d ∈ {1, . . . , D}, use Chris Sims’s csolve to find
µt (d) to satisfy E[g(·)|zt (d), P] ≈ 0. Guess µt (d) = µj−1 (d). Then apply the following:
(a) Solve for all variables dated at time t, given µt (d) and zt (d).
(b) Linearly interpolate the policy function, µj−1 , at the updated state variables, zt+1 (m),
to obtain µt+1 (m) on every integration node, m ∈ {1, . . . , M }.
(c) Given {µt+1 (m)}M
m=1 , solve for the other elements of xt+1 (m) and compute
E[g(xt+1 , xt (d), Et+1 )|zt (d), P] ≈

PM

m=1

φ(m)g(xt+1 (m), xt (d), Et+1 (m)).

Set µj (d) = µt (d) when csolve converges.
3. Repeat step 2 until maxdistj < 10−6 , where maxdistj ≡ max{|µj − µj−1 |}. When that
criterion is satisfied, the algorithm has converged to an approximate nonlinear solution.
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C NASH BARGAINING
An alternative to the linear wage rule (10) in the main paper is to set wages using the Nash bargaining protocol. This section analytically and numerically shows that Nash bargaining only has a
small effect on the nonlinear dynamics of the model, leaving our qualitative insights unchanged.
Under Nash bargaining, the wage is given by
wt = η(at + κ(1 − χs̄)Et [xt+1 θt+1 ]) + (1 − η)b.

(19)

Combine (19) with the vacancy posting condition and impose risk neutrality to obtain
κ/qt = (1 − η)(at − b) + βEt [xt+1 ((1 − s̄)κ/qt+1 − ηκ(1 − χs̄)θt+1 )].

(20)

Since both the CD and DRW matching functions imply that θt+1 is generally a nonlinear function
of κ/qt+1 , (20) shows that the key effect of Nash bargaining is to make the marginal cost of vacancy
creation a nonlinear function of productivity. Importantly, the extent to which this nonlinearity matters is governed by the size of the bargaining parameter η. To solve (20) in closed form, consider
the DRW matching function with ι = 1, so qt = 1/(1 + θt ) and θt = 1/qt − 1. Then (20) becomes
κ/qt = (1 − η)(at − b) + βEt [(1 − s̄ − η(1 − χs̄))κ/qt+1 + ηκ(1 − χs̄)].

(21)

We can once again guess and verify that (21) has a solution of the form,
κ/qt = δ0 + δ1 (at − ā),
where
δ0 =

(1 − η)(ā − b) + βηκ(1 − χs̄)
,
1 − β(1 − s̄ − η(1 − χs̄))

δ1 =

1−η
.
1 − β(1 − s̄ − η(1 − χs̄))ρa

In this case, the marginal cost of vacancy creation is linear in productivity. Consistent with the
general case where ι 6= 1, the extent to which Nash bargaining matters depends on the size of η.
As in the main paper, we estimate the model with Nash bargaining using the DRW matching
function. Table 3 shows the parameter estimates and empirical targets. Importantly, the estimated
value of η = 0.115 is small, suggesting that Nash bargaining will have a minor effect on the model.
We quantify this intuition by comparing Table 2 in the main paper with Table 4 (based on the
parameter estimates from Table 3). Focusing on the higher-order moments, we see Nash bargaining
has a relatively small effect compared to the matching function and the law of motion for unemployment. For example, in the baseline estimated model, Nash bargaining increases the skewness
of unemployment by 4%, from 1.91 to 1.98. Nash bargaining is more powerful under the CD
matching function, increasing the skewness of unemployment by 29% and doubling the skewness
of the job finding rate. However, these effects are still much smaller than switching to the DRW
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Model Parameter

Value

Empirical Target

Data

Model

Intra-Period Search Duration χ
Vacancy Posting Cost
κ
Job Separation Rate
s̄
Disagreement Payoff
b
Matching Elasticity
¯m,us
Bargaining Weight
η
Productivity Persistence
ρa
Shock Standard Deviation
σa

0.5288
0.2025
0.0327
0.9248
0.5868
0.1146
0.9537
0.0083

Average Unemployment Rate
Average Job-Finding Rate
Average Job Separation Rate
Unemployment Standard Deviation
Vacancy Standard Deviation
Wage-Labor Productivity Elasticity
Labor Prod. Autocorrelation
Labor Prod. Standard Deviation

5.89
42.14
3.27
23.66
21.69
0.59
0.89
2.61

5.89
42.14
3.27
23.66
21.69
0.59
0.89
2.61

Table 3: Estimated parameter values with the DRW matching function and Nash bargaining.
Nash Bargaining Model
Moment
SD(u)
SD(v)
SD(f )
Skew(u)
Skew(v)
Skew(f )
Slope(w, a)
Corr(u, v)
SD(Uu )

DRW

CD

Linear

Data

SE

1

2

1

2

3

4

23.66
21.69
14.96
1.10
−0.02
−0.60
0.59
−0.74
6.49

2.51
1.51
1.47
0.35
0.35
0.45
0.08
0.05
0.59

23.66
21.69
15.74
1.98
−0.23
−0.85
0.59
−0.85
6.01

17.22
22.58
15.66
0.80
−0.40
−0.83
0.59
−0.95
4.33

18.21
21.50
14.02
1.06
−0.15
−0.31
0.58
−0.92
3.39

16.00
21.74
14.00
0.28
−0.34
−0.29
0.58
−0.95
1.62

16.63
20.29
13.35
0.65
0.26
−0.01
1.07
−0.91
3.23

16.06
21.02
13.35
0.00
0.00
0.00
0.85
−0.95
0.00

Table 4: Data and simulated moments. Models: (1) All nonlinear; (2) All nonlinear except linear law of motion; (3) All linear except nonlinear law of motion; (4) All linear. Bolded values indicate targeted moments.

matching function, which almost doubles the skewness of unemployment and triples the skewness
of the job finding rate. Furthermore, the CD matching function remains a weak source of nonlinearity compared to the law of motion for unemployment. Comparing columns CD-1 and CD-2 shows
the law of motion is responsible for 74% of the skewness in unemployment under Nash bargaining.

D J OB S EPARATION R ATE S HOCKS
This section introduces job separation rate shocks to our baseline model, given their recent emphasis in the literature. Following Coles and Kelishomi (2018) and Mercan et al. (2021), there is positive correlation between productivity and the job separation rate. The processes evolve according to
at = ā + ρa (at−1 − ā) + ρas σs εs,t + σa εa,t , 0 ≤ ρa < 1, εa ∼ N(0, 1),
st = s̄ + ρs (st−1 − s̄) + ρas σa εa,t + σs εs,t , 0 ≤ ρs < 1, εs ∼ N(0, 1),
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Model Parameter

Value

Intra-Period Search Duration χ
Vacancy Posting Cost
κ
Job Separation Rate
s̄
Disagreement Payoff
b
Matching Elasticity
¯m,us
Bargaining Weight
η
Productivity Persistence
ρa
Shock Standard Deviation
σa
Separation Rate Persistence ρs
Shock Standard Deviation
σs
Shock Cross-Correlation
ρas

Empirical Target

0.5159
0.0732
0.0327
0.9419
0.6713
0.5744
0.9537
0.0083
0.8985
0.0012
−0.0814

Average Unemployment Rate
Average Job-Finding Rate
Average Job Separation Rate
Unemployment Standard Deviation
Vacancy Standard Deviation
Wage-Labor Productivity Elasticity
Labor Prod. Autocorrelation
Labor Prod. Standard Deviation
Separation Rate Autocorrelation
Separation Rate Standard Deviation
Prod. and Sep. Rate Correlation

Data

Model

5.89
42.14
3.27
23.66
21.69
0.59
0.89
2.61
0.79
8.97
−0.47

5.89
42.14
3.27
23.66
21.69
0.59
0.89
2.61
0.79
8.97
−0.47

Table 5: Estimated parameter values with the DRW matching function and correlated shocks.
Correlated Shocks Model
Moment
SD(u)
SD(v)
SD(f )
Skew(u)
Skew(v)
Skew(f )
Slope(w, a)
Corr(u, v)
SD(Uu )

DRW

CD

Linear

Data

SE

1

2

1

2

3

4

23.66
21.69
14.96
1.10
−0.02
−0.60
0.59
−0.74
6.49

2.51
1.51
1.47
0.35
0.35
0.45
0.08
0.05
0.59

23.66
21.69
13.04
1.41
−0.16
−0.80
0.59
−0.73
4.60

19.11
22.35
12.85
0.46
−0.27
−0.75
0.59
−0.75
2.64

19.89
21.17
11.40
0.75
−0.07
−0.27
0.59
−0.73
2.48

18.11
21.37
11.31
0.16
−0.18
−0.26
0.59
−0.72
0.89

19.12
20.17
10.95
0.53
0.17
−0.02
0.59
−0.70
2.25

18.81
20.72
10.94
0.00
0.00
0.00
0.59
−0.73
0.00

Table 6: Data and simulated moments. Models: (1) All nonlinear; (2) All nonlinear except linear law of motion; (3) All linear except nonlinear law of motion; (4) All linear. Bolded values indicate targeted moments.

where ρas governs the correlation between the shocks. The vacancy creation condition becomes
κ−λv,t
qt

v,t+1
= at − wt + Et [xt+1 (1 − st+1 ) κ−λ
].
qt+1

(22)

Unfortunately, this model does not have a closed-form solution, even under risk-neutrality. However, it is clear from (22) that the marginal cost of vacancy creation becomes a nonlinear function
of both shocks, whereas it was a linear function of only labor productivity in our baseline model.
Thus, job separation rate shocks add a potentially important source of asymmetry to the labor market, in addition to the asymmetry from the matching function and law of motion for unemployment.
Table 5 shows the parameter estimates for the model with a DRW matching function and correlated shocks. Once again, they are perfectly identified. The estimated cross-correlation between
the two shocks is negative, consistent with the literature. Most of the labor market parameters are
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similar to the model without job separation shocks. The one notable exception is the steady-state
matching elasticity, ¯m,us = 0.671, which is up from 0.592 in our baseline model. Our analytical
results indicate that this will decrease the nonlinearities generated by the DRW matching function.
Table 6 shows the same moments and specifications as Table 2 for the model with correlated
shocks. The qualitative results are consistent with our baseline model. The DRW matching function alone continues to explain a large portion of the nonlinearities, while removing time-variation
in the matching elasticity significantly reduces the nonlinearities. However, job separation rate
shocks alter the model’s performance in a few ways. First, with the DRW matching function the
skewness of unemployment (1.41) is closer to the data (1.14), since the model can match our empirical targets with a higher matching elasticity. Second, job separation rate shocks help both models
match the correlation between unemployment and vacancies (i.e., Beveridge curve). Third, with
the CD matching function nonlinearity in the marginal cost of vacancy creation generates more
skewness in the job finding rate (−0.27). However, it still below the skewness in the data (−0.61).

E C OBB -D OUGLAS PARAMETER E STIMATES
In the main paper, we estimate the model using the DRW matching function and then compare
various model specifications conditional on those parameter estimates. This section shows our
qualitative results are robust to alternatively estimating the model with the CD matching function.
Table 7 shows the parameter estimates, which are once again perfectly identified by our empirical targets. The one notable change is that the steady-state matching elasticity, ¯m,us = α, declines
from 0.592 to 0.505. As a result, the elasticity of substitution, σ = 1/(1 + ι), under the DRW
matching function decreases from 0.608 to 0.548 (equivalently, ι increases from 0.645 to 0.826).
Table 8 reports the moments for the same specifications as Table 2. The moments under the CD
matching function (column CD-1) are similar to the moments under the DRW parameter estimates.
The differences are larger for the DRW matching function (column DRW-1). The lower estimate
of the elasticity of substitution increases the standard deviation of the matching elasticity from 0.05
to 0.09. This causes the skewness of unemployment to rise from 1.91 to 2.48. Comparing columns
CD-1 and DRW-1 isolates the effects of the procyclical matching elasticity. Using the CD matching
function, which removes time-variation in the matching elasticity, reduces the skewness in unemployment by 62%, the skewness in the job finding rate by 99%, and the volatility in unemployment
uncertainty by 57%. These percentages are qualitatively identical to the values in the main paper.

F E CONOMIC E FFICIENCY
It is well known that the equilibrium in a broad class of models with search and matching frictions
is generally inefficient (Hosios, 1990). The inefficiencies stem from two externalities generated
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Model Parameter

Value

Empirical Target

Data

Model

Intra-Period Search Duration χ
Vacancy Posting Cost
κ
Job Separation Rate
s̄
Disagreement Payoff
b
Matching Elasticity
¯m,us
Bargaining Weight
η
Productivity Persistence
ρa
Shock Standard Deviation
σa

0.5396
0.3580
0.0327
0.9328
0.5047
0.5720
0.9537
0.0083

Average Unemployment Rate
Average Job-Finding Rate
Average Job Separation Rate
Unemployment Standard Deviation
Vacancy Standard Deviation
Wage-Labor Productivity Elasticity
Labor Prod. Autocorrelation
Labor Prod. Standard Deviation

5.89
42.14
3.27
23.66
21.69
0.59
0.89
2.61

5.89
42.14
3.27
23.66
21.69
0.59
0.89
2.61

Table 7: Estimated parameter values with the CD matching function.
CD Parameter Estimates
Moment
SD(u)
SD(v)
SD(f )
Skew(u)
Skew(v)
Skew(f )
Slope(w, a)
Corr(u, v)
SD(Uu )

DRW

CD

Linear

Data

SE

1

2

1

2

3

4

23.66
21.69
14.96
1.10
−0.02
−0.60
0.59
−0.74
6.49

2.51
1.51
1.47
0.35
0.35
0.45
0.08
0.05
0.59

41.42
23.89
23.72
2.48
−0.43
−0.82
0.59
−0.76
5.26

23.35
26.81
24.08
0.78
−0.62
−0.81
0.59
−0.94
4.17

23.66
21.69
18.49
0.94
−0.03
−0.01
0.59
−0.90
2.25

20.48
21.76
18.32
−0.02
−0.32
0.02
0.59
−0.92
0.10

24.24
20.17
18.41
1.02
0.39
−0.05
0.59
−0.80
4.61

22.23
21.62
18.36
0.00
0.00
0.00
0.59
−0.93
0.00

Table 8: Data and simulated moments. Models: (1) All nonlinear; (2) All nonlinear except linear law of motion; (3) All linear except nonlinear law of motion; (4) All linear. Bolded values indicate targeted moments.

by firms’ vacancy creation decisions. First, when a firm posts an additional vacancy, it imposes a
positive externality on unemployed searching workers who face a higher job finding rate. Second,
the same vacancy posting imposes a negative externality on other firms who face lower job filling
rates and higher marginal costs of vacancy creation today and in the future. To see how the matching function affects these externalities and hence efficiency, we compare the equilibrium to the
solution of the planning problem in which both externalities are internalized. The planner solves:
Wt = max c1−γ
/(1 − γ) + βEt Wt+1
t
ct ,nt ,vt

subject to
ct + κvt = at nt + b(1 − nt ),
ust = 1 − nt−1 + χs̄nt−1 ,
nt = (1 − s̄)nt−1 + M(ust , vt ),
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where vt ≥ 0. The optimality conditions imply


κ − λv,t+1
κ − λv,t
s
(1 − s̄ − M1 (ut+1 , vt+1 )(1 − χs̄)) ,
= at − b + Et xt+1
M2 (ust , vt )
M2 (ust+1 , vt+1 )
which determines the socially optimal level of vacancies by setting the social marginal cost (SMC)
of vacancy creation equal to the social marginal benefit (SMB). The gaps between the SMC and
SMB and the private marginal cost (PMC) and private marginal benefit (PMB) capture the externalities and inefficiencies of the equilibrium, which motivate taxes and subsides that restore efficiency.
To characterize these gaps, we follow the public finance literature and solve for the wedges—
state-dependent, linear taxes or subsidies—that equate the two solutions. Formally, we ask what
subsidies or taxes on a firm’s private vacancy creation and employment choices would incentivize
it to choose the socially optimal level of vacancy postings? Let τv,t denote a subsidy on vacancy
creation, vt , and τn,t a subsidy on a firm’s current payroll, nt−1 , such that a firm’s flow profits are
(at − wt )nt − (1 − τv,t )κvt + τn,t nt−1 . Taking the wedges as given, a representative firm solves:
Vt = max (at − wt )nt − (1 − τv,t )κvt + τn,t nt−1 + Et [xt+1 Vt+1 ]
nt ,vt

subject to
nt = (1 − s̄)nt−1 + qt vt ,
(1 − τv,t )vt ≥ 0.
The optimality conditions imply



κ − λv,t
1
τn,t+1
κ − λv,t+1
1 − τv,t+1
=
(at − wt ) + Et xt+1
+ (1 − s̄)
.
qt
1 − τv,t
1 − τv,t
1 − τv,t+1
qt+1
Impose the linear wage rule in (10) to obtain



κ − λv,t
1−η
κ − λv,t+1 1 − τv,t+1
τn,t+1
qt+1
=
(at − b) + Et xt+1
1 − s̄ +
.
qt
1 − τv,t
qt+1
1 − τv,t
1 − τv,t+1 κ − λv,t+1
Therefore, the following restrictions
1−η
M2 (ust , vt )
=
1 − τv,t
qt
τn,t+1
qt+1
= −M1 (ust+1 , vt+1 )(1 − χs̄)
1 − τv,t+1 κ − λv,t+1
ensure that the equilibrium vacancy posting decision is the same as the social optimum. Thus,
τv,t = 1 −

1−η
,
1 − mt ,ust

τn,t =

mt ,ust
(1 − η)(κ − λv,t )θt (1 − χs̄).
1 − mt ,ust
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The expression for τv,t shows the vacancy subsidy balances both externalities. Note that 1 − η
is the ratio of the period-t PMB, (1 − η)(at − b), to the period-t SMB, at − b. The elasticity mt ,vt =
v,t )/qt
. The sign of the wedge
1 − mt ,ust is the ratio of the PMC to the SMC, mt ,vt = (κ−λ(κ−λ
s
v,t )/M2 (ut ,vt )
depends on which ratio is larger. There is a vacancy tax τv,t < 0 when η < 1−mt ,vt = mt ,ust , so the
marginal cost gap is smaller than the marginal benefit gap. This condition, which is satisfied under
our baseline calibration, indicates there is inefficiently high private vacancy creation and that the
negative externality on firms dominates the positive externality on workers. Crucially, the size of
this externality is fixed under a CD matching function because mt ,ust is a constant. However, under
a DRW matching function, mt ,ust is procyclical. Therefore, the externality is countercyclical and
recessions are periods when the gap between private and socially optimal vacancy creation is large.
The expression for τn,t < 0 shows that a payroll tax is required for efficiency. This tax accounts
for the gap between the period-t + 1 SMB and PMB (the expectation terms). Intuitively, private
vacancy creation boosts employment today, which lowers ust+1 and hence raises the marginal cost
of vacancy creation in the future. A payroll tax is necessary to limit private vacancy creation in
period t, undoing the negative externality. Contrary to τv,t , the procyclicality of labor market tightness implies that the payroll tax is time-varying under both the CD and DRW matching functions.
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Figure 3: Vacancy and employment wedges that restore economic efficiency.

To illustrate these dynamics, Figure 3 plots the vacancy and employment wedges as a function
of productivity. Under the CD matching function, it is optimal to issue a vacancy tax, but it is independent of the state of the economy. This suggests it is optimal to apply the same tax in recessions
and booms. In contrast, the DRW matching function implies a quantitatively significant countercyclical vacancy subsidy, suggesting it is optimal to provide a large subsidy in recessions and impose a tax in a booms. The employment wedge, on the other hand, is similar across the two matching functions since variation in the DRW matching elasticity is offset by movements in tightness, θt .
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