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Abstract

This paper considers the problem of variable selection allowing for parameter instability.
It distinguishes between signal and pseudo-signal variables that are correlated with the
target variable, and noise variables that are not, and investigates the asymptotic properties
of the One Covariate at a Time Multiple Testing (OCMT) method proposed by Chudik et
al. (2018) under parameter insatiability. It is established that OCMT continues to
asymptotically select an approximating model that includes all the signals and none of the
noise variables. Properties of post selection regressions are also investigated, and in-
sample fit of the selected regression is shown to have the oracle property. The theoretical
results support the use of unweighted observations at the selection stage of OCMT, whilst
applying down-weighting of observations only at the forecasting stage. Monte Carlo and
empirical applications show that OCMT without down-weighting at the selection stage
yields smaller mean squared forecast errors compared to Lasso, Adaptive Lasso, and
boosting.
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1 Introduction

Models fitted to statistical relationships could be subject to parameter instabilities. In an ex-
tensive early study, Stock and Watson (1996) find that a large number of time series regressions
in economics are subject to breaks. Clements and Hendry (1998) consider parameter instabil-
ity to be one of the main sources of forecast failure. This problem has been addressed at the
estimation/forecasting stage for a given set of selected regressors. Typical solutions are either
to use rolling windows or exponential down-weighting. For instance, Pesaran and Timmermann
(2007), Pesaran and Pick (2011) and Inoue et al. (2017) consider the choice of an observation
window, and Hyndman et al. (2008) and Pesaran et al. (2013), respectively consider exponential
and non-exponential down-weighting of the observations. There are also Bayesian approaches
to prediction that allow for the possibility of breaks over the forecast horizon, such as Chib
(1998), Koop and Potter (2004), and Pesaran et al. (2006). Rossi (2013) provides a review of
the literature on forecasting under instability. There are also related time varying parameter
and regime switching models that are used for forecasting. See, for example, Hamilton (1988)
and Dangl and Halling (2012). This literature does not address the problem of variable selection
and takes the model specification as given.

The theory of variable selection in the presence of parameter instability is still largely un-
derdeveloped. The application of penalized regression methods to variable selection is often
theoretically justified under two key parameter stability assumptions: the stability of the coeffi-
cients in the data generating process and the stability of the correlation matrix of the covariates
in the active set. Under these assumptions, the penalized regression methods can proceed using
the full sample without down-weighting or separating the variable selection from the estimation
stage. However, in the presence of parameter instability penalized regression methods must
be adapted to simultaneously deal with selection and parameter change. There are a number
of recent studies that use machine learning techniques to allow for parameter instability, in
particular penalized regression, especially the Least Absolute Shrinkage and Selection Operator
(Lasso) initially proposed by Tibshirani (1996). For example, Qian and Su (2016) consider a
linear regression model with a finite number of covariates but allow for an unknown number of
breaks and use group fused Lasso by Alaiz et al. (2013) to consistently estimate the number of
breaks and their locations. Lee et al. (2016) have proposed a Lasso procedure that allows for
threshold effects. Kapetanios and Zikes (2018) have proposed a time-varying Lasso procedure,
where all the parameters of the model vary locally. Fan et al. (2014) suggest an extension of the
screening procedure initially proposed by Fan and Lv (2008) to the case where the regression
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(2021) propose an interesting boosting procedure for the estimation of high-dimensional models
with locally time varying parameters. These studies focus on specific forms of discrete or con-
tinuous time varying parameter models, and often carry out variable selection and estimation
simultaneously using the penalized regression or boosting procedures.

This paper proposes the use of One Covariate at a Time Multiple Testing (OCMT) procedure
proposed by Chudik et al. (2018) which is readily adapted to the task of variable selection
under parameter instability. The key insight comes from the fact that coefficients of the noise
variables that do not enter the data generating process are zero at all times. Consequently,
using unweighted observations at the variable selection stage will be most effective in removing
noise variables, while using weighted observations at the estimation stage can provide gains in
terms of mean squared forecast errors. In this study, we allow the marginal effects of signals on
the target variable, as well as the correlation of the covariates under consideration, to vary over
time, assuming time variations in the marginal effects are not correlated with the signals. We
establish the conditions required for OCMT with unweighted observations to select a model that
contains all the signal variables and none of the noise variables with probability approaching
one as the sample size, T, and the number of covariates under consideration, N, tend to infinity.

Clearly, it is also possible to use penalized regression methods with unweighted observations
for the purpose of variable selection, and then estimate the selected model by the least squares
method using weighted observations. However, as far as we know, there are no studies that
consider the choice of the penalty term to achieve variable selection consistency under parameter
instability. It is hoped that the present paper provides an impetus for further theoretical
analysis of penalized regression techniques under parameter instability. Although at this stage
a comparison of the assumptions required for variable selection consistency of OCMT and
Lasso under parameter instability is not possible, in Section 4 we provide a discussion of the
assumptions required for the variable selection consistency of Lasso under parameter stability
that are comparable with the those required for the validity of the OCMT procedure.

The OCMT procedure selects variables based on the statistical significance of the net effect
of the covariates in the active set on the target variable, one-at-a-time subject to the multiple
testing nature of the inferential problem involved. The idea of using one-at-a-time regressions is
not unique to OCMT and has been used in boosting as well as in screening approaches. See, for
example, Bithlmann (2006) and Fan and Lv (2018) as prominent examples of these approaches.
What is unique about the OCMT procedure is its inferentially motivated stopping rule without
resorting to the use of information criteria, or penalized regression after the initial stage. In the
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selects an approximating model that includes all the signals and none of the noise variables.
This model can contain covariates that do not enter the data generating process for the target
variable but exhibit non-zero correlation with at least one signal, known as pseudo-signals.

Lasso and OCMT exploit different aspects of the low-dimensional structure assumed for the
underlying data generating process. Lasso restricts the magnitude of the correlations within
signals as well as the correlations between signals and the remaining covariates in the active
set. OCMT limits the rate at which the number of pseudo-signals, k7, rises with the sample
size, T'. Under parameter stability, the variable selection consistency of Lasso has been investi-
gated by Zhao and Yu (2006), Meinshausen and Bithlmann (2006) and more recently by Lahiri
(2021). These conditions, and how they compare with the conditions that underlie OCMT, are
discussed in Section 4 of the paper. Although Lasso does not directly impose any restrictions
on k7., its Irrepresentable Condition (IRC), by restricting the magnitude of correlations within
and between the signals and pseudo-signals, does have implications for the number of pseudo-
signals that Lasso selects. OCMT requires k7 not to rise faster than V/T. When this condition
is violated, then the true signals must end up as common factors for the pseudo-signals, and
what matters is the number of residuals (from the regressions of pseudo-signals on the com-
mon factors) that are correlated with the residuals of the true signals from the same set of
common factors. Sharifvaghefi (2023) shows that such common factors can be estimated from
the principal components of the covariates in the active set and the OCMT condition on the
number pseudo-signals, now defined in terms of the correlation of the residuals, is no longer
restrictive.! Once the model is selected, Theorem 2 establishes how the convergence rate of
estimated coefficients of the selected variables depends on k7. The regular convergence rate
of v/T is achieved only if k7 is fixed in T. A similar issue also arises for Lasso, as shown by
Lahiri (2021) who establishes that the Lasso procedure cannot achieve both variable selection
consistency and v/T-consistency in coefficient estimation. As noted above, the focus of the
present paper is on the application of OCMT to variable selection in the presence of parameter
instability, broadly defined. To the best of our knowledge, there are no studies that investigate
the variable selection properties of Lasso under parameter instability.

To take account of the time variations in the coefficients of the signals, we consider their time
averages and distinguish between strong signals whose average marginal effects go to a non-zero
value, semi-strong signals whose average marginal effects converge to zero, but sufficiently slow,
and weak signals whose average marginal effects approach to zero quite fast. In this way we

allow for variety of time variations that could arise in practice. Strong signals tend to have non-

! Another extension of OCMT is provided by Su et al. (2023) who allow for unknown potentially non-linear
relationship between the signals and the target variable.



zero effects at all times, semi-strong signals could have zero effects during some periods, with
weak signals enter the model relatively rarely. Weak signals are often indistinguishable from
noise variables. In our theoretical analysis we will focus on selection of strong and semi-strong
signals.

We provide three main theorems in support of our proposed variable selection method. Un-
der certain fairly general regularity conditions we show that the probability of OCMT selecting
the approximating model that contains all the signals (strong and semi-strong) and none of
the noise variables approaches to one as T' goes to infinity. Our results apply both when N is
fixed as well as when N goes to infinity jointly with 7', covering the case where N > T. We
also establish conditions under which (a) least squares estimates of the coefficients of selected
covariates converge to zero unless they are signals, and (b) the average squared residuals of
the selected model achieves the oracle rate for regression models with time-varying coefficients.
These theoretical findings provide a formal justification for application of statistical techniques
from the time-varying parameters literature to the post OCMT selected model. Our Monte
Carlo experiments show that the OCMT procedure with weighted observations only at the
estimation stage outperforms, in terms of mean squared forecast errors, Lasso and Adaptive
Lasso (A-Lasso by Zou (2006)), as well as boosting by Bithlmann (2006), under many different
settings.

Finally, we provide three empirical applications, forecasting monthly rates of price changes
of 28 stocks in Dow Jones using large number of financial, economic and technical indicators,
forecasting output growths across 33 countries using a large number of macroeconomic indica-
tors, and forecasting euro area output growth using ECB surveys of 25 professional forecasters.
To save space the third application is included in the online supplement. We generate a large
number of forecasts using OCMT with and without down-weighting of the observations at the
selection stage and compare the results with the forecasts obtained using Lasso, A-Lasso and
boosting. The empirical results are in line with our theoretical and MC findings and suggest
that using down-weighted observations at the selection stage of the OCMT procedure worsens
forecast performance in terms of mean squared forecast errors and mean directional forecast ac-
curacy. The empirical results also provide that OCMT with no down-weighting at the selection
stage outperforms, in terms of mean squared forecast errors, boosting, Lasso and A-Lasso.

The rest of the paper is organized as follows: Section 2 sets out the model specification.
Section 3 explains the basic idea behind the OCMT procedure for variable selection without
down-weighting in the presence of parameter instability. Section 4 provides a discussion of key

assumptions of Lasso and OCMT under parameter stability. Section 5 discusses the technical



assumptions and the asymptotic properties of the OCMT procedure under parameter instability.
Section 6 provides the details of the Monte Carlo experiments and a summary of the main
results. Section 7 presents the empirical applications, and Section 8 concludes. The paper is also
accompanied with three online supplements. A theory supplement contains the mathematical
proofs of the theorems and related lemmas. A Monte Carlo supplement provides additional
summary tables, the full set of Monte Carlo results, as well as the description of the algorithms
used for Lasso, A-Lasso and boosting. Further details of the empirical applications are given in
an empirical supplement.

Notations: Generic finite positive constants are denoted by C; for i = 1,2,---. ||A||2 and
||A||r denote the spectral and Frobenius norms of matrix A, respectively. tr(A) and A;(A)
denote the trace and the " eigenvalue of a square matrix A, respectively. ||x|| denotes the
¢5 norm of vector x. If {f,}°°, and {g,}"2, are both positive sequences of real numbers,
then we say f, = ©(gn) if there exist ngp > 1 and positive constants Cy and C1, such that
infy>ne (fn/gn) = Co and sup,>,, (fn/gn) < Ci. Similarly, if fir and gir are positive dou-
ble sequences of real numbers for i = 1,2,3,---; and T = 1,2,3,---, then fir = S(g;r) if

there exist Ty > 1 and positive constants Cy and C, such that infr>z, (fir/gir) > Co and

supr>t, (fir/gir) < C1.

2 Model specification under parameter instability

We consider the following data generating process (DGP) for the target variable, y;, in terms

of the signal variables (z;, for i = 1,2, ..., k)
Ut :Zi‘czl Bitxit+uta for t = 1,2,"' 7T (1)

with time-varying parameters, {8, i = 1,2, ..., k}, and an error term, u;. Intercepts and other
pre-selected variables can also be included.? Since the parameters are time-varying we refer
to the covariate i as “signal” if its average marginal effect, Bz’,T =71 Z;‘FZI E(Bit), is not
equal to zero. The strength of the signal can be captured by the exponent coefficient ¥J; in
Bi,T = o(T~%). For ¥; = 0, the signal is strong and the average marginal effect, Bi,T, does not
converge to zero. For 0 < ¥; < 1/2, the signal is semi-strong and the average marginal effect
converges to zero, but not too fast. For ¢; > 1/2, the average marginal effect tends to zero very
fast, making it infeasible for the OCMT procedure to distinguish such weak signals from noise,
unless weak signals are sufficiently correlated with at least one strong or semi-strong signal. In

this paper, we do not impose any restrictions on the correlations among signals, and we focus

2See the working paper version of the paper available at https://doi.org/10.24149/gwp394r2.
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only on the covariates with strong and semi-strong signals, where 0 < ¢; < 1/2. For simplicity
of exposition, unless specified otherwise, we will refer to both strong and semi-strong signals
simply as signals.

The identity of the k signals are unknown, and the task facing the investigator is to select
the signals from a set of covariates under consideration, Syt = {14, o, -+ , xNt}, known as
the active set, with IV, the number of covariates in the active set, possibly much larger than
T, the number of data points available for estimation prior to forecasting. The time variations
in By, for i = 1,2,...,k, are assumed to be exogenous, in the sense that §;; are distributed
independently of the covariates in the active set Sy;. This assumption rules out correlated time
variations that can arise in non-linear regressions where g is a non-linear function of the signals.

One important example is given by the bilinear model

k
Y = Z Bi(@it) it + g,

i=1
where it is assumed that §;; systematically varies with x;;. Nevertheless, in the context of linear
regressions, our assumptions about parameter instability includes many models of parameter
instability studied in the literature. Specifically, our analysis accommodates cases where the
coefficients vary continuously following a stochastic process as in the standard random coefficient

model,
Bit = Bi + oitit,
or could change at discrete time intervals, as
B =B ift e [Ty, T) fors=1,2,--- 8,

where To =1 and Tg =1T.

In this paper we follow Chudik et al. (2018) and consider the application of the OCMT
procedure for variable selection even when the parameters are time-varying, and provide theo-
retical arguments in favour of using the full sample of data available without down-weighting.
We first recall that OCMT’s variable selection is based on the net effect of x;; on ;. However,
when the regression coefficients and/or the correlations across the covariates in the active set
are time-varying, the net effects will also be time-varying and we need to base our selection on

average net effects. The average net effect of the covariate x;; on 7 can be defined as
ol 1T
Oir =T~ 321 E(@ay).

By substituting y; from (1) we can further write §i7T as (noting that 8;; and x;; are assumed to



be independently distributed)

k T
;1 = Z <T_1 ZE(ﬁjt)Uij,t> + Giu,T,

j=1 t=1

where 0y, = E(xyxji), and 75,7 = 71 Zthl E(x;ut). In what follows we allow for a mild
degree of correlation between xj;, and w, by assuming that 64,7 = O(T~), for some ¢; > 1/2.

In this case the average net effect of the " covariate simplifies to

k T
é@T = Z <T1 ZE(,Bjt)Uij,t> + O(Tﬁei).

j=1 t=1

In line with our assumption about the average marginal effects, namely that /Bi,T = @(T‘ﬁi),
for some 0 < ¥; < 1/2, we distinguish between covariates with strong and semi-strong net
effects, and the noise variables whose net effects, averaged over time, tend to zero sufficiently
fast. Specifically, for covariates with strong or semi-strong net effects we set @T = o(T~Y), for
some 0 < 9; < 1/2, and for the noise variables we shall assume that §; 7 = ©(T ), for some
€ >1/2.

In what follows, we first describe the OCMT procedure and then discuss the conditions under
which the approximating model (that includes all the signals and none of the noise variables)

is selected with probability approaching one by OCMT.

3 Parameter instability and OCMT

The OCMT procedure begins with N separate regressions, for each of the N covariates in the
active set Sny. Specifically, the focus is on the statistical significance of ¢; 7 in the following

simple regressions:
Yt = GirTit + g, fort =1,2,--- T 1 =1,2,...,N, (2)

where

-1

T T
bir = (Tl ZW%%)) (Tl ZW%%)) = [Gi7) " Oir, (3)
=1 t=1

with 647 = 71 Zthl 0ii,t- Due to non-zero cross-covariate correlations, knowing whether ¢; 7
(or equivalently 6; 1) is zero does not necessarily allow us to establish whether B,-,T is sufficiently

close to zero or not. There are four possibilities:



(I) Signals Bir =o(T7?) and 6, 7 = ©(T~%)
(IT) Hidden Signals | Bir = o(T~Y) and 0; 7 = (T %)
(II1) Pseudo-signals | By = 0 for all t and 0; 7 = S(T )
(IV) Noise variables | By = 0 for all t and 0; p = ©(T )

1 The signals are assumed to be (semi) strong such that 0 < 9; < 1/2.

for some 0 < ¥; < 1/2, and ¢; > 1/2. To simplify the exposition, we consider the covariates
Zit, for i = 1,2,--- |k, as signals, and for i« = k + 1,k + 2,--- |k + kT, as pseudo-signals. The
remaining covariates in the active set, {zy, for i = k + k7. + 1,k + k7. + 2,--- , N}, are classified
as (pure) noise variables. We assume that the number of signals, k, is a finite fixed integer but
we allow the number of pseudo-signals, denoted by k7., to grow with N and T'. Notice, if the
covariate x;; is a noise variable, then éi,T converges to zero very fast. Therefore, down-weighting
of observations at the variable selection stage is likely to be inefficient for eliminating the noise
variables. Moreover, for a signal to remain hidden, we need the terms of higher order, &(T~%)
with 0 < 9; < 1/2, to ezactly cancel out such that 6; 7 becomes a lower order, i.e. &(T7%),
that tends to zero at a sufficiently fast rate (with ¢; > 1/2). This combination of events seem
quite unlikely, and to simplify the theoretical derivations in what follows we abstract from such
a possibility and assume that there are no hidden signals and consider a single stage version of
the OCMT procedure for variable selection. To allow for hidden signals, Chudik et al. (2018)
extend the OCMT method to have multiple stages.
The OCMT procedure

1. For i = 1,2,--- , N, regress y; on x;; Y = ¢; 7%t + 0it; and compute the t-ratio of ¢; 7,

given by

1 . T .
¢Z,T _ Zt:l TitYt (4)

ti,T = - T )
8.€. (QS@T) i/ D im1 T3

. -1
where ¢; 7 = (Zthl :zft> (Zthl xityt) is the least squares estimator of ¢;r, 67 =

_ T ~ A n . . .
T-1> 0%, and Mt = y¢ — ¢iTTit, is the regression residual.

2. Consider the critical value function, ¢,(N, ), defined by

cp(N, ) = o1 (1 - %) , (5)

where ®71(.) is the inverse of a standard normal distribution function, ¢ is a finite positive
constant, and p is the nominal size of the tests to be set by the investigator.

3. Given ¢,(N,J), the selection indicator is given by
Ji =1 (|tir| > cp(N,0)], fori=1,2,--- ,N. (6)

The covariate x;; is selected if jz =1.



OCMT uses the t-ratio of ¢; 7, defined by (4), to select the signals (strong as well as semi-
strong), {zs : i =1,2,--- ,k}, and none of the noise variables, {z; : k+k5+1, k+k}+2,--- ,N}.
The selected model is referred to as an approximating model since it can include pseudo-signals,
{zi 1 k+1,k+2,---  k+k}}, that proxy for the true signals. To deal with the multiple testing
nature of the problem, the critical value ¢,(V,d) used for the separate-induced tests is chosen
to be an appropriately increasing function of N, by setting 6 > 0. The choice of ¢ is guided by
our theoretical derivations, to be discussed below in Section 5.

Before presenting our technical assumptions and theoretical results under parameter insta-
bility, it is instructive to discuss and compare the key conditions under which Lasso and OCMT

lead to consistent model selection under parameter stability.

4 Lasso and OCMT under parameter stability

As formally established by Zhao and Yu (2006) and Meinshausen and Bithlmann (2006), three
main conditions are required for the Lasso variable selection to be consistent. Here we follow
Lahiri (2021) who also considers the convergence of Lasso estimated coefficients to their true

values. The key condition is the “Irrepresentable Condition” (IRC) that places restrictions on

the magnitudes of the sample correlations across the signals, x1; = (14, o, -+ , xt)’, and the
rest of the covariates in the active set, namely xot = (Tg+1,4, Thiot, -, Zne)'. Let
Ri1 Rao
R =
Ro1 Raoo

be the N x N matrix of sample correlations of the covariates in the active set, partitioned

conformably to x; = (x];,x5,)’. The IRC can be written as
|R21Ryy'sign (By) ||, < 1, (7)

where ||| is the £ norm of a vector, sign(.) is the sign function, and 8y = (Bo1, Boz, - , Bok)’ is
the k£ x 1 vector of the coefficients of the signals. The following example provides more intuition
on how IRC imposes restrictions on the magnitudes of the sample correlations between the

covariates in the active set.

Example 1 Suppose the DGP for y; contains only two signals, x1; and xor. Denote the sample
correlation coefficient between x1: and xop by p, and the sample correlation coefficients of x1+

and xo; with the rest of the covariates in the active set, x3,Tay, -+ ,TNt, by pi1 and pio, for

10



i=3,4,---,N, respectively. Then, after some algebra, the IRC given by (7) simplifies to

- max _|(pin — ppiz)sign(Bor) + (piz — ppin)sign(Boz)| < 1 — p2.
ie{3,4, - N}

There are two cases: (A) sign(Bo1) = sign(Bo2) and (B) sign(Bo1) # sign(Bo2). Under case
(A) it follows that the IRC condition is met if

max 0:1 + piol <1+ p.
ie{3,4, N} pin + pial = p

Similarly under case (B) it is required that

max Di1 — Pio|l <1 — p.
ie{3.4,- N} 1pix = pial < P

From the above example, it is clear that IRC places restrictions on the magnitude of sample
correlation among signals (p in the above example), as well as the magnitude of sample cor-
relation between signals and pseudo-signals (p;1 and p;2). Notably, the IRC is met for noise
variables but need not hold for pseudo-signals. OCMT also has no difficulty in dealing with
noise variables, and is very effective at eliminating them. However, for consistent estimation of
the approximate model, post OCMT selection, it is necessary to restrict the number of selected
covariates relative to the sample size, T. To this end, OCMT assumes that the number of
pseudo-signals, k7., could grow at an order less than the square root of the number of observa-
tions, namely

1
k3 = o(T?) for some 0 < d < 3

It is important to note that OCMT does not place any restrictions on the magnitude of cor-
relations of signals and pseudo-signals. Instead, it limits the number of covariates that are
correlated with the signals (k7,). Clearly, the IRC could be violated even when the number of
pseudo-signals grows at an order less than v/T. Hence the OCMT’s requirement on the number
of pseudo-signals allows for cases where the IRC does not hold, and vice versa.

The condition on the number of pseudo-signals (k7.) in the OCMT framework has been
recently relaxed by Sharifvaghefi (2023). To illustrate how this is done, suppose there are
no noise variables and hence the signals, x1; = (214, o, - - - ,xkt)', are correlated with all the
remaining covariates in the active set. In this case if N > /T, a straightforward application of
OCMT will not be valid. But, we can model the correlation between the signals, x1;, and the

remaining covariates, Xg;, as

k
T = > ijzir+ &t = Pixae + Gy, fori=k+1Lk+2,--- N
j=1

11



The signals thus act as strong factors for the pseudo-signals. Given that the identity of signals
and pseudo-signals are unknown and the number of pseudo-signals is large, it is reasonable to
propose the existence of latent factors, f;, that are common across the covariates in the active

set. This idea can be formally expressed as:
Ty =Pif +ey fori=1,2--- N,

where 1; is vector of factor loadings, and e refers to the idiosyncratic components that are
weakly cross-correlated such that

N

squ |cov(eir, e5¢)| < C < o0. (8)
I =1

Substituting x;; into the DGP for y;, given by (1), we obtain:

k
ye =808 + Y Bioit + u,

i=1

with 6¢ = Zle Bio;. When the common factors, f;, and idiosyncratic components, €;; , are
known, this model would correspond to that presented in working paper version of our work,
where common factors f; can be used as preselected variables. Since f; and ¢;; are not known,
Sharifvaghefi (2023) shows that when both N and T are large the OCMT selection can be
carried out using the principal component estimators of f; and e;+, denoted by f, and &;, using
all the covariates in the active set. The large N is required for consistent estimation of the
common factors. As a result, the OCMT condition on the number of pseudo-signals now relates
to the number of ¢ for ¢ = k+ 1,k + 2, ..., N that are correlated with ¢;; for ¢« = 1,2, ..., k,
which is bounded under condition (8).

For variable selection consistency of Lasso under parameter stability, the literature further

requires the penalty term, Az, to grow at an order greater than +/7T such that:

T
1 AT
lim Pr{ {|— g XU >—1]=0,
T—00 <H\/Tt=1 2T . \/T)

where Xi is the part of variation in x9; that is orthogonal to x1; and w; is the error term in the

data generating process. The exact choice of Ay in practice is often unclear, with practitioners
typically relying on cross-validation methods.

A third condition required by Lasso for variable selection consistency is the beta-min con-
dition:

_min[Bjo| > (27) "M [Ryj'sign (By)|
j:1727"'7k J
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where |.| ; denotes the absolute value of the §* element of a vector. Given that Ay must grow

at an order greater than ﬁ, we can conclude from the beta-min condition that 5;p > %

for i = 1,2,---, k. For example, Lahiri (2021) assumes that ;o > M%(T). The OCMT’s
requirement on the strength of signals (under parameter stability) is given by 8;0 = ©(T ), for

some 0 < ¢; < 1/2. This condition is essentially very similar to the Lasso’s beta-min condition.

5 Asymptotic properties of OCMT under parameter instability

We establish the asymptotic properties of the OCMT procedure for variable selection assuming
the time variations in f;; for i = 1,2, ..., k are distributed independently of the regressors in the
active set. We also make additional assumptions that bound the degree of time variations in B
and z;, in addition to assuming the exponentially decaying tail probabilities for 5;; and x;. Our
assumptions on xz;, ¢ = 1,2,...,k and their correlations with the other variables in the active
set are in line with those assumed in the literature. A formal statement of these assumptions
are set out in Section 5.1. Theorem 1 establishes that OCMT continues to asymptotically select
an approximating model that includes all the signals and none of the noise variables. Addi-
tional assumptions are required for investigating the asymptotic properties of the least squares
estimates of the post OCMT selected model. These assumptions and the related theorems are
provided in Section 5.3. Theorem 2 establishes the rate at which the least squares estimates of
the coefficients of the selected model converge to their true time averages. It is shown that the
regular convergence rate of /T is achieved only if k7 (the number of selected covariates) is fixed
in T'. Irregular convergence rates result when k7 rises in 7. Theorem 3 shows that the sum of
squared residuals of the estimated model converges in probability to its limiting value at the
oracle rate of v/T. The limiting value consists of two components: the first is the unavoidable
uncertainty due to the unobserved error term, wu;, and the second is the cost (in terms of fit) of
ignoring the time variations in the coefficients of the signals.

Suppose the target variable, y;, is generated by (1) in terms of z; for i = 1,2,...,k, and
Xt = (T1e, Taty -+ 5 Thty Tht 1ty -, TNe) 18 the N x 1 vector of covariates in the active set (N > k).
Let Bir =T} Z;f:l E(Bit), for i = 1,2,...,k, and 0; 7 = 2?21 <T*1 Zle E(ﬁjt)aij,t> + i1,
fori=1,2,...,N, where 0;;; = E(zyxj), and 64,7 = 71 Zthl E(x;ut). Define the filtrations
Fi=o(ug,ug—1,--+), Ff = o(x¢,X¢—1,- ), and }"ﬁ = o(Bjt, Bjt—1,--+), for j =1,2,--- k.
Set F = Ule]:ﬁ and F, = F U F2U .7-}5 U F¢, and consider the following assumptions:
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5.1 Assumptions

Assumption 1 (Coefficients of signals)

(a) The number of signals, k, is a finite fived integer. (b) Bj, j = 1,2,--- ,k, are distributed
independently of xy, i =1,2,--+ N, and uy for allt and t'. (c) The signals are (semi) strong
in the sense that Bjr = ©(T%) for 0 < ¥; < 1/2, j = 1,2,...,k. (d) There are no hidden
signals in the sense that 0;p = o(T~%), for 0 <¥; <1/2, j =1,2, ..., k.

Assumption 2 (Martingale difference processes)

Foriyi'=1,2,--- N, j=1,2,--- k, and t = 1,2,--- . T, (a) E[zyxys — E(xgxy)|Fie1] =0,
(b) E [uf —E (uf) |Fi1] = 0, (¢) E[zpus — E(ziug)| Fi—1] = 0, where T1 S E(xigug) =
O(T~%), with ¢, > 1/2, and (d) E[Bj; — E(Bj¢)|Fi—1] = 0.

Assumption 3 (Exponential decaying probability tails)
There exist sufficiently large positive constants Cy and C1, and s > 0 such that for all o > 0,
(a) sup; , Pr(|zit| > o) < Cyexp(—Chra®), (b) sup;, Pr(|8it| > o) < Coexp(—Cra®), and (c)

supy Pr(|u| > o) < Cpexp(—Cra?).

Before presenting the theoretical results, we briefly discuss the rationale behind our assump-
tions and compare them with the assumptions typically made in the high-dimensional linear
regressions and the parameter instability literature.

Assumption 1(a) posits that the number of signals is a fixed integer. This is crucial to ensure
that the random variable y; has a distribution with an exponentially decaying probability tail.
Under the premise that the covariates x; for all ¢ and ¢ are non-random and fixed, which
is a common assumption in the penalized regression setting, it becomes permissible for the
number of signals to grow with the sample size at an order slower that /7. Assumption 1(b)
is common in the literature under parameter instability and restrict the distribution of time-
varying parameters to be independent of the covariates. Assumption 1(c) is an identification
assumption needed to distinguish signals from noise variables and is similar to the beta-min
condition already discussed in Section 4. Finally, Assumption 1(d) ensures that there are no
hidden signals. As discussed in Section 3, we make this assumption to simplify the theoretical
derivations, and one can use the multi-stage OCMT procedure suggested by Chudik et al. (2018)
to allow for hidden signals.

To establish that the OCMT procedure with the critical value function ¢,(N,§) = &~ (1 — I
does not select any of the noise variables with a probability approaching one as N and T go to
infinity, we need to show that the t-statistic given by (4) follows a distribution with exponen-

tially decaying tails. We utilize the concentration inequality of an exponential decaying rate
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to accomplish this goal. Assumptions 2 and 3 place constraints on the sequence of random
variables, x;; for ¢ = 1,2,...,N, Bj for j = 1,2,...,k, and u; such that they adhere to a
martingale difference process and exhibit exponential decaying probability tails. These assump-
tions are sufficient to establish the exponential decaying concentration inequality, as provided
in Lemma S-3.1 in the online theory supplement. Notably, these assumptions could be relaxed
provided that the exponential decaying concentration inequality holds. For example, Theorem
1 of Merlevede et al. (2011) and Lemma D1 of the online theory supplement for Chudik et al.
(2018) establishes that this inequality can be achieved while allowing for weak time-series de-
pendence. In penalized regression literature, a commonly held assumption is that the covariates
are non-random and fixed. Moreover, error terms {u;}._, are typically assumed to be serially
independent. See, for example, see Zhao and Yu (2006), Javanmard and Montanari (2013), Lee
et al. (2015), Belloni et al. (2014), Javanmard and Lee (2020), and Lahiri (2021). Additionally,
in the Lasso literature it is often assumed that u; possesses an exponentially decaying proba-
bility tail. See, for example, Javanmard and Montanari (2018), Hansen and Liao (2019), Fan
et al. (2020), and Javanmard and Lee (2020).

5.2 Variable selection consistency

As mentioned in Section 1, the purpose of this paper is to provide the theoretical argument
for applying the OCMT procedure with no down-weighting at the variable selection stage in
linear high-dimensional settings subject to parameter instability. We now show that under
the assumptions set out in Section 5.1, the OCMT procedure selects the approximating model
that contains all the signals; {x;; : ¢« = 1,2,---  k}; and none of the noise variables; {x; :

k+ky+1,k+kj+2,---,N}. The event of choosing the approximating model is defined by
P .
Ao = {Zi:l Ji = k} N {Zi]\ik+k}+1 Ji = 0} : 9)

Note that the approximating model can contain pseudo-signals. In what follows, we show that

Pr(Ay) — 1, as N, T — .

Theorem 1 Consider the DGP for y,, t = 1,2,---,T, given by (1), and the set Syt =
{x1t, xat, - &Nt} that contains k signals, k. pseudo-signals, and N — k — kj. noise variables.
Suppose that Assumptions 1-3 hold and N = &(T*) with k > 0. Then, there exist finite positive
constants Cy and C such that, for any 0 < m < 1 and any null sequence dr > 0, the probability
of selecting the approximating model Ay, as defined by (9), by the OCMT procedure with the
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critical value function cy(N,6) given by (5), for some 6 >0, is

Pr(4y)=1-0 T“<17XNT(1I+;IT> 6> — O [T"exp (—CoT")], (10)

where,

XNt = Infie fpypey1, . N}y oz,

_ 1T - 1T _ 1T
U:%i,T =T 1Zt:1E(3312t)7 wi2y,T =T 1Zt:1 E (2597 | Fi-1), 0727i,T =T 1Zt:l E(n3), nit =
Yt — GiTxit, and ¢; 1 is defined by (3).

This theorem shows that the probability of selecting the approximating model is unaffected
by parameter instability, so long as the average net effects of the signals are non-zero or converge
to zero sufficiently slowly in T', as defined formally by Assumption 1. The theorem also highlights
the importance of an appropriate choice of d for model selection consistency. Corollary S.1 in
the online theory supplement shows that if the covariates in the active set are generated by a
stationary process and the noise variables are independent of y; then Xy = 1. As a result,
for any 6 > 1, OCMT consistently selects the approximating model, Ag. Notably, ¢,(N,0) is
reasonably stable with respect to small increases in § in the neighborhood of § = 1 and the
extensive Monte Carlo studies in Chudik et al. (2018) also suggest that setting § = 1 performs

well in practice.?

5.3 Properties of the post OCMT selected model

To investigate the asymptotic properties of the least squares estimates of the selected model

(post OCMT) we require the following additional assumption:

Assumption 4 (Eigenvalues) The eigenvalue condition

T

—1
Amin | T ZE(X];TatX%:T,t) >c >0,
t=1

holds, where Xjp 12 fort =1,2,....T are the kr x 1 vector of observations on signals (k) and

pseudo-signals (ki) with kp = k + k3.

This assumption ensures that the post OCMT selected model can be consistently estimated

subject to certain regularity conditions to be discussed below. The post OCMT selected model

30ne could also use the heteroscedasticity and/or autocorrelation robust standard errors in computation of
t-statistics given by (4) to ensure the consistent selection of the approximating model for any § > 1 in a more
general setup.
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can be written as
N 4
Y = 2 ey Ji%ithi +

where J; = I [|tir] > ¢,(N,5)], defined by (6). Also SN | J; = kr, where kr is the number of
covariates selected by OCMT. By Theorem 1 the probability that the selected model contains

the signals tends to unity as T' — co. We can further write
_N 5 _ kr
Yo = > iy JiTithi +me = DL, Yewer + (11)

/
where w; = (wlt,wgt, e ,w,;Tt) . The least squares (LS) estimator of selected coefficients,

!/
Yr = (717’)/27 T ’,YIACT> ’ is given by

-1
Fr= (T2l wiwt) (TS wane) (12)

In establishing the rate of convergence of 4 we distinguish between two cases: when the vector
of signals, xj ¢+ = (14, Tos, - - - ,xkt)/ is included in w; as a subset, and when this is not the case.
But we know from Theorem 1 that the probability of the latter tends to zero at a sufficiently
fast rate. The following theorem provides the conditions under which the estimates of the
coefficients of the selected signals and pseudo-signals of the approximating model tend to their

true mean values, defined formally below.

Theorem 2 Let the DGP for y;, t =1,2,--- T, be given by (1) and write down the regression
model selected by the OCMT procedure as (11). Suppose that Assumptions 1-4 hold and the
number of pseudo-signals, kT, grow with T' such that kT = o(T%) with 0 < d < % Consider the

/
least squares (LS) estimator of vy = (71772’ . 771%T> , given by (12).
(i) If E(Bit) = B for all t, then,
2 * d—1
Iz =il = 0, (1),
where Y = (Vi V5, ’WET)/’ and

{’YZ S ﬁ = (/81)/325 e )/Bk)lu ifwgt S Xkt

v =0, otherwise.

(ii) If E (X%T,txi%t) is a fized time-invariant matriz, where kp = k + kT, then,
d—1

Iz =5l = 0, (1),

!
where ¥ = (W, Yops -+ ,’ygT T) , and
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’YZT €Pfr= (BlT;BQTa L Ber)s i we € X

Yor =0, otherwise,
and Bip =TS E(By), i = 1,2, , k.

Remark 1 The above theorem builds on Theorem 1 and establishes that in the post OCMT
selected model estimated by LS only signals will end up having non-zero limiting values, as N
and T — oo. This theorem also shows that the convergence rate of the LS estimators depends
on d, defined by k}. = o(T?), and the reqular T rate of convergence is achieved only if
d = 0. Similarly, Lahiri (2021) establishes that the Lasso procedure cannot achieve both variable

selection consistency and /T -consistency in coefficient estimation.

Remark 2 The conditions of Theorem 2 are met in the case of random coefficient models where
Bit = Bi + 0i&it, and & are distributed independently of the signals, and the LS estimator of
~%. is consistent, so long as 0 < d < 1/2. Interestingly, if signal and pseudo-signal variables
are generated by a stationary process, and hence they satisfy condition (ii) of Theorem 2, then
we can extend the random coefficient model to have time-varying means, and still estimate vy,

consistently by LS.

Lastly, we consider the fit of the post OCMT selected regression in terms of its residuals

given by
=Yyt — Z?il Yewpt, fort=1,2,..,T. (13)

It is worth noting that even when all the signal variables are correctly selected, the forecasts
based on the selected model will be biased due to parameter instability. The implications of
parameter instability for the in-sample fit of the selected regression is derived in Proposition S.1
of the online theory supplement, abstracting from variable selection uncertainty. In what follows
we derive the asymptotic properties of the sum of squared residuals (SSR) of the selected model,
namely Zthl 7?7, taking account of the costs associated with variable selection uncertainty and
parameter instability. To this end we need the following assumption on the cross correlation of

parameter heterogeneity.
Assumption 5 (Weak time dependence) h;;; = xx;i(Bir — @T)(Bjt — BjT) is weakly cor-

related over time such that

T T
Z Z cov(hij, hijp) = O(T), fori,j=1,2,. k,

t=1t¢=1

where cov(.,.) is the covariance operator.
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Remark 3 Assumption 5 is a high-level assumption. Here is an example of conditions under
which this assumption holds. Suppose, Assumptions 1 and 2 hold, and the cross products of

coefficients of the signals follow martingale difference processes such that
E[ﬁz‘tﬁjt — E(ﬁitﬂjt)‘ft—l] =0, fori=12,---k, 7=1,2,--- Kk, andt=1,2,--- | T.

Then, Zthl Z%C:l cov(hiji, hijp) = O(T). See Lemma S-2.8 in the online theory supplement

for a proof.

The following theorem establishes the limiting property of SSR of the post OCMT selected

model.

Theorem 3 Let the DGP for y,, t =1,2,--- ,T be given by (1) and write down the regression
model selected by the OCMT procedure as (11). Suppose that Assumptions 1-5 hold and the
number of pseudo-signals, k7., grow with T' such that k7, = o(T?) with0 < d < % Consider the

residuals of the selected model, estimated by LS and given by (13).
(i) If E(Bi) = Bi for all t, then
TSR =021+ Ry + 0, (T71) + 0, (T71), (14)
where 631 =7 'S E (uf), and Agp = T7! S (2, 1 Qp) are non-negative,

with Xy, 1 = (04jt2), Qg = (oije8) fori,5 =1,2,--- k, and 04510 = E(xyxj1), oijrg =
E[(Bit — Bi)(Bjt — B;)]-

(ii) Let kr =k + k% and suppose that E (x,;T tx;; t) is time-invariant (fized). Then,
’ T
TISSR = 02+ Ay + 0, (T7F) + 0, (T4, (15)
where A%,T =71 Zthl tr (Exk,tﬂg,t) is mon-negative, with Qg’t = (U;(jtﬁ) for i, g =

1,2,---k, and 07, 5 =K [(Bit — Bir)(Bje — Bjr)]-

Remark 4 The condition d < % in Theorem 8 ensures that the number of pseudo-signals grows
sufficiently slowly in T, which in turn ensures that T'~% < T2 and hence from equations (14)
and (15), we can conclude that the average of squared residuals (T—'SSR) of the Post OCMT

selected model convergences at the same rate of T~ under both scenarios (i) and (ii).

Results (14) and (15) in Theorem 3 show that the SSR of the selected model depends on
(7) the unavoidable uncertainty due to the unobserved error term, w;, given by the term 55,T,
(7i) the cost (in terms of fit) of ignoring the time variation in the coefficients of the signals, 3;;,

i=1,2,---,k, as given by the term Agr and AE 1, respectively, and (i) the O, (T*1/2) term
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due to sampling uncertainty (which will be present even in the absence of variable selection
uncertainty), and (iv) the O, (Tdfl) term which is due to variable selection uncertainty, and
will be dominated by O, (T -1/ 2) when d < 1/2. Therefore, the cost of variable selection can be
controlled when using OCMT if the number of pseudo-signals, k7., do not rise faster than VT.
However, to reduce the cost associated with parameter instability more information about the
nature of time variations in 3;, and o0;j;, are required. For example, A@T (or AE’T) could be
lower if €254 is close to zero in some periods, or if there are cancelling effects from negative o »
(Ufjm) when o, g is positive, namely ;s .045:8 < 0 (a;}t@ai]’t,g < 0), for some i # j and some
t. This finding for the in-sample fit is similar to the results for mean squared forecast errors
in the presence of breaks in the literature, such as Proposition 2 of Pesaran and Timmermann
(2007) or equation (20) of Pesaran et al. (2013), where the main focus is to minimize the MSFE
by mitigating the cost of parameter instability at the expense of increased sampling uncertainty

by appropriate weighting of the observations.

6 Monte Carlo evidence

We use Monte Carlo (MC) techniques to compare finite sample performance of OCMT with
and without down-weighting at the selection stage, as well as comparing the OCMT results
with those of Lasso, A-Lasso, and boosting. In these comparisons we consider the number of
selected covariates (kr), the true positive rate (TPR), the false positive rate (FPR), and the
one-step-ahead mean squared forecast error (MSFE) of the selected models. Sub-section 6.1
outlines the MC designs, sub-section 6.2 provides a summary of how the OCMT, Lasso, A-
Lasso, and boosting procedures are implemented, and finally sub-section 6.3 presents the main
MC findings. Details of Lasso, A-Lasso, and boosting procures and how they are implemented

are provided in Section S-1 of the online Monte Carlo supplement.

6.1 Simulation design

We consider the following data generating process (DGP):

k
Yt = ¢t + pyyr—1 + Zﬂjti‘jt + Ty Ut,
j=1

where the four signals Zj, j = 1,2, 3,4 have non-zero, time-varying means p;; = E (Z;;). To

simplify the exposition of the DGP we consider the demeaned covariates, zj; = Zj: — pjr (so
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that E (z;;) = 0), and write the DGP equivalently as

k

Yt = di + pyYi—1 + Z Bt + Ty, (16)
=1

where
k
di = ¢t + Zﬁjtﬂjt~ (17)
j=1
Since ¢; is a free parameter, without loss of generality we also treat {d;, t =1,2,...,T} as free

parameters.

For each MC replication, r = 1,2,..., R, the target variable, y;, is generated as random

draws using (16). The signal variables xj;, j = 1,2,3,4, are unknown and belong to a set
Snt = {z1, 22, ,xnt}. The vector of covariates x; = (x4, 2o, - - ,th)’ is generated as
X; = Ri/2st, where €; = (e14,€2,--- ,ent). {cit} are generated as AR(1) processes with

GARCH(1,1) innovations
21\1/2 .
€it = Pie€it—1 + (1 — pig) €et, fort =1,2,--- T,and i =1,2,..., N,

using the starting values €;0 ~ IIDN (0,1). The parameters were generated heterogeneously

as independent draws, p;- ~ IIDU (0,0.95). e.,; ~ [IDN (0 o? ), with 0521_7,5 given by

Yt

2

— 2 2
Ogst = (1 - Qg — a25i) + Qle; Ceyt—1 + Q2¢,0¢; t—15

where ay., ~ ITDU(0,0.2), and ag., ~ IIDU(0.6,0.75). The error terms, {u;};_,, in (16) are
generated as [T DN (0,02,) with o2, following the GARCH(1,1) specification

2 2 2
oy = (1 — a1y — a2) + @1y + Q2u0yt—15

using ug ~ N (0,1), a, = 0.2 and ag, = 0.75.

As our baseline DGP we consider a model with stable parameters, and set 3;; = 1 for
j=1,2,3,4. We also set ¢; = 0 and pj; = 1 in (17), which yields d; = 4. In addition, we set
pyt = 0 when the baseline model is static and p,; = 0.3 when the baseline model is dynamic.
In the dynamic case we set yg = (1 — py71)*1d1. In the case of models with parameter instability

we consider a mixed deterministic-stochastic model and generate (;; as
Bjt = b]t + Tnﬂ?jt, for ] = 17 27 3747
where bj; are deterministic and 7;; are AR(1) processes with GARCH(1,1) innovations,

2 )1/2

Njt = PngMji—1 + (1 — Pnj Enjt
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using the starting values n;o ~ IIDN (0,1), and p,; = 0.5, for all j. {enjt} follows a normal

distribution with mean zero, and variance afht given by

2 _ 2 2 L
ope = (L= iy, —aoy;) + awye; g +aoyoy oy, for j=1,2,3.4,

where a1,; = 0.2 and ag,; = 0.75. We set 7, such that deterministic variations in fj; are quite

large relative to the stochastic variations. To this end we set 7, (using simulations) so that
-1 T 2
T 1 b

7-15°7 E [(5](;))2]

=0.95, for j = 1,2,3,4.

For the deterministic components of the slope coefficients (bj¢, for j = 1,2,3,4), we consider

the following specifications

2 ifte{1,2,---,[T/3]},
bie=bx =10 ifte{[T/3]+1,[T/3]+2, - [27/3]}, ()
1 ift € {[27/3] +1,12T/3] + 2,--- , T},

and

0.5 ifte{1,2,---,[T/2]},
byt = biy = (19)
1.5 ifte{[T/2]+1,[T/2]+2,---,T},
where [.] is the nearest integer function.

We also set ¢, = 0 in (17) and generate the intercept as dy = 25:1 Bjtieje, where

;

0.6 ifte{1,2,---,[T/3]},
pie=por = 1.5 ift € {[T/3]+1,[T/3] +2,---,[2T/3]}, (20)
0.9 ifte {[27/3]+1,[2T/3]+2,---,T},

and

0.9 ifte{l,2,--,[T/2},
M3t = pat = (21)
11 ifte{[T/2) +1,[T/2 +2,--,T}.

In this design, the jumps in bj; and pj, for j = 1,2, have opposite signs and the jumps in bj
and pj¢, for j = 3,4, have the same sign.

The N x N correlation matrix of the covariates, Ry = (74+), are set as r;;; = rf_j |, for
all 4,7 = 1,2,--- | N. We allow for a break in the correlation matrix and set r; equal to 0.9

in the first half of the sample and 0.4 in the second half of the sample. Also, we consider two
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possibilities for p, ;. In the static scenario we set p,; = 0 for all ¢. In the dynamic scenario we

allow for a switch in 7, ; and set it as

i = 0.2 ifte{1,2,---,[T/2]}, (22)
04 ifte{[T/2|+1,[T/2]+2,---,T}.
For the static and dynamic models with parameter instabilities, the parameter 7, is calibrated
by simulations to ensure that the R-squared of the linear regression of y; on a constant term,
the signal variables {x1¢, xo;, ¥3¢, £4¢ }, and (in experiments with p, ; # 0) the lagged dependent
variable is equal to 30% (low fit) and 50% (high fit). The same value of 7, is used for the
corresponding static and dynamic models without parameter instabilities.

We base the MC results on R = 2,000 replications, and consider N € {20,40,100} and T' €
{100, 200, 500}, combinations. These choices of (N, T") cover our empirical applications. For each
pair of (N, T), there are four experiments in case of the models with no parameter instabilities,
and four experiments in the case of models with parameter instabilities, corresponding to the
two choices of 7, (low and high fit), p,; (static to dynamic). In total, we carry out eight different

experiments.

6.2 Selection and estimation methods using weighted and unweighted obser-

vations

Let wy = (x},4¢)', t =1,2,--- ,T be the (unweighted) set of available observations, and denote
the corresponding set of down-weighted observations by Ww(\) = AT ~'w; where 0 < A < 1 is
the down-weighting coefficient. We are not arguing for the use of exponential down-weighting
— but use it as an example. There are also non-exponential type down-weighting schemes that
one can use, e.g. Pesaran et al. (2013). We will consider the following selection/estimation
methods: (1) OCMT with down-weighted observations {W;(\)}_; used at both selection and
estimation stages; (2) OCMT with the unweighted observations, {w;}Z_;, used at the selection
stage and down-weighted observations, {W(A)}L_;, used at the estimation stage; (3) OCMT
using unweighted observations, {Wt}g;l, at both selection and estimation stages; (4,5 & 6)
Lasso, A-Lasso, and boosting also using unweighted observations, {w;}Z_;; and (7,8 & 9) Lasso,
A-Lasso, and boosting with down-weighted observations, {W;(\)}Z_; used as inputs.

We also implement a two-step procedures based on Lasso, A-Lasso and boosting. In the first
step, we apply Lasso, A-Lasso and boosting to the original (unweighted) observations and select
the variables with non-zero coefficients. In the second step, we estimate the corresponding post-

selected model by LS using the weighted observations. Overall, the MSFEs of these procedures
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were higher than that of direct application of Lasso, A-Lasso and boosting to the weighted
observations. The results are available in Section S-2 of the online MC supplement.

We consider two sets of values for the down-weighting coefficient, A: (1) Light down-
weighting with A = {0.975,0.98,0.985,0.99,0.995, 1}, and (2) Heavy down-weighting with A\ =
{0.95,0.96,0.97,0.98,0.99,1}. For each of the above two sets of exponential down-weighting
schemes (light/heavy) we focus on simple average forecasts computed over the individual fore-

casts obtained for each value of X in the set under consideration.

6.3 Simulation results

A summary of the main results are provided in Tables 1 to 3, with additional summary tables
highlighting the effects of down-weighting at the selection stage, and the differences between
static versus dynamic models provided in the online MC supplement. Table 1 give the number
of selected covariates (I;:T), TPR and FPR of OCMT, Lasso, A-Lasso and boosting without
down-weighting. Panel A of this table reports the results for different N and T" combinations,
averaged across the four experiments without parameter instabilities, and panel B of the table
gives the corresponding results for the four experiments with parameter instabilities. The results
show that all the methods under consideration have higher average TPR for models with stable
parameters compared to the ones with parameter instabilities. This is to be expected, as the
models with parameter instabilities are subject to an additional source of uncertainty.

We further observe that the lower average TPR of OCMT in the models with parameter
instabilities is associated with a lower average number of selected covariates, and hence a lower
average FPR. On the other hand, the other procedures tend, on average, to select more covari-
ates in the models with parameter instabilities and hence have a higher average FPR relative
to the models without parameter instabilities. Lastly, OCMT most of the times selects fewer
covariates relative to Lasso, A-Lasso, and boosting , while maintaining the TPR at a similar
level. As a result, OCMT has mostly the lowest average FPR among the selection methods
under consideration. Summary Tables S.1 and S.2 in the online MC supplement provide further
results on the effects of down-weighting on TPR and FPR. The results consistently show that
down-weighting of observations provides no gains for OCMT in terms of average TPR and FPR.
This is also true for other methods in majority but not all cases.

Table 2 focusses on the one-step-ahead MSFEs and provides comparative results on the
effects of down-weighting across the methods (OCMT, Lasso, A-Lasso and boosting). As in
Table 1, Panel A of Table 2 gives average MSFEs for the four experiments without parameter

instabilities, and Panel B gives the corresponding results for the experiments with parameter
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instabilities. As expected, in the absence of parameter instabilities, using unweighted observa-
tions gives the lowest MSFE across all the methods. Moreover, for all N and T' combinations
and different down-weighting scenarios, the average MSFE of each method is lower in the case
of models with stable parameters as compared to those with parameter instabilities. This ob-
servation is consistent with our finding in Theorem 3 about the cost of time-variation in the
coefficients on the in-sample fit of the estimated model. As can be seen, for models with param-
eter instabilities, down-weighting does improve the forecasting performance of OCMT (with and
without down-weighting in the selection stage), Lasso, and A-Lasso. However, by comparing
the MSFEs of OCMT with and without down-weighting at the selection stage, we see that the
down-weighting at the selection stage always results in deterioration of the forecast accuracy
of OCMT, which is in line with our main theoretical result. Last but not least, the results in
Table 2 show that OCMT with down-weighting only at the estimation stage almost always has
the lowest average MSFE among all the methods for all choices of N, T, and different down-
weighting scenarios. In fact, in the case of experiments with parameter instabilities OCMT with
down-weighting (light or heavy) at the estimation stage only, always beats Lasso, A-Lasso and
boosting with light or heavy down-weighting in terms of the one-step-ahead MSFE.

Table 3 compares the performance of OCMT with the down-weighting option at the estima-
tion stage to that of the other procedures, using the same set of down-weighting parameter ().
Specifically, we report the MSFE of Lasso, A-Lasso, and boosting relative to that of OCMT.
Since the relative MSFE ranking of OCMT, Lasso, A-Lasso, and boosting does not appear
to be affected by no/light/heavy down-weighting options, as a summary measure, we simply
average relative MSFE values across individual experiments and the three (no/light/heavy)
down-weighting options. However, we provide the relative MSFE results for the models without
and with parameter instabilities separately, on left and right panels of Table 3. Two observations
stand out from this table. First, the reported average relative MSFEs are almost always greater
than one for all the N and T choices, indicating that OCMT outperforms Lasso, A-Lasso, and
boosting. Second, the degree to which OCMT outperforms Lasso and A-Lasso tends to increase
with the degree of parameter instability. This is less so if we compare OCMT with boosting.

Tables S.4, S.5, and S.6 in the online MC supplement provide further details about the
performance of the methods under consideration in static and dynamic experiments. In Table
S.4, we compare the number of selected covariates, the TPR, and the FPR of each method
without down-weighting across static and dynamic models. For various N and T combinations
the reported results are averaged across four experiments (with/without parameter instabilities

and with/without high-fit). The results show that all the methods tend to select fewer covariates
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in the dynamic models relative to the static ones, and hence have a lower TPR and FPR. This
is expected, as in the dynamic models, part of the variation in the target variable is explained
by its own lag rather than the signal variables. Consequently, in Tables S.5 and S.6, which are
about the MSFE in static and dynamic models, respectively, we see that all the methods have a
higher MSFE in dynamic models relative to the static ones. Additionally, the results in Tables
S.5 and S.6 show that the MSFE for models with stable parameters is always lower than the
ones with parameter instabilities, regardless of whether the model is static or not.

Overall, the results of our MC studies suggest that the OCMT procedure without down-
weighting at the selection stage is a useful method to deal with variable selection in linear

regression settings with parameter instability.

7 Empirical applications

The rest of the paper considers empirical applications whereby the forecast performance of the
proposed OCMT approach with no down-weighting at the selection stage is compared with

those of Lasso and A-Lasso. In particular, we consider the following two applications:*

e Forecasting monthly rate of price changes for 28 (out of 30) stocks in Dow Jones using a

relatively large number of financial, economic, as well as technical indicators.

e Forecasting quarterly output growth rates across 33 countries using macro and financial
variables.

In each application, we first compare the performance of OCMT with and without down-

weighted observations at the selection stage. We then consider the comparative performance

of OCMT (with variable selection carried out without down-weighting) relative to Lasso and

A-Lasso, with and without down-weighting. For down-weighting we make use of exponen-

— )\T—t — )\T—t

tially down-weighted observations, namely Z;;()\) xit, and gr(A) Y¢, Where y;
is the target variable to be forecasted, x;;, for i« = 1,2, ..., N are the covariates in the active
set, and A is the exponential decay coefficient. We consider the same two sets of values for
the degree of exponential decay, A, as in the MC section: (1) Light down-weighting with A =
{0.975,0.98,0.985,0.99,0.995, 1}, and (2) Heavy down-weighting with A = {0.95,0.96,0.97,0.98,0.99, 1}.
For each of the above two sets of exponential down-weighting schemes we again focus on simple
average forecasts computed over the individual forecasts obtained for each value of A in the set

under consideration.

“We also consider forecasting euro area quarterly output growth using the European Central Bank (ECB)
survey of professional forecasters as our third application. The results of this application can be found in Section
S-3 of the online empirical supplement.
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For forecast evaluation we consider Mean Squared Forecasting Error (MSFE) and Mean Di-
rectional Forecast Accuracy (MDFA), together with related pooled versions of Diebold-Mariano
(DM), and Pesaran-Timmermann (PT) test statistics. A panel version of Diebold and Mariano
(2002) test is proposed by Pesaran et al. (2009). Let g = e, — €75 be the difference in the
squared forecasting errors of procedures A and B, for the target variable yy (I = 1,2,...,L)
and t = 1,2, ..., Tlf , Where Tlf is the number of forecasts for target variable [ (could be one or
multiple step ahead) under consideration. Suppose q; = a; + e with e ~ N(0,07). Then

under the null hypothesis of Hy : a; = 0 for all [ we have

_ L Tlf
DM = 5(_) ~ N(0,1), for Tpp — oo, where Ty = ZTI q="Tp; qu“’ and
1 =1 t=1
7/ , 7/
V(g) = T2 ZT 67, with 67 = Tf Z (i — @)% and q = Py qut.
Lf 1=1 t=1 Ty =

Note that V(q) needs to be modified in the case of multiple-step ahead forecast errors, due to
the serial correlation that results in the forecast errors from the use of over-lapping observations.
There is no adjustment needed for one-step ahead forecasting, since it is reasonable to assume
that in this case the loss differentials are serially uncorrelated. However, to handle possible
serial correlation for h-step ahead forecasting with h > 1, we can modify the panel DM test by
using the Newey-West type estimator of Jl2.

The M DF A statistic compares the accuracy of forecasts in predicting the direction (sign)
of the target variable, and is computed as

f
L T

MDFA=1000 35 1fsgn(yeyf) > 0] b,
Top 7=

where 1(w > 0) is the indicator function takes the value of 1 when w > 0 and zero otherwise,
sgn(w) is the sign function, y;; is the actual value of dependent variable at time ¢ and le; is its
corresponding predicted value. To evaluate statistical significance of the directional forecasts for
each method, we also report a pooled version of the test suggested by Pesaran and Timmermann

(1992):

PT =

27



where P is the estimator of the probability of correctly predicting the sign of y;;, computed by

L Tlf
= TLf SN 1 sen(yuyf) > 0], and P*=dyd,s + (1 —dy)(1 — d,y), with
=1 t=1
— 1 L T‘lf _ 1 L Tlf
dy = rZlegn yi) > 0], and dy = —— > " 1sen(y),) > 0].
T T2 e —)

Finally, V(P) = T} P*(1 — P*), and

. 1 - 1 - - _ 4 - - - -
V(P*) = TLf(zd y—1)2d,s (1—dyf)+ff@dgj—1)2dy(1—dy)+T—2dydyf(1—dy)(1—dyf)
Lf

The last term of V(P*) is negligible and can be ignored. Under the null hypothesis, that
prediction and realization are independently distributed, PT is asymptotically distributed as a

standard normal distribution.

7.1 Forecasting monthly returns of stocks in Dow Jones

In this application the focus is on forecasting one-month ahead stock returns, defined as monthly
change in natural logarithm of stock prices. We consider stocks that were part of the Dow Jones
index in 2017m12, and have non-zero prices for at least 120 consecutive data points (10 years)
over the period 1980m1 and 2017m12. We ended up forecasting 28 blue chip stocks. ® Daily
close prices for all the stocks are obtained from Data Stream. For stock ¢, the price at the last
trading day of each month is used to construct the corresponding monthly stock prices, Pj.
Finally, monthly returns are computed by r; ;41 = 1001In(P;¢41/Py), for i = 1,2,...,28. For
all 28 stocks we use an expanding window starting with the observations for the first 10 years
(T =120). The active set for predicting 7441 consists of 40 financial, economic, and technical
variables.% The full list and the description of the indicators considered can be found in Section
S-1 of online empirical supplement.

Overall we computed 8,659 monthly forecasts for the 28 target stocks. The results are
summarized as average forecast performances across the different variable selection procedures.
Table 4 reports the effects of down-weighting at the selection stage of the OCMT procedure. It is
clear that down-weighting worsens the predictive accuracy of OCMT. From the Panel DM tests,
we can also see that down-weighting at the selection stage worsens the forecasts significantly.
Panel DM test statistics is -5.606 (-11.352) for light (heavy) versus no down-weighing at the

selection stage. Moreover, Table 5 shows that the OCMT procedure with no down-weighting at

Visa and DowDuPont are excluded since they have less than 10 years of historical price data.
5 All regressions include the intercept as the only conditioning (pre-selected) variable.
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the selection stage dominates Lasso, A-Lasso and boosting in terms of MSFE and the differences
are statistically highly significant.

Further, OCMT outperforms Lasso, A-Lasso and boosting in terms of Mean Directional
Forecast Accuracy (MDFA), measured as the percent number of correctly signed one-month
ahead forecasts across all the 28 stocks over the period 1990m2-2017m12. See Table 6. As can
be seen from this table, OCMT with no down-weighting performs the best; correctly predicting
the direction of 56.057% of 8,659 forecasts, as compared to 55.769%, which we obtain for Lasso,
A-Lasso and boosting forecast, at best. This difference is highly significant considering the
very large number of forecasts involved. It is also of interest that the better of performance
of OCMT is achieved with a much fewer number of selected covariates as compared to Lasso,
A-Lasso and boosting. As can be seen from the last column of Table 6, Lasso, A-Lasso and
boosting on average select many more covariates than OCMT (1-15 variables as compared to
0.072 for OCMT).

So far we have focused on average performance across all the 28 stocks. Table 7 provides the
summary results for individual stocks, showing the relative performance of OCMT in terms of
the number of stocks, using MSFE and MDFA criteria. The results show that OCMT performs
better than Lasso, A-Lasso and boosting in the majority of the stocks in terms of MSFE and
MDFA. OCMT outperforms Lasso, A-Lasso and boosting in at least 22 out of 28 stocks in terms
of MSFE, under no down-weighting, and almost universally when Lasso, A-Lasso and boosting
are implemented with down-weighting. Similar results are obtained when we consider MDFA
criteria, although the differences in performance are somewhat less pronounced. Overall, we
can conclude that the better average performance of OCMT (documented in Tables 5 and 6) is

not driven by a few stocks and holds more generally.

7.2 Forecasting quarterly output growth rates across 33 countries

We consider one and two years ahead predictions of output growth for 33 countries (20 advanced
and 13 emerging). We use quarterly data from 1979Q2 to 2016Q4 taken from the GVAR
dataset.” We predict Aqyir = yir — Yit—4, and Agy;r = Yir — Yi—8, where y;, is the log of real

output for country i. We adopt the following direct forecasting equations:
ApYitsh = Yitrh — Yit = Gn + Ninla1Yie + BipXit + Wint,

where we consider h = 4 (one-year-ahead forecasts) and h = 8 (two-years-ahead forecasts).

Given the known persistence in output growth, in addition to the intercept in the present

"The GVAR dataset is available at https://sites.google.com/site/gvarmodelling/data.
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application we also condition on the most recent lagged output growth, denoted by Aiy; =
Yit — Yit—1, and confine the variable selection to list of variables set out in Table S.2 in the
online empirical supplement. Overall, we consider a maximum of 15 covariates in the active set
covering quarterly changes in domestic variables such as real output growth, real short term
interest rate, and long-short interest rate spread and quarterly change in the corresponding
foreign variables.

We use expanding samples, starting with the observations on the first 15 years (60 data
points), and evaluate the forecasting performance of the three methods over the period 1997Q2
to 2016Q4.

Tables 8 and 9, respectively, report the MSFE of OCMT for one-year and two-year ahead
forecasts of output growth, with and without down-weighting at the selection stage. Consistent
with the previous application, down-weighting at the selection stage worsens the forecasting
accuracy. Moreover, in Tables 10 and 11, we can see that OCMT (without down-weighting at
the selection stage) outperforms Lasso, A-Lasso and boosting in two-year ahead forecasting.
In the case of one-year ahead forecasts, OCMT and Lasso are very close to each other and
both outperform A-Lasso and boosting. Table 12 summarizes country-specific MSFE and DM
findings for OCMT relative to Lasso, A-Lasso and boosting. The results show OCMT under-
performs Lasso in more than half of the countries for one-year ahead horizon, but outperforms
Lasso, A-Lasso and boosting in more than 70 percent of the countries in the case of two-year
ahead forecasts. It is worth noting that while Lasso generally outperforms OCMT in the case
of one-year ahead forecasts, overall its performance is not statistically significantly better. See
Panel DM test of Table 10. On the other hand we can see from Table 11 that overall OCMT
significantly outperforms Lasso in the case of the two-year ahead forecasts.

Finally in Tables 13 and 14 we reports MDFA and PT test statistics for OCMT, Lasso,
A-Lasso and boosting. Overall, OCMT has a slightly higher MDFA and hence predicts the
direction of real output growth better than Lasso, A-Lasso and boosting in most cases. The
PT test statistics suggest that while all the methods perform well in forecasting the direction of
one-year ahead real output growth, none of the methods considered are successful at predicting
the direction of two-year ahead output growth.

It is also worth noting that as with the previous applications, OCMT selects very few
variables from the active set (0.1 on average for both horizons, with the maximum number of
selected variables being 2 for h = 4 and 8). On the other hand, Lasso on average selects 2.7
variables from the active set for h = 4, and 1 variable on average for h = 8. Maximum number

of variables selected by Lasso is 9 and 13 for h = 4, 8, respectively (out of possible 15). Again as
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to be expected, A-Lasso selects a fewer number of variables as compared to Lasso (2.3 and 0.8
on average for h = 4, 8, respectively), but this does not lead to a better forecast performance in
comparison with Lasso. Boosting on average selects 2.7 variables from the active set for h = 4,
and 1.4 variables on average for h = 8.

In conclusion, down-weighting at both selection and forecasting stages deteriorates OCMT’s
MSFE for both one—year and two-years ahead forecast horizons, as compared to down-weighting
only at the forecasting stage. Moreover, light down-weighting at the forecasting stage improves
forecasting performance for both horizons. Statistically significant evidence of forecasting skill
is found for OCMT relative to Lasso only in the case of two-years ahead forecasts. However,
it is interesting that none of the big data methods can significantly beat the simple (light
down-weighted) AR(1) baseline model.

8 Concluding remarks

The penalized regression approach has become the de facto benchmark in the literature on
variable selection in the context of linear regression models. But, barring a few exceptions
(such as Kapetanios and Zikes, 2018), these studies focus on models with stable parameters,
and do not consider the implications of parameter instabilities for variable selection. Recently,
Chudik et al. (2018) proposed OCMT as an alternative procedure to penalized regression. One
feature of the OCMT procedure is the fact that the problem of variable selection is separated
from the forecasting stage, in contrast to the penalized regression techniques where the variable
selection and estimation are carried out simultaneously. Using OCMT one can decide whether
to use the weighted observations at the variable selection stage or not, without preempting
whether to down-weight and how to down-weight the observations at the forecasting stage.
We have provided theoretical arguments for using the unweighted observations at the se-
lection stage of OCMT, and down-weighted observations at the forecasting stage of OCMT.
Our MC results as well as empirical applications uniformly suggest that OCMT without down-
weighting at the selection stage outperforms, in terms of mean squared forecast errors, Lasso,

Adaptive Lasso, boosting, as well as when OCMT is applied with down-weighted observations.
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Table 1: The number of selected variables (kr), True Positive Rate (TRP), and False Positive Rate (FPR)
averaged across Monte Carlo experiments with and without parameter instabilities.

kr TPR FPR
N\T 100 150 200 100 150 200 100 150 200
A. Without parameter instabilities
OCMT
20 5.03 6.17 7.22 0.83 0.91 0.96 0.08 0.13 0.17
40 4.69 5.98 6.87 0.80 0.91 0.95 0.04 0.06 0.08
100 4.31 5.52 6.35 0.77 0.88 0.93 0.01 0.02 0.03
Lasso
20 6.82 7.00 7.20 0.84 0.89 0.93 0.17 0.17 0.17
40 8.26 8.57 8.74 0.82 0.89 0.92 0.12 0.13 0.13
100 10.76 11.00 10.51 0.79 0.87 0.90 0.08 0.08 0.07
A-Lasso
20 5.15 5.35 5.55 0.73 0.80 0.85 0.11 0.11 0.11
40 6.39 6.78 6.96 0.73 0.81 0.86 0.09 0.09 0.09
100 8.65 9.05 8.83 0.72 0.81 0.86 0.06 0.06 0.05
Boosting
20 4.59 4.63 4.70 0.77 0.83 0.88 0.08 0.07 0.06
40 6.04 5.79 5.69 0.76 0.83 0.87 0.07 0.06 0.05
100 11.36  9.27 8.43 0.75 0.82 0.86 0.08 0.06 0.05
B. With parameter instabilities
OCMT
20 4.04 5.07 5.96 0.73 0.85 0.92 0.06 0.08 0.11
40 3.78 4.90 5.67 0.70 0.84 091 0.02 0.04 0.05
100 3.54 4.62 5.26 0.66 0.81 0.88 0.01 0.01 0.02
Lasso
20 7.28 7.76 8.17 0.76 0.82 0.87 0.21 0.22 0.23

40 9.80 10.60 11.13 0.74 0.82 0.86 0.17 0.18 0.19
100 13.68 14.83 15.56 0.70 0.79 0.83 0.11 0.12 0.12

A-Lasso
20 5.49 5.95 6.30 0.65 0.72 0.78 0.15 0.15 0.16
40 7.55 8.28 8.76 0.64 0.73 0.79 0.12 0.13 0.14
100 10.71 11.85 12.58 0.63 0.73 0.78 0.08 0.09 0.09
Boosting
20 4.59 4.66 4.75 0.68 0.74 0.79 0.09 0.08 0.08
40 6.52 6.35 6.21 0.68 0.75 0.80 0.10 0.08 0.08

100 1270 10.73 10.03 0.67 0.74 0.78 0.10 0.08 0.07

Notes: There are k = 4 signal variables out of N observed covariates. The reported results for OCMT, Lasso, A-Lasso,
and boosting in the table are based on the original (not down-weighted) observations. Each experiment is based on 2000
Monte Carlo replications. See Section 6 for the detailed description of the Monte Carlo design.
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Table 2: The effects of down-weighting on one-step-ahead MSFE of OCMT, Lasso, A-Lasso and boosting

averaged across all MC experiments with and without parameter instabilities.

Down-weighting': No Light  Heavy No Light  Heavy No Light  Heavy
N\T 100 150 200
A. Without parameter instabilities
OCMT(Down-weighting only at the estimation stage)
20 31.76 32.66 34.20 28.53 29.33  31.06 26.19 27.17  28.75
40 29.13 29.56  30.51 26.72 27.24  28.52 32.05 34.00 36.29
100 29.25 29.56  30.49 27.93 2897  30.69 28.94 29.64 3148
OCMT(Down-weighting at the variable selection and estimation stages)
20 31.76 32.61 35.08 28.53 29.25  32.19 26.19 27.36  30.67
40 29.13 29.46  31.95 26.72 2721  31.50 32.05 34.27 41.13
100 29.25 30.20 33.85 27.93 2946  36.72 28.94 31.19 40.14
Lasso
20 31.82 33.35 3549 28.59 29.49  31.61 26.25 27.22  29.08
40 29.48 3091 34.16 26.35 28.00 32.31 31.78 33.75  37.80
100 30.63 33.29 37.05 28.33 3090 35.16 29.13 3143 35.10
A-Lasso
20 33.24 3472  37.09 29.47 30.44  32.85 27.01 27.82 30.13
40 31.66 32.87 36.30 27.98 30.08 34.72 33.03 35.09 38.89
100 35.29 37.89 41.49 30.91 33.92 38.70 31.52 34.37  38.13
Boosting
20 32.69 35.51  41.25 29.51 31.98  38.09 26.77 29.22  35.82
40 30.67 34.22 4231 27.20 31.66 41.76 32.90 40.16 51.66
100 33.68 42.00 48.44 29.28 38.67 46.82 29.98 39.84 47.17
B. With parameter instabilities
OCMT(Down-weighting only at the estimation stage)
20 35.87 34.94 3545 31.18 30.17 31.02 29.12 27.82 2891
40 32.42 31.42 31.70 30.03 28.76 2941 35.28 34.78 36.46
100 33.31 32.55 32.83 31.66 30.55 31.45 32.72  30.99 32.22
OCMT(Down-weighting at the variable selection and estimation stages)
20 35.87 35.62 37.29 31.18 31.01 33.74 29.12 28.46 31.59
40 3242  32.09 3441 30.03 29.51 33.94 35.28 35.75  43.09
100 33.31 3348  37.29 31.66 32.09 39.04 32.72 3336 44.01
Lasso
20 36.84 37.04  38.27 31.71  31.27 33.02 29.80 28.75 30.35
40 33.43 33.81 36.39 30.44 3047  34.40 35.61 35.40 39.15
100 34.95 36.48  39.61 32.64 34.22 3781 33.77 33.67 37.14
A-Lasso
20 38.48 38.26  39.62 32.62 31.93 34.02 30.40 29.12 31.29
40 35.64 35.85 38.73 3241 32.39 36.87 37.06 36.64 40.51
100 39.82 41.19 44.04 35.67 37.48  41.55 36.78 36.82  40.54
Boosting
20 36.57 38.08  43.26 31.77 33.65 39.96 29.29 30.45 37.32
40 33.78 37.36  45.32 29.97 3437  44.59 35.43 41.28  52.66
100 36.09 44.69 51.61 31.78 40.73  49.02 33.01 42.10 49.64

Notes: The reported results are averaged across four experiments (with/without dynamics and low/high fit) for models
with and without parameter instabilities. See Section 6 for the description of the Monte Carlo design. Full set of results is
presented in the online Monte Carlo supplement.

TFor each of the two sets of exponential down-weighting (light /heavy) forecasts of the target variable are computed as the
simple average of the forecasts obtained using the down-weighting coefficient, A.
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Table 3: One-step-ahead MSFE of Lasso, A-Lasso and boosting relative to OCMT averaged across MC exper-
iments with and without parameter instabilities.

N\T 100 150 200 100 150 200
A. Without parameter instabilities B. With parameter instabilities
Lasso
20 1.023 1.011 0.994 1.067 1.045 1.027
40 1.061 1.035 0.998 1.094 1.087 1.036
100 1.129 1.074 1.056 1.132  1.129 1.098
A-Lasso
20 1.067 1.043 1.021 1.100 1.069 1.046
40 1.135 1.106 1.039 1.164 1.156 1.077
100 1.277 1.176 1.147 1.269 1.236 1.202
Boosting
20 1.114  1.122 1.109 1.116  1.143 1.127
40 1.202  1.200 1.194 1.225 1.233 1.204
100 1.382 1.299 1.289 1.331 1.299 1.302

Notes: This table reports MSFE of Lasso, A-Lasso and boosting relative to MSFE of OCMT. Relative MSFE values are
averaged across experiments and across the three options for down-weighting: no down-weighting (for all methods), light
down-weighting of observations prior to Lasso, A-Lasso and boosting procedures relative to OCMT with light
down-weighting only at the estimation stage, and heavy down-weighting of observations prior to Lasso, A-Lasso and
boosting methods compared with OCMT with heavy down-weighting only at the estimation stage. See Section 6 for the
description of the Monte Carlo design. Full set of results is presented in the online Monte Carlo supplement.

Table 4: Mean square forecast error (MSFE) and panel DM test of OCMT of one-month ahead monthly return
forecasts across the 28 stocks in Dow Jones index between 1990m2 and 2017m12 (8659 forecasts)

Down-weighting at’

Selection stage Forecasting stage MSFE
(M1) no no 61.231

Light Down-weighting, A = {0.975,0.98,0.985,0.99, 0.995, 1}
(M2) no yes 61.641
(M3) yes yes 68.131

Heavy Down-weighting, A = {0.95,0.96,0.97,0.98,0.99, 1}
(M4) no yes 62.163
(M5) yes yes 86.073
Pair-wise panel DM tests
Light down-weighting Heavy down-weighting
(M2) (M3) M1) (M)

(M1) -1.528 -5.643 (M1)  -2.459 -11.381
(M2) - -5.606 (M4) - -11.352

Notes: The active set consists of 40 covariates. The conditioning set only contains an intercept.

TFor each of the two sets of exponential down-weighting (light /heavy) forecasts of the target variable are computed as the
simple average of the forecasts obtained using the down-weighting coefficient, A, in the “light” or the “heavy”
down-weighting set under consideration. See footnote to Table S.3.
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Table 5: Mean square forecast error (MSFE) and panel DM test of OCMT versus Lasso, A-Lasso and boosting
of one-month ahead monthly return forecasts across the 28 stocks in Dow Jones index between 1990m2 and
2017m12 (8659 forecasts)

MSFE under different down-weighting scenarios

No down-weighting Light down-weighting’ Heavy down-weighting?
OoCMT 61.231 61.641 62.163
Lasso 61.849 63.378 68.835
A-Lasso 62.857 65.142 71.586
Boosting 64.663 98.763 222.698

Selected pair-wise panel DM tests

No down-weighting Light down-weighting Heavy down-weighting

Lasso A-Lasso Boosting Lasso A-Lasso Boosting Lasso A-Lasso Boosting

OCMT -0.764  -4.063 -7.343 -3.318  -5.600 -19.0563  -7.653  -9.722 -30.078
Lasso - -6.192 -6.081 - -8.297 -18.519 - -8.947 -29.476
A-Lasso - - -3.215 - - -18.084 - - -29.197

Notes: The active set consists of 40 covariates. The conditioning set contains only the intercept.

T Light down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}.

Table 6: Mean directional forecast accuracy (MDFA) and the average number of selected variables (l;:) of
OCMT, Lasso, A-Lasso and boosting of one-month ahead monthly return forecasts across the 28 stocks in Dow
Jones index between 1990m2 and 2017m12 (8659 forecasts).

Down-weighting MDFA k

OCMT No 56.057  0.072
Light' 55.330  0.072

Heavy* 54.302  0.072

Lasso No 55.769 1.497
Light 54.348  2.120

Heavy 53.447  3.758

A-Lasso No 55.122 1.187
Light 53.586  1.610

Heavy 53.055  2.819

Boosting No 54.221 1.723
Light 50.872  8.108

Heavy 49.244  14.565

Notes: The active set consists of 40 variables. The conditioning set contains an intercept.

T Light down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.
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Table 7: The number of stocks out of the 28 stocks in Dow Jones index where OCMT outper-
forms/underperforms Lasso, A-Lasso and boosting in terms of mean square forecast error (MSFE), panel DM
test and mean directional forecast accuracy (MDFA) between 1990m2 and 2017m12 (8659 forecasts).

MSFE
Down- OCMT OCMT significantly OCMT OCMT significantly
weighting  outperforms outperforms underperforms underperforms
Lasso No 22 3 6 2
Light' 27 8 1 0
Heavy? 27 17 1 0
A-Lasso No 25 6 3 0
Light 28 13 0 0
Heavy 28 24 0 0
Boosting No 28 13 0 0
Light 28 28 0 0
Heavy 28 28 0 0
MDFA
Down- OCMT OCMT
weighting  outperforms underperforms
Lasso No 11 10
Light 20 8
Heavy 18 9
A-Lasso No 16 7
Light 21 5
Heavy 21 6
Boosting No 19 6
Light 21 3
Heavy 21 3

Notes: The active set consists of 40 variables. The conditioning set only contains an intercept.

T Light down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.
¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting

coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}.

Table 8: Mean square forecast error (MSFE) and panel DM test of OCMT of one-year ahead output growth
forecasts across 33 countries over the period 1997Q2-2016Q4 (2607 forecasts)

Down-weighting at’
Selection stage

Forecasting stage

MSFE (x10%)

All Advanced Emerging

(M1) no no 11.246 7.277 17.354
Light down-weighting, A = {0.975,0.98,0.985,0.99,0.995, 1}
(M2) no yes 10.836 6.913 16.871
(M3) yes yes 10.919 6.787 17.275
Heavy down-weighting, A = {0.95,0.96,0.97,0.98,0.99, 1}
(M4) no yes 11.064 7.187 17.028
(M5) yes yes 11.314 6.906 18.094
Pair-wise panel DM tests (all countries)
Light down-weighting Heavy down-weighting
) ) 2 5]
(M1) 2.304 1.662 (M1) 0.668 ~0.204
(M2) - -0.780 (M4) - -1.320

Notes: There are up to 15 macro and financial variables in the active set.
TFor each of the two sets of exponential down-weighting (light /heavy) forecasts of the target variable are computed as the
simple average of the forecasts obtained using the down-weighting coefficient, A, in the “light” or the “heavy”

down-weighting set under consideration.
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Table 9: Mean square forecast error (MSFE) and panel DM test of OCMT of two-year ahead output growth
forecasts across 33 countries over the period 1997Q2-2016Q4 (2343 forecasts)

Down-weighting at' MSFE (x10%)
Selection stage Forecasting stage All Advanced Emerging
(M1) no no 9.921 7.355 13.867
Light down-weighting, A = {0.975,0.98,0.985,0.99,0.995, 1}
(M2) no yes 9.487 6.874 13.505
(M3) yes yes 9.549 6.848 13.704
Heavy down-weighting, A = {0.95,0.96,0.97,0.98,0.99, 1}
(M4) no yes 9.734 7.027 13.898
(M5) yes yes 10.389 7.277 15.177
Pair-wise panel DM test (all countries)
Light down-weighting Heavy down-weighting
(M2) (M3) M1 (M)
(M1) 3.667 2.827 (M1) 0.943 -1.664
(M2) - -1.009 (M4) - -3.498

Notes: There are up to 15 macro and financial variables in the active set.

TFor each of the two sets of exponential down-weighting (light /heavy) forecasts of the target variable are computed as the
simple average of the forecasts obtained using the down-weighting coefficient, A, in the ”light” or the ”heavy”
down-weighting set under consideration..

Table 10: Mean square forecast error (MSFE) and panel DM test of OCMT versus Lasso, A-Lasso and boosting
for one-year ahead output growth forecasts across 33 countries over the period1997Q2-2016Q4 (2607 forecasts)

MSFE under different down-weighting scenarios

No down-weighting Light down-weighting’ Heavy down-weighting?
All Adv.* Emer.** All Adv. Emes All Adv. Emes
OCMT 11.246 7.277 17.354  10.836 6.913 16.871 11.064 7.187 17.028
Lasso 11.205 6.975 17.714  10.729 6.427 17.347  11.749 7.186 18.769
A-Lasso 11.579 7.128 18.426  11.153 6.548 18.236  12.254 7.482 19.595
Boosting  11.353 6.988 18.068 10.886 6.401 17.787 11.868 7.060 19.264
Pair-wise Panel DM tests (All countries)

No down-weighting Light down-weighting Heavy down-weighting
Lasso  A-Lasso Boosting Lasso A-Lasso Boosting Lasso A-Lasso Boosting
OCMT 0.220 -1.079 -0.445 0.486 -1.007 -0.195  -1.799 -2.441 -1.920
Lasso - -2.625 -1.322 - -3.626 -1.790 - -3.157 -0.894
A-Lasso - - 1.837 - - 2.714 - - 2.271

Notes: There are up to 15 macro and financial covariates in the active set.

T Light down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.

* Adv. stands for advanced economies.

** Emer. stands for emerging economies.
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Table 11: Mean square forecast error (MSFE) and panel DM test of OCMT versus Lasso, A-Lasso and boosting
of two-year ahead output growth forecasts across 33 countries over the period1997Q2-2016Q4 (2343 forecasts)

MSFE under different down-weighting scenarios
No down-weighting Light down-weighting’ Heavy down-weighting?
All Adv.* Emer.** All Adv. Emes All Adv. Emes
OCMT 9.921 7.355 13.867 9.487 6.874 13.505 9.734 7.027 13.898
Lasso 10.151 7.583 14.103 9.662 7.099 13.605 10.202 7.428 14.469
A-Lasso  10.580 7.899 14.705 10.090 7.493 14.087 11.008 8.195 15.336
Boosting  10.182 7.600 14.154 9.818 7.231 13.796  11.040 8.213 15.391
Pair-wise Panel DM tests (All countries)

No down-weighting Light down-weighting Heavy down-weighting
Lasso  A-Lasso Boosting Lasso A-Lasso Boosting Lasso A-Lasso Boosting
OCMT  -2.684 -4.200 -2.681  -2.137 -4.015 -2.933  -3.606 -4.789 -4.923
Lasso - -5.000 -0.430 - -4.950 -2.317 - -4.969 -4.588
A-Lasso - - 3.778 - - 3.661 - - -0.252

Notes: There are up to 15 macro and financial covariates in the active set.

T Light down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.975,0.98,0.985,0.99, 0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}.

* Adv. stands for advanced economies.

** Emer. stands for emerging economies.

Table 12: The number of countries out of the 33 countries where OCMT outperforms/underperforms Lasso,
A-Lasso and boosting in terms of mean square forecast error (MSFE) and panel DM test over the period 1997Q2
-2016Q4

OCMT OCMT
Down- OCMT  significantly OCMT significantly
weighting outperforms outperforms underperforms underperforms
One-years-ahead horizon (h = 4 quarters)

Lasso No 13 0 20 3

Light' 12 1 21 3

Heavy? 17 1 16 3

A-Lasso No 16 1 17 2

Light 14 2 19 2

Heavy 19 1 14 0

Boosting No 11 1 22 3

Light 11 1 22 3

Heavy 17 1 16 1
Two-years-ahead horizon (h = 8 quarters)

Lasso No 24 1 9 0

Light 25 1 8 1

Heavy 25 1 8 0

A-Lasso No 25 2 8 0

Light 28 3 5 1

Heavy 30 3 3 0

Boosting No 23 2 10 0

Light 25 1 8 0

Heavy 32 4 1 0

Notes: There are up to 15 macro and financial covariates in the active set.

TLight down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.
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Table 13: Mean directional forecast accuracy (MDFA) and PT test of OCMT, Lasso, A-Lasso and boosting for
one-year ahead output growth forecasts over the period 1997Q2-2016Q4 (2607 forecasts)

Down- MDFA PT tests
weighting  All  Advanced Emerging All Advanced Emerging
OCMT No 87.6 87.4 88.0 8.12 7.40 3.48
Light' 87.4 87.1 87.8 7.36 6.95 2.53
Heavy? 86.8 86.3 87.5 6.25 5.93 1.95
Lasso No 86.2 86.7 85.3 9.64 9.15 3.80
Light 87.1 87.1 87.1 8.12 8.22 2.26
Heavy 86.0 85.8 86.4 6.24 6.43 1.40
A-Lasso No 87.3 87.3 87.2 10.80 9.91 4.75
Light 86.5 86.6 86.4 8.25 8.36 2.48
Heavy 85.5 85.3 85.7 6.84 6.92 1.88
Boosting No 86.7 87.1 86.0 8.17 8.39 3.06
Light 86.6 86.6 86.6 7.43 5.48 7.30
Heavy 85.4 85.6 85.1 5.66 6.06 1.44

Notes: There are up to 15 macro and financial variables in the active set.

T Light down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}.

Table 14: Mean directional forecast accuracy (MDFA) and PT test of OCMT, Lasso, A-Lasso and boosting for
two-year ahead output growth forecasts over the period 1997Q2-2016Q4 (2343 forecasts)

Down- MDFA PT tests
weighting  All  Advanced Emerging All Advanced Emerging
OCMT No 88.0 86.7 89.9 0.52 0.00 0.47
Light! 87.7 86.6 89.3 1.11 0.39 0.94
Heavy* 87.0 85.8 88.8 0.50 0.89 0.34
Lasso No 87.2 86.2 88.7 0.77 0.60 0.66
Light 87.5 86.3 89.4 0.07 0.79 0.88
Heavy 86.8 85.5 88.8 1.54 1.87 0.34
A-Lasso No 87.0 85.6 89.2 0.33 0.13 1.00
Light 87.1 85.9 88.9 1.03 1.82 1.10
Heavy 86.2 84.8 88.4 1.53 1.92 0.62
Boosting No 87.3 85.8 89.7 0.63 0.19 1.44
Light 87.6 86.7 89.1 2.23 3.77 1.05
Heavy 86.2 84.9 88.1 1.47 2.07 0.79

Notes: There are up to 15 macro and financial variables in the active set.

TLight down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the down-weighting
coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}.
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This online theory supplement has three sections. Section S-1 provides the proofs of Theorems
1 to 3, and additional propositions and corollaries. Section S-2 establishes the main lemmas
needed for the proof of the theorems in Section S-1. Section S-3 contains the complementary
lemmas needed for the proofs of the main lemmas in the previous section.

Notations: Generic finite positive constants are denoted by C; for ¢ = 1,2,--- and c.
They can take different values in different instances. |All2, ||A|lF, [[Alc and ||A]|; denote
the spectral, Frobenius, row, and column norms of matrix A, respectively. A;(A) denotes the
ith eigenvalue of a square matrix A. tr(A) and det(A) are the trace and determinant of a
square matrix A, respectively. |[/x|| denotes the 2 norm of vector x. If {f,}°°, is any real
sequence and {g,}>2 is a sequence of positive real numbers, then f, = O(gy,), if there exists a
positive constant Cy and ng such that |f,|/gn < Cp for all n > ng. fr, = o(gn) if fn/gn — 0 as
n — oo. If {f,}>2, and {g,}5>; are both positive sequences of real numbers, then f,, = S(gn)
if there exist ng > 1 and positive constants Cy and Cy, such that inf, >, (fn/gn) > Co and
SUD, >, (fu/gn) < C1. I { fr}nl, is a sequence of random variables and {g,};2 is a sequence
of positive real numbers, then f;,, = Op(gy), if for any € > 0, there exists a positive constant B,

and n. such that Pr(|f,| > gnB:) < € for all n > n..

S-1 Proof of the Theorems

This section provides the proofs of Theorems 1 to 3. The proofs are based on lemmas pre-

sented in Section S-2. Among these, Lemmas S-2.6 and S-2.7 are key. For each covariate
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i =1,2,--- N, Lemmas S-2.6 establishes exponential probability inequalities for the t-ratio
multiple tests conditional on the average net effect, éi,T; being either of the order &(7¢) for
some &; > 1/2, or of the order ©(T~%), for some 0 < ¥; < 1/2. For DGP given by (1), Lemma
S-2.7 provides asymptotic properties of LS estimator of coefficients and SSR of a regression
model that includes all the signals and pseudo-signals. This lemma establishes that the coeffi-
cients of pseudo-signals estimated by LS converges to zero so long as k% = @(Td) grows at a
slow rate relative to 7', i.e. 0 < d < 1/2. This lemma also shows that the SSR of the regression

model converges to that of the oracle model, which includes only the signals.

Additional notations and definitions: Throughout this section we consider the following

events:
_ _ k 5 _ _ N 5 _
Ao =HNG, Where’H—{E izlji—k'} and g_{§ i:k+k;+1ji_0}’ (S.1)

where {J; for i = 1,2,--- , N} are the selection indicators defined by (6). Ay is the event of
selecting the approximating model, defined by (9). H is the event that all signals are selected,
and G is the event that no noise variable is selected. To simplify the exposition, with slight
abuse of notation, we denote the probability of an event £ conditional on §i7T being of order

o(T~%) by Pr[€]0; 7 = ©(T~?)],where a is a nonnegative constant.

S-1.1 Proof of Theorem 1

To establish result (10), first note that Af = H° U G¢ and hence (H¢ denotes the complement
of H)

Pr(AG) = Pr(H¢) + Pr(G°) — Pr(H® N G°) < Pr(H°) + Pr( G°), (S.2)

where H and G are given by (S.1). We also have H¢ = {3°% | J; < k} and G¢ = {Ei\;kﬂc}ﬂ Ji >
0}. Let’s consider Pr (H¢) and Pr( G°) in turn. We have Pr(H¢) < Zle Pr(J; = 0). But for

any signal
Pr(J; = 0) = Pr [|t; 7] < cp(N,8)|0; 7 = S(T~")] = 1-Pr [|ti 1| > cp(N,8)|0; 7 = S(T~")],

where 0 < ¥; < 1/2 and hence by Lemma S-2.6, we can conclude that there exist sufficiently
large finite positive constants Cp and C; such that Pr(J; = 0) = O [exp(—CoT“")]. Since by

Assumption 1, the number of signals is finite we can further conclude that

Pr(H¢) = O [exp(—CoT")] (S.3)
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for some finite positive constants Cy and C. In the next step note that

But for any noise variable Pr(J; = 1) = Pr Uti’T\ > (N, 8) |07 = G(T*Ei)] , where ¢; > 1/2

and hence by Lemma S-2.6, we can conclude that there exist sufficiently large finite positive
(1—7r)262in53i’Tc§(N,5)
203, p(1+dr)?
. . _ _ T _ _ T _
exp(—CoT“"), in which O'ghT = T 13 E(z2), w?y’T = T35 | E(ziy?|Fio), 02 7 =

iy
71! Zle E(n2), nit = y¢ — ¢iTTit, and ¢; 7 is defined in (3). Therefore,

constants Cy and Cy such that for any 0 < 7 < 1, Pr(ji =1) <exp [—

(1—7r)2012)(N,5)
2(1+dT)2

Pr(G°) < Nexp _ Mt + N exp(—=CoT),

52 152 . .
where Xn7 = infic (41 kg ke 42, N} % By result (IT) of Lemma S-3.2 in online theory
1y, T

supplement we can further conclude that for any 0 < 7w < 1,

Pr(G¢) = O (NlXNT(ﬁd’;)25> 1+ O [Nexp(~CoT™)], (S.4)

— 2
Using (S.3) and (S.4) in (S.2), we obtain Pr(A§) = O (NI_XNT<11+dT) 6) +0O [N exp(—CoT)]

1—

2
and Pr(Ag) =1-0 <N1XNT(1+dT> 5) - O|[N exp(—C’OTcl)], which completes the proof.

S-1.2 Proof of Theorem 2
For any B > 0,
1-d . " 1-d . N
Pr (T |47 = v5l > B) =Pr (T'%" |47 — v¢ll > BlAo) Pr (Ao) +
id . * c c
Pr (T |47 — vl > BIAG) Pr (45).

Since Pr <T% 1Ar — 5| > B\AS) and Pr(Ap) are less than or equal to one, we can further

write,
1—d | . « 1-d . «
Pr (7" |40 =2l > B) < Pr (T2 |77 = 77 > BlAo) + Pr (45).

By conditioning on Ay the dimension of vector 4 is at most equal to k + k7 and by assumption
k3 = ©(T9) where 0 < d < 1/2. Therefore, by Lemma S-2.7 in online theory supplement,
conditional on Ay, ||y — il is Op (T%) By Theorem 1, we also have lim7_, o, Pr (A§) = 0.

Hence, for any € > 0, there exists B, > 0 and 7. > 0 such that

Pr (T¥ 137 — 5l > B€|Ao) Y Pr(AS) <eforall T > Te.
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Therefore, Pr <T¥ AT — 5| > Ba) < ¢ for all T > T, and we conclude that

. d-1
147 =il = 0p (T57)
as required. Similar lines of arguments can be used to show that if E (x,;T tx;; t) is a fixed
’ T,

d—
time-invariant matrix, then |yr —v%| = Op (T Tl), which completes the proof.

S-1.3 Proof of Theorem 3

Let Dy = T30, i = (Bpr + 021 ). For any B >0,
Pr (T% D] > B) —Pr (T% D] > B[A(]) Pr (A) + Pr (T% \D7| > B|Ag) Pr (AS).
Since Pr <T% |Dr| > B|A8> and Pr(Ap) are less than or equal to one, we can further write,
Pr(T#|Dr| > B) < Pr (T% [Dr| > BlAo) + Pr (45).

By conditioning on Ay, the number of selected covariates is at most equal to k + k7 and by
assumption k% = ©(T?), where 0 < d < 1/2. Therefore, by Lemma S-2.7 in online theory sup-
plement, conditional on Ag, D7 is O, <T_%). By Theorem 1, we also have limp_,, Pr (A§) = 0.
Hence, for any ¢ > 0, there exists B. > 0 and 7. > 0 such that Pr (T% |Dr| > Bel.A()) +
Pr(Af) < ¢, for all T > T.. Therefore, Pr (T% |Dr| > B5> < eforall T > T, and we con-
clude that

T
_ 1
TN i — (Bpr+0ur) =0 (T_§> :
t=1
Furthermore, by Lemma S-2.7, Ag,T is non-negative. Following similar lines of argument we

get that if E ( ) is a fixed time-invariant matrix, then,

/
X7 X
kTvt kT,t

T
TS (Bh o) = 0, (T3,
t=1

with A;T > 0 which completes the proof.

S-1.4 Propositions and corollaries

Proposition S.1 Suppose the target variable y; is generated according to (1), and Assumptions

1-4 hold. Consider the following regression equation:

k
Yt Zzﬂfit%T-H?t =X Y+ t=1,2...,T (S.5)
i=1

S.4



where vy is defined by

T
. — 2
yp = arg mt}nT ! tE 1 E (y: — X;c,tb) . (S.6)

Then there exists a positive constnt € > 1/2, such that

7“1§:§:ExxhﬂuﬂEU%)+dTTm

t=1 i=1

T

71! Z E (xk,txﬁm)

t=1

YT =

where dp = O (T™°), and Ty is the k x 1 vector of ones. Also, if the expected value of B for
i=1,2,---  k are time-invariant, i.e., E(Bi) = B, then vyo = pi +dr fori=1,2,--- ,k and

there exists o > 1 such that
E (n7) = Api +E(uf) + er,

where ey = O (T729)

k k
Dpi =D 0ijtaoijp = tr(Zx1fs.1) > 0, (S.7)
i=1 j=1

Yt = (ijta), QLo = (0450,8), fori, j = 1,2, 1k, 0ijra = B (zaxji), and oijep = E[(Bi — 5i) (Bje — 5;)]-
Alternatively, if the covariance matriz of the signals are time-invariant, i.e., E <xk7tx§€7t> =X,

then i = Bir + dp fori=1,2,--- .k, where By = T} ZtT:l]E (Bit), and there exists o > 1

such that

E (17) = A, + E(uf) + er

where ey = O (T79)

k kK

Aby = 0ijatl = tr(2,5x) 20, (S.8)
i=1 j=1

Q= (a;jt,/}) Jorij=1,2, k, and o3, 5 = E [(Bi — Bir) (Bt — Bir)].

Remark 5 Proposition S.1 shows that in a linear regression model that does not consider pa-
rameter instability, the deviation of each coefficient from the simple time-average of the corre-
sponding coefficients in the DGP approaches zero. Moreover, Ag; > 0 and A};t > 0 represent

the costs, in mean squared error sense, of neglecting parameter instability.

Corollary S.1 Lety, fort =1,2,---,T be generated by (1), and consider the active set Syy =
{z14, %21, -+ , &Nt} which contains k signals, k% pseudo-signals, and N — k — k3. noise variables.

Suppose Assumptions 1-3 hold and the noise variables, vy @ = k+kp + 1,k +kp +2,--- | N,
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are independent of the target, v, and have time-invaraint unconditional variances, V (xft) = 022
fori=k+ki+1L,k+k+2,---,N, and N = &(T") with K > 0. Then, there exist finite
positive constants Cy and C1 such that, for any 7w in (0,1) and any null sequence dp > 0, the
probability of selecting the approximating model Ay, defined by (9), by the OCMT procedure
with the critical value function c,(N, ) given by (5), for some § > 0, is given by

- ()")

Pr(Ap) =1-0 — O [T"exp (—CgTCl)] . (S.9)

Remark 6 Corollary S.1 shows that if we further assume that the noise variables are inde-
pendent of y; and their variance does not change over time, then for any 6 > 1, the OCMT

procedure consistently selects the approximating model.

S-1.5 Proof of propositions and corollaries

Proof of Proposition S.1 Since the objective function for ~vp is conver and, by Assumption
T-1 25:1 E (me;ﬁ’t) is invertible, then by the first-order condition of the minimization in
(S.6) we have

Til Z ]E (Xk,tyt) .

t=1

T

7! Z E (Xk,txk,t)

t=1

YT =

Substituting y; from (1), now yields

-1 T k -1

TS B (xpaieBie)+

t=1 i=1

T

7! Z E (Xk,tx;g,t)

t=1

T

7! Z E (Xk’tx;m)

t=1

T
T_l Z E (xkytuit) .

Yr =

By part (c) of Assumptions 2, all the elements of the k x 1 wvector T—* Z?zlE(xk,tuit) are

O (T7°) for some € > 1/2. Moreover, by Assumptions 3 and 4, all the element of k x k matrix
-1

[Tfl ZthlE (xk,txz7t)} are finite fized numbers. Since, by Assumption 1, the number of

stgnals, k, is a finite fixed number, we can further conclude that all the elements of k X 1 vector,

—1 T

7! Z E (xguit) ,

t=1

T

71 Z E (Xk7tX§€7t)

t=1

are O (T~°) for some € > 1/2 and consequently we can write

T -1

71! Z E (Xk,tX§€7t)

t=1

T k
Yr = T Z ZE Xt TitBit) + dr T,

t=1 i=1

where dp = O (T~°) for some € > 1/2 and Ty, is the k x 1 vector of ones. By Assumption
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1, Byt 1s independent of xj; for alli,j =
T —1
")/T: T_IZE(thXk’t)
t=1

Consider first the case where E (B;;) is time-invariant and set B (B;t) = B;.

Y =|1T"

-1

where B = (B1, B2, - - uﬂk)/-

T — 00. Moreover,

k
me=w— > (B +dr).

i=1

By substituting for y; from (1), we have

1,2,

E (Xk,tX;c7t)

Z Tit ﬁzt Bl) + up + dT Z Tit-

=1
Therefore, by Assumptions 1 and 2,

k k

E (nt = Z Z Oijt,x04jt,B + E(ut) + er.

=1 j=1

where ey = O (T79) for some 0 > 1, 041 = E(xuxji), oijrp =

further have

k kK

Dpi =D 0ijiatijip = tr(Qss Swr)

i=1 j=1
where Qg = (045¢.8) and Xy, 1 =
Liitkepohl (1996), we can further write

(O'ijt,ac) fOT 17] = 1727"'

tr Q53 xt) > k[det (Qp)]Y* [det (S 0)] "

, k, therefore,

Then

B +drty =B +dr T,

So, in this case vy would converge to the expected value of By at

E[(Bir — B:) (Bje — B5)] -

k. By result 9(b) on page 44 of

But k is a finite fized integer. Furthermore, det(2s:) > 0 and det(3x, ) > 0, since Qg and

Ykt are positive semi-definite and positive definite matrices, respectively. So, we can conclude
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that Ag; > 0.
Consider now a second case where E (Xkytxﬁg t> 18 time-invariant and set £ <Xk7tX§€ t) =3

Then

_ - L1, .
yr =T Y B () | DB (ongwia) |T71 Y E(Bu) | + drr
L t=1 1 = pt
_ - o1, )
= |7 ZE (X’f»txgc,t) Z E (Xk:,thz'tBiT) + drTh
L t=1 1 =
- T _ _1 !
= |7 ZE (Xk’»txgc,t) E (Xk,txz,tBT) + drTy
L t=1 |
_ - T , 7 7
= |77 2 E (o) T B (xkiXhy) | Br + drTi = Br + dri
L t=1 ] 1

where By = (BlT,BQT, _ ,BkT)/ and By = T71 Zle E (Bit). So, in this case vy would con-
verge to the simple average of expected value of B across time. Moreover,

k
Nt =Yt — Z zit(Bir + dr) (S.10)

i=1

By substituting for yi from (1), we have

k k
N = Z:L"it (Bit — Bir) + us + dTZwit- (S.11)

=1 =1
Therefore, by Assumptions 1 and 2,
k Kk
E () =YY 0ijuoiis + E(u]) +er, (S.12)
i=1 j=1

where ep = O (T72) for some ¢ > 1, 04, = E(zyx;) and olp =E [(ﬁzt — Bir)(Bjt — Bj,T)]-
We further have

ko k
Aby = 0iatis = tr(2,5x,)
i=1 j=1
where Qf , = (a;‘jtﬂ) and Xy, = (04j2) fori,j = 1,2,--- k. By result 9(b) on page 44 of
Liitkepohl (1996), we can further write

tr (25, 5x,) > k [det (05,)] " [det ( 2,)]/F

But k is a finite fized integer. Furthermore, det (Q}}t) > 0 and det (3, t) > 0, since Qj, and
Ykt are positive semi-definite and positive definite matrices, respectively. So, we can conclude

that A%, > 0.
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Proof of Corollary S.1 By Theorem 1, we have that under Assumptions 1-3, there exist finite
positive constants Cy and Cy such that, for any 0 < m < 1, the probability of selecting the
approximating model Ay, as defined by (9), is given by

k| 1— a-x \?
Prido) =1=0 ) <1 o) 5> — O [T"exp (~CoT™)] (S.13)
where
XNt = infiefpype 11, N3 Er";;ﬂ
iy, T

. _ _ T _ — T - — T
with 0-3231-,T =T Y E(z3), wzzy,T =T B2y | Fie1), ‘77271-,1’ =T 3 (), i =
Yt — i %, and ¢; 7 is defined in (3). Note that,

T

71 ZE (551215)] —2¢i T

T
53¢,T =7 ZE (v?) + dir
t=1 t=1

T
T Z E (iEityt)]

t=1

=2 2 -2 a2 2 -2
=0, + ¢i,TUxi,T — 2¢i b = Oy T — ¢i,T0-xi,T'

But, zit for alli e {k+ k¥ +1,k+k}+2,---,Np} are independent of y; and hence ¢; 7 = 0.
Consequently, 57271,7T = 6Z,T forie{k+k+1,k+k;+2,---,Nr}. Moreover, since x; for all

ie{k+ky+1,k+k-+2,---,Nr} are independent of y;, we can write

=TS B IR E (2R = T Y B () E (D).
t=1 t=1
forie{k+ki+1,k+ki+2,---,Np}. Therefore,
In cases where E(x3) fori € {k+ks+1,k+k5+2,---, Nr} are time-invariant, we can conclude

that Xny7 = 1 and hence the probability of selecting the approximating model is given by

Pr(A4p)=1-0 TﬂOi(ﬁ) 5> — O [T" exp (—Cchl)] ,

as required. Note that dr — 0 and T — oo and 7 is an arbitrary constant between zero and

one.

Since 7 is an arbitrary constant between zero and one, result (S.9) of Corollary S.1 implies
that for any § > 1, we can select an approximating model with probability approaching one as

N and T grows to infinity.
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S-2 Main lemmas

Lemma S-2.1 Let y; be a target variable generated by equation (1), and x; be a covariate in

the active set Syt = {x1t, Tat, -+ , Nt} Under Assumptions 1, and 2, we have
E [yixi — E(yiwit)| Fi-1] =0, fori=1,2,--- N,

and
E [yf — E(y7)|Fima] =0.

Proof. Fori=1,2,--- , N, we have
E(yixi| Fi-1) = Zle E(Bj¢| Fi—1)E(xjixi| Fi—1) + E(ugwi| Fe—1).

By Assumption 2, E(Bjt‘]:t—l) = E(ﬁjt), E(xjtxit]ft_l) = E(l‘jtl‘it), and E(ut:rit|]:t_1) =
E(utxs). Therefore,

E(ywa| Fi1) = Y i—y E(Bjt)E(zjiwir) + E(wwa) = E(yi).
Also to establish the last result, note that y; can be written as

Yr = 25:1 Bjrxjt + up = X, By + ue,
where Xj; = (14, Tot, -+, Tie), and B, = (Bug, Bot, - -+, Bre)’. Hence,

E(y?|Fi-1) = E(BY| Fr-1)E(xex}| Fi-1)E(By| Fio1) + E(u?|Fi—1) + 2B (8| Fy—1)E(xpue| Fi—1)

= E(B)E(xex)E(8,) + E(uf) + 2E(8) E(xur) = E(y7)-

Lemma S-2.2 Let y; be a target variable generated by equation (1). Under Assumptions 3-1,

for any value of o > 0, there exist some positive constants Cy and Cy such that
sgpPr(|yt| > a) < Cy exp(fClozs/Q).

Proof. Note that
|ye| < Z?:ﬂﬁjtxjt’ + Jue.

Therefore,

Pr(lye| > a) < S5 [Bjse] + [ue] > ),
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and by Lemma S-3.3 forany 0 < m; < 1,7=1,2,--- ,k+ 1, with Zfill m; = 1, we can further

write
Pr(lye| > o) < 325, Pr(|Bjuaji| > mje0) + Pr(ju| > mipa00).
Moreover, by Lemma S-3.4, we have
Pr(|Bjewji| > mja) < Prllaj| > (mj0) %] + Pr(|Bj| > (mier) /],
and hence
Pr(lye| > o) < 35 Prllage] > (mje) Y2 + 5 Pr(|Bje| > (mja) /2] + Pr(jug| > mppa0),

Therefore, under Assumptions 3-1, we can conclude that for any value of o > 0, there exist

some positive constants Cy and C; such that

sup Pr(|ye| > a) < Cyexp(—Cra®/?).
t

Lemma S-2.3 Let x;; be a covariate in the active set, Syt = {x1,Tot, - ,TNt}. Suppose
Assumptions 2-8 hold and (v = S(T?) for some A > 0. Then, if 0 < X\ < (s +2)/(s +4), for

any 0 < m <1,

Pr(|xx; — E(xix;)| > Cr) < exp (_(1—%) ,

-2
QT%‘]‘,T

where, x; = (41, Ti2, -+ ,xi7) and @22]»771 =7! 23:1 E (z?tx?t\}"t,l). Also, if A\ > (s+2)/(s+

4), there ezists a finite positive constant Cq,
/ / s/(s+1)
Pr(Ixix; — E(xix;)| > Cr) < exp (-1,
foralli,j=1,2,---  N. .

Proof. Note that [x/x; — E(x[x;)] = Z?zl[xitxjt — E(zixj)], for all i and j. By Assumption

2 we have
E [zyxj — E(zixj)|Fi—1] = 0,

fori,j =1,2,---, N. Moreover, by Assumption 3, for all i = 1,2,--- | N and « > 0, there exist

some finite positive constants Cy and C such that,
sup Pr(|zi| > o) < Cpexp(—Cia®).
t
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Therefore, by Lemma S-3.7, for all 4,57 =1,2,--- , N and « > 0,
sup Pr(|zyz ] > o) < Cp exp(—Cra®/?).
t

Hence, by Lemma S-3.1,if 0 < A < (s +2)/(s +4), for any 0 < 7 < 1,

i3, T

(1_ 2@-2
Pr(|x/x; — E(xx;)| > (r) < exp (— QTQQ T) .
Moreover, if A > (s +2)/(s + 4), then there exists a finite positive constant C, such that

Pr(jxix; — B(xjx;)| > ¢r) < exp (~Cr/ ).

Lemma S-2.4 Let y; be a target variable generated by the DGP given by (1) and z; be a
covariate in the active set, {x1, o, -+ , TNty Suppose Assumptions 1-3 hold and (r = S(T?)

for some X > 0. Then, if 0 <A< (s+4)/(s+8), forany 0 <7 <1,

(1 - m)*¢

where x; = (za, @iz, xir), ¥y = Wi,42, - ,yr), bir = TOir = E(xjy) and &, =
T3 E (22y?|Fio1). Also, if X > (s +4)/(s + 8), there exists a finite positive constant
C1 such that

Pr(|xjy — ;7| > () < exp <—01C;/(5+1)) :

foralli=1,2,--- N.

Proof. Note that [xy — 6; 7] = S, [ziy: — E(xity:)], for all i. By Lemma S-2.1
E [ziyr — E(wiye) | Fe—1] = 0,

fori=1,2,---,N. Moreover, by Assumption 3, for all : =1,2,--- , N and a > 0, there exist

some finite positive constants Cy and C4 such that,
sup Pr(|z;| > a) < Cpexp(—Cia?).
t
Also, by Lemma S-2.2, there exist some finite positive constants Cy and C such that,

sup Pr([ye| > ) < Cpexp(—Cra®/?).
t
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Therefore, by Lemma S-3.7, for all  =1,2,--- ;N and a > 0,
sup Pr(|ziy| > a) < Cyexp(—Cra®/?).
t

Hence, by Lemma S-3.1,if 0 < A < (s +4)/(s + 8), for any 0 < 7 < 1,

iy, T

1—7)2¢2
Pr(|xjy — 0;r| > (r) < exp <_(2ng CT) '
Moreover, if A > (s +4)/(s + 8), there exists a finite positive constant C1,
Pr(|x}y; — 6i 7| > (r) < exp (_CIC;/(SH)) .
[

Lemma S-2.5 Let y; be a target variable generated by equation (1) and x; be a covariate in
the active set, Sy = {1, Tar, - ,TN¢}. Suppose Assumptions 1-3 hold and (p = S(T?) for

some A > 0. Consider the projection regression of y, on x; as

Yt = Qi 7Ti + Nit,

where the projection coefficient ¢; 1 is given by (3). Then, if 0 < X\ < (s+4)/(s+8), there exist

sufficiently large positive constants Cy, C1 and Cs such that
Pr [[nM,m; — E(ning)| > (r] < exp(=CoT~'(F) + exp(=CiT),

where m; = (i1, iz, -+, mir) and My, = T=T71x(T71%]x;) 71X} with x; = (31, 20, -+, Tir)’
Also, if A > (s+4)/(s + 8), there exist sufficiently large positive constants Cy, C1 and Cy such
that

Pr [|[niM,m; — E(nin;)| > (r] < eXp(—CoC;/(S+1)) + exp(—C1T9?),

foralli=1,2,--- N.

Proof. Note that n/M,,n; = y'M,,y, where y = (y1,%2,- - ,yr). By Assumption 2, we have
E [szt - E(x?t)]}}_l] =0,

fori=1,2,--- ,N. By Lemma S-2.1, we also have
E [yswi — E(yewie) | Fi—1] = 0,

fori=1,2,---,N, and
E [yf —E(y)|Fia] =0.

S.13



Moreover, by Assumption 3, for all i = 1,2,--- | N and « > 0, there exist some finite positive

constants Cy and C7 such that,
sgpPr(\ajiﬂ > a) < Cyexp(—Cra®).

Also, by Lemma S-2.2, there exist some finite positive constants Cy and C such that,
sgpPr(\yt\ > a) < Cyexp(—Cra®/?).

Therefore by Lemma S-3.20, we can conclude that there exist sufficiently large positive constants

Co, C1, and Cy such that if 0 < XA < (s+4)/(s + 8), then

Pr [|n/M,,n; — E(nin;)| > (r] < exp(=CoT ') + exp(—CiT),
and if A > (s +4)/(s + 8), then

Pr [|niM,.,m; — E(nin,)| > ¢r] < exp(~Co¢y/ V) + exp(-C1T%),
foralli=1,2,--- ,N. m

Lemma S-2.6 Let y; be a target variable generated by equation (1) and x; be a covariate in the
active set, SNt = {x1t, Tot, -+ , TNt }. Suppose Assumptions 1-3 hold and consider the projection

regression of y¢ on Ty as

Yt = Gi,7Tit + Nit, (S.14)

where ¢; T is given in (3). Define,

T-12x!y
ti,T = 1 c 17 3
\/T Mg, n; \/T X; X

where x; = (xi1, T, xir), Yy = WY2, > yr)s mg = (i mi2, -+ mir)’ and My, =T —

T_lxi(T_IX;xi)_lx;. Then, there exist sufficiently large finite positive constants Cy and Ci

such that for any 0 < w < 1, any null sequence dr > 0, and €; > %
(1-— 7r)26%i’T5§i’Tcg(N, J)

QCD?y,T(l =+ dT)2

Pr ([tiz| > ¢p(N,8)|0;0 = (T )] < exp |- +exp(—CoT),

where c,(N,0) is defined by (5), 6,7 = TO;r = E(xly), 6%2,7T =71 ZthlE(niQt), 6§i’T =
71! Zthl E (:B?t) and &J?yj =71 Ethl E (x?tyf]}"t_l). Also, if cp(N,6) = o(TY?>=9=¢) for any

0 <¥; < 1/2 and a finite positive constant c, then, there exist some finite positive constants Cy
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and Cq such that
Pr[|tir| > ¢p(N,0)|0;0 = S(T'7)] > 1 — exp(—CoT).

Proof. We have |t; 7| = Ay B, where,

—1/27
Air = L / x|
T - — — )
O‘ni,To-xi,T
and
Bir On; 70, T
(A

T VT M T

In the first case where ;7 = ©(T'7¢) for some ¢; > 1/2, by using Lemma S-3.4 we have
Pr [|tiz| > cp(n, 8)[057 = E(T'™)] < Pr[Air > ¢p(N,8)/(1+dr)fir = &(T" )] +

Pr [B’LT >1+4+ dT|0i,T = @(Tliei)] R

where dr — 0 as T' — oo. By using Lemma S-3.6,

Pr [BzT >1+ dT|9i,T = @(Tl_gi)]

o Z."‘[‘5'1»1-1‘ 1—e¢;
< Pr U3 ’ — 1| >dpl0;p = (T ¢
- <| VT T, i = )>

T~ ' Ma,m;) (T~ xx;
<Pr <|( i lemg( XiXi) — 1| >dr|0ir = e(Tlei)>

90, 1%, T

=Pr [Mz‘T + Rir + MirRir > dr|bir = G(Tlfq)]

where M1 = \(T‘lxgxi)/ﬁiij — 1] and Rir = !(T‘lnéMmm)/ﬁfﬁj — 1]. By using Lemmas
S-3.3 and S-3.4 , for any values of 0 < m; < 1 with Z?:l m; = 1 and a strictly positive constant,

¢, we have
Pr [BiT >1+4dp|0ir = @(Tl_ei)]
< Pr[Mir > mdr|0ir = &(T')] + Pr [Rip > madr|fir = S(T' )] +
Pr [Mir > %dp|0ir = S(T' )] + Pr [Rir > clir = S(T' )] .
First, consider Pr [/\/liT > mdr|0;r = @(Tl_ei)], and note that
Pr [Mir > mdr|0;r = &(T' )] = Pr [|xjx; — E(xjx;)| > Wl5azci,TTdT\9i,T =o(T )] .

Therefore, by Lemma S-2.3, there exist some constants Cy and C; such that,

Pr [Mip > mdp|f;r = ©(T' )] < exp(—CoT).
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Similarly,
Pr [Mr > Zdp|0; 7 = &(T' )] < exp(—CoT ).
Also note that
Pr [Rir > madr|0ir = ©(T' )] = Pr [|n;My,m; — E(nin,)| > may, 7 Tdr|bir = O(T' )]
Therefore, by Lemma S-2.5, there exist some constants Cy and C such that,
Pr [RiT > modr|0;m = 6(T1_6i)] < exp(—COTCI).
Similarly,
Pr [Rir > clb;r = &(T'7%)] < exp(—CoT).
Therefore, we can conclude that there exist some constants Cy and C; such that,
Pr[Bir > 1+ dr|0ir = ©(T')] < exp(~CoT™)

Now consider Pr [Air > ¢,(N,8)/(1 + dr)|0; 7 = ©(T'~%)], which is equal to

<|Xy 9@T+97,T| Tl/QCP(N 6)|9 (Tl—ei)>
Oy TOx; T 1+d

i, T 0w, T
< Pr (]xgy —0; 1| > ﬁTl/ch(N, 5) —|6;,

i T = G(Tl_ei)> :

Note that since ¢; > 1/2 and ¢,(N,d) — oo as N and consequently T goes to infinity, the
first term on the right hand side of the inequality dominate the second one. Moreover, Since

cp(N,8) = o(T?) for all values of A > 0, by Lemma S-2.4, for any 0 < 7 < 1,

Pr [[xly| > PHEE T 2, (N, 0) .7 = S(T' )| < exp [—

(177r)20'72] T&i T p(NzS)
1+dr

2w ,T(1+dT)

Given the probability upper bound for A;7 and B;r, we can conclude that there exist some
finite positive constants Cy and C; such that for any 0 < 7 < 1
(1 —7r)2a% Tﬁm % 2(N,9)

+exp(—C; TC1),
252 (1t dr)? p(=CoT™)

Pr Uti,T| > Cp(N, 5)‘61,T = @(T1_€i)] < exp [—

Let’s consider the next case where 6; 7 = ©(T'~%) for some 0 < ¥J; < 1/2. We know that

Pr{[tir] > ¢(N, )l = S(T'~%)| = 1= Pr [[tir] < (N, 8)lth,r = (T 7).
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By Lemma S-3.8,
Pr|[tir| < cp(N,6)|0ir = @(Tl’ﬁi)] < Pr [AiT < V14 dpey(N,8)|0;.0 = S(T7)| +
Pr [BZ-T <1/\/1+dplbir = @(Tl—ﬁi)} .
Since ;7 = (T %), for some 0 < 9; < 1/2 and ¢,(N, §) = o(T"/>79=¢), for any 0 < 9 < 1/2,

0.7 — Gy 752, 7[(1 + dr) T2, (N, §) = ©(T* ) > 0 and by Lemma S-3.5, we have

Pr[Air < T+ drey(N,0)[0ir = S(T' )]
‘T_1/2ng _ T_1/29i,T + T_1/2072,T‘

Oni, TOz;, T

=Pr

< \/1+dpey(N,8)|0;r = (T %)

< P Iy Ol > ] — 3,170,710+ AT 20 (N, 8) 0 = ()]
Therefore, by Lemma S-2.4, there exist some finite positive constants Cy and C; such that,
Pr (xiy = 07| > 01.7] = Gy 102, 2[(1 + dr) 126, (N, 0) 650 = S(T' )] < exp(—CoT®),

and therefore

Pr [Air < T+ drey(N,0)lfi7 = ©(T'7)] < exp(~CoT™).
Now let consider the probability of B;r,

Pr(Bir < 1/V/T+drlfiz = o(T'"))

 Pr ( On, 70z, T 1 Oy — G(Tl—ﬁi))

<
VI My m /T %x;  V1+dr
b <(T‘1772Mxmz—)(T‘1X2Xi)

=2 =2
%0, 1%, T

> 1+ dr|0;r = e(Tl—ﬁi)>

< Pr(Mir + Rir + Mg Rir > dr|b;r = (T %)),

where M = \(T’lxgxi)/@%iﬁp — 1] and Rir = |(T’177§Mxini)/&?ﬁj — 1|. By using Lemmas
S-3.3 and S-3.4 , for any values of 0 < m; < 1 with Z?:1 m; = 1 and a positive constant, ¢, we

have

Pr [BZ-T <1/\/1+dploir = @(TH%)}
< Pr[Mir > mdr|0;r = ©(T'")] + Pr [Rir > madr|fir = ©(T' )] +

Pr [Mir > Zdrlfir = S(T%)] + Pr [Rir > cldyr = S(TV%)].

Let’s first consider the Pr [MiT > mdr|ir = @(Tl_ﬁi)]. Note that

Pr [MiT > mdp|0ir = e(Tl‘ﬁi)] — Pr []x;xi — E(}a;)| > m162, 7 Tdr|0;r = e(Tl—ﬂi)] .
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So, by Lemma S-2.3, we know that there exist some constants Cy and C; such that,
Pr [MiT > mdr|bir = @(Tl_ﬁi)} < exp(—CoTcl).

Similarly,
Pr [Mir > Zdr|0;r = 6(T'")] < exp(=CoT).

Also note that

Pr [Rz'T > madr|fir = 6(Tl_ﬁi)} =Pr [\néMxim —E(mimy)| > meoy, Tdr|ir = &(T Hi)} :

Therefore, by Lemma S-2.5, there exist some constants Cy and C; such that,
Pr(Rir > modr|fir = S(TT%)) < exp(—CoT).

Similarly,
Pr(Rir > c|bir = o(T' ")) < exp(~=CoT).

Therefore, we can conclude that there exist some constants Cy and C] such that,
Pr [Bir < 1/3/1+ drlo,r = (T ™")| < exp(~CoT™).

So, overall we conclude that

Pr [[tirl > cp(N.8) B = S(T'—)]

= 1-Pr||tir| < cp(N,6)|0;1 = @(Tl—ﬂi)] > 1 — exp(—CoT).

Lemma S-2.7 Suppose y; are generated by

k
yt:intﬁit+ut fO’f’t:].,2,“’ 7T7 (815)
=1

and consider the LS estimator of the following regression augmented with the additional lp

regressors from the active set:
Y = Xp, @ + S0 + 11,

where Xt = (T1¢, Tat, -+, Tge), 08 the k x 1 vector of signals, s, is the lp x 1 vector of additional

regressors, ¢ = (¢1, P2, -+, ¢r) and § = (01,02, -+ ,01,.)" are the associated coefficients. The
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LS estimator of ~p = (¢',87) is

Jp = (T7'W'W) ™ (T7'W'y), (S-16)
where W = (w1, wa, -+ ,wr), wy = (x},,8})" andy = (y1,y2,- - ,yr)". The model error is
A=y - Wir. (8.17)
= oO(T%), where 0 < d < % Moreover

Suppose that Amin [T‘lE(W’W)] >c >0, and I =

suppose that Assumptions 1-8 holds. Now,
(i) If E(Bit) = B; for all t, then

. . _1-d
e =il = 0, (T757).
where v = (3, 0;.) and B = (B1,B2, -+, Br)'. Under Assumption 5 we also have

~ 1
T~ ﬁ/ﬁ == JuT —+ A,B,T + Op (ﬁ) —+ Op (T—(l—d)) ,

(u?), and Agp = T7! Z;‘FZI tr(3x, +2s+) are non-negative,
with 3w, ¢+ = (0ijt,2), Qe = (ije,p) fori,j =1,2,--- k, and 0ij10 = E(xyxjt), 04jep =

E[(Bit — B8i)(Bjt — B)]-

= 1
whereaT—T ST E

(it) If E (wyw)) is time-invariant, then
. _1-d
e =l = 0, (T757).
where v = (Bér,OET)/; Br = (Bir. Bor, - -

sumption 5 also holds, then

A - A x 1 (-
T 1,7/77:057T+A57T+0p <\/T> + 0, (T ¢! d)>7

where AZ%T =71 Zthl tr (Exk,tﬂ}it) is mon-negative, with 5, = (U;kjtﬁ) for i, j
1,2,-- .k, and 03, 5 = E[(Bie — Bir)(Bjr — Bjr)]-

Proof. In the first scenario, where E(5;;) = §; for all t , we can write (S.15) as

Brr)', and Bir = T~V Y B(By). If As-

Z xztﬁz + Z$zt Blt - B'L +u = Z l’ltﬁz + Z Tit + Uy = Xk;tﬂ + rtT + U,

=1 i=1 i=1 i=1

where 75 = xy (Bt — i), Tt = (1,726, -

write the DGP in a following matrix format,

rit)’, and T is a k X 1 vector of ones. We can further

y =XiB+RT + 1, (S.18)
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i / / :
where Xy = (Xg1, Xg2, -+ ,Xkr)', R = (r1,re,--+, rp) and u = (uy,ug, -+ ,ur)’. By substi-

tuting (S.18) into (S.16), we obtain
Y = (T"W'W) ™ (TT'W'X,8)+ (T 'W'W) ™ (T 'W'Rr) +(T"'W'W) ™ (T"'W'u)

where W = (X ,S), and S = (s1,82, - ,s7)". Since v = (,B’,O;T)/, XiB = X8 + S0, =

W%, which in turn allows us to write the above result as:
Y = (T7'WW) " (TT'W'W) 5+ (T W'W) ™ (T 'WRr) + (T WW) ™ (T W)
and hence

Y — 5 = (TT"W'W) ™ (T'W'RT) + (TT'W'W) ™ (T7'W') . (S.19)
We can further write

r = vr = {(@WW) "~ [E(TTWW)] T (T WRT) +

[

(T~ 1WW)] HTTWR T) +
— [E (T WW)] T T (W) —E (Wha)] } +
-

E(T™'W'W)] "} [T (W'a)] +

Hence, by the sub-additive property of norms and Lemma S-3.9, we have

97 =5l < ||(T'WW) T — [E(TTWW)] | |7 WRT |+

E(rWW)] 7|7 WRe |+
1

Al (W) B (W) )+

T 'WW) ' - [E (T 'WW)]

e (W) +

(T
[
(T'W'W) ™ — [E(T'W'W)]~
(T
[E (@ WW)] | [T (W) — B (W u)] |+
[

E(rWW)] 7| ||7E (W )|

By Assumption 2

T

T_l Z E(Wtut)

t=1

177 E (W) =

-0 (T—Q%d> ,
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where € > 1/2.
Assumptions 2 and 3 imply that W and u satisfy condition (i) and (ii) of Lemma S-3.12,
and by Lemmas S-3.12 and S-3.13,

|77 [Wha—E (W )] =0, (177%").
Similarly,
|7 [(W'W) — B (WW)]| .= O, (1-0/2-0)
and since Ir = ©(T9) with 0 < d < 1/2, by Lemma S-3.14,
H (T7'W'W) ™' - [E (T—lw’w)]”HF =0, (T—<1/2—d>> .

Now consider HT‘1W’R TH Note that the row j and column i of Ip x p matrix T"'W’'R
is equal to 77! ZZ;I wjirie.  Hence the 4 element of I x 1 vector T-'W'RT is equal
71 Zle Z’le wjiri. In other words, T-'W'Rt = T~1 Zle Zthl wyrit. Therefore, (re-
calling that r;; = x4 (Bit — 5i))

kT
T_1 Z Z(Wtrit)

=1 t=1

k
=2
kT .

2 T

T Z wixit (Bt — Bi)

t=1

7w =

T
=72 Z Z Z W) tWi Tt Tit! th - 57,) (Bz't/ - 57;)

=1 t=1t'=1

k+Ilp

kT T
=72 Z Z Z werwer TirZip (Bie — Bi) (Bivr — Bi) -

i=1 t=1t'=1 (=1

Since, by Assumption 2, B for i = 1,2,--- ,k are distributed independently of w; for t =

1,2,---,T, we can further write,
, kK T T
E|T7'"W'Rr||" < T Z Z Z E (wgwey zixi ) E[(Bi — Bi) (B — Bi)]
kK T T
<7172 Z Z Z |E (werwep igxip )| % |E[(Bie — Bs) (Biv — Bi)ll

kK T T
<772 (k+ 07) sup; o1 |E (werwpp zipzip)| Z Z Z |E[(Bit — Bi) (Birr — Bi)]

i=1 t=1t'=1
Since W satisfy condition (i) of Lemma S-3.12, we have sup; ;; y |E(wgpwep zivzip )| < C < oo.

Also, note that for any ' < t,

E[(Bit — B:) (B — Bi)] = E[(Birr — Bi) E (Bir — Bil Fe-1)]
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and by Assumption 2, E (8 — Bi|Fi—1) = 0. Therefore,

‘E [(@-t - 51)2] ) +2 XT: zt: [E[(Bir — Bi) (Birr = Bi)ll

I
[M]=

T T
> D EBi — B) (B — B

t=1t'=1 t

I
[M]=

B[ (82— 8] | = 01).

t=1

Since, by Assumption 1, k is also a finite fixed integer, we conclude that
E|r'WRr|* =0 (T70-)

and hence, by Lemma S-3.13,
[T WRr| = 0, (T7).

So, we can conclude that

N _1=d
157 =il = 0, (T7737).

as required.
In the next step, consider the mean squared errors of the model, T~ !%/fp. By substituting

y from (S.18) into equation (S.17) for the model error, we have
N=y— WA =X;8+R7+u—- W4,

Since X3 = W~., where v4 = (3, OET)’, we can further write,
N=Rr+u- W(Hr—7).

Therefore,

T ' =T"Rr+u-W( g7 —vp)] [RT + u—W (7 — v7)]
=T 'R +u) R +u) + T ' [W (37 —vp)] [W (57 —75)] -
2T W (37 —v7)] (RT + u)
=T ' (FRRr +u'u) + 2T '"7'Ru+ (3p —v5) (T'W'W) (40 —v%) —

2(3r — ) [T (W Rt + Wu)].
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By substituting for 47 — v} from (S.19), we get

T'9n=T"(rRR 7 +u'u) + 27 '7'R'ut
[T~ (WRr + W)] (T7'WW) ' [T (WRT + Wu)] -
2[T"H (WR+ W) (T7'WW) ™' [T~ (WRT + W'u)]

=T7' (rf'R'R7 + u'u) + 2T '7'R'u-

T (WRr + W)] (T 'W'W) ! [T (WRT + Wa)] |
we can further write

T'yf=T"E(rRR7 +uu) + T {[TRR 7 - E(rR'R7)] + [u'u - E (uu)]} +
2T '7'Ru— [T (WRr + Wu)|' [E(T"'W'W)] ' [T~} (WRr + W] —
(7 (WRr + W) ] { (17 W'W) ™ = [B(17'W'W)] T L [T (WRT + W)

Therefore,

T'W'n—T'E (r'R'Rr +u'u) <
T [ 'R’ Rt —-E (T'R’RT)] + 71 [u/u —E (u/u)] + 2T ' R'u+
|77 [WRT + Wha— B (W) || [E (77 Ww)] |+ 78 (W) || [ (7 wrw)] |+

-1

7 [WRr + W — B (W) | (- wrw) ! = 2 (- ww)) |+

-1

|77 (Wha) | | (rwrw) T (B (rwrw) ) |

(S.20)

First, consider T~! [*'R'R7 — E (7’"R/R7)]. Note that

T T k k kK kT
L Do) EEDSIEICR RS of b bolf) B wpobolet
t=1 t=1

t=1 \i= = i=1 j=1 t=1

Recalling that r;; = z44(5; — i), and hence,

k T
7' [+RRr —-E(rRR7)] =) > (Tl > fij,t> :
i=1 j=1 t=1

where

Tije = TitTje — B(rirje)
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2
Now consider E (T‘l Z;le fij7t> and note that

T 2 T T
E (T‘1 > m;) =T72) > E(Fijefise) -
t=1

t=1t'=1

By Assumption 5, T2 Zthl ZtT/:1 E (fij,tfij,t/) =0 (T_l) , and hence, by Lemma S-3.13, it

follows that

T
1
T Fija| = Op <> :
= VT

Since by Assumption 1, k is a finite fixed integer, we can further conclude that

T! [7R'RT —E (r'R'R7)] = Z k (T_l ifij t) =0p (1> : (S.21)
i=1 j=1 = VT

=17

Now, consider, T~!7'R’u. Note that

T T T k k T
T'7'Ru=T""'7 (Z I‘t”t) =71 Z T'riup = 71! Z Z iUt = Z <T_1 Zn‘tut> .
t=1 t=1 t=1 i=1 i=1 t=1
We have
T 2 T T ot
E (T_l Z T‘itut> =72 Z E (T?tuf) +2772 Z Z E (rigripugugy ) .
t=1 t=1 t=2 t'=1

Since 74 = xi(Bit — Bi), and Py for i = 1,2,---  k are distributed independently of zj,, j =
1,2,---,N , and ug for all ¢t and s, we can further write for any ¢’ < ¢
E (rarauwuy) = E(ziguguy) E[(Bi — B:i)(Biv — Bi)]
= E (zguszipuy) E{(Bi — Bi)E [(Bit — Bi)| Fe-1]} -

But, by Assumption 2, E[(8i — 5;)|Fi—1] = 0 and thus E (ryrjpuuy) = 0 for any ¢ < t.

Therefore,
T 2 T 1
E <T1 Z ritut> =72 ZE (r?tu?) =0 (T) .

Hence, by Lemma S-3.13, ‘T‘l ZtT:l mut‘ =0, (%) Since, by Assumption 1, k is a finite

fixed integer, we conclude that

k T
T '4'R'u = 7! riug | = Op L . (S.22)
3 (5] =0n ()

=1

By substituting (S.21) and (S.22) into (S.20), and noting that ||7—'E (W’u)H2 =0 (T_(Qe_d)),
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for some € > 1/2,
|7~ [W'RT + Wu—E (Wu)]|* = 0,(T(~9),

| ww) ™ = B ww) | = 0,0,

and
77! [Wu-E(uu)] =0,(1/VT),

we conclude that

k k T
ERIVIR _ _ 1 (-
=33 (14 o) a0y () 00 (r9).

t=1

where 0yt = E(xiuxji), 0ije.sg = E[(Bi — Bi)(Bje — b)), and FfiT = T71E (u'u). We further
have

k k T T k k T

B - - 1

Npr=> > (T 5 :Uijt,zaz‘jt,ﬁ) =71y Y Gijtatijip | = T ) tr (s, ) 5
i=1 j=1 t=1 t=1

t=1 \i=1 j=1

where Qg = (04j1,8) and Xy, = (04j¢,z) for i,j = 1,2,--- k. By result 9(b) on page 44 of
Liitkepohl (1996), we can further write

tr (5,4 Bxp ) > k[det (25,)]Y% [det (S, 1)]* .

But k is a finite fixed integer. Furthermore, det (23;) > 0 and det (3, ¢) > 0, since Q3,; and
Yx,.t are positive semi-definite and positive definite matrices, respectively. So, we can conclude
that A@T > 0 as required.

In the second scenario, where E (w;w}) is time-invariant, we can write (S.15) as

k k k k
ye = wiuBir + Y wit (Bt — Bir) +ur =Y _wubir + > hat +u = X4, B + hiT + uy,
i=1

i=1 i=1 i=1
where h;; = z;t (ﬁit — BiT), and hy = (hyg, hot, -+, hit)’. We can further write the DGP in

(S.15) in matrix format as
y = X8+ Hr +u,

where H = (hy,hg,--- ,hy)’. Now, by using the similar lines of arguments as in the first

scenario, we obtain

Yr =5 = (T'W'W) ™ (TT'W'Hr) + (TT'W'W) ' (T7 W) .
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We can further use the similar lines of arguments as in the first scenario and write

-1 -1

197 =5l <[ (T wWw) ™~ [E (7T wWw)] ||| WS+

E(rww)] 7| |7 wRr |+
B 2T (W) — B (W) |+

-1

SWW) T - B (T WW)] | |7 E (W) |+

E (' WW)] | (|77 [(Wha) —E (W u)]|| +

(T
[
(T7'WW) ™ — [E(T'W'W)]~
(T
[
[

E(rWW)] ||| E (W )|

We know that HT‘lE (W' u)H =0 (T7¥) for some € > 1/2. Also,
71 (W) — E (W] = 0, (175"

and
H (T'W'W) "' - [E (T—lw’w)]’IHF =0, (T—WH)) .

Now consider HT*1W’ HTH By using the similar lines of arguments as in the first scenario, we

have
, kE ktlp T T
|T7'"W'Hr||” < T2 Z Z Z wewep Tiiv (Bie — Bi) (B — Bi) -
i=1 (=1 t=1¢=1
Since, by Assumption 1, B for ¢ = 1,2,--- ,k are distributed independently of w; for t =
1,2,---,T, we can further write,

k k+lpr T T

E HT‘1W’H7'H2 <72 Z Z Z Z (werwep iy ) B [ (Bie — Bi) (B — Bi)]
=1 (=1 t=1t'=1
k b+l T

=T 22221@; w3, [Blt—ﬁz)}
=1 (=1 t=1
T

k ktr
723N 3 E(wpwezazi)E [(Bi — Bi) (B — Bi)] -
i=1 (=1 t=1

=1 /£t
Since, by Assumption 2, E [wgwpy — E(wegwery)|Fe—1] = 0 for all £, ¢/ and t = 1,2,---, T, we
have for any t' # ¢

E (wepwezixiy) = E(wuxi) E (wepxi) -
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Therefore,

T
Z E (werwepziniv) B [(Bir — Bi) (B — Bi)]

T
= Z ZE (werzit) B (wep i) E [ (Bie — Bi) (B — Bi)] -

Since E (w;w}) is time-invariant, we can further write

T
Z Z E (wetht'xitxit’) E [(@'t - /Bz) (/Bit’ - Bz)]

t=1 /5t

T
wgt.%'zt 2 Z ZE /th - Bz (th Bz)] .

t=1 /5t

Note that, by Assumption 2, for any ¢’ # ¢, E [(8i — 3i) (Bi — Bi)] = [E (Bit) — Bi] [E (Biwr) — Bi)-

Therefore

T
Z Z E (wawp zixa) E [(Bi — Bi) (B — Bi)]

t=1 1/t

=[E (wétmit)F Z Z [E (Bit) — Bz] [E (Birr) — Bz] .

t=1 t/5t

We can further write,

T
Z Z E (werwep i) E [ (Bie — Bi) (B — Bi)]

t=1 ¢/t
T T T
= [E (waza)]® {Z Z (Bit) — Bi) |E (Biv) — Z (Bit) — }
t=1t'=1 t=1
T T
=[E (wetxit)]2 {Z [ (Bit) — } {Z (Biv) — }
t=1 =1

But, Y/, [E(Bi) — ;] = 0, and therefore,

T T
Z ZE (werwep T35 ) E [(/Bit - Bz) (ﬁzt' - /31)] = [ (wétxzt)]Q Z [E (Bit) — 51]2

t=1 t/#t t=1
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So,
E|T-'W'Hr|?
p
<T 22
=1 1 t=1
O( —(1- d)>

and hence, by Lemma S-3.13,

Jr

pHr

ZTj{ (w}a?) E | (80 — B)°| = [E (wazi))” [E (B) - B}

~
Il

|7 wHr|| = 0, (T7%%).
So, we conclude that
~ _1-d
157 = ¥4l = 0, (T75%).

Lastly, consider the model mean squared errors for the second scenario. Following the same

lines of argument as in the first scenario, we can write,

T 'q'h—T7'E (r'HHr +d'u) <
T7'[+H Hr —E(rHH7)] +T7' [W'u-E (vu)] + 27 '+'Hu+
|77 [WHT + Wa—E (W) ||| [E (7 ww)] ||+ [T E (W) | |[E (-t wrw) ]|+

-1

7 (W + W B (W] iwew) - e twew)] |

1

|7 'E (Wa)||? H (T'W'W) ! - [E (T—lw’w)]”HF

(S.23)
First, consider T~! [+'"H'HT — E (*'"H'H7)]. Note that
T T T k k kK k T
T,H/HT = T/ (Z hth;) T = Z T I‘t I'tT Z (Z hzt) Z hjt = Z Z Z hithjt-
t=1 t=1 t=1 \i= j=1 i=1 j=1t=1

Recalling that hi = 24 (B — Bir), and hence,

ko k T
71 [rH'Hr — E (r'"H'Hr)] Z Z (Tl Z Eiﬁ) ’
t=1

i=1 j=1

where

hiji = hithje — E(hithi).
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- 2
Now consider E (T‘l Z;le hij7t> and note that

T 2 T T L
(1) =138 (k)
t=1

t=1¢'=1

By Assumption 5, 72 Zthl ZtT,:l E (Bij7tl~1ij7t/> =0 (T‘l), and hence, by Lemma S-3.13, it
follows that

T
. 1
T~ " hija| = Oy () :
= VT

Since by Assumption 1, k is a finite fixed integer, we can further conclude that

k k T ~ 1
T [v'HHr —E (rHHr)] = Z Z (Tl Z hm) =0, (ﬁ) ) (S.24)

Now, consider, 7~ !7/H'u. Note that

T T T k k T
T lv7Hu=1T""17 (Z htut> =71 ZT'htut =71 Z Z hitug = Z (T_l Z hitut> .
t=1 t=1 t=1 i=1 i=1 t=1
We have
T 2 T T
E <T1 Z hitut> = T72 Z E [(hitut)2j| + T72 Z Z E (hithit/utut/) .
t=1 t=1 t=1 ¢/ £t

Since hit = zi(Bit — Bir), and Bi for i = 1,2,---  k are distributed independently of x;s,

j=1,2,---, N, and ug for all £ and s, we can further write for any ¢’ # ¢
E (hithipyuguy) = E (zpwzpuy) E [(Bie — Bir) (B — Bir)] -

But, by Assumption 2, E [z;u; — E(zjus)|Fi—1] = 0 and we also have E(xz;u;) = 0 for i =
1,2,--- ,k and thus for any ¢’ # t we have

E (xitutxit’ut’) = E ($itut) E (xz-t/ut/) =0.

Therefore,

E (T—l ZT: hitut> 2 — 72 ZT:IE [(hitutﬂ -0 <
t=1 t=1

Hence, by Lemma S-3.13,

Nl =

).

71 Zthl hitut‘ =0, <ﬁ> Since, by Assumption 1, k is a finite

fixed integer, we conclude that

T-'7'Hu = f: (T—l in ) =0 <1> (S.25)
2 st Ut D \/T . .

=1
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By substituting (S.24) and (S.25) into (S.23), and noting that HT‘lE (VV’u)H2 =0 (T_(ze_d)),

for some ¢ > 1/2,

|T~" [W'RT + Wu — E (W)]||* = 0,(T~(=9),

| ww) ™ - B (1T WW)] Y| = 0,(rm02),
and

T7' [w'u—E(uu)] = 0,(1/VT),

we conclude that

k k T
=33 (T_l ) Uijtw”&,ﬁ) + a7+ 0y <\/1T> +0, (T70=0)

i=1 j=1 t=1

where O-;(jt,ﬁ =FE [(ﬁzt — Bi,T)(ﬁjt — Bj,T)]a Bir =T7! Z?:l E(Bit), and 557T = T7'E (u'u). We

further have

~ k k T T k k 1 T
AE,T = Z Z (Tl tz; O'ijtxo’;}-t’ﬁ) = Til tz; Z Z O-ijtyxo-;(jt,ﬂ = T tz_; tr (Qfg’thk,t) 5

i=1 j=1 = =1 \i=1 j=1

where Qf , = (U:jt’ﬁ> and Xy, ¢ = (04jt,e) for 4,5 = 1,2,--- , k. By result 9(b) on page 44 of
Liitkepohl (1996), we can further write

tr (2, D) > F [det (925,)] " [det (S )]M"

But k is a finite fixed integer. Furthermore, det (£2j,) > 0 and det (2, ;) > 0, since 2, and
Yx,,t are positive semi-definite and positive definite matrices, respectively. So, we can conclude

that AE,T > 0 as required. m

Lemma S-2.8 Let yy t = 1,2,---,T be generated by (1). Suppose Assumption 1 and 2 hold,
and the cross products of coefficients of the signals in DGP for y; follow martingale difference

processes such that
E[B’Lt/B]t_E(/B’Ltﬁjt”ft*l] :07 fOT’i: 1727"' 7k7 ]: 1727"' ak7 and t = 1727"' aT'

Then, Zle Z;*C:l cov(hiji, hijy) = O(T) where hij = xyxji(Bir — BZ-T)(Bjt — BjT)-
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Proof. To show this, let ;Lijﬂg = hij+ — E (hij¢). We have

T T
53 vty <38 (i) 23 5 )

WE

t=1t'=1 t=1 t=2 t'=1
T
=3B (3) #2303 B e ()]
t=1 t=2 t'=1

But, E( ijt| Fe— 1) = E (hij¢|Fi—1) — E(hij¢) and under the conditions mentioned in this

Lemma,

(hiji|Fi1) = B (zixje| F—1) E [(Bit — Bir) (Bje — Bjr)|Fi—1]

(zitwjt) {E(BitBjt| Fi—1) — BirE(Bit| Fi—1) — BirE(Bje| Fi—1) + BirBir }
(zaxje) {E(BitBjt) — By E(Bi) — BirE(Bji) + Bir BT }
(

ziwxjt) E [(Bit — Bir) (Bt — Bjr)] = E (hijy) -

E
E
E
E

Therefore,E(ﬁij,t|ft_1> 0. Hence, Zt 1Et, Lcov(hij, hije) = Zt 1 ( ”t) =0(T). m

S-3 Supplementary lemmas

Lemma S-3.1 Let z; be a martingale difference process with respect to Ff_ = 0(z¢—1, 2t—2,* - ),

and suppose that there exist some finite positive constants Cy and C1, and s > 0 such that
sup Pr(|z;| > a) < Cyexp(—Cra?®), for all a > 0.
t

Let also 02, = E(2}|F7_,) and 5§,T = T-'°7 0%, Suppose that (r = S(T>), for some

0<A<(s+1)/(s+2). Then for any 7 in the range 0 < w < 1, we have,
Pr (ISl > ) < e | <5 E]

If A\ > (s+1)/(s+2), then for some finite positive constant Ca,
Pr(ISLy zl > ¢r) < exp (~Cagi/ )

Proof. The results follow from Lemma A3 of Chudik et al. (2018) Online Theory Supplement.

Lemma S-3.2 Let

cp(n, ) = o1 <1 - 2f(7;75)> : (S.26)

where ®~1(.) is the inverse of standard normal distribution function, p (0 < p < 1) is the
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nominal size of a test, and f(n,d) = end for some positive constants 8 and c. Moreover, let a > 0

and 0 < b < 1. Then (I) cp(n,d) = O [ 51n(n)} and (II) n®exp [—bc%(n, )] = o (n*29),
Proof. The results follow from Lemma 3 of Bailey et al. (2019) Supplementary Appendix A. m

Lemma S-3.3 Let x;, fori=1,2,--- ,n, be random variables. Then for any constants m;, for

i=1,2,---,n, satisfying 0 < m; < 1 and Y1 | m = 1, we have
Pr(3 20 |2 > Co) < 320, Pr(|a| > miCo),
where Cy 1s a finite positive constant.

Proof. The result follows from Lemma A11 of Chudik et al. (2018) Online Theory Supplement.

Lemma S-3.4 Let x, y and z be random variables. Then for any finite positive constants Cp,

C4, and Csy, we have
Pr(|z| x |y[ > Co) < Pr(|z| > Co/C1) + Pr(ly| > C1),
and
Pr(|a| X Jy| x |2 > Co) < Pr(jz| > Co/ (C1C3)) + Pr(Jy| > C1) + Pr(j2] > C).

Proof. The results follow from Lemma A11 of Chudik et al. (2018) Online Theory Supplement.

Lemma S-3.5 Let x be a random wvariable. Then for some finite constants B, and C, with

|B| > C > 0, we have
Pr(lz + B| < C) < Pr(|z| > |B| = O).

Proof. The results follow from Lemma A12 of Chudik et al. (2018) Online Theory Supplement.

Lemma S-3.6 Let xp to be a random variable. Then for a deterministic sequence, ar > 0,

with ap — 0 as T — oo, there exists Ty > 0 such that for all T > Ty we have

1
Pr( N — 1’ > aT> < Pr(|lzr — 1| > ar).

Proof. The results follow from Lemma A3 of Chudik et al. (2018) Online Theory Supplement.
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Lemma S-3.7 Consider random variables xy and z; with the exponentially bounded probability

tail distributions such that
sgp Pr(|z¢| > a) < Cyexp(—Cra’®), for all a > 0,
Slip Pr(|z:| > a) < Cyexp(—Cra°*), for all a > 0,
where Cy, and Cy are some finite positive constants, s, > 0, and s, >0 . Then
81t1p Pr(|zz] > a) < Coexp(—Cra®?), for all a > 0,
where s = min{sy, s, }.
Proof. By using Lemma S-3.4, for all a > 0,
Pr(|ziz| > a) < Pr(|lay] > o/?) + Pr(|z| > a'/?)
So,
sttlp Pr(|ziz:] > a) < sutlpPr(\:rt| > al/?) + sgp Pr(|z| > o'/?)

< Cyexp(—Cra’®/?) + Cyexp(—Cra’*/?)

< (Cy exp(—C1OéS/2)

where s = min{s;, s.}. m

Lemma S-3.8 Let z, y and z be random variables. Then for some finite positive constants Cy,

and C7, we have
Pr(|z] x |y| < Co) < Pr(|Jz| < Co/C1) + Pr(|y| < Ch),

Proof. Define events A = {|z| x |y| < Co}, B = {|z| < Cp/C1} and € = {|y| < C1}. Then
20 € B U Therefore, Pr(A) < Pr(B U ). But Pr(B U ) < Pr(B) + Pr(¢) and hence
Pr(2A) < Pr(B) + Pr(¢). m

Lemma S-3.9 Let A and B ben X p and p X m matrices respectively, then
|AB|[r < [|A[#[Bll2, and [[AB|[r < [|All2[[B] -

Proof. |AB||% = tr(ABB’A’) = tr[A(BB’)A’], and by result (12) of Liitkepohl (1996, p.44),
tr [A(BB))A'] < Auax(BB')tr(AA") = [|A|[%] B3,

where Apax(BB') is the largest eigenvalue of BB’. Therefore, ||AB||r < [|A| r||B||2, as required.
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Similarly,
|AB|7 = tr(B'A’AB) = tr[B'(A’A)B] < Anax(A’A)tr(B'B) = [|A|3] B,
and hence
IAB|F < [[All2]|B] #-
[
Lemma S-3.10 Let A = (ajj)nxm where sup;; |a;;| < C < oo, then
1], = O (vnm) .
Proof. This result follows, since |A[l, < /[A[l A, |Al. = O(m) and |A|; = O(n). m

Lemma S-3.11 Consider two N x N nonsingular matrices A and B such that
IB~![2/|A ~ BJlF < 1.

Then

IB~H3IA - Br

Al _B! < .
| Ir < T BT, /A — BJ)r

Proof. By Lemma S-3.9,
AT =B7|r = [ATI(B - A)B7'[|r < [AT!2]B — Al B2

Note that
IAT o = [A7 =B + By < AT =B+ B2
<A =B p+ | B,

and therefore,

AT =B Y r < (AT = B7Yr+ B Y2)[IB — Al pB 2.
Hence,

AT =B7|p(1 — B2 B~ Allr) < BT3B — Al p.

Since |B7!|2|B — A|r < 1, we can further write,

[B~'31A ~Blr
T~ [B-1.[A — Bl

A~ =B Yr <
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Lemma S-3.12 Let X and Y be T'x N, and T x N, matrices of observations on random
variables xi and yj;, for i = 1,2,--- Ny, j = 1,2,--- Ny and t = 1,2,--- T, respectively.

Denote
wijr = TiyYjr — E(ziyje), for alli,j and t.
Suppose that
(i) sup; ; E lzu)t < C, sup; , E ]yjt\4 < C, and
(i1) supy; |1y Yohy Ewyewye)| = O(D).
Then,
E|T7' [X'Y - E(X'Y)]|[%=0 (NzTNy> .

Proof. The results follow from Lemma A18 of Chudik et al. (2018) Online Theory Supplement.

Lemma S-3.13 Let X = (v45)rxn, and Y = (yij)Txn, be matrices of random variables,

respectively. Suppose that,

E||T7" [X'Y - E(X'Y)]|% = Olar),
where ar > 0. Then

|77 [X'Y —E(X'Y)]||, = Op(var).

Proof. For any B > 0, by the Markov’s inequality

E|T![X'Y -EXY)]|
CLTB2

Pr (|7 [X'Y ~ EXY)]| > Byar) <
Since E || T~ [X'Y — E(X'Y)]||% = O(ar) , there exist C and Ty such that for all T > Ty
E||77 [X'Y - EX'Y)]|[% < Car-.
Hence, for any ¢ > 0, there exist B. = @ and T, = T, such that for all T > T
Pr (|77 [X'Y - EX'Y)]||, > B-var) <e.
Therefore,
|77 [X'Y —E(X'Y)]||, = Op (Var) .
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Lemma S-3.14 Let X7 be a positive definite matriz and S be its corresponding estimator.

Suppose that Ayin (X7) > ¢ > 0, and
. 2
S——
where ar > 0, and ar = o(1). Then

|2 - =7, = otvar)

Proof. Let Ar = {[[=7], |Sr—=r| <1}, Br = {||£' ~=7'| > Byar} and Dr =

=2 Sr-2
{(1 HH ;HEHH H; ;”T’ ) > B,/aT} where B > 0 is an arbitrary constant. If A holds, by
- T 2 T—&T F

Lemma S-3.11,

—1112
(r

ﬁ:T—zTH
F

;' 7|
T -~ N .
Tl g 2 -

Hence Br N Ap € Dp. Therefore
157113 |&r - =,
(1=l =), || B -2,

. B
b (HzT s > var )

Pr(Br N Ar) < Pr ) > B\ar

=7, (127", + Byar)
By the Markov’s inequality, we can further conclude that

~ 2
B2 -2, i (95, + Byan)

Pr(BrnAr) < o 32

. 2
Since by assumption E HET — ETHF = O(ar), there exist C and Ty > 0 such that for all 7" > Ty,
N 2
E HET - ETHF < C’aT.
Therefore, for all T' > Ty,

—1112 _
Cll =, (127", + Bvar)

2
B2 ’

Pr(BrnAr) <

Moreover,

A . 1
pea) = e (|57 [£r - 5], > 1) = e [2r - 2], > b )
T 112
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By the Markov’s inequality, we can further write
c —1112 S 2
Pr(Af) < |27, < E 27 - =1 .
and hence, for all T' > T,
c —11|2
Pr(A}) < 25 L ar.
Note that
Pr(Br) = Pr (Br N Ar) + Pr(Br|A%) Pr(A7),
and since Pr(Br N Ar) < Pr(Dr) and Pr(Br|A%) < 1, we have
Pr(Br) < Pr(Br N Ar) + Pr(A%).

Therefore, for all T' > Ty,

o c =247 (| =Y, + Byar)®
pr([sr =57, > pvar) « DEELA LR 2L o,

Now, for a given £ > 0, we are interested to find B, > 0 and 7. > 0 such that for all T" > T,

Pr (Hﬁl;l — E}lHF > Baw/aT> <e.
To do so, we first find a value of B such that

= s (1= l, + Bvar)”
B2

7 Rar =<,

By multiplying both sides of the above equality by B? and bringing all the equations to the left

hand side we have
(6 -20 HEFHEGT) B2 - 2C |27, varB - C |27l =

By solving the above quadratic equation of B we have

20 |53 var £ \/4C |27 s e — 40 | =1 ar
2 (e —20|=7" 3 ar)

1=, <\/Ei Ja )

— 2ar

B* =

ef| 2;1|!2

Notice that ar — 0 as T'— oo, therefore for large enough T* we have both — 2a7 and

o= I
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W — ar being greater than zero for all ' > T™. Now, by setting 7. = max{7T™, Ty} and
T ll2
h3m < at + — (IT>
=2l ver + g
B. = > 0,

——0 — 2ar
ol=l,

we achieve our goal that for all T > T,

e[ 351], > ) <

o1
By using Lemma S-3.11 we achieve the probability convergence order for HET — E;lHF

that is sharper than the one shown in the proof Lemma A21 of Chudik et al. (2018) (see
equations (B.103) and (B.105) of Chudik et al. (2018) Online Theory Supplement).

Lemma S-3.15 Let z;; be a random variable for i = 1,2,--- N, and j = 1,2,--- ,N. Then,

for any dr > 0,

PT(N_2 sz\il Zjvzl |Zij| > dT) < N2 sup; ; Pl"(|2ij| > dT)

Proof. We know that N2 Zfil Zjvzl |zi5] < sup; ;|zij|. Therefore,

Pr(N=23 N S 25| > dr) < Pr(sup, ; |2i5| > dr)
< PriUN, U (J2i5] > dp)] < 0y 000 Pr(|zi;] > dr)
< N2 sup; ; Pr(]zij] > dT).

Lemma S-3.16 Let 3 be an estimator of a N x N symmetric invertible matriz 3. Suppose
that there exits a finite positive constant Cy, such that

sup Pr(|6;; — 0ij| > dr) < exp(—CoTd%), for any dr > 0,

i?j
where o;; and 6;5 are the elements of X and > respectively. Then, for any by > 0,

b2, ] N
NEHIBT 2 + br)?

T
N2 —Cg———— | .
eXP( 0N2uz—1H%>

Pr(HZA]il — X7 F > br) < N%exp [—C’O

Proof. Let Ay = {||Z || £ — S|F < 1} and By = {|&

by Lemma S-3.11 if Ap holds we have

— X7 > by}, and note that

s < I=""31% - =lr

> i
T =TS -3
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=7 BIS ~ = >b>
—1 <
1= =722 - Sr
br

=PI~ Bl > o s

N N N . 9 1/2
Note that | £ — 2| = (2N, XV (61 — 03y) ) . Therefore,

N N 1/2 ;
Pr(By|An) < Pr (64 —ai-)z > — T_
gg T IS (=2 + br)
N N B2
=Pr (615 — 0ij)* > —— L
Z‘g T TS TB(E e + br)?

By Lemma S-3.15, we can further write,

b2
Pr(By|Ay) < N?sup Pr [((}*- — )% > — T_ }
ij v N2||=7HB([= )2 + br)?
br
= N2supPr ||6;; — 0;:] >
mp [' = ol N||21|2(||21H2+bT)]
Th?
< N? exp {—Co — T_ ]
N2|=7HE(I= )2 + br)?

Furthermore,

Pr(AR) = Pr(|Z71[2]|3 - | p > 1)

=Pr([E - Z[r > IZ73 )

1/2
N N
=Pr (6’@' — Uij)2 > H2_1H2_1
i=1 j=1
[N N
=Pr > (63— o) > I
=1 j=1
< N2supPr |(6i; — 04)? > 1]
- irj Yoo N?||=H3

1
< N2su PI"|:5'"—O'" >]
=l N,

T
O S
N[ =13
Note that

Pr(By) = Pr(By|ANn) Pr(An) + Pr(By| A% ) Pr(A%),
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and since Pr(Ay) and Pr(By|A% ) are less than equal to one, we have
Pr(By) < Pr(By|An) + Pr(A%).

Therefore,

T2
N2 SHE(ET 2 + br)?

T
Pr(Byr) < N2exp |-C) } + N2%exp [—C’O} .

N2|[=7H3

Lemma S-3.17 Let 3 be an estimator of a N x N symmetric invertible matriz 3. Suppose

that there exits a finite positive constant Cy, such that

sup Pr(|6;; — 045 > dr) < exp {—CO(TdT)S/SH] , for any dp > 0,
,J

where o;; and 6;; are the elements of X and > respectively. Then, for any by > 0,

Pr(|s

Tb s/s+2
5> br) < Nesxp [_CO (Tbr) ]

N2 ST S g + br)s/s+2

s/ s+2
N2exp [ —Cp .
( Ns/s“\\z-lu;/“?)

Proof. The proof is similar to the proof of Lemma S-3.16. m

Lemma S-3.18 Let {z;}]_ | fori = 1,2,--- N and {zjs}1_, for j = 1,2,--- ,m be time-

series processes. Also let Fjj = o(zit,xi—1,--+) fori =1,2,--- N, Fi = o(Zjts Zj—1,)
forj=1,2--- m, Ff = Uij\ilfﬁ, Fi = UL Fjp and Fy = FF U FF. Define the projection

regression of i on zy = (21¢, 22, , Zm,t) aS

/ 7 ~
Tit = Zt'l,bi’T + Tt

where 1/_)in = (Y1, Y21, s Umir) is the m x 1 vector of projection coefficients which is
equal to
T -1 T
71 Z E (z:2}) [Tt Z E(zizi)].
t=1 t=1

Suppose, Elryxi— B(zgry)| Fi—1] = 0 for alli,i’ =1,2,--- | N, Elzjizjn —E(zje21¢)| Fi—1] = 0
forall j,j' =1,2,--- ,m, and E[zjizi — E(zj1xit)|Fi—1] = 0 for all j = 1,2,--- ,m and for all
i=1,2,--- ,N. Then

E [Z3Zi¢ — E(ZsZire) | Fi—1] = O,
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fOT allj?j/ = 1727'” 7N7

E [Zizje — E(Zi2j¢)| Fi—1] = 0,
foralli=1,2,--- N andj=1,2,--- ,m, and

-1 T ~

T3 =1 E(Zizje) = 0,
foralli=1,2,--- N and j=1,2,--- ,m.
Proof.

E(24250¢| Fr—1) = E(@gpwsg| Fr1) — E(»’Uz‘tzﬂft—l)ﬂ;ig:r—

E(ziezy| Fro1); 1 + 'J’;T E(zyzg| Fi—1) Py 1

= E(zqxi) — E(zazy) Py r — E(zz;) P, r+

'%EQ,TE(Zt 2Py = E(TuZin).
E(Zizje Fi1) = E(wizje| Fio1) — (242t Fi1)Pi 7
= E(zizjt) — E(zizje); 7 = E(Zirzit).

_ ~ _ —/—1
T S E(@az) = T2 Elzaz) — ¥ip Yo E(zez))]

= T_l Z?:l E(.Titzt) — T_l ZZ:I E(xitzt) =0.

Lemma S-3.19 Let {z;t}]_, fori=1,2,--- N and {zj:}1_, for j = 1,2,--- ,m be time-series

processes. Define the projection regression of Ty on zy = (z1¢, 22, + , Zm,t) aS

/ e ~
Tit = 2 p + Tig

where ﬁi,T = (Y11, Y21, Ymi) s the m x 1 vector of projection coefficients which is
equal to
T -1 T
Tt Z E (ztzg) 7! Z E(z¢xit)]-
t=1 t=1
Suppose that only a finite number of elements in 1,51-’T is different from zero for alli =1,2,--- | N

and there exist sufficiently large positive constants Cy and C1, and s > 0 such that

(i) sup; Pr(|zje| > a) < Coexp(—Cra®), for all a >0, and

(ii) sup; ; Pr(|zie| > ) < Coexp(—Cra®), for all a > 0.
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Then, there exist sufficiently large positive constants Cy and C1, and s > 0 such that

sup Pr(|Z;| > a) < Cyexp(—Cha?), for all o> 0.
it

Proof. Without loss of generality assume that the first finite ¢ elements of 1; 7 are different

from zero and write
Tit = Zﬁzl YjiTZjt + Tit-
Now, note that
Pr(|Zit| > a) < Pr (Iﬂcz't\ + 3 iz > a) ,
and hence by Lemma S-3.3, for any 0 < 7; <1, j=1,2,--- ,£+ 1 we have,

Pr(|ul > a) < X, Pr (a2l > j0) + Pr (2l > mes10)
- Z?:l Pr (|z]-t| > |wj¢7T|_17rjoz) + Pr (|| > mo1c)
< {sup;, Pr (|zjt| > |1,/1}|*17r*a) + sup; ; Pr (|zie] > 7 a),
where 5. = sup; j{1jir} and 7 = infjci .. r1{m;}. Also, there exist sufficiently large

positive constants Cy and C7, and s > 0 such that for all a > 0,

sup Pr(|zj¢| > a) < Cpexp(—Cia?),

j?t

and
sup Pr(|z| > o) < Cpexp(—Cia®).
it

Therefore,

Pr(|Zi] > a) < £Cyexp(—Cra®) + Cyexp(—Cra®),

and hence there exist sufficiently large positive constants Cy and Ci, and s > 0 such that for
all a > 0,
sup Pr(|Z;1| > a) < Cpexp(—Cra®).

it

Lemma S-3.20 Let {zy}l, fori = 1,2,--- N and {zy}L, for £ = 1,2,--- ,m be time-
series processes and m = S(T?). Also let Fi = o(xy, xip—1,--+) fori=1,2,--- N, Fj, =

o(zet, 204—1,+) for £ =1,2,--- m, F} = Uf\;lfﬁ, F = Ul Fp, and Fy = Ff U Ff. Define
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the projection regression of xiy on z; = (21, 22t, * - - 7Zm,t)/ as

! T ~
Tit = 2z ;7 + Tit,

where 1/_)Z-7T = (Y1, Y21, s Umir) is the m x 1 vector of projection coefficients which is
equal to
T -1 T
Tt ZE (z¢2y) [Tt ZE(ZtIL‘it)]-
t=1 t=1

Suppose, Elzjxj — E(xypxj)|Feo1] =0 for all i,5 =1,2,--- | N, Elzgzpr — E(ze201)| Fr—1] = 0
for all 6,0/ =1,2,--- ,m, and E[zpszy — E(zgxi)| Fim1] = 0 for all € = 1,2,--- ;m and for all
1=1,2,--- ,N. Additionally, assume that only a finite number of elements in '@’T 18 different
from zero for alli=1,2,--- | N and there exist sufficiently large positive constants Cy and C,

and s > 0 such that
(i) sup;, Pr(|z¢| > a) < Cyexp(—=Cra®), for all a >0, and
(i3) sup; ; Pr(|ze| > o) < Coexp(—Cia?), for all a> 0.

Then, there exist some finite positive constants Cy, Cy1 and Co such that if d < A < (s +

2)/(s +4),

Pr(|x;M,x; — E(&/&;)| > (1) < exp(—CoT~'¢3) + exp(—C1T?),
and if A > (s +2)/(s+4)

Pr(x{M.x; — E(#)] > (r) < exp(~Coil ™) + exp(—C1T),

fO?“ all ’i,j = 1,2, cee ,N, where ji = (.Cﬁil,.f?ig, cee a-i'iT)/; X; = (l‘il,xiQ, s ,:BZ‘T)/, and MZ =
I-71 Zﬁ);jZ’ with Z = (21,22, ,2z7) and S, =T"1 Zthl(ztzg).
Proof.

Pr [|x;M.x; — E(Z;&;)| > (r] = Pr [|Z]M.&; — E(&;&;)| > (7]

— Pr [@;@ ~B(@#) - T\ #2812, - T2, — S22 > &,

where 3., = E[T~' Y.L | (2:2})]. By Lemma S-3.3, we can further write

Pr [|xM.x; — E(Z}&;)| > (7]

< Pr[|&&; — E(&i&;)| > mlr] + Pr(|T #2582/ %;| > malr)+

Pr|[T'&Z(5.) - 22 Z3,)) > mlr
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where 0 < 7; < 1 and Z?Zl m; = 1. By Lemma S-3.9,
Pr(| T #2357 %;j| > mlr) < Pr(|ZZ)| p|| 22 |2112'E|F > m2lrT),
and again by Lemma S-3.4, we have
Pr(|T &2 Z'%;| > malr)
< Pr(|&2Zl|r > D25 2wy 26T + Pr(| 2% | r > 1225 P PG 2T ),
Similarly, we can show that
—1 1 ! —1\rp/ =
Pr(| T #Z( S, — S HZ'&| > m3¢r)
~ o —1 _ ~
<Pr(|ZZ|r|2.. — B2 FIIZ'E| r > m3¢rT)
A —1 _ _
<Pr(|2. - B2 e > 67'Cr) + Pr(|#2] r > w20y *T'2)
+ Pr(|Z'E;]|p > my 20y * T2,
where dp = ©(T) with 0 < o < A.

Note that Pr(||Z'&;||r > ¢) = Pr(||Z'&||% > ) = Pr[S 0, (O, #izu)? > ], where ¢ is

a positive constant. So, by Lemma S-3.3, we have
Pr(|Z/&; || > ¢) < YL Pr{(S, Eivzer)? > m—te?).

Hence, Pr(||Z'E;||p > ¢) < > )2, Pr(] Zthl Firzer| > m~Y2¢). Also, by Lemma S-3.18 we have

Zthl E(Zitz¢:) = 0 and hence we can further write
Pr(|Z'Eil r > ¢) < S0, Pr{l X0y [Fivzer — BFivzer)]| > m~'2c}.

Note that [|E2}|2 is equal to the largest eigenvalue of 3! and it is a finite positive constant.
So, there exists a positive constant C' > 0 such that,
Pr(x;M.x; — E(Z;&;)| > (1)
< Pr{| Yo [Fadje — E(@ad)]| > CT
S Pr{| o [Favze — E(
20m Pr{] Zle [Zjez0 — E(T
Sesy Pr{| i [Fiezer — E(@ieza]] > CTH2He/2m42)
20m Pr{] Zthl (%020 — E(
Pr(|E, — 2 > o7'¢r).

thZt” > CT1/2+)\/2 d/2}+

tZEt” > OTL/2+7/2— d/2}+

jtzét” > CT1/2+a/2 d/2}+
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Let
m T
kri (hyd) =Y Pr{|Y [Fizu — E(Eiza]] > CTY*H27U2Y for b=\ a,
/=1 t=1

and ¢ = 1,2,...,N. By Lemmas S-3.7, S-3.18, and S-3.19, we have Z;Z;; — E(Z;%;) and
Zizer — E(Zi20t) are martingale difference processes with exponentially bounded probability
tail, 5. So, depending on the value of exponentially bounded probability tail parameter, from

Lemma S-3.1, there exists a finite positive constant C' such that
k1, (h,d) < mexp [—C’Th*d} ,

or
k1, (h,d) < mexp [—CTS(1/2+h/2_d/2)/(S+2)} 7

for h = A, . Also, depending on the value of exponentially bounded probability tail parameter,

from Lemmas S-3.16 and S-3.17 we have,

~ —1
Pr(|2,, — 22 [F > 6;'¢r) < mPexp | ~Cy - - -
s m2| 25122 |2 + 67 ¢r)?

T
2
m-exp | -Co———= |,
p( 0m2|!2;1\|%>

z

16,3 ]

or

Sl T(;*l s/s+2
Pr(I£) — - > 621¢r) < m?exp [_co (57 ¢r) ] .

_ 2 _ _
ms/s2|| SIS0 2 + 65 ) s+

Ts/s+2

2

m“exp [ —Cy .
( me/s 2Bt 3

Therefore, there exists a finite positive constant C' such that

~ 1 B B
Pr(szz - 2z,leF > 5T1CT)
< m2 exp[_CTmaX{172d+2(Afoz),172d+/\7a,172d}]+
m? exp[—CT'29,
or,
~ 1 B 3
Pr(HEZZ - 2z,leF > 5T1CT)
< m? exp[—CTsmax{i=dtA=al=d})/(s+2)) |

m2 exp[_CTs(lfd)/(s+2)] )

Setting d < 1/2, « = 1/2, and A > d, we have all the terms going to zero as T'— oo and there
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exist some finite positive constants C7 and Cs such that

k7 (A, d) < exp (—ClTC2) , ki (0, d) < exp (—C’lTCQ) ,
and

Pr(|S2. — =2 r > 67'¢r) < exp(—CiT).
Hence, if d < A < (s+2)/(s+4),

Pr(|x{M.x; — E(&Z,)| > (r) < exp(—CoT (7)) + exp(—C1T?),
and if A > (s +2)/(s+4),

Pr(|xM.x; — E(&,)| > (r) < exp(=Co¢y/ ) + exp(—C1T),
where Cy, C1 and Cy are some finite positive constants. m
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This online Monte Carlo supplement has three sections. Section S-1 explains the algorithms
used for implementing Lasso, A-Lasso, boosting and cross-validation. We provide additional
summary tables of our Monte Carlo simulation findings in Section S-2. The full set of Monte

Carlo results for all the baseline experiments are provided in Section S-3.

S-1 Lasso, A-Lasso, boosting and cross-validation algorithms

This section explains how Lasso, K-fold cross-validation, A-Lasso, and boosting are imple-

mented in this paper.®

Let y = (y1,92, - ,yr) be a T x 1 vector of target variable, and let
Z = (21,29, -+ ,z7) be a T X m matrix of conditioning covariates where {z; : t =1,2,--- T}
are m x 1 vectors and let X = ( x1,xX9,--- ,x7)" be a T x N matrix of covariates in the active

set where {x;:t=1,2,--- ,T} are N x 1 vectors.
Lasso Procedure

1. Construct the filtered variables y = M,y and X = M.X =( Xi0,X20, ..., XNo), Where
Mz = IT — Z( Z,Z)_lzl, and iio = (i’il,i‘iQ, s ,-iz'T)/-
2. Normalize each covariate X;o = (Ti1, Zia, -+ ,Zir)' by its by norm, such that

Xio = Xio/ [|Xioll2,

where ||.||2 denotes the o norm of a vector. The corresponding matriz of normalized

covariates in the active set is now denoted by X*.

8For the implementation of Lasso and A-Lasso, we use the Matlab Glmnet package available at https:
//hastie.su.domains/glmnet_matlab/.
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3. For a given value of ¢ > 0, find 5(p) = [31,(2): 45, (9): -+ ¥y, (9)] such that

72l = argmin { 1§ — X313 + ell2l }

T

where ||.||1 denotes the {1 norm of a vector.

4. Divide 7},(¢) fori=1,2,--- N by {3 norm of the X;o to match the original scale of X;o,

namely set

iz (9) = Fiz(9)/[[Rio 12,

~

where ¥,(¢) = [F12(p), Y22 (0), -+ ANz (©)]" denotes the vector of scaled coefficients.

A~

5. Compute 4,(p) = [112(0), 322 (), -+, Am=(0)]" by A, (@) = (Z'Z)"'Z'&(p) where &(p) =

For a given set of values of ¢’s, say {¢; : j = 1,2,--- , h}, the optimal value of ¢ is chosen

by K-fold cross-validation as described below.
K-fold Cross-validation

1. Create a T x 1 vectorm = (1,2,--- ,K,1,2,--- | K,---)" where K is the number of folds.

2. Let m* = (mj,m5,---,mh) be a T x 1 vector generated by randomly permuting the

elements of m.

3. Group observations into K folds such that

={t:te{l,2,---, T} and m; =L} for{ =1,2,--- | K.

4. For a given value of p; and each fold ¢ € {1,2,--- | K},

(a) Remove the observations related to fold ¢ from the set of all observations.

(b) Given the value of pj, use the remaining observations to estimate the coefficients of

the model.

(c) Use the estimated coefficients to compute predicted values of the target variable for

the observations in fold ¢, denoted by y{(cpj).

5. Compute the mean squared forecast errors for a given value of p; by

N

1 2
MSFE(p;) = 7> [we =l ()] -
t=1
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6. Repeat steps 1 to 5 for all values of {pj:j=1,2,--- ,h}.
7. Select p; with the lowest corresponding mean squared forecast errors as the optimal value
of p.

In this study, following Friedman et al. (2010), we consider a sequence of 100 values of
¢’s decreasing from @pax t0 @min on log scale where g = max;—12... N {]Zthl :ijtgjt]} and
©min = 0.001¢max. We use 10-fold cross-validation (K = 10) to find the optimal value of .

Denote 4, = 4,(pop) Where @), is the optimal value of ¢ obtained by the K-fold cross-

validation. Given 4, we implement A-Lasso as described below.
A-Lasso

1. Let § = {i : 1 € {1,2,--- ,N} and 7y, # 0} and Xgs be the T x s set of covariates in
the active set with ¥iz # 0 (from the Lasso step) where s = |S|. Additionally, denote the

corresponding s x 1 vector of non-zero Lasso coefficients by '3/%3 = Nz.5: 22,8 +Vs2,8) -

2. For a given value of 1» > 0, find 3;5(1/)) = [51‘&5(1/)),5;%3(1/1), e ,5;I73(¢)]’ such that

|1},

where diag(9,s) is an s x s diagonal matriz with its diagonal elements given by the

ax

5,.5(¥) = argmin { ||y — Xsdiag(3,, 5)9 s
z,S

3+ vl0%s

corresponding elements of 4, s.

3. Post multiply 5;3(1/)) by diag(¥,.s) to match the original scale of Xs, such that

~ A%k

63:,8 (¢) = diag(ﬁ’:v,&')dx,s (7/))

The coefficients of the covariates in the active set that belong to S¢ are set equal to zero.

~

In other words, d,,sc(1)) =0 for all ¢ > 0.

~

4. Compute 8.(1) = [012(¥),02:(¥), -, oz (W)] by 8.(v) = (Z'Z)"'Z'8(v)) where &(¥) =
¥ — Xs0,:5(1).

As in the Lasso step, the optimal value 1 is set using 10-fold cross-validation as described

before.
Boosting

We implement boosting algorithm using a BIC stopping criterion. We have also consid-
ered corrected AIC stopping criterion (Bithlmann (2006)) and these results are available in the

working paper version of this paper.
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1. Consider the matriz of normalized filtered covariates X* = (X]0s X350, o, Xiho), defined in
Step 2 of the Lasso procedure above. Let the row t (fort =1,2,...,T) of X* be denoted
as X5 = (23,5, ....,%},). Gien the normalized covariates matric X* and any vector

e = (e1,ea,..,er), define the least squares base procedure:

1 5%
exi
SxIGx
X X;

. . ’ . .
p Sk N S sk s : _ S _ Sz _
gx*’e(xot) = 0373, § = arg 1I§nzléln (e 51XZ) (e 51X1) , 0=

2. Given the normalized filtered covariates data X* and the filtered target variable y = M.y,

apply the base procedure to obtain ggz y(izt). Set FM(x%,) = vgg y(izt), for some v > 0.

Set 1) =5 and m = 1.
3. Compute the residual vector €™ = §—F M) (X*), where F(™) (X*) = [F™)(x*)), F(M)(X%,),

, F(m)(izT)]’, and fit the base procedure to these residuals to obtain the fit values

(mA1) = .
ggive(il) (%%,) and 5™ . Update

PO (33,) = B0 (%) 4+ vg 0D, (%2,).

4. Increase the iteration index m by one and repeat Step 8 until the stopping iteration M is
achieved. The stopping iteration is given by

M =arg min BICc(m),

1<m<mmax

for some predetermined large mmax, where

BIC(m) = log(6%) + 1+ tr (B,,) In(T)/T,

o1

— (< — "'/"'_ ioyd
67 = T(y Bny) (¥ — Bmy),

By =1 — (I _ UH(§m>) (1 - vH(§W*1)> (I - vH(§1)> ,

Sk K/
onxjo
oK Gk
onxjo

HU) —

We set mmax = 500 and v = 0.5.

S-2 Additional Monte Carlo summary tables
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Table S.1: Comparison of the effects of down-weighting for TPR performance in MC experiments
with and without parameter instability.

Average TPR
Down-weighting: No Light Heavy No Light Heavy No Light
N\T 100 150 200
A. Without parameter instability
OCMT (down-weighting at the selection stage)
20 0.83 0.68 0.60 0.91 0.73 0.67
40 0.80 0.64 0.57 0.91 0.71 0.66
100 0.77 0.60 0.53 0.88 0.67 0.63
Lasso
20 0.84 0.78 0.73
40 0.82 0.76 0.73
100 0.79 0.74 0.70
A-Lasso
20 0.73 0.69 0.64
40 0.73 0.69 0.65
100 0.72 0.68 0.64
Boosting

Heavy

0.96 0.77 0.74
0.95 0.76 0.73
0.93 0.72 0.71

0.89 0.80 0.74
0.89 0.79 0.74
0.87 0.78 0.75

0.93 0.82 0.75
0.92 0.81 0.75
0.90 0.79 0.76

0.80 0.73 0.66
0.81 0.74 0.68
0.81 0.73 0.69

0.85 0.75 0.67
0.86 0.76 0.69
0.86 0.75 0.70

20 0.77 0.76 0.78 0.83 0.81 0.83 0.88 0.85 0.86
40 0.76 0.77 0.81 0.83 0.83 0.86 0.87 0.86 0.89
100 0.75 0.79 0.81 0.82 0.85 0.85 0.86 0.88 0.87
B. With parameter instability
OCMT (down-weighting at the selection stage)
20 0.73 0.59 0.57 0.85 0.69 0.68 0.92 0.76 0.75
40 0.70 0.56 0.54 0.84 0.67 0.66 0.91 0.75 0.75
100 0.66 0.51 0.50 0.81 0.63 0.63 0.88 0.70 0.72
Lasso

20 0.76 0.72 0.71
40 0.74 0.70 0.70
100 0.70 0.67 0.66
A-Lasso
20 0.65 0.63 0.62
40 0.64 0.62 0.62
100 0.63 0.61 0.59
Boosting

0.82 0.78 0.75
0.82 0.76 0.75
0.79 0.73 0.73

0.87 0.81 0.77
0.86 0.79 0.77
0.83 0.77 0.76

0.72 0.69 0.66
0.73 0.70 0.68
0.73 0.68 0.67

0.78 0.74 0.69
0.79 0.74 0.71
0.78 0.72 0.71

20 0.68 0.69 0.74 0.74 0.77 0.81 0.79 0.82 0.85
40 0.68 0.70 0.77 0.75 0.78 0.84 0.80 0.83 0.88
100 0.67 0.71 0.76 0.74 0.79 0.82 0.78 0.83 0.85

Notes: Down-weighting column label ”No” stands for no down-weighting, ” Light” stands for light down-weighting given
by values A = 0.975,0.98,0.985,0.99,0.995, 1, and ”Heavy” stands for heavy down-weighting given by values

A =0.95,0.96,0.97,0.98,0.99, 1. For each of the two sets of exponential down-weighting (light/heavy) we average TPR
across the choices for A. Best results are highlighted by bold fonts. The reported results are based on 4 experiments for
models without parameter instabilities (panel A) and 4 experiments with parameter instabilities (panel B). See Section 6
for the description of the Monte Carlo design.
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Table S.2: Comparison of the effects of down-weighting for FPR performance in MC experiments
with and without parameter instability.

Average FPR

Down-weighting: No Light Heavy No Light Heavy No Light Heavy
N\T 100 150 200
A. Without parameter instability
OCMT (down-weighting at the selection stage)
20 0.08 0.06 0.10 0.13 0.09 0.17 0.17 0.13 0.23
40 0.04 0.03 0.09 0.06 0.06 0.16 0.08 0.10 0.22
100 0.01 0.02 0.07 0.02 0.04 0.14 0.03 0.07 0.21
Lasso

20 0.17 0.20 0.23
40 0.12 0.17 0.24
100 0.08 0.14 0.19
A-Lasso
20 0.11 0.14 0.17
40 0.09 0.13 0.18
100 0.06 0.11 0.15
Boosting
20 0.08 0.16 0.28
40 0.07 0.19 0.38
100 0.08 0.25 0.40
B. With parameter instability
OCMT (down-weighting at the selection stage)

0.17 0.20 0.23
0.13 0.17 0.24
0.08 0.14 0.23

0.17 0.20 0.23
0.13 0.17 0.24
0.07 0.14 0.23

0.11 0.14 0.16
0.09 0.13 0.18
0.06 0.11 0.18

0.11 0.14 0.16
0.09 0.13 0.18
0.05 0.12 0.18

0.07 0.19 0.33
0.06 0.23 0.43
0.06 0.30 0.44

0.06 0.22 0.37
0.05 0.27 0.47
0.05 0.34 0.46

20 0.06 0.05 0.10 0.08 0.08 0.17 0.11 0.12 0.23

40 0.02 0.03 0.09 0.04 0.07 0.16 0.05 0.10 0.23

100 0.01 0.02 0.07 0.01 0.05 0.14 0.02 0.08 0.21
Lasso

20 0.21 0.23 0.26

40 0.17 0.20 0.26

100 0.11 0.16 0.21
A-Lasso

20 0.15 0.17 0.19

40 0.12 0.15 0.20

100 0.08 0.12 0.16
Boosting

20 0.09 0.17 0.28

40 0.10 0.20 0.38

100 0.10 0.25 0.40

0.22 0.23 0.26
0.18 0.21 0.27
0.12 0.17 0.24

0.23 0.24 0.26
0.19 0.21 0.27
0.12 0.17 0.25

0.15 0.16 0.18
0.13 0.16 0.20
0.09 0.13 0.19

0.16 0.17 0.18
0.14 0.16 0.20
0.09 0.14 0.19

0.08 0.20 0.34
0.08 0.23 0.43
0.08 0.30 0.44

0.08 0.23 0.38
0.08 0.27 0.48
0.07 0.34 0.46

Notes: Down-weighting column label ”No” stands for no down-weighting, ” Light” stands for light down-weighting given
by values A = 0.975,0.98,0.985,0.99,0.995, 1, and ”Heavy” stands for heavy down-weighting given by values

A =0.95,0.96,0.97,0.98,0.99, 1. For each of the two sets of exponential down-weighting (light/heavy) we average FPR
across the choices for A. Best results are highlighted by bold fonts. The reported results are based on 4 experiments for
models without parameter instabilities (panel A) and 4 experiments with parameter instabilities (panel B). See Section 6
for the description of the Monte Carlo design.
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Table S.3: Comparison of the effects of down-weighting for the number of selected variables k
in MC experiments with and without parameter instability.

Average k
Down-weighting: No Light Heavy No Light Heavy No Light Heavy
N\T 100 150 200
A. Without parameter instability
OCMT (down-weighting at the selection stage)
20 5.03 3.82 4.44 6.17 4.70 6.05 7.22 5.63 7.54
40 4.69 3.91 5.69 5.98 5.42 8.89 6.87 6.95 11.89
100 4.31 4.31 8.94 5.52 7.01 16.13 6.35 10.11 23.92
Lasso
20 6.82 7.09 7.60 7.00 7.17 7.55 7.20 7.31 7.62
40 8.26 9.78 12.49 8.57 10.01 12.58 8.74 10.10 12.68
100 10.76 16.51 22.19 11.00 17.58 26.09 10.51  17.59  26.14
A-Lasso
20 5.15 5.52 5.92 5.35 5.63 5.90 5.55 5.79 5.97
40 6.39 7.83 9.98 6.78 8.08 10.03 6.96 8.21 10.14
100 8.65 13.27 17.38 9.05 14.37  20.36 8.83 14.51 20.52
Boosting
20 4.59 6.20 8.66 4.63 7.00 9.92 4.70 7.76 10.87
40 6.04 10.58 18.30 5.79 1230  20.67 5.69 14.16  22.54
100 11.36 28.60  43.23 9.27 33.19  47.00 8.43 37.53  49.32
B. With parameter instability
OCMT (down-weighting at the selection stage)
20 4.04 3.39 4.32 5.07 4.45 6.03 5.96 5.45 7.52
40 3.78 3.62 5.71 4.90 5.28 8.96 5.67 6.92 12.00
100 3.54 4.37 9.28 4.62 7.25 16.44 5.26 10.38  24.22
Lasso
20 7.28 7.51 8.00 7.76 7.69 8.13 8.17 7.96 8.27
40 9.80 10.90 13.32 10.60 11.31 13.64 11.13  11.44 13.83
100 13.68 18.72 23.30 14.83  20.09 27.36 15.56  20.23  27.93
A-Lasso
20 5.49 5.83 6.22 5.95 6.04 6.35 6.30 6.27 6.47
40 7.55 8.63 10.58 8.28 9.03 10.81 8.76 9.23 11.03
100 10.71 14.82 18.14 11.85 16.20  21.27 12.58 16.50  21.86
Boosting
20 4.59 6.16 8.59 4.66 7.00 9.95 4.75 7.79 10.95
40 6.52 10.78 18.18 6.35 12.49 20.70 6.21 14.24  22.61
100 12.70 28.14  42.94 10.73 33.22  47.05 10.03 37.60  49.49

Notes: Down-weighting column label "No” stands for no down-weighting, ”Light” stands for light down-weighting given
by values A = 0.975,0.98,0.985,0.99,0.995, 1, and ”Heavy” stands for heavy down-weighting given by values

A =0.95,0.96,0.97,0.98,0.99, 1. For each of the two sets of exponential down-weighting (light/heavy) we average k across
the choices for A. The reported results are based on 4 experiments for models without parameter instabilities (panel A)
and 4 experiments with parameter instabilities (panel B). See Section 6 for the description of the Monte Carlo design.
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Table S.4: The number of selected variables (k), True Positive Rate (TRP), and False Positive

Rate (FPR) averaged across MC experiments with and without dynamics.

k TPR FPR
N\T 100 150 200 100 150 200 100 150 200
A. Static
OCMT
20 5.78 6.93 7.95 0.92 0.97 0.99 0.11  0.15 0.20
40 5.51 6.78 7.63 0.90 0.97 0.99 0.05 0.07 0.09
100 5.24 6.46 7.20 0.87 0.96 0.98 0.02 0.03 0.03
Lasso
20 7.51 7.87 8.08 0.87 0.92 0.95 0.20 0.21 0.21
40 9.43 10.12 10.59 0.86 0.92 0.95 0.15 0.16 0.17
100 12.32 1347 13.84 0.83 0.90 0.93 0.09 0.10 0.10
A-Lasso
20 5.75 6.10 6.31 0.78 0.84 0.89 0.13 0.14 0.14
40 7.32 7.98 8.40 0.78 0.86 0.90 0.11 0.11 0.12
100 9.75 10.89 11.30 0.77 0.85 0.89 0.07 0.07 0.08
Boosting
20 5.00 5.11 5.14 0.81 0.87 0.91 0.09 0.08 0.08
40 6.67 6.56 6.45 0.81 0.87 0.91 0.09 0.08 0.07
100 11.71 10.32 9.74 0.79 0.86 0.90 0.09 0.07 0.06
B. Dynamic
OCMT
20 3.29 4.31 5.23 0.65 0.80 0.89 0.03 0.06 0.08
40 2.96 4.10 4.91 0.60 0.78 0.87 0.01 0.02 0.04
100 2.61 3.69 4.41 0.55 0.73 0.83 0.00 0.01 0.01
Lasso
20 6.59 6.88 7.28 0.72 0.80 0.85 0.18 0.19 0.19
40 8.63 9.04 9.28 0.69 0.78 0.84 0.15 0.15 0.15
100 12.12 12.35 12.23 0.66 0.75 0.80 0.09 0.09 0.09
A-Lasso
20 4.89 5.20 5.54 0.60 0.68 0.74 0.12 0.12 0.13
40 6.63 7.08 7.31 0.60 0.69 0.75 0.11 0.11 0.11
100 9.61 10.01 10.11 0.58 0.69 0.75 0.07 0.07 0.07
Boosting
20 4.17 4.18 4.30 0.64 0.70 0.76 0.08 0.07 0.06
40 590 5.58 5.45 0.63 0.71 0.76 0.08 0.07 0.06
100 12.35 9.67 8.72 0.63 0.70 0.75 0.10 0.07 0.06

Notes: There are k = 4 signal variables out of N observed covariates. The top panel reports results averaged across 4
static experiments, which do not feature lagged dependent variable. The bottom panel reports results averaged across 4
dynamic experiments featuring lagged dependent variable. Each experiment is based on 2000 Monte Carlo simulations.
OCMT, Lasso and A-Lasso methods in this table are based on original (not down-weighted) observations. See Section 5
of the paper for the detailed description of the Monte Carlo design.
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Table S.5: Comparison of the effects of down-weighting on one-step-ahead MSFE of OCMT, Lasso, A-Lasso
and boosting averaged across all the static MC experiments without and with parameter instabilities.

Down-weighting;: No Light Heavy No Light  Heavy No Light  Heavy
N\T 100 200 300
A. Without parameter instabilities
OCMT(Down-weighting only at the estimation stage)

20 17.03 17.50  18.43 15.59 16.07 17.13 14.44 1520 16.39

40 15.83 16.27  17.06 14.71 15.17  16.18 16.87 18.43  20.01

100 16.00 16.28  16.96 15.03 15.83 17.05 15.81 16.41 17.66
OCMT(Down-weighting only at the variable selection and estimation stages)

20 17.03 17.40 18.95 15.59 16.19 17.83 14.44 1499 17.16

40 15.83 16.30  18.07 14.71 1496  17.80 16.87 18.61  23.16

100 16.00 16.50 19.89 15.03 16.55  22.85 15.81 1740  25.81
Lasso

20 17.23 17.77  18.89 15.61 16.15  17.16 14.41 14.76 15.71

40 16.11 17.00 18.33 14.43 15.21 17.06 16.56 1797 19.91

100 16.44 1799  20.58 15.38 16.76  18.84 15.94 17.26 18.90
A-Lasso

20 18.08 18.52  19.76 16.05 16.77  17.87 14.75 15.10  16.32

40 17.25 18.23 19.71 15.25 16.30 18.26 17.24 19.10 21.13

100 18.56 20.33  22.88 16.55 18.29  20.87 16.93 18.87  20.57
Boosting

20 17.56 18.43  21.17 15.94 1694 19.68 14.49 15.63 18.94

40 16.62 17.87  21.69 14.82 16.52  21.52 17.02 20.22  26.76

100 17.45 21.81 25.46 15.93 1998 24.11 16.26 21.13 2542

B. With parameter instabilities
OCMT(Down-weighting only at the estimation stage)

20 20.09 19.32 19.47 17.80 17.09 17.58 16.82 15.82 16.62

40 18.46 17.94 18.20 1732 16.38 16.84 19.43 19.18 20.34

100 19.01 18.55 18.67 1797 17.19 17.76 1875 17.46 18.21
OCMT(Down-weighting only at the variable selection and estimation stages)

20 20.09 19.95 2091 17.80 17.71 19.32 16.82 15.92 1797

40 18.46 18.65 20.43 1732 17.01  20.09 19.43 20.20 25.09

100 19.01 19.11 22.92 17.97 19.09 25.28 18.75 19.66 28.60
Lasso

20 2093 20.63 21.04 18.29 17.76 18.43 17.12  16.01  16.70

40 19.23 1947 20.40 17.70  17.47 19.09 19.68 19.68 21.40

100 19.95 20.64 22.69 18.87 19.35 20.84 19.50 19.18  20.70
A-Lasso

20 21.69 21.16 21.64 18.85 18.18 18.93 17.41 16.12 17.26

40 20.32  20.56 21.84 18.74 18.52  20.44 20.52  20.63 22.66

100 22.24 2291 24.98 20.58  20.93 23.00 21.21 21.00 22.66
Boosting

20 21.02 20.61 22.66 18.36 18.34  20.97 17.05 16.72  20.02

40 19.52  20.23 23.87 17.44  18.57 23.42 19.74 21.43 27.85

100 19.98 23.60 27.42 18.69 21.53 25.57 19.11 2261 26.85

Notes: The reported results are averaged over two experiments (low fit and high fit) for models without and with
parameter instabilities. See Section 6 for the description of the Monte Carlo design. Full set of results is presented in the
online Monte Carlo supplement.

TFor each of the two sets of exponential down-weighting (light /heavy) forecasts of the target variable are computed as the
simple average of the forecasts obtained using the down-weighting coefficient, A.
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Table S.6: Comparison of the effects of down-weighting on one-step-ahead MSFE of OCMT, Lasso, A-Lasso
and boosting averaged across all the dynamic MC experiments without and with parameter instabilities.

Down-weighting;: No Light Heavy No Light  Heavy No Light  Heavy
N\T 100 200 300
A. Without parameter instabilities
OCMT(Down-weighting only at the estimation stage)
20 46.49 47.83  49.98 41.46 42.60  44.99 37.93 39.14 41.11
40 42.43 42.85 4397 38.73 39.30 40.86 47.24 4956  52.57
100 42.50 42.85 44.01 40.84 42.11  44.33 42.07 42.88  45.30
OCMT(Down-weighting only at the variable selection and estimation stages)
20 46.49 47.82  51.20 41.46 4232  46.54 37.93 39.72  44.19
40 42.43 42.62  45.84 38.73 3945  45.19 47.24 4992  59.09
100 42.50 43.90 47.82 40.84 42.37  50.59 42.07 4499  54.47
Lasso
20 46.41 4893  52.09 41.58 42.83  46.06 38.09 39.68 42.44
40 42.85 44.83  49.99 38.27 40.80  47.56 47.00 49.53  55.69
100 44.82 48.60  53.52 41.28 45.04  51.48 42.33 45.60 51.30
A-Lasso
20 48.41 50.92  54.42 42.90 44.11  47.83 39.27 40.54 4394
40 46.08 47.51  52.88 40.71 43.86  51.19 48.83 51.08  56.65
100 52.01 55.44  60.11 45.27 49.56  56.53 46.12 49.87  55.69
Boosting
20 47.82 52,59  61.33 43.09 47.03  56.49 39.04 4281  52.70
40 44.73 50.57  62.92 39.59 46.80 62.00 48.77 60.10  76.55
100 49.91 62.19 71.42 42.63 57.36  69.52 43.70 58.55  68.93
B. With parameter instabilities
OCMT(Down-weighting only at the estimation stage)
20 51.65 50.55 51.44 44.55 43.26  44.45 41.43 39.82 41.21
40 46.37 44.89 4521 4274 41.14 41.98 51.12 50.38 52.58
100 47.60 46.54  46.98 45.35 43.91 45.14 46.68 44.52  46.22
OCMT(Down-weighting only at the variable selection and estimation stages)
20 51.65 51.29  53.67 44.55 44.30 48.16 41.43 41.00 45.22
40 46.37 45.53  48.40 42.74 42.01  47.79 51.12 51.31 61.08
100 47.60 4785  51.66 45.35 45.09 52.79 46.68 47.05  59.42
Lasso
20 52.76 53.46  55.50 45.12 44.79 47.61 42.48 41.48 44.01
40 47.64 48.16 52.38 43.17 43.46  49.71 51.54 51.12 56.91
100 49.94 5233  56.53 46.40 49.09 54.78 48.04 48.17  53.57
A-Lasso
20 55.26 55.36  57.59 46.38 45.68  49.11 43.39 42.12 4531
40 50.97 51.14  55.62 46.07 46.25  53.31 53.60 52.64 58.36
100 57.39 5947  63.11 50.76 54.02  60.09 52.35 52.63  58.42
Boosting
20 52.12 55.54  63.86 45.19 4895 58.94 41.52 44.18  54.61
40 48.03 54.50 66.77 42.50 50.16 65.76 51.12 61.14 7747
100 52.19 65.79  75.81 44.87 5992 7247 46.92 61.59 72.44

Notes: The reported results are averaged across two experiments (low fit and high fit) for models without and with
parameter instabilities. See Section 6 for the description of the Monte Carlo design. Full set of results is presented in the
online Monte Carlo supplement.

TFor each of the two sets of exponential down-weighting (light /heavy) forecasts of the target variable are computed as the
simple average of the forecasts obtained using the down-weighting coefficient, A.

S.10



S-3 Monte Carlo results for all the experiments

S-3.1 MC findings for baseline experiments without parameter instabilities

Table S.7: MC results for methods using no down-weighting in the baseline experiment with no

dynamics (py = 0) and low fit.

MSFE (x100) [ 2 TPR FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
Oracle
20 25.46  23.49 21.77 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 23.81 21.86 25.33 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 24.11 2298 23.93 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
OCMT
20 26.27 24.00 22.26 5.22 6.37 7.38 090 096 099 0.08 0.13 0.17
40 24.39 22.60 25.97 4.87 6.18 7.03 088 097 0.99 0.03 0.06 0.08
100 24.73 23.14 24.40 4.49 5.72 6.48 0.84 095 0.98 0.01 0.02 0.03
LASSO
20 26.50 24.14 22.28 6.71 7.03 722 085 091 095 0.17 0.17 0.17
40 24.76  22.28 25.55 7.91 8.41 8.73 0.82 090 094 0.12 0.12 0.12
100 25.34  23.77 24.66 9.8 10.56 10.23 0.79 0.88 0.92 0.07 0.07 0.07
LASSO for variable selection only. LS for estimation/forecasting.
20 28.54 25.06 22.83 6.71 7.03 722 085 091 095 0.17 0.17 0.17
40 27.07 24.05 26.92 7.91 8.41 8.73 0.82 090 094 0.12 0.12 0.12
100 30.00 26.12 26.82 9.8 10.56 10.23 0.79 0.88 0.92 0.07 0.07 0.07
A-LASSO
20 27.85 24.90 22.84 5.01 5.31 5,50 0.72 080 0.86 0.11 0.11 0.10
40 26.46 23.55 26.66 6.04 6.58 6.91 0.72 082 087 0.08 0.08 0.09
100 28.71 25.63 26.23 7.86 8.65 854 0.71 082 0.87 0.05 0.05 0.05
A-LASSO for variable selection only. LS for estimation/forecasting.
20 28.54 25.26 22.96 5.01 5.31 5,50 0.72 080 0.86 0.11 0.11 0.10
40 27.10 24.08 27.06 6.04 6.58 6.91 0.72 082 087 0.08 0.08 0.09
100 29.79 26.08 26.70 7.86 8.65 854 0.71 082 0.87 0.05 0.05 0.05
Boosting
20 26.71  24.37 22.23 4.50 4.66 4.77 0.76 084 090 0.07 0.06 0.06
40 25.22  22.67 26.03 5.82 5.79 5.73 0.76 084 0.89 0.07 0.06 0.05
100 26.55 24.36 25.00 10.31 8.92 831 0.74 083 0.88 0.07 0.06 0.05
Boosting for variable selection only. LS for estimation/forecasting.
20 27.27  24.77  22.52 4.50 4.66 4.77 0.76 084 090 0.07 0.06 0.06
40 26.44  23.50 26.54 5.82 5.79 5.73 0.76 0.84 0.89 0.07 0.06 0.05
100 31.07 26.81 27.25 10.31 8.92 831 0.74 083 0.88 0.07 0.06 0.05

Notes: This table reports one-step-ahead Mean Square Forecast Error (MSFE, x100) , average number of selected
variables (k), True Positive Rate (TPR), and False Positive Rate (FPR). The baseline model features no parameter
instabilities in slopes and intercepts. There are k = 4 signals variables out of N observed variables. The DGP is given by
yt =d+ pyyt—1 + 23:1 Bjxjt + Tuut. Oracle model assumes the identity of signal variables is known. The reported
results are based on 2000 Monte Carlo replications. See Section 6 of the paper for the detailed description of the Monte
Carlo design.
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Table S.8: MC results for methods using light down-weighting in the baseline experiment with
no dynamics (p, = 0), and low fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Light down-weighting in the estimation/forecasting stage only.
Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 26.03 23.94 22.22 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 24.61 22.22 26.83 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 24.50 23.74 24.32 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcCMT
20 26.96 24.63 23.43 5.22 6.37 7.38 0.90 0.96 0.99 0.08 0.13 0.17
40 24.98 23.25 28.17 4.87 6.18 7.03 0.88 0.97 0.99 0.03 0.06 0.08
100 25.07 24.38 25.24 4.49 5.72 6.48 0.84 0.95 0.98 0.01 0.02 0.03
LASSO
20 29.17 26.43 23.52 6.71 7.03 7.22 0.85 0.91 0.95 0.17 0.17 0.17
40 27.76 24.94 29.54 7.91 8.41 8.73 0.82 0.90 0.94 0.12 0.12 0.12
100 30.72 28.34 27.99 9.86 10.56 10.23 0.79 0.88 0.92 0.07 0.07 0.07
A-LASSO
20 28.95 26.29 23.55 5.01 5.31 5.50 0.72 0.80 0.86 0.11 0.11 0.10
40 27.67 24.46 29.55 6.04 6.58 6.91 0.72 0.82 0.87 0.08 0.08 0.09
100 30.18 27.96 27.62 7.86 8.65 8.54 0.71 0.82 0.87 0.05 0.05 0.05
Boosting
20 27.77 25.76 23.25 4.50 4.66 4.77 0.76 0.84 0.90 0.07 0.06 0.06
40 27.14 24.13 28.70 5.82 5.79 5.73 0.76 0.84 0.89 0.07 0.06 0.05
100 31.86 28.51 28.00 10.31 8.92 8.31 0.74 0.83 0.88 0.07 0.06 0.05
B. Light down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 26.77 24.91 23.15 4.02 5.01 6.09 0.72 0.77 0.81 0.06 0.10 0.14
40 25.04 23.06 28.66 4.16 5.95 7.73 0.68 0.75 0.80 0.04 0.07 0.11
100 25.38 25.31 26.52 4.72 8.01 11.67 0.63 0.72 0.76 0.02 0.05 0.09
LASSO
20 27.27 24.78 22.76 6.79 6.94 7.04 0.77 0.80 0.82 0.18 0.19 0.19
40 26.08 23.41 27.64 8.88 9.14 9.32 0.75 0.79 0.80 0.15 0.15 0.15
100 27.62 25.79 26.52 14.00 14.54 14.37 0.71 0.76 0.77 0.11 0.12 0.11
A-LASSO
20 28.46 25.79 23.33 5.21 5.39 5.54 0.66 0.71 0.74 0.13 0.13 0.13
40 27.96 25.11 29.45 7.06 7.35 7.55 0.67 0.72 0.74 0.11 0.11 0.11
100 31.28 28.11 28.98 11.26 11.91 11.91 0.65 0.71 0.72 0.09 0.09 0.09
Boosting
20 28.12 25.93 23.88 6.01 6.86 7.63 0.75 0.81 0.85 0.15 0.18 0.21
40 27.19 25.31 31.04 10.08 11.92 13.77 0.76 0.82 0.86 0.18 0.22 0.26
100 33.31 30.66 32.46 27.16 32.12 36.55 0.77 0.84 0.87 0.24 0.29 0.33

Notes: Light down-weighting is defined by by values A = 0.975,0.98,0.985,0.99,0.995, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.7.
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Table S.9: MC results for methods using heavy down-weighting in the baseline experiment with
no dynamics (p, = 0), and low fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Heavy down-weighting in the estimation/forecasting stage only.
Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 27.19 25.06 23.13 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 25.87 23.33 28.02 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 25.46 24.97 25.48 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcCMT
20 28.34 26.13 25.21 5.22 6.37 7.38 0.90 0.96 0.99 0.08 0.13 0.17
40 26.08 24.62 30.46 4.87 6.18 7.03 0.88 0.97 0.99 0.03 0.06 0.08
100 25.92 26.21 27.04 4.49 5.72 6.48 0.84 0.95 0.98 0.01 0.02 0.03
LASSO
20 30.43 28.22 24.94 6.71 7.03 7.22 0.85 0.91 0.95 0.17 0.17 0.17
40 29.11 26.49 31.76 7.91 8.41 8.73 0.82 0.90 0.94 0.12 0.12 0.12
100 32.33 31.25 30.51 9.86 10.56 10.23 0.79 0.88 0.92 0.07 0.07 0.07
A-LASSO
20 29.95 27.62 24.58 5.01 5.31 5.50 0.72 0.80 0.86 0.11 0.11 0.10
40 28.69 25.49 31.33 6.04 6.58 6.91 0.72 0.82 0.87 0.08 0.08 0.09
100 31.01 30.40 29.63 7.86 8.65 8.54 0.71 0.82 0.87 0.05 0.05 0.05
Boosting
20 28.76 26.95 24.44 4.50 4.66 4.77 0.76 0.84 0.90 0.07 0.06 0.06
40 28.33 25.36 30.09 5.82 5.79 5.73 0.76 0.84 0.89 0.07 0.06 0.05
100 33.44 30.59 29.83 10.31 8.92 8.31 0.74 0.83 0.88 0.07 0.06 0.05
B. Heavy down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 29.10 27.31 26.41 4.80 6.53 8.15 0.63 0.70 0.76 0.11 0.19 0.26
40 27.52 27.22 35.47 6.33 9.90 13.05 0.60 0.69 0.76 0.10 0.18 0.25
100 29.94 34.28 38.83 10.34 18.38 26.56 0.56 0.66 0.73 0.08 0.16 0.24
LASSO
20 28.91 26.21 24.14 6.99 7.03 6.94 0.70 0.71 0.72 0.21 0.21 0.20
40 27.96 26.15 30.41 10.97 10.81 10.96 0.69 0.70 0.71 0.21 0.20 0.20
100 31.60 28.86 28.86 19.87 20.77 20.96 0.66 0.69 0.70 0.17 0.18 0.18
A-LASSO
20 30.32 27.39 25.11 5.39 5.43 5.41 0.60 0.62 0.63 0.15 0.15 0.14
40 30.06 28.02 32.39 8.71 8.61 8.74 0.61 0.63 0.65 0.16 0.15 0.15
100 35.21 31.96 31.41 15.44 16.29 16.52 0.59 0.63 0.65 0.13 0.14 0.14
Boosting
20 32.30 30.00 28.83 8.41 9.73 10.69 0.76 0.82 0.85 0.27 0.32 0.36
40 33.00 32.93 41.08 17.77 20.32 22.23 0.80 0.85 0.88 0.36 0.42 0.47
100 38.83 36.94 38.92 42.41 46.33 48.74 0.79 0.84 0.86 0.39 0.43 0.45

Notes: Heavy down-weighting is defined by by values A = 0.95,0.96,0.97,0.98,0.99, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.7.
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Table S.10: MC results for methods using no down-weighting in the baseline experiment with
no dynamics (p, = 0) and high fit.

MSFE (x100) | k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
Oracle
20 742 6.84 6.34 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 6.94 6.37 7.38 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 7.03 6.69 6.97 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
OCMT
20 779 719 6.62 7.34 8.61 9.82 1.00 1.00 1.00 0.17 0.23 0.29
40 7.26 6.82 7.76 7.07 8.47 948 099 1.00 1.00 0.08 0.11 0.14
100 7.26  6.91 7.22 6.72 8.05 898 099 1.00 1.00 0.03 0.04 0.05
LASSO
20 7.96 7.07 6.55 7.52 7.56 7.53 098 099 1.00 0.18 0.18 0.18
40 7.46 6.59 7.56 8.88 8.97 9.10 097 099 1.00 0.13 0.13 0.13
100 7.54 7.00 721 11.05 11.28 10.78 096 0.99 1.00 0.07 0.07 0.07
LASSO for variable selection only. LS for estimation/forecasting.
20 8.59 7.32 6.72 7.52 7.56 7.53 098 099 1.00 0.18 0.18 0.18
40 8.09 7.17 8.01 8.88 8.97 9.10 097 099 1.00 0.13 0.13 0.13
100 8.72 769 7.80 11.05 11.28 10.78 096 0.99 1.00 0.07 0.07 0.07
A-LASSO
20 830 7.19 6.67 5.93 5.99 6.02 093 096 098 0.11 0.11 0.10
40 8.03 6.94 7.82 7.09 7.30 7.38 093 097 099 0.08 0.09 0.09
100 8.41 746 7.63 9.04 9.46 9.14 092 097 099 0.05 0.06 0.05
A-LASSO for variable selection only. LS for estimation/forecasting.
20 8.47 7.26 6.74 5.93 5.99 6.02 093 096 098 0.11 0.11 0.10
40 8.16 7.11 7.93 7.09 7.30 7.38 093 097 099 0.08 0.09 0.09
100 8.66 7.57 T7.74 9.04 9.46 9.14 092 097 099 0.05 0.06 0.05
Boosting
20 8.42 7.50 6.75 5.41 5.31 523 096 098 0.99 0.08 0.07 0.06
40 8.01 6.97 8.01 6.79 6.45 6.23 095 098 0.99 0.08 0.06 0.06
100 8.36 7.50 7.52 11.46 9.78 893 094 098 0.99 0.08 0.06 0.05
Boosting for variable selection only. LS for estimation/forecasting.
20 8.12 7.14 6.57 5.41 5.31 523 096 098 0.99 0.08 0.07 0.06
40 7.92 6.93 7.89 6.79 6.45 6.23 095 098 0.99 0.08 0.06 0.06
100 9.41 792 7.80 11.46 9.78 893 094 098 099 0.08 0.06 0.05

Notes: See notes to Table S.7.
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Table S.11: MC results for methods using light down-weighting in the baseline experiment with
no dynamics (p, = 0), and high fit.

MSFE (x100) | k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Light down-weighting in the estimation/forecasting stage only.

Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 7.58 6.98 6.47 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 7.17 6.47 7.82 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 7.14 6.92 7.08 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcMT
20 8.05 7.50 6.96 7.34 8.61 9.82 1.00 1.00 1.00 0.17 0.23 0.29
40 7.55 7.10 8.69 7.07 8.47 9.48 0.99 1.00 1.00 0.08 0.11 0.14
100 7.49 7.28 7.57 6.72 8.05 8.98 0.99 1.00 1.00 0.03 0.04 0.05
LASSO
20 8.84 7.67 6.95 7.52 7.56 7.53 0.98 0.99 1.00 0.18 0.18 0.18
40 8.33 7.41 8.84 8.88 8.97 9.10 0.97 0.99 1.00 0.13 0.13 0.13
100 9.02 8.36 8.20 11.05 11.28 10.78 0.96 0.99 1.00 0.07 0.07 0.07
A-LASSO
20 8.63 7.55 7.00 5.93 5.99 6.02 0.93 0.96 0.98 0.11 0.11 0.10
40 8.34 7.22 8.67 7.09 7.30 7.38 0.93 0.97 0.99 0.08 0.09 0.09
100 8.93 8.13 8.06 9.04 9.46 9.14 0.92 0.97 0.99 0.05 0.06 0.05
Boosting
20 8.28 7.42 6.82 5.41 5.31 5.23 0.96 0.98 0.99 0.08 0.07 0.06
40 8.15 7.16 8.66 6.79 6.45 6.23 0.95 0.98 0.99 0.08 0.06 0.06
100 9.77 8.48 8.10 11.46 9.78 8.93 0.94 0.98 0.99 0.08 0.06 0.05
B. Light down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 8.04 7.47 6.83 5.77 6.78 7.86 0.90 0.90 0.91 0.11 0.16 0.21
40 7.55 6.87 8.56 6.25 8.23 10.17 0.89 0.90 0.91 0.07 0.12 0.16
100 7.62 7.80 8.28 7.48 11.43 15.72 0.87 0.88 0.90 0.04 0.08 0.12
LASSO
20 8.27 7.53 6.75 8.00 8.10 8.14 0.95 0.96 0.97 0.21 0.21 0.21
40 7.92 7.00 8.29 10.47 10.65 10.87 0.94 0.96 0.96 0.17 0.17 0.18
100 8.35 7.72 8.00 16.25 17.03 16.87 0.93 0.95 0.95 0.13 0.13 0.13
A-LASSO
20 8.58 7.75 6.88 6.39 6.50 6.58 0.90 0.92 0.94 0.14 0.14 0.14
40 8.50 7.48 8.75 8.53 8.74 8.92 0.90 0.93 0.94 0.12 0.13 0.13
100 9.38 8.46 8.75 13.22 14.07 14.05 0.89 0.93 0.94 0.10 0.10 0.10
Boosting
20 8.74 7.95 7.37 6.97 7.67 8.33 0.94 0.96 0.97 0.16 0.19 0.22
40 8.54 7.74 9.39 11.13 12.79 14.57 0.94 0.97 0.98 0.18 0.22 0.27
100 10.30 9.31 9.80 28.66 33.21 37.40 0.94 0.97 0.98 0.25 0.29 0.33

Notes: Light down-weighting is defined by by values A = 0.975,0.98,0.985,0.99,0.995, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.7.
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Table S.12: MC results for methods using heavy down-weighting in the baseline experiment
with no dynamics (p, = 0), and high fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Heavy down-weighting in the estimation/forecasting stage only.
Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 7.92 7.30 6.74 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 7.54 6.80 8.16 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 7.42 7.27 7.42 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcCMT
20 8.51 8.13 7.58 7.34 8.61 9.82 1.00 1.00 1.00 0.17 0.23 0.29
40 8.04 7.73 9.56 7.07 8.47 9.48 0.99 1.00 1.00 0.08 0.11 0.14
100 8.01 7.90 8.28 6.72 8.05 8.98 0.99 1.00 1.00 0.03 0.04 0.05
LASSO
20 9.24 8.21 7.38 7.52 7.56 7.53 0.98 0.99 1.00 0.18 0.18 0.18
40 8.74 7.93 9.59 8.88 8.97 9.10 0.97 0.99 1.00 0.13 0.13 0.13
100 9.56 9.26 8.97 11.05 11.28 10.78 0.96 0.99 1.00 0.07 0.07 0.07
A-LASSO
20 8.97 7.98 7.37 5.93 5.99 6.02 0.93 0.96 0.98 0.11 0.11 0.10
40 8.70 7.57 9.28 7.09 7.30 7.38 0.93 0.97 0.99 0.08 0.09 0.09
100 9.36 8.91 8.67 9.04 9.46 9.14 0.92 0.97 0.99 0.05 0.06 0.05
Boosting
20 8.63 7.82 7.21 5.41 5.31 5.23 0.96 0.98 0.99 0.08 0.07 0.06
40 8.53 7.54 9.22 6.79 6.45 6.23 0.95 0.98 0.99 0.08 0.06 0.06
100 10.41 9.20 8.76 11.46 9.78 8.93 0.94 0.98 0.99 0.08 0.06 0.05
B. Heavy down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 8.81 8.35 7.91 6.52 8.25 9.82 0.80 0.83 0.87 0.17 0.25 0.32
40 8.63 8.38 10.85 8.72 12.41 15.59 0.79 0.83 0.87 0.14 0.23 0.30
100 9.83 11.42 12.78 14.24 22.78 31.22 0.76 0.82 0.86 0.11 0.19 0.28
LASSO
20 8.88 8.11 7.27 8.56 8.56 8.53 0.90 0.91 0.91 0.25 0.25 0.24
40 8.70 7.96 9.40 13.08 12.99 13.18 0.90 0.91 0.91 0.24 0.23 0.24
100 9.57 8.82 8.95 22.24 23.59 23.96 0.89 0.90 0.91 0.19 0.20 0.20
A-LASSO
20 9.20 8.35 7.54 6.78 6.78 6.78 0.84 0.86 0.87 0.17 0.17 0.17
40 9.37 8.49 9.88 10.53 10.43 10.59 0.85 0.87 0.87 0.18 0.17 0.18
100 10.54 9.78 9.74 17.29 18.52 18.88 0.85 0.87 0.88 0.14 0.15 0.15
Boosting
20 10.05 9.37 9.05 9.31 10.45 11.31 0.93 0.95 0.96 0.28 0.33 0.37
40 10.39 10.10 12.44 18.75 21.01 22.80 0.94 0.96 0.97 0.37 0.43 0.47
100 12.09 11.28 11.92 43.33 47.00 49.27 0.94 0.96 0.96 0.40 0.43 0.45

Notes: Heavy down-weighting is defined by by values A = 0.95,0.96,0.97,0.98,0.99, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.7.
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Table S.13: MC results for methods using no down-weighting in the baseline experiment with

dynamics (p, # 0) and low fit.

MSFE (x100) k TPR FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
Oracle
20 69.43 62.57 58.00 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 63.86 58.55  71.68 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 65.21 61.36  63.98 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
OCMT
20 71.51  64.00 58.39 2.49 3.58 457 052 071 0.8 0.02 0.04 0.06
40 65.69 59.71 72.73 2.11 337 426 045 0.69 0.83 0.01 0.02 0.02
100 65.53 63.15 64.85 1.74 2.89 3.72 038 0.61 0.77 0.00 0.00 0.01
LASSO
20 71.15 63.81 58.62 5.86 6.17 6.55 065 0.74 0.80 0.16 0.16 0.17
40 65.64 58.78 72.31 7.37 7.82 805 061 072 0.79 0.12 0.12 0.12
100 68.64 63.49 65.05 10.23 10.36 9.88 0.57 0.68 0.75 0.08 0.08 0.07
LASSO for variable selection only. LS for estimation/forecasting.
20 76.37 66.19 60.83 5.86 6.17 6.55 065 0.74 0.80 0.16 0.16 0.17
40 71.62 64.23 76.14 7.37 7.82 805 061 072 0.79 0.12 0.12 0.12
100 82.05 7149 7190 10.23 10.36 9.88 0.57 0.68 0.75 0.08 0.08 0.07
A-LASSO
20 74.27  65.89 60.46 4.26 4.51 4.82 052 0.60 0.67 0.11 0.11 0.11
40 70.61 62.33 75.17 5.59 6.00 6.19 051 061 0.68 0.09 0.09 0.09
100 79.63 69.76  70.80 8.11 8.37 817 049 0.60 0.67 0.06 0.06 0.05
A-LASSO for variable selection only. LS for estimation/forecasting.
20 75.96 66.61 61.08 4.26 4.51 4.82 052 0.60 0.67 0.11 0.11 0.11
40 72.24  63.79 76.04 5.59 6.00 6.19 051 061 0.68 0.09 0.09 0.09
100 81.59 71.57 71.96 8.11 8.37 817 049 0.60 0.67 0.06 0.06 0.05
Boosting
20 72.22  65.02 59.44 3.65 3.71 3.8 055 0.62 0.69 0.07 0.06 0.05
40 67.34 60.07 74.17 5.19 4.89 4.84 054 062 0.69 0.08 0.06 0.05
100 75.45 64.80 66.42 11.45 8.63 7.69 054 0.61 0.67 0.09 0.06 0.05
Boosting for variable selection only. LS for estimation/forecasting.
20 73.51 64.83 59.76 3.65 3.71 386 055 0.62 0.69 0.07 0.06 0.05
40 70.55 62.88 74.42 5.19 4.89 4.84 054 062 0.69 0.08 0.06 0.05
100 89.64 73.08 71.84 11.45 8.63 7.69 054 0.61 0.67 0.09 0.06 0.05

Notes: See notes to Table S.7.
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Table S.14: MC results for methods using light down-weighting in the baseline experiment with
dynamics (py # 0), and low fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Light down-weighting in the estimation/forecasting stage only.
Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 72.07 63.71 59.72 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 65.77 59.95 74.18 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 67.21 63.44 65.55 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcCMT
20 73.41 65.83 59.88 2.49 3.58 4.57 0.52 0.71 0.86 0.02 0.04 0.06
40 66.08 60.20 75.93 2.11 3.37 4.26 0.45 0.69 0.83 0.01 0.02 0.02
100 65.96 64.78 65.76 1.74 2.89 3.72 0.38 0.61 0.77 0.00 0.00 0.01
LASSO
20 79.09 68.02 63.50 5.86 6.17 6.55 0.65 0.74 0.80 0.16 0.16 0.17
40 72.99 67.27 81.07 7.37 7.82 8.05 0.61 0.72 0.79 0.12 0.12 0.12
100 84.04 76.52 74.54 10.23 10.36 9.88 0.57 0.68 0.75 0.08 0.08 0.07
A-LASSO
20 77.97 68.21 63.69 4.26 4.51 4.82 0.52 0.60 0.67 0.11 0.11 0.11
40 73.29 64.85 80.55 5.59 6.00 6.19 0.51 0.61 0.68 0.09 0.09 0.09
100 83.30 75.81 73.69 8.11 8.37 8.17 0.49 0.60 0.67 0.06 0.06 0.05
Boosting
20 75.68 66.22 61.82 3.65 3.71 3.86 0.55 0.62 0.69 0.07 0.06 0.05
40 72.16 64.47 78.63 5.19 4.89 4.84 0.54 0.62 0.69 0.08 0.06 0.05
100 91.72 77.53 73.52 11.45 8.63 7.69 0.54 0.61 0.67 0.09 0.06 0.05
B. Light down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 73.46 65.02 61.18 1.84 2.69 3.51 0.36 0.48 0.56 0.02 0.04 0.06
40 65.33 60.75 76.85 1.71 2.89 4.15 0.32 0.45 0.54 0.01 0.03 0.05
100 67.44 65.23 69.24 1.66 3.45 5.70 0.26 0.38 0.48 0.01 0.02 0.04
LASSO
20 74.83 65.53 60.95 5.97 5.97 6.14 0.58 0.61 0.63 0.18 0.18 0.18
40 68.47 62.43 75.81 8.88 9.07 9.05 0.55 0.59 0.61 0.17 0.17 0.17
100 74.39 68.78 69.63 16.97 18.11 18.08 0.52 0.57 0.59 0.15 0.16 0.16
A-LASSO
20 77.98 67.62 62.31 4.58 4.61 4.75 0.48 0.51 0.53 0.13 0.13 0.13
40 72.52 67.09 78.02 7.02 7.22 7.24 0.47 0.51 0.54 0.13 0.13 0.13
100 84.64 75.49 76.04 13.48 14.65 14.77 0.45 0.51 0.54 0.12 0.13 0.13
Boosting
20 79.52 70.90 64.85 5.38 6.23 7.07 0.56 0.63 0.68 0.16 0.19 0.22
40 76.15 70.73 91.25 10.04 11.76 13.69 0.58 0.65 0.70 0.19 0.23 0.27
100 94.31 86.72 88.62 28.88 33.31 37.76 0.61 0.69 0.74 0.26 0.31 0.35

Notes: Light down-weighting is defined by by values A = 0.975,0.98,0.985,0.99,0.995, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.7.
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Table S.15: MC results for methods using heavy down-weighting in the baseline experiment
with dynamics (py # 0), and low fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Heavy down-weighting in the estimation/forecasting stage only.

Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 75.92 67.24 62.37 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 69.18 63.33 77.13 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 70.89 67.40 69.56 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcMT
20 76.38 69.40 62.44 2.49 3.58 4.57 0.52 0.71 0.86 0.02 0.04 0.06
40 67.43 62.11 79.85 2.11 3.37 4.26 0.45 0.69 0.83 0.01 0.02 0.02
100 67.53 67.62 68.91 1.74 2.89 3.72 0.38 0.61 0.77 0.00 0.00 0.01
LASSO
20 82.79 72.47 67.13 5.86 6.17 6.55 0.65 0.74 0.80 0.16 0.16 0.17
40 76.17 71.85 86.14 7.37 7.82 8.05 0.61 0.72 0.79 0.12 0.12 0.12
100 88.80 82.86 80.86 10.23 10.36 9.88 0.57 0.68 0.75 0.08 0.08 0.07
A-LASSO
20 80.90 71.95 66.56 4.26 4.51 4.82 0.52 0.60 0.67 0.11 0.11 0.11
40 75.93 67.65 85.09 5.59 6.00 6.19 0.51 0.61 0.68 0.09 0.09 0.09
100 87.08 80.45 78.65 8.11 8.37 8.17 0.49 0.60 0.67 0.06 0.06 0.05
Boosting
20 78.85 69.68 63.98 3.65 3.71 3.86 0.55 0.62 0.69 0.07 0.06 0.05
40 75.00 66.92 82.17 5.19 4.89 4.84 0.54 0.62 0.69 0.08 0.06 0.05
100 96.04 83.14 78.06 11.45 8.63 7.69 0.54 0.61 0.67 0.09 0.06 0.05
B. Heavy down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 78.41 71.21 68.06 2.51 4.05 5.46 0.35 0.47 0.56 0.06 0.11 0.16
40 69.92 69.21 90.54 3.15 5.93 8.79 0.31 0.45 0.55 0.05 0.10 0.16
100 72.73 77.44 83.26 4.95 10.98 18.27 0.26 0.40 0.51 0.04 0.09 0.16
LASSO
20 79.47 70.28 64.99 6.59 6.42 6.62 0.54 0.55 0.56 0.22 0.21 0.22
40 76.33 72.52 84.94 11.99 12.23 12.29 0.54 0.57 0.58 0.25 0.25 0.25
100 81.70 78.72 78.47 22.61 28.99 28.66 0.51 0.59 0.60 0.21 0.27 0.26
A-LASSO
20 83.16 73.12 67.33 5.10 4.99 5.12 0.45 0.46 0.47 0.17 0.16 0.16
40 80.63 78.23 86.17 9.51 9.67 9.77 0.46 0.49 0.51 0.19 0.19 0.19
100 91.52 86.31 85.21 17.78 22.51 22.38 0.44 0.51 0.52 0.16 0.20 0.20
Boosting
20 92.64 85.03 79.72 8.04 9.36 10.41 0.62 0.69 0.73 0.28 0.33 0.37
40 95.06 93.72 116.17 17.98 20.35 22.26 0.67 0.73 0.78 0.38 0.44 0.48
100 108.30 105.00 104.27 43.29 47.07 49.39 0.67 0.73 0.75 0.41 0.44 0.46

Notes: Heavy down-weighting is defined by by values A = 0.95,0.96,0.97,0.98,0.99, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.7.
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Table S.16: MC results for methods using no down-weighting in the baseline experiment with

dynamics (p, # 0) and high fit.

MSFE (x100) k TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
Oracle
20 20.51 18.61 17.18 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 18.89 17.33 21.16 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 19.24 18.17 18.95 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
OCMT
20 21.46 18.93  17.47 5.07 6.11 712 092 097 099 0.07 0.11 0.16
40 19.16 17.75 21.75 4.73 5.90 6.73 090 098 099 0.03 0.05 0.07
100 19.48 18.53 19.28 4.31 5.43 6.21 0.86 096 099 0.01 0.02 0.02
LASSO
20 21.67 19.35 17.57 7.18 7.24 748 088 093 096 0.18 0.18 0.18
40 20.05 17.76  21.70 8.89 9.09 9.09 0.8 093 096 0.14 0.13 0.13
100 21.00 19.07 19.61 11.89 11.79 11.16 0.83 0.92 0.95 0.09 0.08 0.07
LASSO for variable selection only. LS for estimation/forecasting.
20 23.15  19.92 18.22 7.18 7.24 748 0.88 093 096 0.18 0.18 0.18
40 22.09 19.43 22.84 8.89 9.09 9.09 0.86 093 096 0.14 0.13 0.13
100 25.04 21.43 21.70 11.89 11.79 11.16 0.83 0.92 0.95 0.09 0.08 0.07
A-LASSO
20 22.55 19.91 18.09 5.39 5.60 587 0.77 084 090 0.12 0.11 0.11
40 21.55 19.09 22.49 6.86 7.25 736  0.77 086 091 0.09 0.10 0.09
100 24.39 20.79 21.43 9.59 9.73 9.46 0.76 0.86 091 0.07 0.06 0.06
A-LASSO for variable selection only. LS for estimation/forecasting.
20 23.09 20.05 18.25 5.39 5.60 587 0.77 084 090 0.12 0.11 0.11
40 22.24 19.45 2281 6.86 7.25 736 077 086 091 0.09 0.10 0.09
100 25.35 21.27 21.84 9.59 9.73 9.46 0.76 086 091 0.07 0.06 0.06
Boosting
20 23.41 21.17 18.64 4.79 4.85 493 0.81 088 093 0.08 0.07 0.06
40 22.11  19.11  23.38 6.37 6.03 594 0.81 0.88 093 0.08 0.06 0.06
100 24.38 20.46 20.99 12.21 9.73 8.78 0.79 087 091 0.09 0.06 0.05
Boosting for variable selection only. LS for estimation/forecasting.
20 22.29 1945 17.77 4.79 4.85 493 0.81 0.88 093 0.08 0.07 0.06
40 21.55 18.78 22.26 6.37 6.03 594 0.81 088 093 0.08 0.06 0.06
100 26.87 21.52 21.66 12.21 9.73 8.78 0.79 087 091 0.09 0.06 0.05

Notes: See notes to Table S.7.
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Table S.17: MC results for methods using light down-weighting in the baseline experiment with
dynamics (py # 0), and high fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Light down-weighting in the estimation/forecasting stage only.

Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 21.30 18.94 17.68 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 19.46 17.78 21.97 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 19.82 18.78 19.37 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcCMT
20 22.24 19.36 18.40 5.07 6.11 7.12 0.92 0.97 0.99 0.07 0.11 0.16
40 19.61 18.40 23.20 4.73 5.90 6.73 0.90 0.98 0.99 0.03 0.05 0.07
100 19.73 19.43 20.00 4.31 5.43 6.21 0.86 0.96 0.99 0.01 0.02 0.02
LASSO
20 24.16 20.75 19.11 7.18 7.24 7.48 0.88 0.93 0.96 0.18 0.18 0.18
40 22.69 20.21 24.37 8.89 9.09 9.09 0.86 0.93 0.96 0.14 0.13 0.13
100 25.80 23.17 22.61 11.89 11.79 11.16 0.83 0.92 0.95 0.09 0.08 0.07
A-LASSO
20 23.77 20.66 19.03 5.39 5.60 5.87 0.77 0.84 0.90 0.12 0.11 0.11
40 22.71 20.05 24.26 6.86 7.25 7.36 0.77 0.86 0.91 0.09 0.10 0.09
100 25.87 22.66 22.72 9.59 9.73 9.46 0.76 0.86 0.91 0.07 0.06 0.06
Boosting
20 23.13 20.07 18.57 4.79 4.85 4.93 0.81 0.88 0.93 0.08 0.07 0.06
40 22.01 19.35 23.72 6.37 6.03 5.94 0.81 0.88 0.93 0.08 0.06 0.06
100 27.93 22.95 22.21 12.21 9.73 8.78 0.79 0.87 0.91 0.09 0.06 0.05
B. Light down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 22.19 19.61 18.26 3.65 4.33 5.08 0.72 0.77 0.81 0.04 0.06 0.09
40 19.91 18.15 22.99 3.52 4.59 5.77 0.69 0.75 0.80 0.02 0.04 0.06
100 20.36 19.51 20.74 3.40 5.17 7.35 0.63 0.71 0.76 0.01 0.02 0.04
LASSO
20 23.03 20.14 18.42 7.61 7.67 7.92 0.83 0.85 0.87 0.22 0.21 0.22
40 21.19 19.17 23.25 10.90 11.18 11.17 0.81 0.85 0.86 0.19 0.19 0.19
100 22.81 21.30 21.56 18.84 20.65 21.04 0.78 0.84 0.85 0.16 0.17 0.18
A-LASSO
20 23.86 20.60 18.77 5.90 6.04 6.29 0.73 0.77 0.80 0.15 0.15 0.15
40 22.51 20.63 24.14 8.72 9.02 9.11 0.73 0.78 0.81 0.14 0.15 0.15
100 26.24 23.62 23.70 15.13 16.87 17.33 0.72 0.79 0.81 0.12 0.14 0.14
Boosting
20 25.67 23.16 20.77 6.43 7.25 8.02 0.80 0.85 0.89 0.16 0.19 0.22
40 24.98 22.87 28.94 11.07 12.74 14.61 0.81 0.87 0.90 0.20 0.23 0.28
100 30.06 28.00 28.48 29.72 34.12 38.43 0.83 0.89 0.91 0.26 0.31 0.35

Notes: Light down-weighting is defined by by values A = 0.975,0.98,0.985,0.99,0.995, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.7.
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Table S.18: MC results for methods using heavy down-weighting in the baseline experiment
with dynamics (p, # 0), and high fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Heavy down-weighting in the estimation/forecasting stage only.

Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 22.47 19.96 18.48 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 20.47 18.82 22.89 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 20.90 19.92 20.53 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcCMT
20 23.57 20.58 19.77 5.07 6.11 7.12 0.92 0.97 0.99 0.07 0.11 0.16
40 20.51 19.61 25.29 4.73 5.90 6.73 0.90 0.98 0.99 0.03 0.05 0.07
100 20.49 21.04 21.68 4.31 5.43 6.21 0.86 0.96 0.99 0.01 0.02 0.02
LASSO
20 25.55 22.37 20.44 7.18 7.24 7.48 0.88 0.93 0.96 0.18 0.18 0.18
40 24.11 21.71 26.07 8.89 9.09 9.09 0.86 0.93 0.96 0.14 0.13 0.13
100 27.58 25.23 24.80 11.89 11.79 11.16 0.83 0.92 0.95 0.09 0.08 0.07
A-LASSO
20 24.86 22.00 20.11 5.39 5.60 5.87 0.77 0.84 0.90 0.12 0.11 0.11
40 23.78 21.23 25.86 6.86 7.25 7.36 0.77 0.86 0.91 0.09 0.10 0.09
100 27.08 24.37 24.49 9.59 9.73 9.46 0.76 0.86 0.91 0.07 0.06 0.06
Boosting
20 24.35 21.32 19.57 4.79 4.85 4.93 0.81 0.88 0.93 0.08 0.07 0.06
40 23.01 20.22 25.14 6.37 6.03 5.94 0.81 0.88 0.93 0.08 0.06 0.06
100 29.65 24.69 23.65 12.21 9.73 8.78 0.79 0.87 0.91 0.09 0.06 0.05
B. Heavy down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 24.00 21.87 20.31 3.92 5.37 6.72 0.62 0.69 0.75 0.07 0.13 0.19
40 21.75 21.18 27.64 4.58 7.31 10.14 0.59 0.68 0.75 0.06 0.11 0.18
100 2291 23.74 25.67 6.25 12.37 19.62 0.54 0.65 0.73 0.04 0.10 0.17
LASSO
20 24.70 21.84 19.90 8.25 8.17 8.38 0.77 0.78 0.79 0.26 0.25 0.26
40 23.65 22.59 26.43 13.93 14.29 14.30 0.78 0.80 0.80 0.27 0.28 0.28
100 25.34 24.24 24.13 24.04 31.00 30.99 0.75 0.80 0.82 0.21 0.28 0.28
A-LASSO
20 25.68 22.53 20.54 6.40 6.39 6.58 0.67 0.70 0.72 0.18 0.18 0.19
40 25.13 24.15 27.13 11.15 11.41 11.48 0.69 0.72 0.74 0.21 0.21 0.21
100 28.70 26.75 26.17 19.00 24.14 24.29 0.68 0.74 0.76 0.16 0.21 0.21
Boosting
20 30.02 27.95 25.67 8.87 10.13 11.08 0.80 0.86 0.89 0.28 0.34 0.38
40 30.78 30.28 36.93 18.71 21.02 22.86 0.84 0.89 0.92 0.38 0.44 0.48
100 34.53 34.04 33.58 43.88 47.60 49.86 0.84 0.88 0.90 0.41 0.44 0.46

Notes: Heavy down-weighting is defined by by values A = 0.95,0.96,0.97,0.98,0.99, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.7.
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S-3.2 MC Findings for experiments with parameter instabilities

Table S.19: MC results for methods using no down-weighting in the experiment with parameter

instabilities, no dynamics (p, = 0) and low fit.

MSFE (x100) [ k TPR FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
Oracle
20 28.87 25.69 24.13 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 26.29 24.34  28.05 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 27.06 25.75  26.63 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
OCMT
20 29.25 26.04 24.51 4.42 5.51 6.39 0.81 093 097 0.06 0.09 0.12
40 27.08 25.16 28.35 4.13 5.34 6.11 0.78 092 097 0.03 0.04 0.06
100 27.69 26.10 27.31 3.89 5.07 5.68 0.73 090 095 0.01 0.01 0.02
LASSO
20 30.31 26.73 24.93 7.04 7.47 791 0.78 085 0.89 0.20 0.20 0.22
40 27.91  25.57 28.69 8.99 9.90 10.38 0.75 084 089 0.15 0.16 0.17
100 29.03 27.52 2846 11.90 13.27 13.63 0.71 0.80 0.86 0.09 0.10 0.10
LASSO for variable selection only. LS for estimation/forecasting.
20 32.21 28.09 25.63 7.04 7.47 791 0.78 085 0.89 0.20 0.20 0.22
40 30.04 27.62 30.41 8.99 9.90 10.38 0.75 0.84 089 0.15 0.16 0.17
100 33.67 30.47 31.39 11.90 13.27 13.63 0.71 0.80 0.86 0.09 0.10 0.10
A-LASSO
20 31.61 27.63 25.38 5.28 5.67 6.07 0.65 073 080 0.13 0.14 0.14
40 29.30 27.00 29.88 6.89 7.67 811 0.65 075 081 0.11 0.12 0.12
100 32.45 29.75 30.64 9.27 10.63 11.02 0.63 0.74 0.80 0.07 0.08 0.08
A-LASSO for variable selection only. LS for estimation/forecasting.
20 32.13  28.02 25.75 5.28 5.67 6.07 0.65 073 080 0.13 0.14 0.14
40 30.08 27.66 30.48 6.89 7.67 811 0.65 075 081 0.11 0.12 0.12
100 33.64 30.53 31.26 9.27 10.63 11.02 0.63 0.74 0.80 0.07 0.08 0.08
Boosting
20 30.49 26.72 24.84 4.46 4.67 4.76 069 0.76 081 0.08 0.08 0.08
40 28.15 25.28  28.83 6.20 6.15 6.07 0.69 0.77 082 0.09 0.08 0.07
100 28.99 27.22 2794 11.25 10.05 9.50 0.67 0.75 080 0.09 0.07 0.06
Boosting for variable selection only. LS for estimation/forecasting.
20 31.45 27.05 24.96 4.46 4.67 4.76 069 0.76 081 0.08 0.08 0.08
40 30.04 26.83 29.50 6.20 6.15 6.07 0.69 0.77 082 0.09 0.08 0.07
100 34.66 30.62 30.65 11.25 10.05 9.50 0.67 0.75 080 0.09 0.07 0.06

Notes: This table reports one-step-ahead Mean Square Forecast Error (MSFE, x100), average number of selected
variables (k), True Positive Rate (TPR), and False Positive Rate (FPR). There are k = 4 signals variables out of N
observed variables. The DGP is given by y: = di + py,tyt—1 + ijl Bjtxjt + Tuut, where slopes Bt = bjt + Tn; Nt
feature stochastic AR(1) component 7;; and parameter instabilities in mean bj;; given by (18)-(19), intercepts are given
by di = Z?:1 Bjtij¢ where parameter instabilities in pj; is given by (20)-(21), and py,¢ is zero in experiments without
dynamics, and given by (22) in experiments with dynamics. u; is given by a GARCH(1,1). See Section 6 of the paper for
the detailed description of the Monte Carlo design. The reported results are based on 2000 simulations. Oracle model
assumes the identity of signal variables is known.
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Table S.20: MC results for methods using light down-weighting in the experiment with param-
eter instabilities, no dynamics (p, = 0), and low fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Light down-weighting in the estimation/forecasting stage only.
Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 28.11 24.94 22.95 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 25.99 23.34 27.74 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 26.55 24.96 25.34 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcCMT
20 28.67 25.57 23.76 4.42 5.51 6.39 0.81 0.93 0.97 0.06 0.09 0.12
40 26.72 24.36 28.71 4.13 5.34 6.11 0.78 0.92 0.97 0.03 0.04 0.06
100 27.33 25.69 26.22 3.89 5.07 5.68 0.73 0.90 0.95 0.01 0.01 0.02
LASSO
20 32.00 28.08 25.13 7.04 7.47 7.91 0.78 0.85 0.89 0.20 0.20 0.22
40 30.08 27.28 31.95 8.99 9.90 10.38 0.75 0.84 0.89 0.15 0.16 0.17
100 33.99 31.95 31.58 11.90 13.27 13.63 0.71 0.80 0.86 0.09 0.10 0.10
A-LASSO
20 31.89 27.80 25.16 5.28 5.67 6.07 0.65 0.73 0.80 0.13 0.14 0.14
40 30.03 27.05 31.40 6.89 7.67 8.11 0.65 0.75 0.81 0.11 0.12 0.12
100 34.01 31.34 30.79 9.27 10.63 11.02 0.63 0.74 0.80 0.07 0.08 0.08
Boosting
20 30.93 26.95 24.37 4.46 4.67 4.76 0.69 0.76 0.81 0.08 0.08 0.08
40 30.18 26.66 29.99 6.20 6.15 6.07 0.69 0.77 0.82 0.09 0.08 0.07
100 35.62 31.41 30.43 11.25 10.05 9.50 0.67 0.75 0.80 0.09 0.07 0.06
B. Light down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 29.58 26.42 23.95 3.78 4.98 6.13 0.65 0.74 0.81 0.06 0.10 0.15
40 27.52 25.17 30.26 4.11 6.15 8.05 0.61 0.72 0.80 0.04 0.08 0.12
100 28.03 28.08 29.18 5.18 8.87 12.67 0.56 0.68 0.75 0.03 0.06 0.10
LASSO
20 30.41 26.42 24.12 7.13 7.42 7.63 0.73 0.78 0.82 0.21 0.21 0.22
40 28.59 25.80 29.48 9.64 10.28 10.44 0.70 0.76 0.80 0.17 0.18 0.18
100 30.30 28.65 28.61 15.48 16.59 16.50 0.65 0.72 0.76 0.13 0.14 0.13
A-LASSO
20 31.33 27.15 24.38 5.50 5.80 5.98 0.63 0.69 0.74 0.15 0.15 0.15
40 30.14 27.38 31.00 7.62 8.18 8.42 0.61 0.69 0.74 0.13 0.14 0.14
100 33.71 30.96 31.28 12.30 13.41 13.50 0.59 0.66 0.71 0.10 0.11 0.11
Boosting
20 30.42 27.30 25.01 5.99 6.92 7.72 0.69 0.77 0.83 0.16 0.19 0.22
40 29.67 27.54 32.25 10.24 12.10 13.92 0.70 0.78 0.83 0.19 0.22 0.26
100 35.02 32.18 33.88 26.74 32.14 36.59 0.70 0.78 0.83 0.24 0.29 0.33

Notes: Light down-weighting is defined by by values A = 0.975,0.98,0.985,0.99,0.995, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.19.
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Table S.21: MC results for methods using heavy down-weighting in the experiment with pa-
rameter instabilities, no dynamics (p, = 0), and low fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Heavy down-weighting in the estimation/forecasting stage only.
Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 28.48 25.64 23.58 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 26.72 24.10 28.65 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 26.88 25.69 26.26 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcCMT
20 29.24 26.36 24.98 4.42 5.51 6.39 0.81 0.93 0.97 0.06 0.09 0.12
40 27.33 25.16 30.63 4.13 5.34 6.11 0.78 0.92 0.97 0.03 0.04 0.06
100 27.70 26.79 27.47 3.89 5.07 5.68 0.73 0.90 0.95 0.01 0.01 0.02
LASSO
20 32.57 29.32 26.67 7.04 7.47 7.91 0.78 0.85 0.89 0.20 0.20 0.22
40 31.02 28.49 34.06 8.99 9.90 10.38 0.75 0.84 0.89 0.15 0.16 0.17
100 35.75 35.32 34.44 11.90 13.27 13.63 0.71 0.80 0.86 0.09 0.10 0.10
A-LASSO
20 32.43 28.56 26.21 5.28 5.67 6.07 0.65 0.73 0.80 0.13 0.14 0.14
40 30.72 27.76 32.81 6.89 7.67 8.11 0.65 0.75 0.81 0.11 0.12 0.12
100 35.32 33.70 32.74 9.27 10.63 11.02 0.63 0.74 0.80 0.07 0.08 0.08
Boosting
20 31.16 27.72 25.59 4.46 4.67 4.76 0.69 0.76 0.81 0.08 0.08 0.08
40 30.88 27.55 31.20 6.20 6.15 6.07 0.69 0.77 0.82 0.09 0.08 0.07
100 37.56 33.47 32.40 11.25 10.05 9.50 0.67 0.75 0.80 0.09 0.07 0.06
B. Heavy down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 31.14 29.06 27.11 4.87 6.71 8.31 0.62 0.71 0.78 0.12 0.19 0.26
40 30.05 29.87 37.71 6.64 10.28 13.46 0.58 0.70 0.78 0.11 0.19 0.26
100 33.39 36.66 42.02 11.31 19.36 27.60 0.53 0.67 0.75 0.09 0.17 0.25
LASSO
20 31.31 27.55 25.21 7.42 7.61 7.63 0.69 0.74 0.75 0.23 0.23 0.23
40 30.17 28.45 32.23 11.69 11.92 12.11 0.67 0.72 0.75 0.22 0.23 0.23
100 33.59 31.12 30.97 20.62 22.23 22.78 0.63 0.69 0.73 0.18 0.19 0.20
A-LASSO
20 32.42 28.40 26.15 5.74 5.91 5.95 0.60 0.64 0.67 0.17 0.17 0.16
40 32.30 30.51 34.28 9.26 9.42 9.65 0.59 0.65 0.68 0.17 0.17 0.17
100 37.03 34.44 33.85 15.96 17.35 17.89 0.56 0.63 0.67 0.14 0.15 0.15
Boosting
20 33.77 31.31 30.02 8.38 9.81 10.83 0.73 0.81 0.85 0.27 0.33 0.37
40 35.26 35.00 42.12 17.72 20.39 22.32 0.76 0.84 0.88 0.37 0.43 0.47
100 40.68 38.33 40.39 42.16 46.42 48.87 0.75 0.82 0.85 0.39 0.43 0.45

Notes: Heavy down-weighting is defined by by values A = 0.95,0.96,0.97,0.98,0.99, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.19.
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Table S.22: MC results for methods using no down-weighting in the experiment with parameter
instabilities, no dynamics (p, = 0) and high fit.

MSFE (x100) [ k TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
Oracle
20 10.59 9.37 8.83 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 9.61 9.03 10.18 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 9.91 9.48 9.70 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
OCMT
20 10.93 9.56 9.13 6.13 7.22 821 096 099 1.00 0.11 0.16 0.21
40 9.84 9.48  10.52 5.97 7.12 791 096 099 1.00 0.05 0.08 0.10
100 10.33 9.85 10.19 5.87 7.00 7.65 094 099 1.00 0.02 0.03 0.04
LASSO
20 11.54 9.85 9.31 8.78 9.42 9.67 090 094 096 0.26 0.28 0.29
40 10.54 9.83 10.66 11.95 13.22 14.14 0.89 0.94 096 021 0.24 0.26
100 10.88 10.23 10.55 16.46 18.79 20.73 0.87 0.92 095 0.13 0.15 0.17
LASSO for variable selection only. LS for estimation/forecasting.
20 12.10 10.35 9.57 8.78 9.42 9.67 090 094 096 0.26 0.28 0.29
40 11.72 1093 11.44 11.95 13.22 14.14 0.89 094 096 0.21 0.24 0.26
100 1295 1199 1251 1646 18.79 20.73 087 092 095 0.13 0.15 0.17
A-LASSO
20 11.77  10.07 9.43 6.79 7.41 7.62 081 087 091 0.18 0.20 0.20
40 11.34 1049 11.16 9.25 10.39 11.20 0.81 0.89 092 0.15 0.17 0.19
100 12.02 1142 11.79 12.84 14.83 16.51 0.81 0.88 0.92 0.10 0.11 0.13
A-LASSO for variable selection only. LS for estimation/forecasting.
20 12.01 10.24 9.54 6.79 7.41 7.62 081 087 091 0.18 0.20 0.20
40 11.70 10.94 11.45 9.25 10.39 11.20 0.81 089 092 0.15 0.17 0.19
100 12.68 1191 1230 12.84 14.83 16.51 0.81 0.88 0.92 0.10 0.11 0.13
Boosting
20 11.56  10.00 9.26 5.66 5.79 582 084 090 092 0.12 0.11 0.11
40 10.89 9.60 10.66 7.88 7.84 7.74 084 090 093 0.11 0.11 0.10
100 10.97 10.16 10.28 13.81 12,55 12.22 0.83 0.89 0.92 0.10 0.09 0.09
Boosting for variable selection only. LS for estimation/forecasting.
20 11.66 9.86 9.13 5.66 5.79 582 084 090 092 0.12 0.11 0.11
40 11.27  10.07 10.90 7.88 7.84 7.74 084 090 093 0.11 0.11 0.10
100 12.98 11.26 11.25 13.81 12,55 12.22 0.83 0.89 0.92 0.10 0.09 0.09

Notes: See notes to Table S.19.
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Table S.23: MC results for methods using light down-weighting in the experiment with param-
eter instabilities, no dynamics (p, = 0), and high fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Light down-weighting in the estimation/forecasting stage only.

Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 9.53 8.16 7.32 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 8.75 7.71 8.82 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 9.06 8.19 8.11 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCMT
20 9.97 8.60 7.89 6.13 7.22 8.21 0.96 0.99 1.00 0.11 0.16 0.21
40 9.17 8.41 9.64 5.97 7.12 7.91 0.96 0.99 1.00 0.05 0.08 0.10
100 9.77 8.69 8.70 5.87 7.00 7.65 0.94 0.99 1.00 0.02 0.03 0.04
LASSO
20 11.36 9.51 8.39 8.78 9.42 9.67 0.90 0.94 0.96 0.26 0.28 0.29
40 11.19 10.09 10.75 11.95 13.22 14.14 0.89 0.94 0.96 0.21 0.24 0.26
100 12.83 11.73 11.82 16.46 18.79 20.73 0.87 0.92 0.95 0.13 0.15 0.17
A-LASSO
20 11.30 9.38 8.30 6.79 7.41 7.62 0.81 0.87 0.91 0.18 0.20 0.20
40 11.11 9.94 10.62 9.25 10.39 11.20 0.81 0.89 0.92 0.15 0.17 0.19
100 12.44 11.52 11.57 12.84 14.83 16.51 0.81 0.88 0.92 0.10 0.11 0.13
Boosting
20 10.83 9.06 7.85 5.66 5.79 5.82 0.84 0.90 0.92 0.12 0.11 0.11
40 10.86 9.16 10.11 7.88 7.84 7.74 0.84 0.90 0.93 0.11 0.11 0.10
100 12.79 10.90 10.55 13.81 12.55 12.22 0.83 0.89 0.92 0.10 0.09 0.09
B. Light down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 10.32 9.00 7.89 5.30 6.49 7.63 0.82 0.87 0.90 0.10 0.15 0.20
40 9.78 8.86 10.14 6.04 8.16 10.19 0.80 0.86 0.90 0.07 0.12 0.16
100 10.18 10.10 10.14 7.95 12.09 16.33 0.77 0.84 0.88 0.05 0.09 0.13
LASSO
20 10.84 9.10 7.91 8.95 9.22 9.37 0.87 0.92 0.95 0.27 0.28 0.28
40 10.34 9.13 9.88 12.68 13.26 13.37 0.86 0.91 0.93 0.23 0.24 0.24
100 10.98 10.05 9.75 19.68 21.18 21.59 0.83 0.89 0.92 0.16 0.18 0.18
A-LASSO
20 11.00 9.21 7.87 7.00 7.32 7.48 0.79 0.86 0.90 0.19 0.19 0.19
40 10.98 9.67 10.25 10.08 10.59 10.80 0.80 0.87 0.90 0.17 0.18 0.18
100 12.11 10.90 10.71 15.50 17.01 17.51 0.78 0.85 0.89 0.12 0.14 0.14
Boosting
20 10.81 9.39 8.43 7.02 7.82 8.53 0.84 0.90 0.94 0.18 0.21 0.24
40 10.79 9.61 10.60 11.52 13.25 14.85 0.85 0.91 0.94 0.20 0.24 0.28
100 12.18 10.88 11.35 27.20 32.73 37.25 0.84 0.90 0.93 0.24 0.29 0.34

Notes: Light down-weighting is defined by by values A = 0.975,0.98,0.985,0.99,0.995, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.19.
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Table S.24: MC results for methods using heavy down-weighting in the experiment with pa-
rameter instabilities, no dynamics (p, = 0), and high fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Heavy down-weighting in the estimation/forecasting stage only.

Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 9.13 8.04 7.30 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 8.52 7.61 8.86 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 8.71 8.06 8.18 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcCMT
20 9.69 8.79 8.25 6.13 7.22 8.21 0.96 0.99 1.00 0.11 0.16 0.21
40 9.07 8.52 10.06 5.97 7.12 7.91 0.96 0.99 1.00 0.05 0.08 0.10
100 9.65 8.72 8.95 5.87 7.00 7.65 0.94 0.99 1.00 0.02 0.03 0.04
LASSO
20 11.11 9.68 8.81 8.78 9.42 9.67 0.90 0.94 0.96 0.26 0.28 0.29
40 11.23 10.32 11.21 11.95 13.22 14.14 0.89 0.94 0.96 0.21 0.24 0.26
100 13.44 12.66 12.90 16.46 18.79 20.73 0.87 0.92 0.95 0.13 0.15 0.17
A-LASSO
20 11.02 9.41 8.52 6.79 7.41 7.62 0.81 0.87 0.91 0.18 0.20 0.20
40 10.96 10.04 10.97 9.25 10.39 11.20 0.81 0.89 0.92 0.15 0.17 0.19
100 12.64 12.23 12.32 12.84 14.83 16.51 0.81 0.88 0.92 0.10 0.11 0.13
Boosting
20 10.44 9.04 8.01 5.66 5.79 5.82 0.84 0.90 0.92 0.12 0.11 0.11
40 10.76 9.21 10.37 7.88 7.84 7.74 0.84 0.90 0.93 0.11 0.11 0.10
100 13.12 11.48 11.11 13.81 12.55 12.22 0.83 0.89 0.92 0.10 0.09 0.09
B. Heavy down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 10.68 9.57 8.82 6.35 8.16 9.74 0.77 0.83 0.87 0.16 0.24 0.31
40 10.80 10.32 12.48 8.78 12.47 15.65 0.75 0.82 0.88 0.14 0.23 0.30
100 12.45 13.91 15.18 14.85 23.23 31.55 0.72 0.81 0.86 0.12 0.20 0.28
LASSO
20 10.76 9.31 8.19 9.23 9.46 9.48 0.86 0.90 0.92 0.29 0.29 0.29
40 10.62 9.73 10.56 14.34 14.72 15.02 0.85 0.90 0.91 0.27 0.28 0.28
100 11.80 10.56 10.43 23.37 25.38 26.74 0.81 0.88 0.90 0.20 0.22 0.23
A-LASSO
20 10.87 9.46 8.37 7.21 7.44 7.51 0.78 0.84 0.87 0.20 0.20 0.20
40 11.39 10.36 11.04 11.41 11.68 12.03 0.79 0.85 0.87 0.21 0.21 0.21
100 12.93 11.56 11.46 17.98 19.74 20.84 0.76 0.83 0.87 0.15 0.16 0.17
Boosting
20 11.55 10.64 10.03 9.21 10.53 11.47 0.87 0.92 0.95 0.29 0.34 0.38
40 12.49 11.84 13.59 18.46 21.10 23.01 0.88 0.93 0.95 0.37 0.43 0.48
100 14.16 12.82 13.31 42.35 46.88 49.42 0.87 0.92 0.94 0.39 0.43 0.46

Notes: Heavy down-weighting is defined by by values A = 0.95,0.96,0.97,0.98,0.99, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.19.
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Table S.25: MC results for methods using no down-weighting in the experiment with parameter

instabilities, dynamics (p, # 0) and low fit.

MSFE (x100) [ k TPR FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
Oracle
20 75.71  66.08 61.78 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 67.94 62.43 75.57 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 70.50 66.03 68.84 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
OCMT
20 77.31  66.80 61.94 1.78 2.74 3.63 038 058 074 0.01 0.02 0.03
40 69.50 64.16 77.07 1.49 2.52 3.34 033 055 071 0.00 0.01 0.01
100 71.43 68.54 70.27 1.23 2.13 2.82 0.27 047 062 0.00 0.00 0.00
LASSO
20 78.26 67.40 63.50 5.86 6.27 6.82 0.59 067 074 0.17 0.18 0.19
40 71.00 64.28 77.18 7.94 8.49 8.73 055 065 072 0.14 0.15 0.15
100 74.43 69.24 71.63 11.54 1195 11.84 0.50 0.61 0.67 0.10 0.10 0.09
LASSO for variable selection only. LS for estimation/forecasting.
20 83.48 70.28 65.14 5.86 6.27 6.82 0.59 067 074 0.17 0.18 0.19
40 78.58 70.50 81.00 7.94 8.49 8.73 055 065 072 0.14 0.15 0.15
100 89.38 78.67 79.53 11.54 1195 11.84 0.50 0.61 0.67 0.10 0.10 0.09
A-LASSO
20 82.14 69.42 65.04 4.28 4.71 5.09 047 054 0.61 012 0.13 0.13
40 76.05 68.80 80.34 6.12 6.56 6.86 045 055 062 0.11 0.11 0.11
100 85.41 75.67 T77.67 9.11 9.64 9.77 0.43 053 0.60 0.07 0.08 0.07
A-LASSO for variable selection only. LS for estimation/forecasting.
20 83.73  70.57  65.77 4.28 4.71 5.09 047 054 061 0.12 0.13 0.13
40 78.42 70.50 81.82 6.12 6.56 6.86 045 055 062 0.11 0.11 0.11
100 89.02 77.88 79.20 9.11 9.64 9.77 043 053 0.60 0.07 0.08 0.07
Boosting
20 77.31  67.12 62.13 3.59 3.57 3.60 050 056 062 0.08 0.07 0.06
40 70.98 63.07 76.55 5.34 5.04 4.86 049 056 062 0.08 0.07 0.06
100 77.35 67.07 70.40 12.09 9.35 833 049 056 060 0.10 0.07 0.06
Boosting for variable selection only. LS for estimation/forecasting.
20 80.27 67.66 63.58 3.59 3.57 3.60 050 056 062 0.08 0.07 0.06
40 75.81 67.93 78.29 5.34 5.04 4.86 049 056 0.62 0.08 0.07 0.06
100 94.18 77.52 79.66 12.09 9.35 833 049 056 060 0.10 0.07 0.06

Notes: See notes to Table S.19.
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Table S.26: MC results for methods using light down-weighting in the experiment with param-
eter instabilities, dynamics (p, # 0), and low fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Light down-weighting in the estimation/forecasting stage only.
Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 75.04 64.94 60.47 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 67.36 61.25 74.44 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 70.12 65.02 66.76 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcCMT
20 76.46 65.65 60.52 1.78 2.74 3.63 0.38 0.58 0.74 0.01 0.02 0.03
40 67.80 62.56 77.03 1.49 2.52 3.34 0.33 0.55 0.71 0.00 0.01 0.01
100 70.41 67.10 67.92 1.23 2.13 2.82 0.27 0.47 0.62 0.00 0.00 0.00
LASSO
20 83.16 69.84 65.40 5.86 6.27 6.82 0.59 0.67 0.74 0.17 0.18 0.19
40 79.01 70.18 83.74 7.94 8.49 8.73 0.55 0.65 0.72 0.14 0.15 0.15
100 89.07 80.66 79.92 11.54 11.95 11.84 0.50 0.61 0.67 0.10 0.10 0.09
A-LASSO
20 83.11 69.88 65.95 4.28 4.71 5.09 0.47 0.54 0.61 0.12 0.13 0.13
40 78.09 68.87 83.49 6.12 6.56 6.86 0.45 0.55 0.62 0.11 0.11 0.11
100 88.15 78.50 79.01 9.11 9.64 9.77 0.43 0.53 0.60 0.07 0.08 0.07
Boosting
20 80.01 67.10 63.77 3.59 3.57 3.69 0.50 0.56 0.62 0.08 0.07 0.06
40 76.17 67.13 79.47 5.34 5.04 4.86 0.49 0.56 0.62 0.08 0.07 0.06
100 95.21 78.89 78.69 12.09 9.35 8.33 0.49 0.56 0.60 0.10 0.07 0.06
B. Light down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 77.30 67.14 62.56 1.54 2.46 3.36 0.30 0.44 0.55 0.02 0.03 0.06
40 68.17 63.51 78.15 1.48 2.68 4.02 0.25 0.40 0.52 0.01 0.03 0.05
100 71.87 68.17 71.51 1.53 3.31 5.57 0.21 0.34 0.45 0.01 0.02 0.04
LASSO
20 80.00 67.40 62.93 6.20 6.21 6.52 0.55 0.60 0.64 0.20 0.19 0.20
40 72.11 65.23 77.42 9.52 9.74 9.83 0.52 0.58 0.62 0.19 0.19 0.18
100 78.28 73.66 72.59 18.48 19.90 19.93 0.49 0.55 0.59 0.17 0.18 0.18
A-LASSO
20 83.11 68.96 64.09 4.79 4.82 5.09 0.46 0.50 0.55 0.15 0.14 0.15
40 76.73 69.71 79.78 7.53 7.76 7.89 0.44 0.50 0.55 0.14 0.14 0.14
100 88.96 81.22 79.27 14.68 16.02 16.24 0.43 0.49 0.53 0.13 0.14 0.14
Boosting
20 82.60 72.71 66.02 5.41 6.23 7.08 0.53 0.61 0.67 0.16 0.19 0.22
40 80.49 74.27 92.06 10.25 11.94 13.79 0.54 0.63 0.69 0.20 0.24 0.28
100 97.54 89.07 91.91 29.16 33.91 38.20 0.58 0.66 0.71 0.27 0.31 0.35

Notes: Light down-weighting is defined by by values A = 0.975,0.98,0.985,0.99,0.995, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.19.
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Table S.27: MC results for methods using heavy down-weighting in the experiment with pa-
rameter instabilities, dynamics (p, # 0), and low fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Heavy down-weighting in the estimation/forecasting stage only.

Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 77.37 67.65 62.80 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 69.77 64.11 76.89 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 72.54 68.20 70.34 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcMT
20 78.00 67.66 62.51 1.78 2.74 3.63 0.38 0.58 0.74 0.01 0.02 0.03
40 68.28 63.77 80.08 1.49 2.52 3.34 0.33 0.55 0.71 0.00 0.01 0.01
100 71.14 68.87 70.25 1.23 2.13 2.82 0.27 0.47 0.62 0.00 0.00 0.00
LASSO
20 85.84 73.54 69.28 5.86 6.27 6.82 0.59 0.67 0.74 0.17 0.18 0.19
40 82.61 73.75 89.00 7.94 8.49 8.73 0.55 0.65 0.72 0.14 0.15 0.15
100 92.80 87.68 86.51 11.54 11.95 11.84 0.50 0.61 0.67 0.10 0.10 0.09
A-LASSO
20 85.01 72.33 68.99 4.28 4.71 5.09 0.47 0.54 0.61 0.12 0.13 0.13
40 80.01 71.15 87.53 6.12 6.56 6.86 0.45 0.55 0.62 0.11 0.11 0.11
100 89.74 83.20 84.42 9.11 9.64 9.77 0.43 0.53 0.60 0.07 0.08 0.07
Boosting
20 81.73 69.53 66.63 3.59 3.57 3.69 0.50 0.56 0.62 0.08 0.07 0.06
40 78.95 69.26 82.99 5.34 5.04 4.86 0.49 0.56 0.62 0.08 0.07 0.06
100 100.44 83.45 82.31 12.09 9.35 8.33 0.49 0.56 0.60 0.10 0.07 0.06
B. Heavy down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 81.17 73.13 68.83 2.42 4.00 5.42 0.33 0.47 0.57 0.05 0.11 0.16
40 72.34 72.03 94.38 3.10 5.89 8.79 0.29 0.44 0.56 0.05 0.10 0.16
100 76.96 79.30 90.15 4.94 10.95 18.17 0.25 0.40 0.52 0.04 0.09 0.16
LASSO
20 83.35 71.86 66.78 6.89 6.89 7.12 0.55 0.58 0.60 0.23 0.23 0.24
40 78.82 74.92 86.24 12.68 12.95 13.04 0.54 0.59 0.61 0.26 0.27 0.26
100 84.81 82.65 81.18 23.76 30.22 30.01 0.50 0.58 0.61 0.22 0.28 0.28
A-LASSO
20 86.88 74.40 68.83 5.35 5.35 5.51 0.46 0.48 0.51 0.18 0.17 0.17
40 83.60 80.66 88.42 10.07 10.21 10.35 0.46 0.50 0.53 0.21 0.21 0.21
100 94.40 90.83 88.68 18.65 23.45 23.48 0.43 0.51 0.54 0.17 0.21 0.21
Boosting
20 95.04 87.48 81.60 8.09 9.41 10.46 0.61 0.68 0.74 0.28 0.33 0.38
40 98.94 97.85 116.43 18.06 20.44 22.35 0.65 0.73 0.78 0.39 0.44 0.48
100 112.52 108.00 108.11 43.50 47.37 49.77 0.65 0.72 0.75 0.41 0.45 0.47

Notes: Heavy down-weighting is defined by by values A = 0.95,0.96,0.97,0.98,0.99, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.19.
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Table S.28: MC results for methods using no down-weighting in the experiment with parameter

instabilities, dynamics (p, # 0) and high fit.

MSFE (x100) [ k TPR FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
Oracle
20 25.58 22.02  20.60 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 22.54  20.90 24.85 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 23.50 21.92 22.73 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
OCMT
20 25.99 2231 20.92 3.81 4.81 559 0.78 091 097 0.04 0.06 0.09
40 23.23  21.32 25.18 3.53 4.62 5.33 0.74 090 096 0.01 0.03 0.04
100 23.77 2217 23.10 3.16 4.29 4.88 0.68 087 094 0.00 0.01 0.01
LASSO
20 27.25 22.84 21.46 7.44 7.86 827 0.78 084 0.89 022 0.22 024
40 24.27 22.07 2590 10.31 10.78 11.25 0.76 0.83 0.88 0.18 0.19 0.19
100 25.44 23.55 2444 14.82 1529 16.04 0.72 0.81 085 0.12 0.12 0.13
LASSO for variable selection only. LS for estimation/forecasting.
20 29.07 23.73 21.98 7.44 7.86 8.27 0.78 084 089 0.22 0.22 024
40 26.88 24.34 27.30 10.31 10.78 11.25 0.76 0.83 0.88 0.18 0.19 0.19
100 31.67 27.37 2790 14.82 1529 16.04 0.72 0.81 085 0.12 0.12 0.13
A-LASSO
20 28.39 23.34 21.74 5.62 6.00 6.40 0.66 073 079 0.15 0.15 0.16
40 25.89 23.34 26.86 7.95 8.49 8.85 0.66 075 081 0.13 0.14 0.14
100 29.38 25.86 27.03 11.63 12.29 13.03 0.65 0.75 0.80 0.09 0.09 0.10
A-LASSO for variable selection only. LS for estimation/forecasting.
20 29.04 23.73 21.98 5.62 6.00 6.40 0.66 073 079 0.15 0.15 0.16
40 26.92 24.16 27.53 7.95 8.49 8.85 0.66 075 081 0.13 0.14 0.14
100 31.03 26.76 28.10 11.63 12.29 13.03 0.65 0.75 0.80 0.09 0.09 0.10
Boosting
20 26.93 23.25 20.92 4.64 4.60 4.73 069 075 081 0.09 0.08 0.07
40 25.08 21.93 25.69 6.68 6.36 6.15 0.69 0.77 082 0.10 0.08 0.07
100 27.04 22.67 23.43 13.67 1097 10.07 0.69 0.76 0.80 0.11 0.08 0.07
Boosting for variable selection only. LS for estimation/forecasting.
20 27.66 2292 21.24 4.64 4.60 4.73 0.69 075 081 0.09 0.08 0.07
40 25.99 23.44 26.04 6.68 6.36 6.15 0.69 0.77 082 0.10 0.08 0.07
100 32.44 26.25 26.55 13.67 10.97 10.07 0.69 0.76 0.80 0.11 0.08 0.07

Notes: See notes to Table S.19.
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Table S.29: MC results for methods using light down-weighting in the experiment with param-
eter instabilities, dynamics (p, # 0), and high fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Light down-weighting in the estimation/forecasting stage only.
Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 24.08 20.43 18.65 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 21.27 19.26 22.93 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 22.39 20.27 20.52 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcCMT
20 24.65 20.87 19.12 3.81 4.81 5.59 0.78 0.91 0.97 0.04 0.06 0.09
40 21.99 19.72 23.74 3.53 4.62 5.33 0.74 0.90 0.96 0.01 0.03 0.04
100 22.68 20.72 21.13 3.16 4.29 4.88 0.68 0.87 0.94 0.00 0.01 0.01
LASSO
20 28.32 22.59 20.37 7.44 7.86 8.27 0.78 0.84 0.89 0.22 0.22 0.24
40 26.12 23.33 27.08 10.31 10.78 11.25 0.76 0.83 0.88 0.18 0.19 0.19
100 31.41 27.03 26.92 14.82 15.29 16.04 0.72 0.81 0.85 0.12 0.12 0.13
A-LASSO
20 28.11 22.74 20.49 5.62 6.00 6.40 0.66 0.73 0.79 0.15 0.15 0.16
40 25.90 22.88 27.02 7.95 8.49 8.85 0.66 0.75 0.81 0.13 0.14 0.14
100 30.62 26.33 27.09 11.63 12.29 13.03 0.65 0.75 0.80 0.09 0.09 0.10
Boosting
20 26.24 22.00 19.70 4.64 4.60 4.73 0.69 0.75 0.81 0.09 0.08 0.07
40 25.47 22.50 25.02 6.68 6.36 6.15 0.69 0.77 0.82 0.10 0.08 0.07
100 32.79 25.84 25.02 13.67 10.97 10.07 0.69 0.76 0.80 0.11 0.08 0.07
B. Light down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 25.28 21.47 19.45 2.94 3.87 4.69 0.60 0.72 0.79 0.03 0.05 0.08
40 22.89 20.51 24.46 2.85 4.11 5.42 0.56 0.69 0.78 0.02 0.03 0.06
100 23.84 22.00 22.60 2.80 4.74 6.96 0.50 0.64 0.73 0.01 0.02 0.04
LASSO
20 26.92 22.17 20.03 7.75 7.92 8.29 0.74 0.81 0.85 0.24 0.23 0.24
40 24.21 21.70 24.81 11.75 11.97 12.12 0.73 0.80 0.83 0.22 0.22 0.22
100 26.38 24.51 23.75 21.23 22.70 22.92 0.70 0.76 0.81 0.18 0.20 0.20
A-LASSO
20 27.60 22.40 20.14 6.04 6.22 6.54 0.65 0.72 0.77 0.17 0.17 0.17
40 25.56 22.79 25.50 9.30 9.61 9.79 0.64 0.73 0.77 0.17 0.17 0.17
100 29.97 26.82 26.00 16.80 18.34 18.73 0.63 0.71 0.76 0.14 0.16 0.16
Boosting
20 28.49 25.18 22.34 6.21 7.05 7.85 0.71 0.79 0.84 0.17 0.19 0.22
40 28.51 26.06 30.23 11.12 12.68 14.39 0.72 0.80 0.85 0.21 0.24 0.27
100 34.04 30.77 31.27 29.46 34.10 38.36 0.73 0.81 0.85 0.27 0.31 0.35

Notes: Light down-weighting is defined by by values A = 0.975,0.98,0.985,0.99,0.995, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.19.
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Table S.30: MC results for methods using heavy down-weighting in the experiment with pa-
rameter instabilities, dynamics (py, # 0), and high fit.

MSFE (x100) [ k [ TPR [ FPR
N\T 100 150 200 100 150 200 100 150 200 100 150 200
A. Heavy down-weighting in the estimation/forecasting stage only.
Variable selection is based on original (not down-weighted) data.

Forecasting stage is Least Squares on selected down-weighted covariates for all methods

Oracle
20 24.13 20.79 19.13 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
40 21.47 19.80 23.45 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
100 22.57 20.80 21.32 4.00 4.00 4.00 1.00 1.00 1.00 0.00 0.00 0.00
oCcCMT
20 24.87 21.25 19.91 3.81 4.81 5.59 0.78 0.91 0.97 0.04 0.06 0.09
40 22.13 20.19 25.07 3.53 4.62 5.33 0.74 0.90 0.96 0.01 0.03 0.04
100 22.82 21.40 22.20 3.16 4.29 4.88 0.68 0.87 0.94 0.00 0.01 0.01
LASSO
20 28.82 23.33 21.38 7.44 7.86 8.27 0.78 0.84 0.89 0.22 0.22 0.24
40 26.91 24.49 29.04 10.31 10.78 11.25 0.76 0.83 0.88 0.18 0.19 0.19
100 32.69 29.08 29.69 14.82 15.29 16.04 0.72 0.81 0.85 0.12 0.12 0.13
A-LASSO
20 28.36 23.36 21.30 5.62 6.00 6.40 0.66 0.73 0.79 0.15 0.15 0.16
40 26.14 23.70 28.68 7.95 8.49 8.85 0.66 0.75 0.81 0.13 0.14 0.14
100 31.35 27.64 29.03 11.63 12.29 13.03 0.65 0.75 0.80 0.09 0.09 0.10
Boosting
20 26.09 22.48 20.53 4.64 4.60 4.73 0.69 0.75 0.81 0.09 0.08 0.07
40 26.12 23.19 26.15 6.68 6.36 6.15 0.69 0.77 0.82 0.10 0.08 0.07
100 34.44 27.12 26.22 13.67 10.97 10.07 0.69 0.76 0.80 0.11 0.08 0.07
B. Heavy down-weighting in both the variable selection and estimation/forecasting stages.

OCMT uses down-weighted variables for selection as well as for forecasting using Least Squares.

Remaining forecasts are based on Lasso, A-Lasso and Boosting regressions applied to down-weighted data.
OCMT
20 26.17 23.19 21.60 3.63 5.24 6.62 0.58 0.70 0.78 0.07 0.12 0.18
40 24.46 23.54 27.79 4.32 7.20 10.10 0.54 0.68 0.77 0.05 0.11 0.18
100 26.35 26.29 28.69 6.02 12.21 19.55 0.49 0.64 0.74 0.04 0.10 0.17
LASSO
20 27.66 23.35 21.23 8.45 8.56 8.84 0.74 0.78 0.81 0.28 0.27 0.28
40 25.94 24.49 27.57 14.58 14.99 15.15 0.73 0.79 0.81 0.29 0.30 0.30
100 28.26 26.92 25.96 25.44 31.60 32.20 0.69 0.77 0.81 0.23 0.29 0.29
A-LASSO
20 28.30 23.82 21.80 6.59 6.70 6.91 0.64 0.69 0.73 0.20 0.20 0.20
40 27.65 25.96 28.30 11.58 11.91 12.10 0.65 0.72 0.75 0.22 0.23 0.23
100 31.82 29.35 28.16 19.98 24.54 25.22 0.62 0.70 0.75 0.18 0.22 0.22
Boosting
20 32.68 30.40 27.62 8.68 10.06 11.04 0.75 0.83 0.87 0.28 0.34 0.38
40 34.60 33.67 38.51 18.48 20.88 22.76 0.78 0.86 0.89 0.38 0.44 0.48
100 39.09 36.94 36.77 43.75 47.53 49.90 0.78 0.84 0.87 0.41 0.44 0.46

Notes: Heavy down-weighting is defined by by values A = 0.95,0.96,0.97,0.98,0.99, 1. For this set of exponential
down-weighting schemes we focus on simple average forecasts computed over the individual forecasts obtained for each
value of A in the set under consideration. See notes to Table S.19.
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This online empirical supplement has three sections. Section S-1 provides the full list and de-
scription of technical indicators considered in the stock market application. Section S-2 provides
the list of variables in the conditioning and active sets in the application on forecasting output
growth rates across 33 countries. Last section focuses on the third application, forecasting euro
area quarterly output growth using the European Central Bank (ECB) survey of professional

forecasters. The section starts with description of the data and then discusses the results.

S-1 Technical and financial indicators

Our choice of the technical trading indicators is based on the extensive literature on system
trading, reviewed by Wilder (1978) and Kaufman (2020). Most of the technical indicators are
based on historical daily high, low and adjusted close prices, which we denote by H;:(7), Li(7),
and Py (7), respectively. These prices refer to stock i in month ¢, for day 7. Moreover, let D} be
the number of trading days, and denote by th the last trading day of stock ¢ in month . For
each stock 4, monthly high, low and close prices are set to the last trading day of the month,
namely Hit(th), Lit(Dlit) and Pit(Dlit), or Hy, Ly, and Py, for simplicity. The logarithms of
these are denoted by h;, l;+, and p;, respectively.

The 28 stocks considered in our study are allocated to 19 sectoral groups according to

Industry Classification Benchmark.? The group membership of stock i is denoted by the set g;,

9The 19 groups are as follows: Oil & Gas, Chemicals, Basic Resources, Construction & Materials, Industrial
Goods & Services, Automobiles & Parts, Food & Beverage, Personal & Household Goods, Health Care, Retalil,
Media, Travel & Leisure, Telecommunications, Utilities, Banks, Insurance, Real Estate, Financial Services, and
Technology.
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which includes all S&P 500 stocks in stock i** group, and |g;| is the number of stocks in the

group.

The technical and financial indicators considered are:

1. Return of Stock i (ri): rit = 100(pit — pit—1)-
2. The Group Average Return of Stock i (7%,): 7% = |g;| 71>

jeg; Tt

3. Moving Average Stock Return of order s (mar;(s)): This indicator, which is also known

as s-day momentum (see, for example, Kaufman, 2020), is defined as
marit(s) = MA(ri, $),

where MA (x4, s) is Moving Average of a time-series process xz;; with degree of smoothness

s which can be written as

S
MA (x4, s) = s Z Tit—p.
(=1

4. Return Gap (grit(s)): This indicator represents a belief in mean reversion that prices will

eventually return to their means (for further details see Kaufman, 2020).

grit(s) = iy — MA(ry, 8).

5. Price Gap (gpit(s)): gpit(s) =100 [pir — MA(pit, s)] -

6. Realized Volatility (RVj): RV = \/ Z-?il (Rit(T) — Rit)Q, where

Dj
Riy(7) = 100 [Py(7)/Pu(r — 1) = 1], and Ry = Y _ R(7)/D;.

=1

7. Group Realized Volatility (RVY): RVY = \/ 1 Y1, RV

8. Moving Average Realized Volatility (mav;(s)): “Signals are generated when a price
change is accompanied by an unusually large move relative to average volatility” (Kauf-

man, 2020). The following two indicators are constructed to capture such signals

mavi(s) = MA(RVy, s)

9. Realized Volatility Gap (RV Gy (s)): RV G (s) = RVyy — MA(RV, s)
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10. Percent Price Oscillator(PPO;(s1, s2)):

t,81) — MA(Py, s2)
MA(Bt» 82)

MA(P;
PPO;(s1,s2) =100 ( (P ) , where 51 < s9.

11. Relative Strength Indicator (RSI;): This is a price momentum indicator developed by

Wilder (1978) to capture overbought and oversold conditions. Let
AP = APylap,>0(APy), and APy = APylap,<o(APi),

where AP;; = Py — Piy—1 and Iz(z) is an indicator function that take a value of one if

z;+ € A and zero otherwise. Then

MA (AP} 1
RS} =  MARLS) RSIZ = 100 (1 - ) .
MA(AP; ) 1+ RSS,

12. Williams R (WILLR;;(s)): This indicator proposed by Williams (1979) to measure buying

and selling pressure.
max (R t—sti) — p;
je{lv...,s}( s ]) pit

max (hji—sii)— min (g1
je{1,‘..7s}( it—s+7) je{l,m’s}( it—s+i)

WILLR;(s) = —100

13. Average Directional Movement Index (ADX;(s)): This is a filtered momentum indicator
by Wilder (1978). To compute AD X (s), we first calculate up-ward directional movement

(DM;), down-ward directional movement (DM, ), and true range (T R;) as:

hit — hig—1, ifhy—hig—1>0and hy —hjg1 > L1 — L,
0, otherwise.
3 Lig—1—ligy, if Lig—1—lig >0and ljz—1 — lig > hyg — hig1,
DM, =
0, otherwise.
TR = max{hiy — lit, |hit — pit—1l, [Pit—1 — lit]}-
Then, positive and negative directional indexes denoted by ID}(s) and ID;,(s) respec-

tively, are computed by

MA(DM; , s) N MA(DM , s)
IDt =1 il Sl 7 A I1D: =1 il Sl A4
it (5) = 100 < MA (T R, 5) )  and ID;;(s) = 100 < MA(T Ry, s) )

Finally, directional index DX;;(s) and ADX;,(s) are computed as

[1D;(s) — 1D (s)]
ID}(s) + IDy(s)

DX (s) =100 < > , and ADX;:(s) = MA(DXi(s), s).
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14. Percentage Change in Kaufman’s Adaptive Moving Average (AK AM A (s1, s2,m)): Kauf-
man’s Adaptive Moving Average accounts for market noise or volatility. To compute

AKAM Aji(s1,82,m), we first need to calculate the Efficiency Ratio (ER;;) defined by

|pit — Pi t—m|
ER;; = 100 ’ ,
N <z;”1 [N r—

where AP;; = Py — P41, and then calculate the Smoothing Constant (SCj;) which is

2 2 2 1°
SC;; = |ER,; - ,
K |: Zt<51+1 82—|—1>+52—|—1:|

where s1 < m < s9. Then, Kaufman’s Adaptive Moving Average is computed as

KAMA Py, s1,s2, m) = SCy Py + (1 — SCi) KAMA(P; 41, 51, S2,m)
where
KAMA(P,,, 51, 52,m) = 55 Z P;..

The Percentage Change in Kaufman’s Adaptive Moving Average is then computed as

KAMA (Py, 51,59, m) — KAMA(P;4_1, 51, 2,
AKAMAy(s1,82,m) = 100( (Pit, 51, 82,m) (Pijt—1, 51,52 m)).

KAMA(R,t—l; 817 827 m)

For further details see Kaufman (2020).

Other financial indicators

In addition to the above technical indicators, we also make use of daily prices of Brent Crude Oil,
S&P 500 index, monthly series on Fama and French market factors, and annualized percentage
yield on 3-month, 2-year and 10-year US government bonds. Based on this data, we have
constructed the following variables. These series are denoted by PO; and P, ; respectively, and

their logs by po; and psp . The list of additional variables are:

1. Return of S&P 500 index (rgpt): 7spt = 100(psp st — Dspt—1), Where pgp is the log of S&P
500 index at the end of month .

2. Realized Volatility of S&P 500 index (RVjp;):

D;?
RV, = Z (RSP,t(T) - Rsp,t)zﬂ

=1

where Rps = 220 Riy(7)/D5P, Rapa(r) = 100([Paps(7)/ Paps (T — 1) — 1], Papy(7) is the

S& P 500 price index at close of day 7 of month ¢, and D;? is the number of days in month
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3. Percent Rate of Change in Oil Prices (Apo;): Apo, = 100(po; — poi—1), where po; is the

log of oil princes at the close of month ¢.

4. Long Term Interest Rate Spread (LIRS;): The difference between annualized percentage

yield on 10-year and 3-month US government bonds.

5. Medium Term Interest Rate Spread (MIRS;): The difference between annualized per-

centage yield on 10-year and 2-year US government bonds.

6. Short Term Interest Rate Spread (SIRS;): The difference between annualized percentage

yield on 2-year and 3-month US government bonds.
7. Small Minus Big Factor (SM B;): Fama and French Small Minus Big market factor.

8. High Minus Low Factor (HML;): Fama and French High Minus Low market factor.

A summary of the covariates in the active set used for prediction of monthly stock returns

is given in Table S.1.

Table S.1: Active set for percentage change in equity price forecasting

Target Variable: rit+1 (one-month ahead percentage change in equity price of stock %)
A. Financial Variables: 1y, 75, Tspt, RVir, RV, RVyp, SM By, HML,.

B. Economic Variables:  Apoy, LIRS; — LIRS; 1, MIRS; — MIRS; 1, SIRS; — SIRS;_1.

C. Technical Indicators: mar;, for s = {3,6,12}, mavj, for s = {3,6,12}, gr}, for s = {3,6, 12},
gpi; for s = {3,6,12}, RV G, for s = {3,6,12}, RSI, for s = {3,6,12},
ADX;, for s = {3,6,12}, WILLR;, for s = {3,6,12},
PPO;i(s1,82) for (s1,s2) = {(3,6),(6,12),(3,12)},
AKAMA;i(s1,82,m) for (s1,s2,m) = (2,12,6).

S-2 List of variables used for forecasting output growth

Variables in the conditioning and active sets for forecasting output growth across 33 countries

are listed in Table S.2 below.
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Table S.2: List of variables in the conditioning and active sets for forecasting quarterly output growth

across 33 countries

Conditioning set

c, Alyit

Active Set

(a) Domestic variables, £ =0,1. (b) Foreign counterparts, £ = 0, 1.

A1y t—1 Aly;tfé

Airip—e — ANiTi—¢ ANTPEANE o)
Al’l'il:t_e — Al’f‘iﬂ:f[ Alril:z‘—e — Al’f‘;:t_g
AiGip—0 — AT ¢ A1l — AT 4y

Total number of variables in the active set x;: n = 15 (max)
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S-3 Forecasting euro area output growth using ECB surveys of

professional forecasters

This application considers forecasting one-year ahead euro area real output growth using the
ECB survey of professional forecasters, recently analyzed by Diebold and Shin (2019). The
dataset consists of quarterly predictions of 25 professional forecasters over the period 1999Q3
to 2014Q1.19 The predictions of these forecasters are highly correlated suggesting the presence
of a common factor across these forecasts. To deal with this issue at the variable selection stage
following Sharifvaghefi (2023) we also include the simple average of the 25 forecasts in the con-
ditioning set, z¢, as a proxy for the common factor in addition to the intercept. We consider 39
quarterly forecasts (from 2004Q3 and 2014Q1) for forecast evaluation, using expanding samples
(weighted and unweighted) from 1999Q3. We also consider two simple baseline forecasts: a
simple cross sectional (CS) average of the professional forecasts, and forecasts computed using
a regression of output growths on an intercept and the CS average of the professional forecasts.

Table S.3 compares the forecast performance of OCMT with and without down-weighting at
the selection and forecasting stages, in terms of MSFE. The results suggest that down-weighting
at the selection stage leaves us with larger forecasting errors. The MSFE goes from 3.765 (3.995)
to 3.874 (4.672) in case of light (heavy) down-weighting. However, the panel DM tests indicate
that the MSFE among different scenarios are not statistically significant, possibly due to the
short samples being considered. In Table S.4, we compare OCMT (with no down-weighting at
the selection stage) with Lasso, A-Lasso and boosting. The results indicate that the OCMT
procedure outperforms Lasso, A-Lasso and boosting in terms of MSFE when using no down-
weighting, light down-weighting, and heavy down-weighting at the forecasting stage. It is worth
mentioning that OCMT selects 3 forecasters (Forecaster #21 for 2004Q4-2005Q1, Forecaster
#7 for 2007Q2-2008Q3, and Forecaster #18 for 2011Q2-2011Q3). This means that over the
full evaluating sample, only 0.3 variables are selected by OCMT from the active set on average.
In contrast, Lasso selects 12.6 forecasters on average. FEach individual forecaster is selected
for at least part of the evaluation period. As to be expected, A-Lasso selects a fewer number
of forecasters (9.8 on average) as compared to Lasso (12.6 on average), and performs slightly
worse. Boosting selects 11.6 forecasters on average.

To summarize, we find that down-weighting at the selection stage of OCMT leads to forecast
deterioration (in terms of MSFE). OCMT outperforms Lasso, A-Lasso and boosting, but the
panel DM tests are not statistically significant. Moreover, none of the considered big data

methods can beat the simple baseline models.

1"We are grateful to Frank Diebold for providing us with the data set.
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Table S.3: Mean square forecast error (MSFE) and panel DM test of OCMT of one-year ahead euro area real
output growth forecasts between 2004Q3 and 2014Q1 (39 forecasts)

Down-weighting at’

Selection stage Forecasting stage MSFE
(M1) no no 3.507
Light down-weighting, A = {0.975,0.98,0.985,0.99,0.995, 1}
(M2) no yes 3.765
(M3) yes yes 3.874
Heavy down-weighting, A = {0.95,0.96,0.97,0.98,0.99, 1}
(M4) no yes 3.995
(M5) yes yes 4.672
Pair-wise panel DM tests
Light down-weighting Heavy down-weighting
(M2) (M3) MD)W
(M1) -0.737 -0.474 (M1) -0.656 -0.741
(M2) - -0.187 (M5) - -0.645

Notes: The active set consists of 25 individual forecasts. The conditioning set consists of an intercept and the
cross sectional average of 25 forecasts.

fFor each of the two sets of exponential down-weighting (light/heavy) forecasts of the target variable are
computed as the simple average of the forecasts obtained using the down-weighting coefficient, A, in the “light”
or the “heavy” down-weighting set under consideration.

Table S.4: Mean square forecast error (MSFE) and panel DM test of OCMT versus Lasso, A-Lasso and boosting
of one-year ahead euro area real output growth forecasts between 2004Q3 and 2014Q1 (39 forecasts)

MSFE under different down-weighting scenarios

No down-weighting Light down-weighting’ Heavy down-weighting?
OCMT 3.507 3.765 3.995
Lasso 5.242 5.116 5.385
A-Lasso 7.559 6.475 6.539
Boosting 4.830 5.071 5.439
Pair-wise Panel DM tests (All countries)
No down-weighting Light down-weighting Heavy down-weighting
Lasso A-Lasso Boosting Lasso A-Lasso Boosting Lasso A-Lasso Boosting
OCMT -1413 -1.544 -0.934 -0.990  -1.265 -0.938 -1.070  -1.267 -1.155
Lasso - -1.484 0.819 - -1.589 0.144 - -1.527 -0.417
A-Lasso - - 2.005 - - 1.707 - - 1.402

Notes: The active set consists of forecasts by 25 individual forecasters. The conditioning set contains an
intercept and the cross sectional average of the 25 forecasts.

 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.
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