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Abstract

Using a transformation of the autoregressive distributed lag model due to Bewley, a novel
pooled Bewley (PB) estimator of long-run coefficients for dynamic panels with
heterogeneous short-run dynamics is proposed. The PB estimator is directly comparable
to the widely used Pooled Mean Group (PMG) estimator, and is shown to be consistent
and asymptotically normal. Monte Carlo simulations show good small sample performance
of PB compared to the existing estimators in the literature, namely PMG, panel dynamic
OLS (PDOLS), and panel fully-modified OLS (FMOLS). Application of two bias-correction
methods and a bootstrapping of critical values to conduct inference robust to cross-
sectional dependence of errors are also considered. The utility of the PB estimator is
illustrated in an empirical application to the aggregate consumption function.
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1 Introduction

Estimation of cointegrating relationships in panels with heterogeneous short-run dynamics is impor-
tant for empirical research in open economy macroeconomics as well as in other fields in economics.
Existing single-equation panel estimators in the literature are panel Fully Modified OLS (FMOLS)
by [Pedroni (1996|, 2001z, [2001b), panel Dynamic OLS (PDOLS) by Mark and Sul (2003), and the
likelihood based Pooled Mean Group (PMG) estimator by [Pesaran, Shin, and Smith (1999). Multi-
equation (system) approach by Breitung (2005), and the related system PMG approach by Chudik,
Pesaran, and Smith (2023) are another contributions in the literature on estimating cointegrating
vectors in a panel context. In this paper, we propose a pooled Bewley (PB) estimator of long-run
relationships, relying on the Bewley transform of an autoregressive distributed lag (ARDL) model
(Bewleyl, 11979)). See also Wickens and Breusch (1988) for a discussion of the Bewley transform.
Our setting is the same as that of Pesaran, Shin, and Smith (1999). Under this setting, any short-
run feedbacks between the outcome variable (y) and regressors (x) are allowed, but the direction
of the long run causality is assumed to go from x to y. Hence, as with the PMG, the PB estimator
allows for heterogeneity in short-run feedbacks, but restricts the direction of long run causality.
The PB estimator is computed analytically, and does not rely on numerical maximization of the
likelihood function that underlies the PMG estimation. We derive the asymptotic distribution of
the PB estimator when the cross-section dimension (n) and the time dimension (7') diverge to
infinity jointly such that n = © (Te), for 0 < 6 < 2, where we use the notation © (.) to denote the
same order of magnitude asymptotically, namely if { fs}5-; and {gs} ., are both positive sequences
of real numbers, then f; = & (gs) if there exists Sy > 1 and positive finite constants Cy and Cf,
such that infs>g, (fs/gs) > Co, and sup,sg, (fs/g9s) < C1. Our asymptotic analysis is an advance
over the theoretical results currently available for PMG, PDOLS and FMOLS estimators where it
is assumed that n is small relative to 7' (which corresponds to the case where 6 is close to zero).
How well individual estimators work in samples of interest in practice where n and/or T are
often less than 50 is a different matter, which we shed light on using Monte Carlo experiments.
Monte Carlo evidence shows PB estimator can be superior to PMG, PDOLS and FMOLS, in terms
of its overall precision as measured by the Root Mean Square Error (RMSE), and in terms of
accuracy of inference as measured by size distortions. These experiments reveal PB is a useful

addition to the literature.



Monte Carlo evidence also shows that the time dimension is very important for the performance
of these estimators, and that all of the four estimators under consideration suffer from the same two
drawbacks: small sample bias and size distortion. Although the size distortions are found to be less
serious for the PB estimator in our experiments, all four estimators exhibit notable over-rejections
in sample sizes relevant in practice. In addition, all four estimators (perhaps unsurprisingly) suffer
from bias in finite samples, albeit a rather small one. Both drawbacks diminish as T is increased
relative to n.

To conduct reliable inference regardless of the cross-sectional dependence of errors, we make use
of the sieve wild bootstrap procedure. To accommodate cross-sectional dependence, we resample the
cross-section vectors of residuals, an idea that was originally proposed by Maddala and Wu (1999)|
We found the sieve wild bootstrap procedure to be remarkably effective for all four estimators,
regardless of cross-sectional dependence of errors, and we therefore recommend using it in empirical
research.

Regarding the small sample bias, we consider the application of two bias-correction methods
taken from the literature, relying either on split-panel jackknife (Dhaene and Jochmans, 2015) or
sieve wild bootstrap approaches. In contrast to split-panel approaches in panels without stochastic
trends, as, for instance, considered by of [Dhaene and Jochmans (2015)| or |(Chudik, Pesaran, and
Yang (2018), in this paper we need to combine the full sample and half-panel subsamples using
different weighting due to the fact that the rate of convergence of the estimators of long run
coefficients is faster, at the rate of T'\/n, as compared to the standard rate of VnT. We find that
both of these approaches can be helpful in reducing the bias (for all four estimators). However,
given that the bias is small to begin with, the value of bias correction methods is limited.

The relevance of choosing a particular estimation approach is illustrated in the context of
a consumption function application for OECD economies taken from [Pesaran, Shin, and Smith
(1999). This application shows that quite a different conclusion would be reached when using
PB estimator, which does not reject the zero long-run coefficient on inflation, in line with the
long-run neutrality of monetary policy, whereas the PMG estimator results in a highly statistically
significant negative long-run coefficient. Estimates of the long-run coefficient on real income are less
diverse across estimators, but the inference on whether a unit long-run coefficient on real income

(as suggested by balanced growth path models in the literature) can be rejected or not depends on



the choice of a particular estimator.

The remainder of this paper is organized as follows. Section [2| presents the model and assump-
tions, introduces the PB estimator, and provides asymptotic results. Application of bias correction
methods and bootstrapping critical values are also discussed in Section [2} Section [3| presents Monte
Carlo evidence. Section [] revisits the aggregate consumption function empirical application in
Pesaran, Shin, and Smith (1999). Section |5 concludes. Mathematical derivations and proofs are
provided in Appendix A. Details on the implementation of individual estimators and bootstrapping,

and additional Monte Carlo results are provided in Appendix B.

2 Pooled Bewley estimator of long-run relationships

We adopt the same setting as in |Pesaran, Shin, and Smith (1999), and consider the following

illustrative model

Ay = ¢ —a; (Yir—1 — BTip—1) + Uy, (1)

Axy = Ug ity (2)

fori=1,2,...,n, and t = 1,2,...,T. For expositional clarity and notational simplicity, we focus
on a single regressor and one lag, but it is understood that our analysis is applicable to multiple
lags of Az = (Ay;s, Axys) entering both equations —, and the approach is also applicable to

multiple x;;’s with a single long run relationship. We consider the following assumptions:
Assumption 1 (Coefficients) sup; |1 — ;| < 1.

Assumption 2 (shocks) ug . ~ 11D (O, Uii), and uy ;1 s given by
Uy,it = 0iUa,it + Vit (3)

for all i and t, where vy ~ IID (O, O'gi), and ug ;1 is independently distributed of vy for all i,7,t,
and t'. In addition, sup; ; lvit|"® < K and sup; ; E luzit]® < K, and limy, oo n ™' 30" 02, = 02 >

0 and lim oo™ 137 | 02,02,/ (607) = w2 > 0 exist.

Assumption 3 (Initial values and deterministic terms) The initial values, z; o = (yi 0, xm)',



follow the process

Zio = W, + C;k (L) up,
for all i and t, and ¢; = a;p;; — aifp; o for all i, where ug = (uy7,~70,ux,i70)/, W, = (pi71,ui72)/,

||l < K, and C} (L) is defined in Section in Appendiz A.

Remark 1 Assumption [1] requires that a; # 0 for all i. In contrast PMG allows a; = 0 for some
(but not all) units. Although the estimator works for c; < 2, empirically, c; < 1 is likely to be the

relevant case.

Remark 2 Assumption@ allows for ug i to be correlated with wy ;. Cross-section dependence of
u; 18 ruled out. Assumption @ (together with the remaining assumptions) ensure that Az; and

(yit — Bzir) are covariance stationary.

Remark 3 In comparing our assumptions with the rest of the literature, it should be moted that
the rest of the literature does not consider the case of joint convergence n,T —; oo, but only the
case where n is fired as T — oo. Joint asymptotics typically requires more stringent assumptions

on the errors and restrictions on the relative expansion rates of n and T

Substituting first for uy ;¢ in , and then substituting u, 4 = Ax;;, we obtain the following

ARDL representation for y;;
Ayit = ¢i — a; (Yit—1 — BTip-1) + 0i Azt + vit. (4)

The pooled Bewley estimator takes advantage of the Bewley transform (Bewley, [1979)). Subtracting

(1 — ;) yit from both sides of and re-arranging, we have
iyt = ¢; — (1 — ;) Ayit + iBwi + 0i Azt + vit,
or (noting that a; > 0 for all ¢ and multiplying the equation above by ai_l)

Yir = ; e; + Bair + YiAzi + af Ty, (5)



a; oy

/
where Az = (Ayit, Azy)', and 1, = (—ﬂ £> . Further, stacking for t = 1,2,....,T, we
have

yi = a;lcﬂ'T +x;8 + AZZ'l,bl + a;lvi, (6)

/ !/ / / / !/ !/
where y; = (Yit, Yi2s - i) Xi = (Ti1, Tizy oo, Tir) s ALy = (AZ)y, A2y, ..., AZLL), v = (031,052, ., 0iT)
and 77 is T X 1 vector of ones. Define projection matrix M, = Ip — T *1TT7'if. This pro-

jection matrix subtracts the period average. Let ¥; = (%1, %2, ... %r) = M,y;, and similarly

% = (i1, iz, oo, i) = My, AZ; = M,AZ;, and v; = M,v;. Multiplying @ by M, we have
Vi = %8+ AZip; + a; 5.

Now consider the matrix of instruments

H; = (¥i-1,%i,%Xi—1) = M-H;, Hy = (yi—1,%4,Xi-1) (7)

where y; -1 = (yi71,yi71,...,yi,T,1)' is the data vector on the first lag of y;, similarly x; ; =

(i, i1, ---,%‘,T—l)/- The PB estimator of § is given by

n -1 n
B= (Z i;Mziz> (Z >~<2sz%> , (8)
i=1 i=1

where

~ ~ ~\—1 ~
M; = P; — P;AZ; (Az;PiAZi) AZ/P;, (9)

and

~ ~ \—1 ~
P, = I, (A/) (10)

is the projection matrix associated with H;.
In addition to Assumptions we also require the following high-level conditions to hold in
the derivations of the asymptotic distribution of the PB estimator under the joint asymptotics

n, T — oo.

Assumption 4 Let M, = Iy — T rp7l, §, = My, X = Myx;,
AZ; = M,AZ; = M, (Az,, Az, ..., Az;T),, where Az = (Ayir, Axi)'. Then there exists Ty € N



such that the following conditions are satisfied:
(i) sup;en, r>13 E (A2 (Bir)] < K, where Bip = AZ/P;AZ;|T, P; is given by @)

(i) SUPieN, T>T, E [)‘;11211 (ATﬁ:,ﬁfATﬂ < K, where H} = (ihAii»%i,—l>7

& 1= (gi,075i,1a "-agi,T—l),7 i1 = Jin—1 — Biip—1.

Remark 4 Under Assumptions (and without Assumption , we have plimp_, B; 1 = By,
where B; is nonsingular (see Lemma in Appendiz A). Similarly, it can be shown that Assump-
tions are sufficient for plimp_, ATI:I;"I:I;*AT to exist and to be nonsingular. However, these
results are not sufficient for the moments of HBz_lH and H(ATH;”H;‘AT)*IH to ewist, which we
require for the derivations of the asymptotic distribution of the PB estimator. This is ensured by

Assumption [4)
2.1 Asymptotic results
Substituting y; = x;8 + Aziwi + ai_lffi in , and using M;AZ; = 0, we have

-1
R 1 < XML, 1 < X M¥;
ra(p-0) - (A EER) (). )

i=1

Consider the first term on the right side of first. Since M; is an orthogonal projection matrix,

XiM;%;/T? is bounded by X;%;/T?. The second moments of X;X;/T? are bounded, and, in addition,

n S/

X/M;%;/T? is cross-sectionally independent. It follows that %Zi:l X/ M;%;/T? converges to a

constant, which we denote by w2, as n,T — oco. Lemma in Appendix A establishes the

2

expression for w? = 02 /6, where 02 = lim, oo n™1 Y, 02;, but the specific expression for w? is

not relevant for the inference approach that we adopt below. Consider the second term of



next,

1 Z":i;Mi\?i _ L [BME (KM (12)
n 4 a; T n 4 o; T a; T
i=1 i=1
1 & %M,V
L E 7 AR
e ().

The term in the square brackets has zero mean and is independently distributed over 7. For the

asymptotic distribution to be correctly centered we need

1 « M,

asn and T — oo. This condition holds so long as n = © (Te) for some 0 < 0 < 2. See Lemma
for a proof. The asymptotic distribution of the first term in is in turn established by Lemma
see (A.74). The following theorem now follows for the asymptotic distribution of 3.

Theorem 1 Let (y;t, xit) be generated by model —(@), suppose Assumptions hold, and n,T —
0o such that n = © (TG), for some 0 < 6 < 2. Consider the PB estimator B given by (@) Then,

TV (B=8) =a N (0,9), @ =w;?, (14)

2
T

2 2

_ 2 2 _ -1y 2 2 _ 1y 2
where w2 = 62 /6, 02 = lim,oon ' Y1 | 02, and w2 =lim,eon ' 31 02,02,/ (602).

Remark 5 Like the PMG estimator in |Pesaran, Shin, and Smith (1999), the PB estimator will
also work when variables are integrated of order 0 (the I(0) case), which is not pursued in this

paper. In the I(0) case, the PB estimator converges at the standard rate of vVnT'.

To conduct inference, let

n !
o2 :n—le7 (15)

Mo\ 2 R
and 02 =n~ L, (%) , where 9% = M, (yi — Bxi), and M; is defined by (@) Accordingly,

we propose the following estimator of {2:

Q= 2. (16)



2.2 Bias mitigation and bootstrapping critical values for robust inference

When n is sufficiently large relative to T', specifically when /n/T — K > 0, then /nT (ﬁ — ,6’) is
no longer asymptotically distributed with zero mean. The asymptotic bias is due to the nonzero
mean of T‘li;Mi\?i, and it can be of some relevance for finite sample performance, as the Monte
Carlo evidence in Section [l illustrates. Monte Carlo evidence also reveals that the inference based
on PB and other existing estimators in the literature can suffer from serious size distortions in finite
samples. To deal with these problems, we consider bootstrapping critical values using sieve wild
bootstrap for more accurate and more robust inference that allows for cross-sectional dependence
of errors. In addition, we also consider two bias-correction techniques - a bootstrap one as well as
the split-panel jackknife method. The same bias-correction methods are also applied to the three
other estimators, namely PMG, PDOLS, and FMOLS, considered in the paper. In what follows we
focus on the PB estimator. A description of bias-corrections applied to the other three estimators

are given in Section [B.2] of Appendix B.

2.2.1 Bootstrap bias reduction

Once an estimate of the bias of B is available, denoted as 13, then the bias-corrected PB estimator

is given by

B=p-b. (17)

One possibility of estimating the bias in the literature is by bootstrap. We adopt the following

sieve wild bootstrap algorithm for generating simulated data.

1. Given B , estimate the remaining unknown coeflicients in — by least squares, and compute

residuals denoted by iy ¢, Gy it

) )

A T) A~
2. For each r = 1,2, ..., R, generate new draws for @ it = ag g 5t, Where

(r)

a; ’ is randomly drawn from Rademacher distribution (Liu, [1988]),

Uy it, and U

(= g, ]

r) —1, with probability 1/2

Gt
1, with probability 1/2

Given the estimated parameters of — from Step 1, and the initial values {y;1, z;; for i =1,2,....,n}



generate the simulated series yg), a:g) fort=2,3,...,T ,and 1 = 1,2, ...,n, and the bootstrap

estimates B(T) forr=1,2,...,R.

Using simulated data with R = 10, 000, we compute an estimate of the bias br = [R_l 25:1 ﬁ(r) — B} .
We then compute the « percent critical values using the 1 — « percent quantile of {‘t(’”) ‘ }le, where
) = B(T)/se (B(T)>, B(r) = B(T) — b is the bias-corrected estimate of (B using the r-th draw of the
simulated data, se (B(T)> =T n"1200) is the corresponding standard error estimate, and Q)

is computed in the same way as Qin but using the simulated data.

2.2.2 Jackknife bias reduction

The split-panel jackknife bias correction method is given by

Bjk:Bjk(’i):B—ﬁ(Ba;ﬂb—B), (18)
where B is the full sample PB estimator, Ba and ﬁb are the first and the second half sub-sample PB
estimators, and s is a suitably chosen weighting parameter. In a stationary setting, where the bias
is of order O (Tﬁl), k is chosen to be one, so that % — K- (TL/z — %) = 0, for any arbitrary choice
of K. See, for example, Dhaene and Jochmans (2015) and |Chudik, Pesaran, and Yang (2018).

In general, when the bias is of order O (T'~¢) for some ¢ > 0, then x can be chosen to solve
£k (ﬁ — %) = 0, which yields k = 1/ (2 — 1). Under our setup with I(1) variables, we
need to correct B for its O (T _2) bias, namely € = 2, which yields k = 1/3.

Inference using Bjk can be conducted based on but with (2112) replaced by

2
1 & [(1 + 1) x;M; — 2kx0, ;Mo | V7
(ZJ% = (;)12} = Z : ) (19)
n 4 T
=1
. ~jk
where v = M; (y; — 57 X,
! A
/ _ Xd,i M R Mavl
Xabi = , ) ab,i — ’

Xpi M,

x . (xgi> and M, ; (My;) are defined in the same way as x;, and M; but using only the first

a,t



(second) half of the sample.
We compute bootstrapped critical values to conduct more accurate and robust small sample
inference. Specifically, the o percent critical value is computed as the 1 — a percent quantile of

{

the simulated data generated using the algorithm described in Subsection [2.2.1] se (Bﬁ’,;)) is the

R ~(r ~(r ~(r
tg.? } R where t;? = B;k)/se (ﬁgk)), ﬁ(k) is the jackknife estimate of 3 using the r-th draw of

r= J

corresponding standard error estimate, namely se (Bg?) = 7 1n-1/ 2@;2), Qg? = w;‘(*r)wﬁ (r)> in
which @, ) and wi’(r) are computed using the simulated data, based on expressions and ,

respectively.

3 Monte Carlo Evidence

3.1 Design

The Data Generating Process (DGP) is given by —, fori=1,2,...n, T = 1,2,...,T, with
starting values satisfying Assumption (3| with p; ~ ITDN (72,12), and ¢; = a;p; 1 — i 5. We
generate «; ~ IIDU [0.2,0.3]. We consider two DGPs based on the cross-sectional dependence of
errors. In the cross-sectionally independent DGP, we generate wuy;; = 0yi€yit, Uzit = Og,i€s,it
202, ~1IDU0.8,1.2],

Ty,is

€y.i 1 p;
Y| < IIDN (00,20, S ~ " |, and p; ~ IIDU [0.3,0.7].

€x,it p; 1

In the DGP with cross-sectionally dependent errors, we generate e, ;; to contain a factor structure

including strong, semi-strong and weak factors:

m
Eyit = 3 <5y,it + Z%‘efet) ;

(=1

where ey 5 ~ IIDN (0,1), for ~ IIDN (0,1), v, ~ IIDU [O,Pymaxjg], for £ =1,2,...,m. We choose
m = 5 factors and Y aep = 2n*~1 with ap = 1,0.9,0.8,0.7,0.6, for £ = 1,2,...,5, respectively.
Scaling constant sz is set to ensure F (ezyit) = 1, namely s = (1 +37 7?@)_1/2‘ We generate
ezt to ensure unit variance and cov (eyﬁ,ezﬂ-t) = p;. Specifically, ez ;s = pieyit + /1 — p?emt,

ezxit ~ IIDN (0,1). Both designs features heteroskedastic (over ¢) and correlated (over y & x

10



: . . 2 _ 2 2 _ 2 X ) — L
equations) errors, namely E (uyﬂ.t) =0, B (um-t) =05 and corr (uy,it, Ug,it) = p;- We consider

n, T = 20, 30,40, 50 and compute Ry;c = 2000 Monte Carlo replications.

3.2 Bias, RMSE and inference

We report bias, root mean square error (RMSE), size (Hy : 8 = 1, 5% nominal level) and power
(Hy : B = 0.9, 5% nominal level) findings for the PB estimator B given by , with variance
estimated using . Moreover, we also report findings for the two bias corrected versions of
PB estimator as described in Subsection with bootstrapped critical values for inference robust
to error cross-sectional dependence. We compare the performance of the PB estimator with the
PMG estimator by Pesaran, Shin, and Smith (1999), panel dynamic OLS (PDOLS) estimator by
Mark and Sul (2003), and the group-mean fully modified OLS (FMOLS) estimator by Pedroni
(1996, 2001b)). Similarly to the PB estimator, we also consider jackknife and bootstrap based
bias-corrected versions of the PMG, PDOLS and FMOLS estimators with cross-sectionally robust
bootstrapped critical values, described in Appendix B. We use R, = 10,000 bootstrap replications
(within each MC replication) for bootstrap bias correction and for computation of robust and more

accurate bootstrapped critical values.

3.3 Findings

Table 1 report the results for the original (without bias-correction) estimators. PB estimator stands
out as the most precise estimator in terms of having the lowest RMSE values among the four
estimators. The second best is PMG estimator with RMSE values 1 to 21 percent larger compared
with the PB estimator, the third is PDOLS with RMSE values 23 to 66 percent larger compared
with PB, and the FMOLS comes last with RMSE values 95 to 180 percent larger compared with
PB. In terms of the bias alone, the ordering of the estimators is slightly different with PMG and
PB switching their places. For T' = 20, the bias of PMG estimator is -0.016 to -0.020, the bias
of PB estimator is in the range -0.034 to -0.037, the bias of the PDOLS estimator is in the range
-0.052 to -0.056 and the bias of the FMOLS estimator is in the range -0.104 to -0.110. For such a
small value of T', the bias is not very large, and, as expected, it declines with an increase in T
All four estimators suffer from varying degrees of size distortions. The inference based on the

PB estimator is the most accurate. Specifically, the size distortions for the PB estimator are lowest

11



among the four estimators - with reported size in the range between 9.9 and 25.2 percent, exceeding

the chosen nominal value of 5 percent. Size distortions diminish with an increase in 7.

Table 1: MC findings for the estimation of long-run coefficient 5 in experiments with
cross-sectionally independent errors.

Estimators without bias correction and inference conducted using standard critical values.

Bias (x 100) RMSE (x 100) Size (5% level) Power (5% level)
n\T 20 30 40 50 20 30 40 50 20 30 40 50 20 30 40 50
PB
20 -3.69 -1.75 -1.07 -0.73 6.43 4.12 3.04 2.45 18.40 13.35 11.80 11.40 34.00 68.30 89.95 97.70
30 -3.39 -1.79 -1.04 -0.74 5.55 3.54 2.58 2.03 19.40 14.50 11.95 10.10 43.70 81.50 96.50 99.60
40 -3.56 -1.87 -1.06 -0.74 5.18 3.25 2.33 1.81 21.25 15.55 12.30 10.45 45.90 87.35 99.05 99.95
50 -3.58 -1.90 -1.09 -0.74 4.96 3.05 2.18 1.66 25.20 15.55 13.40 9.95 54.05 93.25 99.65 100.00
PMG
20 -1.97 -0.89 -0.51 -0.32 7.7T7 4.79 3.40 2.57 39.45 28.15 21.40 17.85 63.40 82.20 93.75 98.95
30 -1.56 -0.97 -0.41 -0.33 6.32 3.99 2.78 2.08 41.10 28.45 22.50 16.55 71.20 89.60 98.10 99.85
40 -1.64 -0.86 -0.44 -0.31 5.71 3.44 2.47 1.85 43.10 29.25 23.05 18.10 77.25 95.15 99.60 100.00
50 -1.70 -0.93 -0.48 -0.31 5.23 3.10 2.26 1.67 42.25 28.60 23.75 16.85 81.00 97.00 99.80 100.00
PDOLS
20 -5.60 -3.64 -2.82 -2.32 7.93 5.28 4.02 3.31 21.75 19.10 17.30 19.30 17.35 43.15 72.95 90.15
30 -5.25 -3.60 -2.75 -2.26 7.056 4.81 3.64 2.96 24.10 23.10 23.10 24.20 21.40 55.90 84.85 97.30
40 -5.47 -3.77 -2.84 -2.31 6.78 4.69 3.53 2.86 29.90 30.60 28.30 30.10 21.70 62.60 91.35 99.10
50 -5.46 -3.78 -2.88 -2.30 6.57 4.52 3.45 2.75 35.10 34.30 34.40 36.45 25.25 72.40 95.85 99.85
FMOLS

20 -11.01 -7.16 -5.45 -4.25 12.56 8.44 6.55 5.18 89.25 78.25 69.90 64.15 45.00 56.60 79.05 92.60
30 -10.44 -7.06 -5.30 -4.17 11.58 7.99 6.09 4.83 93.80 86.15 77.90 71.95 44.90 63.20 88.75 98.20
40 -10.78 -7.31 -5.50 -4.26 11.59 8.00 6.08 4.77 97.45 92.95 85.65 82.20 44.60 67.85 92.70 99.20
50 -10.76 -7.35 -5.50 -4.22 11.44 7.91 5.98 4.65 98.70 96.25 91.35 86.85 46.10 73.70 95.35 99.85

Notes: DGP is given by Aysr = ¢; — o (Yi,t—1 — BTit—1) + Uy st and Azye = Ugp ¢, for i =1,2,...,n, T =1,2,..., T,
with 8 =1 and «; ~ I[IDU [0.2,0.3]. Errors uy,it, ug,i+ are cross-sectionally independent, heteroskedastic over i, and
correlated over y & x equations. See Section [3.1] for complete description of the DGP. The pooled Bewley estimator
is given by (8, with variance estimated using . PMG is the Pooled Mean Group estimator proposed by
Pesaran, Shin, and Smith (1999). PDOLS is panel dynamic OLS estimator by [Mark and Sul (2003)l FMOLS is the
group-mean fully modified OLS estimator by |Pedroni| (1996, [2001b)). The size and power findings are computed
using 5% nominal level and the reported power is the rejection frequency for testing the hypothesis 8 = 0.9.
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Table 2: MC findings for the estimation of long-run coefficient 5 in experiments with

cross-sectionally independent errors.

Bias corrected estimators and inference conducted using bootstrapped critical values.

Bias (x 100)

RMSE (x 100)

Size (5% level)

Power (5% level)

n\T 20 30 40 50 20 30 40 50 20 30 40 50 20 30 40 50
Jackknife bias-corrected estimators
PB
20 -1.60 -0.52 -0.25 -0.14 6.27 4.18 3.10 2.52 5.95 5.15 5.40 5.30 25.10 56.75 82.95 94.30
30 -1.34 -0.55 -0.25 -0.18 5.24 3.45 2.58 2.06 6.70 5.05 5.10 5.00 37.45 73.70 93.10 99.05
40 -1.45 -0.60 -0.24 -0.15 4.59 3.03 2.29 1.81 5.85 5.06 4.50 4.90 42.80 84.10 98.15 99.85
50 -1.53 -0.62 -0.26 -0.15 4.23 2.72 2.07 1.61 6.20 4.60 5.65 4.25 51.10 90.80 99.55 100.00
PMG
20 -0.55 -0.20 -0.05 0.01 9.26 5.59 3.78 2.86 14.90 11.05 9.10 7.20 33.45 57.15 83.05 95.60
30 -0.10 -0.30 0.02 -0.04 7.35 4.48 3.09 2.28 14.00 10.95 8.50 7.35 45.60 72.05 93.10 99.30
40 -0.27 -0.13 -0.01 -0.01 6.73 3.83 2.72 2.06 15.40 9.30 8.90 8.05 48.90 82.95 97.10 99.75
50 -0.42 -0.21 -0.06 0.00 6.13 3.43 2.47 1.83 16.45 9.65 9.40 7.55 57.55 88.55 98.85 100.00
PDOLS
20 -4.22 -2.56 -1.97 -1.59 8.00 5.05 3.77 3.04 8.40 5.80 5.40 4.75 8.70 27.50 55.25 77.90
30 -3.91 -2.55 -1.92 -1.56 6.89 4.42 3.30 2.64 8.70 5.75 5.95 4.70 10.15 37.30 69.75 91.00
40 -4.09 -2.69 -1.98 -1.60 6.35 4.17 3.08 2.47 7.70 5.80 4.90 4.05 10.05 41.10 75.20 94.95
50 -4.11 -2.70 -2.02 -1.58 6.01 3.91 2.93 2.30 7.90 590 4.55 3.55 11.30 45.75 83.75 97.60
FMOLS
20 -8.70 -5.07 -3.70 -2.76 11.19 7.19 5.52 4.33 10.85 5.95 4.55 4.00 1.05 1.40 8.10 25.75
30 -8.17 -5.02 -3.60 -2.73 10.02 6.60 4.94 3.86 9.95 5.00 4.65 3.00 0.50 1.65 10.20 35.20
40 -8.49 -5.22 -3.78 -2.78 9.84 6.40 4.79 3.68 9.20 5.00 3.45 3.25 0.15 0.75 8.85 38.70
50 -8.50 -5.28 -3.78 -2.74 9.61 6.26 4.62 3.50 10.65 5.00 3.75 2.85 0.10 0.95 10.55 45.75
Bootstrap bias-corrected estimators
PB
20 -1.28 -0.33 -0.16 -0.11 5.87 3.93 2.93 2.39 7.25 6.20 6.05 5.75 36.20 67.60 88.30 96.95
30 -0.98 -0.39 -0.15 -0.13 4.90 3.24 2.43 1.93 7.75 6.35 6.35 5.80 52.20 84.00 96.90 99.55
40 -1.07 -0.43 -0.13 -0.10 4.24 2.83 2.15 1.70 7.00 6.55 5.95 5.10 59.75 91.35 99.45 99.95
50 -1.09 -0.44 -0.15 -0.10 3.89 2.56 1.96 1.52 8.95 6.25 6.45 5.55 69.40 95.50 99.90 100.00
PMG
20 -1.28 -0.44 -0.21 -0.11 7.88 4.83 3.41 2.57 14.10 10.45 7.90 6.80 35.25 63.40 86.70 97.30
30 -0.88 -0.55 -0.12 -0.13 6.40 3.99 2.79 2.08 13.10 10.75 8.25 6.85 47.45 77.75 95.85 99.65
40 -0.96 -0.44 -0.14 -0.11 5.73 3.42 247 1.85 14.95 9.05 7.80 6.90 53.55 87.60 98.40 99.85
50 -1.02 -0.51 -0.19 -0.10 5.20 3.06 2.24 1.66 15.15 9.85 9.05 6.95 60.90 91.65 99.30 100.00
PDOLS
20 -2.19 -0.90 -0.59 -0.42 6.75 4.31 3.12 2.55 10.35 7.80 7.25 7.25 28.70 64.45 86.65 95.85
30 -1.89 -0.96 -0.59 -0.43 5.70 3.62 2.63 2.08 10.75 890 7.70 7.15 39.90 77.10 95.35 99.30
40 -2.00 -1.04 -0.59 -0.41 4.98 3.24 2.34 1.84 10.05 8.65 7.05 7.35 46.40 85.75 98.65 99.95
50 -2.00 -1.05 -0.64 -0.40 4.61 2.93 2.14 1.65 10.70 9.40 8.65 6.80 52.85 91.55 99.50 100.00
FMOLS
20 -4.59 -1.97 -1.30 -0.80 8.84 5.62 4.28 3.40 17.10 10.90 9.20 7.40 20.20 41.10 63.20 81.70
30 -4.19 -2.04 -1.28 -0.84 7.54 4.86 3.61 2.83 18.50 10.90 9.15 7.70 24.85 51.60 78.60 93.15
40 -4.36 -2.14 -1.34 -0.81 6.89 4.36 3.22 2.51 20.10 12.05 9.80 7.75 26.10 60.40 86.25 96.80
50 -4.41 -2.22 -1.35 -0.78 6.56 4.10 2.98 2.29 23.80 14.35 10.50 8.90 30.45 69.45 92.05 99.20

Notes: See the notes to Table 1. Bias-corrected versions of the PB estimator are described in Subsection 2.2
Bias-corrected versions of the PMG, PDOLS and FMOLS estimator are described in Appendix B. Inference is

conducted using bootstrapped critical values.
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We consider next the bias-corrected versions of the four estimators with inference carried out us-
ing robust bootstrap critical values. Upper panel of Table 2 reports findings for estimators corrected
for bias using the jackknife procedure, and the bottom panel reports on bootstrap bias corrected
estimators. Bias correction did not change the overall ranking of estimators — PB continues to be
the most precise (lowest RMSE). Both bias correction approaches are quite effective in reducing
the bias. The bias of PB and PMG estimators for any of the two bias corrections are very low.
In addition to reducing the bias, in many cases the bias-correction also resulted in reduced RMSE
values. In the case of the PB estimator, using bootstrap bias correction resulted in improved RMSE
performance for all choices of n,T - by about 2 to 22 percent. Results in Table 2 also show notable
improvement to inference comes from using bootstrapped critical values - with PB having virtually
no size distortions and size distortions of the remaining estimators are relatively minor.

Last but not least, we consider the DGP with cross-sectionally correlated errors. The corre-
sponding results, reported in Tables B1 and B2 in Appendix B, reveal the same ranking of the
four estimators, and, importantly, the bootstrapped critical values continue to deliver correct size,
despite the error cross-sectional dependence.

The Monte Carlo results show that PB estimator can perform better (in terms of overall precision
as measured by RMSE, and in terms of accuracy of inference) than existing estimators (PMG,
PDOLS, and FMOLS) in finite sample sizes of interest, whether or not bias correction is considered.
Of’ course, our results do not imply that PB estimator will always be better, but that it can be a
useful addition to the existing literature as a complement to PMG, PDOLS, and FMOLS estimators.
Bias corrections and bootstrapping critical values are helpful for all four estimators, resulting not
only in reduced bias, but sometimes also in better RMSE. In all cases, they result in more accurate

inference in our experiments.

4 Empirical Application

This section revisits consumption function empirical application undertaken by [Pesaran, Shin, and

Smith (1999), hereafter PSS. The long-run consumption function is assumed to be given by

ciy = di + ﬁlygt + Bomit + Vit,
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for country ¢ = 1,2,...,n, where ¢;; is the logarithm of real consumption per capita, yfi is the
logarithm of real per capita disposable income, ;; is the rate of inflation, and ¥;; is an I (0) process.
We take the dataset from PSS, which consists of n = 24 countries and a slightly unbalanced time
period covering 1960-1993. PSS estimate /3; and (35 using an ARDL(1,1,1) specification, which can

be written as error-correcting panel regressions
Acyt = —oy <Ci,t71 —d; — 51921,15—1 - ﬁﬂz’,tﬂ) + i1 AYL + S Amiy + vy, (20)

for i« = 1,2,...,n, where all coefficients, except the long-run coefficients 8, and B, are country-
specific.

Table 3 presents alternative estimates of the long-run coefficients. The upper panel presents
findings for estimators without bias correction and standard confidence intervals. The middle
and lower panels present jackknife and bootstrap bias-corrected estimates with confidence intervals
based on bootstrapped critical values. Results differ widely across different approaches to estimation
and inference. Depending on which bias correction approach is conducted, the PB estimates of the
long-run coefficient on real income (3;) is estimated to be 0.921 or 0.926, and the long-run coefficient
on the inflation variable (3,) is estimated to be -0.120 or -0.125. The null hypothesis that the
coefficient on yflt is unity cannot be rejected at the 5 percent nominal level, nor is the hypothesis
that the long run coefficient on inflation is zero. From an economic perspective, unit long-run
real income elasticity and no long-run effects of inflation on consumption seem both plausible -
the former hypothesis is in line with balanced growth path models, and the latter in line with
monetary policy neutrality in the long-run. A different conclusion would be reached according to
PMG estimates - namely both the unit coefficients on the real income variable and zero coefficient
on inflation would be rejected at the 5 percent nominal level. The results based on the PDOLS
are in line with the PB estimates and do not reject unit real income and zero inflation long run
coefficients. FMOLS estimates of 3, are larger than the other estimates, but the unit coeflicient
on the income variable still cannot be rejected. The FMOLS estimates of 55 are also quite large.

The choice of estimation method clearly matters in this empirical illustration.
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Table 3: Estimated consumption function coefficients for OECD countries

B1: Income  95% Conf. Int. 3,: Inflation 95% Conf. Int.

Estimator without bias correction

PB 912 [.845,.980] -.134 [-.260,-.008]
PMG .904 [.889,.919] -.466 [-.566,-.365]
PDOLS .923 [.798,1.047) -.187 [-.407,.033]
FMOLS .951 [.942,.959] -.336 [-.408,-.265]
Jackknife bias-corrected estimators
PB .926 [.835,1.017] -.120 [-.345,.105]
PMG 915 [.880,.949] -.403 [-616.,-.190]
PDOLS .940 [.737,1.143] -.184 [-.530,.161]
FMOLS .983 [.912,1.053) -.397 [-1.370,.576]
Bootstrap bias-corrected estimators
PB 921 [.830,1.012] -.125 [-.314,.065]
PMG .905 [.875,.936] =477 [-.657,-.297]
PDOLS .932 [.746,1.118] -.183 [-.499,.133]
FMOLS .985 [.941,1.028] -.438 [-1.047,.171]

Notes: This table revisits empirical application in Table 1 of |Pesaran, Shin, and Smith (1999)l reporting estimates of long-run
income elasticity (81) and inflation effect (85) coefficients and their 95% confidence intervals in the ARDL(1,1,1) consumption
functions for OECD countries using the dataset from [Pesaran, Shin, and Smith (1999)l PB stands for pooled Bewley
estimator developed in this paper. PMG is the Pooled Mean Group estimator proposed by [Pesaran, Shin, and Smith (1999)!
PDOLS is panel dynamic OLS estimator by [Mark and Sul (2003)l FMOLS is the group-mean fully modified OLS estimator
by [Pedroni| (1996} 2001b)). Description of bias correction methods is provided in Subsection for PB estimator and in
Appendix B for PMG, PDOLS and FMOLS estimators. Inference in the case of original estimators uncorrected for bias is
conducted using the standard asymptotic critical values, and it is valid only when errors are not cross-sectionally dependent.
Inference in the case of bias-corrected estimators is conducted using bootstrapped critical values following |[Chudik, Pesaran,
and Smith (2023)} and it is robust to cross-section dependence of errors.

5 Conclusion

This paper proposes the pooled Bewley (PB) estimator of long-run relationships in heterogeneous
dynamic panels. Relative to existing estimators in the literature — namely PMG, PDOLS and
FMOLS — Monte Carlo evidence reveals that PB can perform well in small samples. While we
developed the asymptotic theory of PB estimator under a similar setting to the PMG estima-
tor, notably we assumed cross-sectionally independent errors, we have also shown the benefit of
bootstrapping critical values for inference when errors are cross-sectionally correlated for all four
estimators.

While the asymptotic distribution of the other estimators are derived for the case where n is
fixed and T" — oo, we derive the joint (n,7") asymptotic distribution of the PB estimator, when
both n and T diverge to infinity jointly such that n = © (Te), for 0 < 6 < 2. This covers a broader

range of empirical applications where both n and T are large. The small sample and asymptotic
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results suggest that the PB estimator is a useful addition to estimators for long run effects in single

equation dynamic heterogeneous panels, where the direction of long-run causality is known.
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Appendices

A Mathematical derivations

This appendix is organized in four sections. Section introduces some notations and definitions. Section

[A72] presents lemmas and proofs needed for the proof of Theorem [I] presented in the body of the paper.

A.1 Notations and definitions

Let z;s = (Yit, 7it)', and define C; (L) = Y jo, Cy L’ and C} (L) = 3232, C,L*, where

Cio = I
Cyu = (&, -L)®" ' (=12 ..,
l—a; o
<I>Z-=< “ O‘B>, (A1)
0 1
0 p
(1) =C; 1 e = lim & =
Ci1) = Cao+ i + .. = Jim & ( 0 1 )
and
) 1 -8
o = Ci—Ci(1)= < 0 0 ),
¢ ¢
l—a) —(1-w
i = Cli1+Cu= (1-a) (1—a)f ,for 0 =1,2,....
0 0
Model — can be equivalently written as
®; (L) zis = i + uyy,
fori=1,2,..,nand t = 1,2, ...,T, where ¢; = (¢;,0)’,
®; (L) =1, - ®;L, (A.2)

and Iy is a 2 x 2 identity matrix. The lag polynomial ®; (L) can be re-written in the following (error

correcting) form

®,(L)=-1IL,L+ (1 - L)1y, (A.3)
where
—oi o
Hi:_(I2_‘I)i):< Oz 86> (A4)
The VAR model can be also rewritten in the following form
P, (L) (zir — ;) = Wy, (A.5)
where ¢; = —IT;u; = (¢;,0)’, namely ¢; = Qift; 1 — Qi o
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Using Granger representation theorem, the process z;; under the assumptions has representation

Yie =ty Bsi+ Y (1—00) (i — Bugii—r), (A.6)
£=0
Tit = fhy; T Sits (A7)

where

t
Sit = Zux,ita (A~8)
/=1

is the stochastic trend.

A.2 Lemmas: Statements and proofs

. . ~ ~ ~ ~ ! ~ —
Lemma A.1 Suppose Assumptzons@ and@ hold, and consider X; = (%1, %2, .-, Ti,1) , where Ty = Tip—T4,
t — —1 T
Tit = ) gy Unyit, and Ty =T 3wy Then

nogrg 2
XX, o
—1 Ui 2 _ Yz
n g Tz TpWo = o asn,T — oo, (A.9)
=1

9 1 -1y 2
where 07, = lim,, oon™' > 1", 03,

Proof. Recall that M, = Iy — T o7l where Ip is T x T identity matrix and 77 is T x 1 vector of
ones. Since X; = M;x;, and M, is symmetric and idempotent (M, M, = M, = M.) we can write X,X; as
X%, = x;M.M,x; = x;M.x; = X/x;. Denote S; r = X/x;/T*. We have

1zxxz:nflzn:5i7T=n71iE(SiT 1Zn: zT_ zT)]- (A.IO)
1=1 =1

i=1

Consider E (S;r) first. Noting that &; = 22:1 Ugit — Ty Ty = T71 Zle (T —s+1)ug, and x4 =

t .
D 1 Ua,its Si,7 can be written as

Sir =

TitLit,

3=
< M%

...
Il
_

Il
=
M=

[/ ¢ 2 t
§ Uz, is —T; § Ug,is | »
s=1 s=1

~
Il
—

t 2 t t
<Z Ux,is) - Z #Um,w : Z Uz, is
s=1 s=1

I
=
=

t=1 s=1
Taking expectations, we obtain
9 T t
oz, T—-s+1
E _ i _ L
SocELl LT

Using Y0, Tt =S (1 —s/T+1)T) =t — (t+ 1)t/ (2T) + t/T, we have

i[ttJrHl) t} it+1 t'
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Finally, noting that 3>, (¢ + 1)t = (T +2) (T'+ 1) T/3, and 3./_, t = (T + 1) T/2, we obtain
E (Si,T) = O'iiJ{T < K < o0, (All)

for all T' > 0, where

T+2)(T+)T (T+1)T
%T:[( + )6(T3+) ( 2+T3) } (A12)

In addition, 37 — 1/6, as T' — oo, and

1 & 1 & o2
=Y E(Sir)=sr—) o2, — =%,
n; (Sir) %Tngffm—’ 5

as n,T — oo. This establishes the limit of the first term on the right side of (A.10). Consider the second

term next. Since E [S; 7 — E (S; )] =0, and S; 7 is independent over i, we have

E {n—l S (Sir—F (Si,T)]} = Y E(S) - 5 S E G

But it follows from that there exist finite positive constant K7 < oo (which does not depend on n, T)
such that [F (SZ-,T)}2 < K;. In addition, due to existence of uniformly bounded fourth moments of uy ;,
it also can be shown that E (S7;) < Kz < co. Hence, E{n~' Y1 | [Sir — E(Si7T)]}2 = O (n™'), which
implies n=* Y"1 | [Sir — E(Si,7)] —p 0, as n, T — oo. This completes the proof. m

Lemma A.2 Suppose Assumptions hold. Then there exists finite positive constant K that does mot
depend on i and/or T such that

T 4
1 -
E (T ; uz,itxit> < K, (A].?))
and

T o
1 Z .
FE (T £ Aynl’n) < K, (A14)

for 0 = 4, where &y = Tip — Ti, Tip = Yoy Upyit, Ti = T_lthzl Tit, and Ay;y = OiUz it + Vig —
-1
> g (L =) [V + (8; = B) Ugit—d].

Proof. Consider Zthl uitdie/T and ¢ = 2 first, and note that & = Y.._, usis — T, Where 7; =
! 23:1 (T'— 54 1) uy,s. We have

1 & ’
= Zum,iti'it
<T t=1 )

T T
1 o~
ﬁ E E Uz it Uz it’ TitLit!
t=1t'=1

1 T T t t’
= ﬁ E § Ug, it Uit § Ugis — Tj § Uz is — Ti |,
t=1 s=1 s=1

t=1
= Airi1+Aire—Airs— A4,
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where

T T
1
Ai,T,l Ti § § Uy, it U it! § Ug,is § Uz is | »
T T
1 =2
Aire = T2 E E Ug it Uz, it' Tj
t=1t'=1
T T t
1 _
Ajr3 T2 g g ’I"qu’l'lf/mlg Uy is)
t=1t'=1
T T
1
Ai,T,4 = ﬁ E E Ug it Ug, it T; E Ug,is-

t=11¢'

| \
—

Taking expectations and noting that u, ;+ is independent of u, ;4 for any ¢ # t/, we have

T t—1 T t-1
E( le T2 (ZZUI.L+ZE Uy, it +ZZG$L>

t=11t'=1 t=11¢'=1
Under Asbumptlonl 2 there exists a finite constant K that does not depend on i and/or ¢, such that 0%, < K
and E (uj ;) < K. Hence |E (A;1,1)| < K. Similarly, we can bound the remaining elements, |E (A Z$T’j)| <

K, for j = 2,3,4. It now follows that F (% Zthl Uz,itfit)2 < K, where the upper bound K does not depend
on ¢ or T'. This establishes hold for ¢ = 2. Sufficient conditions for to hold when p = 4 are:
E (A?’T’ j) < K for j =1,2,3,4. These conditions follow from uniformly bounded eights moments of u, ;:.
This completes the proof of . Result can be established in the same way by using the first
difference of representation (A.6). =

Lemma A.3 Suppose Assumptions [l hold, and consider s;r given by

where P; is given by (@, and X; and AZ; are defined below (@ Then,

LI\ ST
nty (A.16)
i=1
Proof. Consider s; v/T, which can be written as
S}T < a;TBi_TlaiT, (Al?)
where _
AZ'x; AZX;
R i 2T Al
a;T T T ) ( 8)
and - -
AZP;AZ;
Bir = # (A.19)
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Using these notations, we have
n T2

i=1

E

1 - l -1
S ﬁ ZIE ‘aiTBiT a;T| -
i=

Using |a}; B, alT| < )\mm (Bir) alpa;r, and Cauchy-Schwarz inequality, we obtain

< LS B [(@an?] VB P (B

i=1

Lemma |A.2) n implies the fourth moments of the individual elements of a; v are uniformly bounded in ¢ and
T, which is sufficient for E [( iTa,,T)Q] < K. In addition, E [A\;}, (Bir)] < K by Assumptlon Hence,
there exists K < oo, which does not depend on (n,T) such that

nol 5” 7, (A.20)
and result follows. m
Lemma A.4 Suppose Assumptions[1}]] hold. Then
_1ZXMXZ i:%g, as n,T — oo, (A.21)

where 02 = lim,,_, oo n™! Z?:l o2, M; is defined in @ and X; is defined below (@)

Proof. Noting that X; is one of the column vectors of H;, we have P;X; = X;, and X;M;X; can be written
as

i ~ —y~

XiMiXi = X;X; — 8,71, (A22)

where s; 7 is given by (A.15). Sufficient conditions for result (A.21) are:

ndl el 2
nt Xl);z —p w? = %, asn, T — oo, (A.23)
=1
and
nt Z 5.7 —p 0, as n, T — oo. (A.24)

Condition (A.23) is established by Lemma[A 1] and condition (A.24) is established by Lemma ]

Lemma A.5 Let Assumptions hold. Then

\/’Z);:l —q N Ow),asn,T—>oo, (A.25)

where w2 =1im ,oon ™t Y7 02,02,/ (602), and X; and v; are defined below @)

Proof. Recall M, = I — Tfl'rTT’T, where I is T' x T identity matrix and 77 is T' X 1 vector of ones.
Since M/ M, = M/

T

we have

T V) N . Sl
x; Vi =x,M_M,v;, =x;M_ v, =Xx,Vv;.
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Let C; = Z=%¢ and Q;r = C’Z_l’:}% We have E (Q;r) = 0, and (under independence of v;; over ¢ and

independence of v;; and wuy ;¢ for any ¢,¢)
}~(/»Vi 2 1 ) 2 2
<TZO, > T T2,2 ZE (@3) £ (vit) ,
’ i ot=1
where E (v%) = o2,. In addition, 1) established that - Zthl E (z%) = o2,5er, where s is given by

(AT2). Hence,
v\ 2
< TOéi )

E (sz,T) = AT,

E

O'2 O'2
2
@

Vi

_ 2
E %T—Ci%T-

It follows that

where sp — 1/6 < co. Finite fourth moments of uy ;; and v;; imply Q 18 uniformly bounded in T, and

therefore QiT is uniformly integrable in T". We can apply Theorem 3 of |Phillips and Moon (1999)| to obtain

n o~y

ZCQzT IZXW—QJN Ow) asn,T — oo,

. . — n
where w? = lim,, o C23ep = lim ,.oon ™t > 1 02,02,/ (607). =

Lemma A.6 Suppose Assumptions hold, and consider q;7 = a;lAngﬁfi/\/T Then,
Ellqir|; < K, (A.26)

and

|E (qir)| < (A.27)

K
VT
Proof. Denote the individual elements of 2 x 1 vector q;r as g;r,;, j = 1,2. Sufficient conditions for (A.26)
to hold are

E (qir;) < K, for j =1,2. (A.28)

We establish (A.28) for j = 1 first. We have
 AyPw,
qiT,1 ai\/T ’
where Ay; can be written as
A =~y + 0 A% + v, (A.29)
~ ~ ~ ~ \—1 - ~
where 51.,,1 = §; 1 — %i_1. Note that P; = I, (H’H) I and H; = (§i_1,%;, % _1). Hence AX/P; =

AX} and 5 _Pi= £ _1, since AXx; and E _; can be both obtained as a linear combinations of the column

vectors of Hi. Hence

~/ - )~
& Vi  AXv, VPV,

Tl = — = SaiT t SbiT + SeiTs
qiT,1 \/T Oéi\/T \/— a,iT b,iT c,iT

(A.30)

~/
where we simplified notations by introducing <, 7 = 751-7_1\71-/\/?, SbT = ozi_lAi;\?i/\/T and <. ;7 =
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o; LAV, PV VT VT to denote the individual terms in the expression 1) for g;7,1. Sufficient conditions for
E(q?TJ) < K are E (s} ,7) < K for s € {a,b,c}.

For s = a, we have

~/

51’,—1‘71' a _ 1 r _ B
Sail = — \/T = ; it—1 1- 1) (Uz‘t - Ui) = *ﬁ ;&',tﬂ”it + ﬁgi,flvia

- 1T
where §; | =T DO §it—1, and

‘
(1 — ;) (uy,ip—t — PUaiz—r),

NE

fit =

iy
)

(1= ) (0 = B) tmiv—e+ Y (1 — ;) vir.

£=0

I
M8

4

Il
<

Noting that sup, |1 — ;| < 1 under Assumption |1} and fourth moments of u, ;; and eights moments of v;

1 « !
= Zfi,tl”it> <K,
Q@hl

2B (& _0!) < K

i, %

are bounded, we obtain

and

which are sufficient conditions for F ( Sy zT) <K.

For s = b, we have

&
S

X 1 L _ \/T
=7 ; (Uz,it — Uz,i) (Vie — Vi) om/> Z UaitVie = ~ e, i

Qs

SbiT =
Using Assumption [2] we obtain the following upper bound
1
E (spir) < o[ 5 DB (ugi) B (vi) + o7 | TE (ug,,) B (v)) < K, (A.31)

where |a;7*| < K, E (ul ;) <K, E (v},) <K, E (u},) < K/T? and E (v}) < K/T?.
For s = ¢, we have
AV, (Hﬁ) 3,
SeiT = ai\/T = ai\/T .
Consider H? = (ii, AX;, Eiﬁl) and note that

~ ~
ViPivi

H; = (§i,-1,%;,%;, 1) = B'H],

where

O O =
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~ ~ ~\—1 ~ ~ o~ 1
is nonsingular (for any §). Hence P; = H; (H;Hl) H, = H! (H;”H’:) H}, and we can write ¢. ;7 as

- - - -1
Y/ (H;"H;‘) s,
Se,iT = .
o oV T

Consider the scaling matrix
T-! 0 0
Ar = 0o TY2 0 . (A.32)
0 0o T

We have

1 ~/TT* (T ok LTk -1 C K/ ~
gc,iT = mV:Hl AT (ATHi/Hi AT) ATHi /Vi Z 0

Using the inequality x’A"1x < Amin (A) [|x]|*, we have

1 -~ - 2
0 < Geir < —=Ami (ATH;"H;AT) HATH;’@
2

" \/T min

Using Cauchy-Schwarz inequality, we obtain

1 - T/ T+ T/ 8
B (Sear) < W\/E P\nfn (ATHi/Hi AT)} E HATH/W ,

But o; * < K under Assumption and {)\_4 (ATIjI;”IjIjAT) < K under Assumption It follows

K R
B (stir) < 75\ B[ ArE|

Let ATIjI;?" V; = hy;r and consider the individual elements of h,;7, denoted as hyi7; for j =1,2,3,

1 T ~ =~
hoir 1 T 2oi—1 TitVit
Ty~ 1 T -~ ~
hyir = ArH7 Vi = | hyra | = 7 D=1 Wit it
1 T 7 ~
hoviT,3 7T D1 Eipo1 it

Under Assumption [2| it can be shown that

E (hSr;) < K, for j =1,2,3,

- 8
which is sufficient for £ HATH;"% < K. It follows that
2

K
E(stir) < T (A.33)
This completes the proof of (A.26) for j = 1. Consider next (A.26) for j = 2, and note g;7 2 is the same as
Sb,iT, namely
APV, ARV,

i = = = g 3T -

qiT,2 o, \/T o, \/T b,iT
But F (gg"iT) < K, see (|A.31). This completes the proof of (A.26]).
Next we establish (A.27]). As before we consider the individual elements of 2 x 1 vector q;7, denoted as
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¢ir,s for s = 1,2, separately. For s = 1 we have (using the individual terms in expression (A.30]))

\E(QiT,1)| =

~/
E ( - + <|E (Sair)| + |E (svur)| + | E (Seir)]| - (A.34)

\/T * Oéi\/T ai\/T

For the first term in (A.34]), we obtain

~/

£i,flvl 1 « _
. TZ i1 — &im1) (it — 0;)

i=1

|E (SaiT)] = |E

)

<.

T
1 _

< ﬁ ; \E (gi,t—lvit)} +VTE |€i,—15i| :
But E (fi,t—ﬂ’it) =0and E |£i,—ll_}i| < K/T under Assumptions Hence,

K
E a,t § N
1B (sam)] <

For the second term in (A.34)), we obtain

|E (sbir)| =

)

vT
< \/7 Z Ug,itVit — o um,ivi
T

S Z um ZtU’Lt)| +K\/7|E(um ’Lvl)|'

But E (ugvi) = 0 and E (4 ;70;) = 0 under Assumption [2l Hence
|E (Cb,iT)| =0.

Finally, for the last term we note that

‘E(gczT” < E|§01T‘ < \/m

|E (Seir)| <

and using result (A.33)), we obtain
K
VT
It now follows that |E (gi7.1)| < K/VT, as desired.

Consider |E (gir,s)| for s = 2 next. We have

|E(qiT,2)| = |E(Cb,iT)| =0.

This completes the proof of result (A.27). =

Lemma A.7 Let Assumptions hold, and consider B;r defined by , Then we have

T?||Bir — Bil| =5 0 as T — oo, for any ¢ < 1/2, (A.35)

27



where

2B (€,) + 6702, 602,
Bi = phm B’iT = ( al (52 )2 'LL 1sz > 5 (A36)
T—o0 57;0'“ O i

and & =32 (1 — ;) (Uy,it—0 — BUg,it—i)-

Proof. We have

T Ai;Pszz Ai;PzAiz biT,21 biT,22

_ AZP;AZ,; 1 ( Ay:P;Ay;, AyP;AX; ) B ( bir11 bir12 >
Consider the element b7 22 first. Since AX,P; = AX}, and A%y = uy i — Uy, We have

ZT 12 = ( E Ug zt) - _:v,i'

Under Assumption |2} u, ;s ~ IID (0,02;) with finite fourth order moments, and therefore

T
1
i (T Zuzﬁ — aii> 20, for any ¢ < 1/2.
t=1

In addition, F (1192“) < K/T, which implies T%u?2

X,

2,0, for any ¢ < 1/2. It follows
T (bi22 — 02;) 5 0, for any ¢ < 1/2. (A.37)

Consider the element b;7 11 next. We will use similar arguments as in the proof of Lemrna In particular,
Ay; can be written as in 1} and, since Pi§i7_1 = EL_l and P;AX; = AX;, we have

AY'P;Ay;
bi,ra1 = # = Caa,ir + Covir T Cecyir T 2Cap,ir + 2Cacir + 2Che it (A.38)
where
~/ ~
§i 181 5 AR/ AR,
C:aa,iT = a?%, Cbb,iT = 0; ZTZy
ViPV;
Ccc,iT = T )
and the cross-product terms are
~/ ~/ ~ .
51‘,—1sz él,—1 i ARV,

CabiT = O‘i‘s"T’ Cacir = T Coe,ir = 0i jf

We consider these individual terms ¢ next. Note that

NE

¢
i = (1 — i) (uy,it—e — Buszii—r),
£=0
oo oo
¢
= Z(l—ai) Vig—e + (0; — Z 1—a) uw,i,tfea
=0 £=0

where sup, |1 — a;| < 1 under Assumption |1} and innovations v;; and wu,; have finite fourth order moments
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under Assumption Hence, T'? [T‘l Zle f?,t—l —-F (5%71)} —, 0, E (51271) < K/T, and we obtain

T? [ng —alFE (5?71)} —, 0, for any ¢ < 1/2. (A.39)
Noting that (y; ;7 = 67bi 712, and using result 1’ we have

T [Copir — 502

77X

| = 0, for any ¢ < 1/2. (A.40)

Consider Ccc,iT and note that CCC,Z-T = %gcﬂﬂ, where ¢. ;7 = ai_lAi'f;Pi\?i/ﬁ was introduced in 1' in

proof of Lemma But F (gz’iT) < % by , and it follows

T9Ceeir —p 0, for any ¢ < 1/2. (A.41)
Using similar arguments, we obtain for the cross-product terms,

T?Capir —p 0, T*Coeir —p 0, and T?C,. ;0 —p 0, for any ¢ < 1/2, a8 T — oo. (A.42)

Using (A.39)-(A.42) in (A.38)), we obtain

T¢ (birgn — G F (fft) — 5?0;») 20, for any ¢ < 1/2. (A.43)
Using the same arguments for the last term b; 712 = b; 7,21, we obtain

T (bi,T,12 — 51-031-) 2, 0, for any ¢ < 1/2.

This completes the proof of (A.35)). m

Lemma A.8 Let Assumptions hold, and consider B;r defined by and B; = plimy_, . B;r defined
by . Then we have

TWHB;T1 —B; | =50, as T — oo, for any ¢ < 1/2. (A.44)

Proof. This proof closely follows proof of Lemma A.8 in |Chudik and Pesaran (2013)l Let p = HB;1 |,
q= HB:T1 — Bi_1||, and r = |B;r — B;||. We suppressed subscripts 4, T to simplify the notations, but it is

understood that the terms p,q,r depend on (i,T). Using the triangle inequality and the submultiplicative

property of matrix norm |.||, we have
¢ = [Bi (B:i—Bir) B!,
< B[ e,
< B -B7Y) + B |,
< (p+a)rp

Subtracting rpq from both sides and multiplying by T%, we have, for any ¢ < 1/2,

(1—rp) (T*q) < p*(T%r). (A.45)
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Note that T¢r % 0 by Lemma and |p| < K since B; is invertible and )\mm ( i) is bounded away from
zero (this follows from observing that both o2, and E (§Zt) as well as o? in are bounded away from

zero). Hence,
(1—rp) 21, (A.46)

and
p* (T%r) 2 0. (A.47)

— imply T%q 2, 0. This establishes result . [

Lemma A.9 Let Assumptions[I{{] hold, and consider &, defined by

(A.48)

~ ~ ~ 0\ -1 =
¢ _ XAZ; [ AZIPANZ; )\ AZIPV;
T — T T ai\/T .

where P; is given by (@, and X; and AZ; are defined below (@ Then

1 n
. (49
nl i
asn,T — oo such that n = © (Te) for some 0 < 0 < 2.

Proof. Term £, can be written as

&ir = alr B air, (A.50)
where a;r is given by (A.18]), B;r is given by (A.19), and
AZPV;
= 2TV A51
qir T ( )

We have
1 I o ol et 1 &, o1
= Gir=—7==> air (B ~B{)ar+ == airB'ar. A.52
\/nng’T \/nT; v (Bir ) air T &= T A (A.52)

Consider the two terms on the right side of in turn. Lemmaestablished fourth moments of a;r are
bounded, which is sufficient for ||a;r|| = O, (1). Result of Lemma established second moments
of individual elements of q;7 are bounded, which is sufficient for ||q;r| = O, (1). In addition, Lemma
established

¢ HBZ_T1 — Bi_lH —p 0 as T — oo, for any ¢ < 1/2.

Set o = (0 —1) /2 < 1/2 . Then we obtain

11«

T@z( Z\Iaml\ (1°[Biz =B ]) ”qiT”> —,0, (A.53)

1 n ,
- al (
vnT ; r

IA

as n,T — oo such that § < 2, where we used vVTT¥ = T'/?t%¢ = T9/2 and T\é/ﬁg < K since n = © (T7).
Consider next the second term on the right side of (A.52). Let pjp = E (a};B; 'qir), and consider the
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. ~1/2 - . _ .
variance of (nT) "/ S alyB; 'qir. By independence of ai;B; 'q;7 across i,

1 <& _ 1 & _
Var (W ;aQTBi l01z'T> = T ; Var (agTBi 1QiT) )

IA

1 n
— Z E (a;TBi_lq'iT)2 . (A.54)
i=1

Denoting individual elements of Bi_1 as b individual elements of a;r as a;r,;, and individual elements of

©,87°7

d;7 as gir,s, for s, =1,2, we have

2 2
airBi lair = ZZbZSjGiT,sqiT,ja
s=1j=1
b; 1141141 + by 51aim 2qim 1 + b 190iT1Gim,2 + b; 900iT 24T 2, (A.55)
where
LS A = A3 (- ) A (A.56)
;71 = & T it = o it — g its :
T,1 T tRYit T t Yit
t=1 =1
1 & 1 &
aire = 5 Zi'itAiz'it =T Z (it — &) Us,it, (A.57)
=1 =1
A§' P
g = 2YiTiVi A58
qiT,1 ai\/T ( )
and .
¢iT,2 = . Z Bty (A.59)
(2 \/T P o :

Note that B; is invertible and inf; Ayin (B;) is bounded away from zero (this follows from observing that
both 02, and E (fft) as well as a? in are bounded away from zero). It follows sup; ||Bi_1 || < K, and
therefore ‘(b;s ])2“( Using this result and Cauchy-Schwarz inequality for the individual summands on
the right side of (A.55)), we obtain

2 2
E(ayBlar)’ < KSY \/ E (al,,) \/ E (afr,) < K, (A.60)
s=1j=1
where F (a;lns) < K by Lemma and E (q?T,j) < K by result of Lemma Using in

(A.54), it follows that
1 o K
Var [ —— > alB  air | < =,
or (e et <

and therefore

1 n
\/ﬁ Z (agTleqiT - /‘:T) —q.m. 0asn,T — oo. (A.61)
i=1

We establish an upper bound for |u};| next. We have (using 1) and noting that |b-7 | < K)

1,87

2 2
il < K-> 03 |E (airsqir )] -

s=1 j=1
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It follows that if we can show that K

|E (air sqiT,j)| < Wik (A.62)
holds for all s, = 1,2, then
K
i < —, A.63
‘:U/zT| ﬁT ( )

hold. We establish (A.62)) for s = j = 2, first, which is the most convenient case to consider. We have

N

T
1 Ug itV
FE (a/’LT 24iT, 2 < Z Tit — 1‘1 Ug it T Z af t) - (A64)

t=1

since v;; is independently distributed of u, ;4 for any ¢,t'. Consider next s =1, j = 2. We have

T T
1 1 Uz, itV
E(air1qir2) = ( Z (zit — &) Ayir - Z - t) (A.65)
t=1 VT t=1
where (first-differencing (A.6) and substituting (3)))
Ay = iUzt + Vit — Z (1- Ozi)é_l [Vit—e + (6i — B) Ua ii—e] 5
=1
= nu,it + n’u,ib (A66)
in which -
Nu,it = Oille it — O Z (1 — )" (6 = B) Uaii—es (A.67)
=1
and o
Moyt = Vit — i y_ (1= i) i (A.68)
=1

Hence, F (a;r,1qir,2) can be written as

1 & 1 &y g0
E a;T1 'T2 — T x, it Vit
( T, qi ; it — nu it * \/T a;
1 & Ug itV
xz,it Vit
i
( ; it T 771) it \/*Z a; )

The first term is equal to 0, since v;; is independently distributed of u, ;4 for any ¢,t'. Consider the second
term. Noting that E [(z; — %;) ug,is) < K and |a;1‘ < K for any 1i,t, s, we obtain

t=1

1 <& 1 & Ug 52V K
( Z Tit — "YU it ﬁ Z "LOLZ Zt) = T3/ ZZ _1E [(mit — &) Uy 'Ls] E (nv lévn)
t=1

T
< g 2 E (i) -
t=1 s=1
But
0, for s < t,
E (n,:v1) =3 02, < K, for s = t,

< Kp*7t, for s > t,
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where p = sup,; |1 — a;| < 1 by Assumption Hence ’23:1 E (771;7@'3“#)) < K for any t =1,2,..T, and

1 ) 1 ) Ug 31V K
El=Y (z it = A -, A.69
(th_:l( t 77 it \/TZ a; )‘ \/T ( )

t=1

as desired. This establish (A.62)) hold for s =1, j = 2.
Consider next (A.62) for s € {1,2} and j = 1. Using expression (A.30), we can write a;r g7 1, for
s=1,2, as

@T,sQiT,1 = QT sSa,iT + QiT,sSbiT + QiT,sSc,iTs (A.70)

where as in the proof of Lemmaga,iT = 7527_101-/\/?, ShiT = a;lAi;\?i/\/T and ¢ ;17 = a;lAf/;Pifli/\/T.
Using similar arguments as in establishing , we obtain

K
|E (air,sSa,iT)| < —=, for s = 1,2.

VT

Noting next that ¢, ;7 = o ql T,2, it directly follows from results and ( that

K
|E (air,sSp,iT)| < —=, for s = 1,2.

VT

Consider the last term, a; 1 sSc i1, for s = 1,2. Using Cauchy-Schwarz inequality we have

|E (air,sSe,i)| < \/E (anys) \/E ( “T) for s = 1,2.

But E (a sz) < K, for s =1,2 by Lemma and E (s CZT) < K/T is implied by . Hence

K
|E (air,sSciT)| < —=, for s =1,2.

vT

This completes the proof of (A.62) for all s,j = 1,2, and therefore (A.63) holds. Using (A.63)), we

S| <
as n,T — oo such that \/n/T — 0. Results (A.61)) and (A.71) imply
a;rB; Lqir —, 0, (A.72)
N
as n, T — oo such that /n/T — 0. Finally, using (A.53]) and (A.72) in , we obtain (A.61)), as desired.

Lemma A.10 Let Assumptions[1}{f] hold. Then

fz (%ar7) o

as n, T — oo such thatn = © (T‘g) for some 0 < 0 < 2, where M; is defined in (@), and x; and v; are
defined below (@
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Proof. We have

% Zl iz;\f[;"oz = f Z X Vl \/7 Zf’LT’ (A73)

where &, is defined by (A.48)). For the first term, E (X;v;) = 0. For the second term, Lemma[A 9 established
St &ir —p 0, as n,T — oo such that n = © (T?), for some 0 < 6 < 2. Hence it follows that

1
VnT o
ﬁ i E (xbiv[%vl) — 0, as n,T — oo such that n = © (Te)7 forsome 0 <6 <2 =m

Lemma A.11 Suppose conditions of Theorem[]] hold. Then

\f Z {X Vv (ii\f}oiﬂ —q N (0,w7), (A.74)

where w? = lim ,,_,on ™! ZZ ] ol.02, (6a ) M, is defined by (@, and X; and v; are defined below (@)

Proof. It is convenient to use (A.73) in (A.74) to obtain
M5 M, 1 &%
\/>Z|: - ( OliT ):| IZQT \/72 T ng)]

where E (X¥;) = 0. It follows from Lemmasand that — ZL &r —E(&7)] —p0,asn,T — 00
such that n = © (T 9) for some 0 < € < 2. Hence, under the condltlons of Theorem l the asymptotic

distribution of ﬁ S [x yTv‘ -F (x C]"YV_ITV‘ )] is given by the first term, f Oy ’;VTl, alone. Lemma

establishes the asymptotic normality of this term.

\F Z XM.Y T = N (0.03), (A.75)

as n, T — oo. This completes the proof. m

B Estimation algorithms

This appendix describes implementation of the Pooled Mean Group (PMG) estimator, which we compute
iteratively, in Section Section discusses implementation of bias-correction methods and bootstrap-
ping of critical values for the PMG, PDOLS and FMOLS estimators. Section [B-3|provides tables with Monte

Carlo findings for experiments with cross-sectionally dependent errors.

B.1 Computation of PMG estimator

Consider the same illustrative panel ARDL model as in the paper, namely the model given by equations
-. PMG estimator of the long-run coefficient (3, as originally proposed by |Pesaran, Shin, and Smith
(1999), is computed by solving the following equations iteratively:

—1 n A2
BPMG = <Z 2 x;H iXi> Z %X;H:m (AYz‘ - gbi}’i,—l) ) (B.1)
i=1 "1

~ ~ - -1 -
b = (EH,:8) &M, Ay i=12m, (B2)
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and

=1 (Ayi - ésigi)' oo (Ayi—6),i=12n, (B.3)

where éz =VYi-1— XiBPMGa Xi = (Ti1, T2 'IzT) Ay =yi = Yi—1, ¥i = Yi,1,Yi2, ~~~,yi,T)/, Yi—1 =
(Y50, Yi1, - ,yl T— 1)' HI i =Ir — Ax; (Ax[AX;)” Ax s Ax; = x;— %1, and X;, 1= (24,0, Ti,1; -, Ti,T— ).

To solve 3)) iteratively, we set 6 PMG,(0) to the pooled Engle- Granger estimator, and given the
initial estimate BPMG ,(0); We compute Ez (0) = yh_l — XiBpuc (0) ; (0) and a ) for i =1,2,...,n using

. . Next we compute /3 PMG,(1) using and glven values (b (0) and 62 (0. Then we iterate -
for a given value of 5PMG,(£) we compute £ (0) gﬁ vy and o ch (¢); and for given values of d) .(¢) and orz (o) We

compute Bpy (s41)- I convergence is not achieved, we increase £ by one and repeat. We define convergence

by ’5PMG,(4+1) — Bpuma, | <1074
Inference is conducted using equation (17) of [Pesaran, Shin, and Smith (1999)l In particular,

Tvn (BPMG - 50) ~ N (0,2pwnc)

where

1 e ¢ -
1,0 . —21
Qpva =1 — E —5 Tz yand 1y, o = plimr_o T~ "xHy i,
n = ojg

Standard error of BPMG, denoted as se (BPMG), is estimated as

2
~

BPMG) =T"'n "*Qpue,

where

~ —1
R 1 < &;
Qpyma = <n Z Qj)éo ’Fa:i,a:i> and fwi,wi = T_QX;Hw,iXi- (B'4)

B.2 Bias-corrected PMG, PDOLS and FMOLS estimators, and bootstrapped
critical values

Similarly to the bootstrap bias-corrected PB estimator, we consider the following bootstrap bias-corrected
PMG, PDOLS and FMOLS estimators. Let the original (uncorrected) estimators be denoted as f3, for
e = PMG,PDOLS, and FMOLS, respectively. Bootstrap bias corrected version of these estimators is
given by

B. =B, — be, (B.5)

for e = PMG,PDOLS, and FMOLS, where b, an estimate of the bias obtained by the following sieve
wild bootstrap algorithm, which resembles the algorithm in Subsection [2 For e= PMG,PDOLS, and
FMOLS :

1. Compute B Given B estimate the remaining unknown coefficients of — by least squares, and

compute residuals ay, ;,, 45 ;-

e,(r) ()

y,it =y uy,

randomly drawn from Rademacher distribution (Liul 1988]) namely

e,(r) (g,

zit At

(r)

2. For each r = 1,2, ..., R, generate new draws for 4. and 4 where a; ’ are

y,it? J,zt7

o) = —1, with probability 1/2
t 1, with probability 1/2
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Given the estimated parameters of — from Step 1, and initial values y;1, ;1 generate simulated
data yfg(r), a:?t’(r) fort=2,3,...,7 and ¢ = 1,2, ...,n. Using the generated data compute BS).

3. Compute b, = |[R-' 3% Bg) - BP}

The possibility of iterating the algorithm above by using the bias-corrected estimate Be in Step 1 is not
considered in this paper.
We conduct inference by using the 1 — o confidence interval C;_, (Be> = B, + kese (Be) =B, =+
L . =(r) , ~ (")
} , in which t¢’ = B, /se (66 ) =

r=1

T_ln_l/QlAceQe, where k. is the 1 — percent quantile of { tg)

T’ln’l/QBS)/QgT), Bir) = Bir) — b, is the bias-corrected PMG estimate of 3 in the r-th draw of the

bootstrap data in the algorithm above, and Qg) is estimated standard error using the bootstrap data.

B.2.1 Jackknife bias-corrections

We consider similar jackknife bias correction for PMG, PDOLS and FMOLS estimator as for the PB estimator
in Section In particular,

Bjk,e = Bjk,e (H) = Be — kK <B@7¢I;B@b Be) 5

for e = PMG, PDOLS, and FMOLS, where j, is the full sample estimator, 3, , and 3, , are the first and
the second half sub-sample estimators, and k = 1/3 is the same weighting parameter as in Section

We conduct inference by using the 1 —« confidence interval C_,, (Bjk,e> = Bjk’e:l:l;:jk,es% (Be) = Bjk’e:t
~ A ~ R ~(r [ ~(r
k‘jk,eT_ln_l/QQE, where k;i, is the 1 — o percent quantile of {‘ } , in which tﬂ)e = 5§-k)e/5€ (ﬂi )) =

=1 ; ik,

Tfln’1/235-28/§23), B;?e is the jackknife bias-corrected estimate of 3 using the r-th draw of the bootstrap
data generated using the same algorithm as in Subsection and QS) is estimated standard error using
the bootstrap data.

(r)
tjk,e

B.3 Monte Carlo results for experiments with cross-sectionally dependent er-

rors
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Table B1: MC findings for the estimation of long-run coefficient 5 in experiments with cross-sectionally
dependent errors.

Estimators without bias correction and inference conducted using standard critical values.

Bias (x 100) RMSE (x 100) Size (5% level) Power (5% level)
n\T 20 30 40 50 20 30 40 50 20 30 40 50 20 30 40 50
PB
20 -3.83 -1.93 -1.01 -0.66 7.58 4.92 3.57 2.78 28.00 21.95 17.55 16.80 37.30 64.50 86.90 96.85
30 -3.57 -1.98 -1.17 -0.69 6.67 4.43 3.32 2.46 28.95 23.55 22.10 18.80 45.10 75.25 92.70 99.00
40 -3.94 -2.04 -1.10 -0.74 6.58 4.20 3.08 2.37 33.60 27.25 23.75 22.90 46.60 82.00 96.70 99.65
50 -3.88 -1.99 -1.10 -0.76 6.35 4.01 2.89 2.23 38.30 29.55 25.30 23.30 50.70 85.60 97.75 99.95
PMG
20 -1.96 -0.90 -0.40 -0.26 9.05 5.49 3.86 3.00 45.75 34.00 26.30 23.90 62.45 78.50 92.45 98.15
30 -1.60 -1.05 -0.56 -0.31 7.76 4.83 3.54 2.58 46.35 37.25 32.75 27.35 70.50 85.25 95.60 99.65
40 -1.79 -1.02 -0.50 -0.32 7.07 4.51 3.27 2.44 49.40 40.80 35.00 29.90 73.05 90.25 97.65 99.85
50 -1.76 -0.89 -0.46 -0.32 6.70 4.21 3.00 2.28 54.30 42.95 34.20 31.55 76.40 93.90 98.90 100.00
PDOLS
20 -6.20 -4.10 -3.08 -2.40 9.50 6.31 4.67 3.67 31.40 27.30 25.70 26.30 22.35 39.95 65.20 85.80
30 -5.76 -4.15 -3.08 -2.37 8.65 5.89 4.39 3.41 34.85 33.45 32.15 33.35 27.95 48.60 77.05 93.55
40 -6.29 -4.24 -3.12 -2.44 8.67 5.82 4.27 3.35 42.95 41.85 38.60 38.80 26.95 52.35 82.15 97.05
50 -6.12 -4.19 -3.09 -2.47 8.46 5.62 4.16 3.27 47.90 45.45 45.15 45.05 31.50 59.55 88.25 98.65
FMOLS

20 -10.89 -7.25 -5.42 -4.20 13.27 9.09 6.79 5.37 85.10 76.30 68.35 63.05 54.40 54.40 73.30 88.35
30 -10.32 -7.26 -5.29 -4.06 12.28 8.70 6.45 5.04 88.60 82.70 76.00 71.35 57.00 60.70 82.20 95.25
40 -10.94 -7.60 -5.45 -4.29 12.57 8.76 6.41 5.10 91.90 88.20 82.85 77.50 60.10 61.75 84.95 96.65
50 -10.72 -7.42 -5.38 -4.30 12.26 8.52 6.28 5.00 93.50 89.15 85.40 82.35 63.55 68.15 89.30 98.80

Notes: DGP is given by Ayir = ¢; — o (Yi,t—1 — BTit—1) + Uyt and Ay = ug e, for i =1,2,..,n, T =1,2,...,T,
with 8 =1 and a; ~ IIDU [0.2,0.3]. Errors wuy,st, s+ are cross-sectionally dependent, heteroskedastic over i, and
also correlated over y & z equations. See Section [3.1] for complete description of the DGP. The pooled Bewley
estimator is given by (), with variance estimated using , PMG is the Pooled Mean Group estimator proposed
by [Pesaran, Shin, and Smith (1999), PDOLS is panel dynamic OLS estimator by [Mark and Sul (2003), FMOLS is
the group-mean fully modified OLS estimator by |Pedroni| (1996, [2001Dbf). The size and power findings are computed
using 5% nominal level and the reported power is the rejection frequency for testing the hypothesis 8 = 0.9.
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Table B2: MC findings for the estimation of long-run coefficient 5 in experiments with cross-sectionally
dependent errors.

Bias corrected estimators and inference conducted using bootstrapped critical values.

Bias (x 100) RMSE (x 100) Size (5% level) Power (5% level)
n\T 20 30 40 50 20 30 40 50 20 30 40 50 20 30 40 50
Jackknife bias-corrected estimators
PB
20 -1.57 -0.54 -0.11 -0.01 7.83 5.24 3.92 3.04 7.65 6.55 5.55 4.65 20.55 41.35 65.35 83.50
30 -1.29 -0.67 -0.34 -0.05 6.76 4.63 3.59 2.72 6.30 6.60 6.40 5.25 25.80 51.35 73.90 91.45
40 -1.67 -0.62 -0.20 -0.06 6.48 4.35 3.36 2.58 6.75 6.15 6.20 5.40 25.55 54.30 80.25 94.45
50 -1.54 -0.58 -0.21 -0.09 6.16 4.12 3.15 2.43 6.80 6.20 5.85 4.65 27.65 59.40 84.95 96.70
PMG
20 -0.54 -0.15 0.02 0.06 10.66 6.26 4.45 3.44 16.05 10.80 8.55 7.90 29.10 45.05 69.15 84.75
30 -0.25 -0.39 -0.19 0.03 9.10 5.50 4.02 2.94 14.80 10.40 9.05 6.90 36.30 53.85 76.40 93.40
40 -0.57 -0.27 -0.08 0.03 8.25 5.13 3.78 2.78 14.10 10.50 9.15 7.80 35.10 59.50 81.25 95.55
50 -0.41 -0.10 -0.06 0.03 7.81 4.81 3.44 2.63 14.85 11.05 8.65 7.65 39.55 64.65 85.90 97.15
PDOLS
20 -4.61 -2.84 -2.06 -1.54 9.89 6.23 4.51 3.51 8.75 7.50 6.45 4.95 10.05 21.55 39.00 63.80
30 -4.09 -2.96 -2.15 -1.55 8.86 5.72 4.21 3.20 8.70 7.30 6.55 5.40 12.20 24.05 46.10 73.10
40 -4.66 -2.94 -2.13 -1.57 8.62 5.53 4.00 3.06 8.80 6.55 6.45 4.55 10.00 23.90 47.70 77.80
50 -4.41 -2.91 -2.11 -1.63 8.30 5.29 3.84 2.95 9.85 6.50 6.25 5.10 11.95 24.40 52.10 80.80
FMOLS
20 -8.65 -5.12 -3.61 -2.69 12.18 7.99 5.79 4.56 11.25 5.65 4.20 3.85 2.00 4.55 9.50 25.50
30 -8.06 -5.27 -3.57 -2.55 11.00 7.43 5.42 4.14 9.65 6.85 5.20 3.35 2.10 3.95 12.65 31.60
40 -8.65 -5.53 -3.70 -2.74 11.08 7.35 5.25 4.08 11.50 6.50 4.55 3.85 1.45 3.35 12.25 32.05
50 -8.44 -5.36 -3.63 -2.78 10.72 7.07 5.07 3.94 12.45 6.70 4.55 3.40 1.75  4.40 13.70 34.30
Bootstrap bias-corrected estimators
PB
20 -1.26 -0.43 -0.05 -0.01 7.34 4.80 3.56 2.78 10.10 7.95 6.45 5.85 29.35 52.15 76.10 90.15
30 -1.04 -0.51 -0.23 -0.05 6.29 4.21 3.24 2.42 10.20 7.35 7.20 5.40 37.20 64.30 85.00 95.90
40 -1.31 -0.51 -0.12 -0.08 5.98 3.93 3.01 2.32 10.15 7.50 6.75 5.80 39.00 69.80 89.80 98.15
50 -1.26 -0.45 -0.12 -0.09 5.78 3.72 2.78 2.17 10.20 7.85 7.05 6.00 42.90 75.25 93.50 99.20
PMG
20 -1.23 -0.44 -0.09 -0.03 9.24 5.54 3.91 3.03 16.00 10.50 7.60 6.70 31.35 51.80 76.10 90.80
30 -0.92 -0.60 -0.27 -0.10 7.89 4.84 3.57 2.59 14.70  9.95 8.45 5.85 38.20 60.85 83.80 97.10
40 -1.10 -0.56 -0.19 -0.11 7.14 4.51 3.30 2.45 14.80 10.00 8.90 7.00 39.35 67.05 88.90 98.10
50 -1.06 -0.45 -0.16 -0.10 6.77 4.23 3.02 2.29 14.90 10.45 8.25 6.00 44.90 71.40 91.75 99.15
PDOLS
20 -2.34 -1.13 -0.66 -0.37 8.73 5.46 3.92 3.05 12.05 10.05 7.75 6.90 22.40 45.25 71.30 87.75
30 -2.03 -1.29 -0.74 -0.41 7.73 4.85 3.53 2.68 12.15 8.60 8.45 7.65 26.95 51.50 79.30 94.15
40 -2.46 -1.28 -0.71 -0.41 7.40 4.68 3.31 2.54 12.65 10.20 9.05 7.75 26.15 55.55 84.05 96.90
50 -2.32 -1.22 -0.68 -0.44 7.28 4.41 3.15 2.39 15.00 9.60 8.40 7.40 30.15 59.85 88.40 98.55
FMOLS
20 -4.39 -2.01 -1.24 -0.77 10.37 6.73 4.85 3.83 18.45 10.90 7.80 6.85 17.80 31.75 50.55 70.75
30 -4.00 -2.25 -1.25 -0.71 9.02 6.02 4.42 3.43 17.25 12.00 9.60 7.70 20.95 37.25 61.40 82.55
40 -4.46 -2.44 -1.27 -0.84 8.82 5.67 4.11 3.21 19.35 12.10 9.60 9.05 20.10 38.50 67.65 85.95
50 -4.30 -2.27 -1.22 -0.86 8.48 5.41 3.92 3.02 21.20 13.90 10.10 7.80 22.85 44.85 72.20 90.40

Notes: See the notes to Table B1. Bias-corrected versions of the PB estimator are described in Subsection 2.2
Bias-corrected versions of the PMG, PDOLS and FMOLS estimator are described in Appendix B. Inference is

conducted using bootstrapped critical values.
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