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1. Introduction

In a recent communication Telser (1995) argued that the problem of Bichet can shed

light on the problem of choosing denominations for coins and currency. The relevant version

of the problem of BAchet is the one that seeks the smallest number of weights capable of

weighing any unknown quantity up to some prespecified amount to a given degree of

accuracy, using a two pan balarrce and allowing the weights to be placed in either pan. The

solution to the problem is weights that are powers of three, and a system of t such weights

allows one to weigh any quantity up to (3t.r-1)/2. The analogy with the problem of choosing

denominatiors for coins and currency is obvious. The unknown quantity to be weighed can be

viewed as the nominal value of a cash transaction; allowing the weights to be placed in either

pan corresponds to the ability to make change. Tetser argues that a "proclivity for the decimal

system" means that the optimal denominations rnay deviate from those observed in reality, but

then goes on to show that for the denominations of U.S. coins and currency that circulate (i.e.

excluding the 50 cent coin and the $2 bilD the face value of each denomination is on average

three times the face value of the denomination below it.

2. Currency Denominations Around the World.

This striking conformity between the predictions of the simple theory and what we

observe in the U.S. currency system raises the question of whether we see a similar

conformity when we look across a larger group of countries. A usefrrl source of data for

addressing this question is the Stalesman's Yearbook (Htnter (1994)), which includes among

other information about countries details on the units and denominations of each country's



currency. An important caveat accompanying this data is tlat we cannot identify

denominations that are issued but do not circulate.

A cursory analysis of the data (which is too space consuming to be presented here but

is available on request from the author) reveals that the so called binary-decimal system

(consist ing ofthetr iplets {0.01,0.02,0.05}, {0.10,0.20,0.50}, {1,2,5}, {10,20,50},

{100, 20O, 500} etc.) is by far the most prevalent system of currency denominations that we

observe. For 20 of the 156 countries listed, the binarydecimal system completely

characterizes the currency system.r For another 42, the binary-decimal triplet appears at least

rwice in the cunency system. The binarydecimal triplet appears a lot more frequently than

the fractional4ecimal tiplet {1, 2.5, 5}, and none of the countries in the sample has a

denominational structure based solely on the fractionaldecimal triplet. The counfiies that

come closest are Lebanon (which issues coins of 1,2.5, 5,10, 25, and 50 piastres, and notes

of 100, 250, 500, 10,000, 25,000 and 50,000 Lebanese pounds, as well as notes of0.1, 0.5,

1,000, 5,000 and 100,000 l:banese pounds), Madagascar (which issues coins of 10, 25, 50,

100, and 250 Malagasy francs, and notes of500, 1,000, 2,500, 5,000, 10,000, and 25,000

Malagasy francs, as well as coins of 1, 2, 5, and 20 Malagasy ftancs), and the Netherlands

(which issues coins of l, 2.5, and 5 guilders, and notes of 10, 25, 50, 100, and 250 guilders,

as well as low denomination coins of5, 10, and 25 cents and a high denomination note of

1,000 guilders). For another 10 of the countries the currency system is based exclusively on

rThese countries are Argentina, Australia, Bulgaria, Colombia, Fiji, France, Ghana,

Gibraltar, Honduras, Italy, Mexico, Mongolia, New Zealand, Papua New Guinea, Solomon

Islands, South Africa, Swaziland, Tonga, Uruguay, and Western Samoa.



the decimal pair {1, 5} and multiples thereof (i.e. {0.01, 0.05}, {0.10, 0.05}, {1, 5}, {10,

s0), {100, s00}, {1000, 50oo}).,

In light of Telser's argument it is striking that only 5 countries have denominations that

are either powers or integer multiples of three: Albania issues 3 lek note, the Bahamas issue a

3 Bahamian dollar note, Cuba issues 3 peso note, Romania issues a 3 bani (fractional unit)

coin, and Russia issues a 3 rouble note. Burma issues notes at the 15 kyat, 45 kyat and 90

kyat denominations. Before proceeding, we might note that the comparative rarity of notes or

coins at denominations that are powers or integer multiples of three does not seem to

characterize currency systems of the past. For example, tlrc ftactional cwrency issued in the

U.S. during and after the Civil War included notes at the 3c and 6a denominations. Likewise,

almost every issue of Continental currency in the U.S. during the Revolutionary War irrcluded

notes at the $3 and $6 denominations, most issues included a note at the $30 denomination, the

issue of February 17 , 1776 included notes at the $1i6, $l/3, and $2i3 denominations, while

the last issue (of January 14, 1779) included notes at the $45 and $60 denoninations. There

were also numerotls issues of colonial currency at denomimtions that were integer multiples of

three.3

2These countries are Chile, Comoros, Iceland, Japal, Korea, North Korea, Norway,

Paraguay, Taiwan, and Yugoslavia.

3See Friedberg (1995) for an htroduction to denominations of U.S. paper money.

These observations raise the interesting question of why the currency system in the United

Stat€s evolved away ftom these denominations to its current structue. A referee points out

that a 3-mark coin was also issued in Germanv n 1y24.



So how well does Telser's argument work when we look across countries? Using the

data on currency denominatiors, for each country I calculated the ratio of the face value of

each denomination to the one immediately betow it and then calculated the average multiple

for each country. Thus for a country with a denominational structure based exclusively on the

binarydecimal triplet with, say, four complete triplets appearing, the sequence of

denominations would be lc, 24, 5c, 104, 204, 50c, $1, $2, $5, $10, $20, and $50. Each

denomination has a face value equal to on average 2.2 times the face value of the

denomination below ir (i.e. Q+2.5+2+2+2.5+2+2+2s+2+2+2.5)l|l). Note that the

average multiple for a system based on the fractionaldecimal triplet with four complete

triplets appearing would also be2.2, arf, either 2.1 or2.3 ifthe system included incomplete

triplets.4 A currency system based on the decimal pair {1, 5} would have an average multiple

of 3.5 or 4 depending on whether the system included cornplete or incomplete pairs.

Figure I is a plot of the histograms of the average multiple for all countries and for the

subset of OECD countries. What is remarkable is that the arithmetic mean of the average

multiples across countries is exactly equal to three as predicted by Telser! However the

histogram also reveals tlat the distribution is not concentrated around the arithmetic mean, and

if anything seems to be bi-modal with peaks at 2.2 and 2.7 . T-he former value would be the

mean of the distribution if all countries had denominational structures consisting of four

binary-decimal triplets, while the latter would be the mean if all countries had denominational

structures consisting of four binarydecimal triplets, plus two more denominations at 100 units

4Telser (1995) points out that denominations that are powers of two would be optimal if

all transactions had to be conducted with exact chanee.



and 1000 units.

While it is comparatively rare for two denominatiors to b€ separated by a factor of 10,

it is not uncommon: thus in Canada the two highest denominations are the C$100 and C$1,000

notes, while in Israel the two lowest denomination coins are the 5 and 50 agorot. In no fewer

than 17 countries do we find two denominations separated by a factor of l0 or more, and

Vanuatu has the distinction of a currency system wherc the highest denomination coin is the 1

vatu, while the lowest denomination note is the 100 vatu! Panel B of Figure I shows what

happens when we exclude countries with large *gaps" in their denomination strucfirre from

consideration (defined as those countries with at least two denominations separated by a factor

of ten or more), and panels C and D present the same information for the subset of OECD

countries. Excluding the outliers only marginally reduces the various measures of central

tendency.

3. Conclusions

The evidence presented here lends support to Telser's (1995) argument that the

problem of Bechet provides insights into the issue of optimal denominations for currency, but

also suggests that the observed denominational structures reflect other considerations. For

example, the problem of Bichet ignores the fact that mental calculations seem to be easier with

binarydecimal or fractionaldecimal triplets than with the ternary system that emerges as the

solution to the problem. The assumptions that all denomimtions are equally costly to produce

and that the distribution of cash payments is uniform are also at variance with reality. Even

under fiat monetary standards, coins are generally more expensive to produce than notes, and



the coin-note boundary is determined by trading off these higher costs of production against

the savings in terms of lower replacement costs"for coins. This probably has little bearing on

the choice of denominations, but the second assumption, tlat cash transactions are uniformly

distributed probably does. Evidence on this question is hard to come by, but Boeschoten and

Fase (1989) present evidence that suggests that in the Netherlands at least the distribution

follows a lognormal distribution. Finally, the observed denominations probably also reflect

the desire of the cash using public to be able to conduct transactions efFrciently, where

efftciency is defined (following Cramer (1983)) in terms of minimizing the number of coins

and notes that change hands in rhe course of a transaction. A simple numerical comparison of

the binary system 1,2,4,8, 16,...,2k wittr the ternary system | ,3 ,9,27 ,...!L for transactions

between $0.01 and $100.00 shows that in terms of minimizing the number of coins or notes

that must cbange hands if transactions are conducted efficiently, tlre binary system is indeed

superior. The problem of Bdchet provides a partial but incomplete explanation for the

denominations of coins and currencv that we observe.

Acknowledgments

I thank Carrie Kelleher for her assistance in preparing this note and a referee for comments.

The views in this paper are those of the author and do not necessarily reflect the views of the

Federal Reserve Bank of Dallas or the Federal Reserve Svstem.



References

Boeschoten, W.C., and M.M.G. Fase, 1989, 'The way we pay with money,' Journal of
Business and Economic Statistics, volume 7, number 3, Jlly, 319-326.

Cramer, J.S., 1983, 'Currency by denomination," Economics Letters, volume 12,299-303.

Friedberg, Robert, 1995, Paper Money of the United States, Fourteeuh Edition, Clifton, NJ:
The Coin and Currency Institute, Inc.

Hunter, Brian, ed., 1994, The Statesman's Yearbook, I3tst Edition, New York: St. Martin's
Press.

Telser, l,ester 8., 1995, "Optimal denominations for coils and currency, " Economics Letters,
volume 49. 425421 .



T
fi

i;€
>

g

9-E.o
g

6
i<

.,i
-e

 
!

"iT
 

E
!L

 i>
F

E
.:

:g
E3

:(,1
.^ 

tl
F

--:t
;i$

 
I

I:l 
5

F
'E

E
>

g
E

of.9lt
.i

-c
 

I
;s

 
I

!! i>
H

fl.P
=

gE

R
R

:9
'.O

,(rE
dnbalI



RESEARCH PAPERS OF THE RESEARCH DEPARTMENT
FEDERAL RESERVE BANK OF DALLAS

Available, at no charge, from the Research Department
Federal Reserve Bank of Dallas, P. O. Bor 655906

Dallas, Texas 75265-5906

Please check the titles of the Research Papers you would like to receive:

92OI Are Deep Recessions Followed by Strong Recoveries? (Mark A. Wynne and Nathan S. Balke)
9202 The Case of the "Missing M2" (John V. Duca)
9203 Immigrant Links to the Home Country: Implications for Trade, Welfare and Factor Rewards (David

M. could)
9204 Does Aggregate Output Have a Unit Root? (Mfik A. Wynne)
9205 Inflation and Its Variabiliry: A Note (Kenneth M. Emery)
92f6 Budget Constrained Frontier Measures of Fiscal Equality and Efficiency in Schooling (Shawna

Grosskopf, Kathy Hayes, Inri L. Taylor, William Weber)
9207 The Effects of Credit Availability, Nonbank Competition, and Tax Reform on Bank Consumer knding

(John V. Duca and Bormie Garrett)
9208 On the Future Erosion of the North American Free Trade Agreement (William C. Gruben)
92n9 Tbreshold Cointegration (Nathan S. Balke and Thomas B. Fomby)
E21.0 Cointegration and Tests of a Classical Model of Inflation in Argentina, Bolivia, Brazil, Mexico, and

Peru (Raul Anibal Feliz and John H. Welch)
92Il Nominal Feedback Rules for Monetary Policy: Some Comments (Evan F. Koenig)
9212 The Analysis of Fiscal Policy il Neoclassical Modelst (Mark Wy re)
9213 Measuring the Value of School Quality (Iori Taylor)
9?I4 Forecasting Turning Points: Is a Two-State Characterization of the Business Cycle Appropriate?

(Kenneth M. Emery & Evan F. Koenig)
9215 Energy Security: A Comparison of Protectionist Policies (Mine K. Yiicel and Carol Dahl)
92f6 An Analysis of the Impact of Two Fiscal Policies on the Behavior of a Dynamic Asset Market (Gregory

W. Huffman)
9301 Human Capital Extemalities, Trade, and Econonic Growth (David Gould and Roy J. Ruffin)
93OZ The New Face of Latin America: Financial Flows, Markets, and Institutions in the 1990s (John Welch)
9303 A General Two Sector Model of Endogenous Growth with Human and Physical Capital (Eric Bond,

Ping Wang, and Chong K. Yip)
9304 The Political Economy of School Reform (S. Grosskopf, K. Hayes, L. Taylor, and W. Weber)
9305 Money, Output, and Income Velocity (Theodore Palivos and Ping wang)
9306 Constructing an Altemative Measure of Changes in Reserve Requirement Ratios (Joseph H. Haslag

and Scott E. Hein)
9307 Money Demand and Relative Prices During Episodes of Hyperinflation (Ellis W. Tallman ald Ping

hs)
9308 On Quantity Theory Restrictions and the Signalling Value of the Money Multiplier (Joseph Haslag)
9309 The Algebra of Price Stability (Nathan S. Balke and Kenneth M. Emery)
9310 Does It Matter How Monetary Policy is Implemented? (Joseph H. Haslag ?md Scott Hein)
9311 Real Effects of Money and Welfare Costs of Inflation in an Endogenously Growing Economy with

Transactions Costs (Ping Wang and Chong K. Yip)
9312 Borrowing Constraints, Household Debt, and Racial Discrimination in l-oar Markets (John V. Duca

and Stuart Rosenthal)
9313 Default Risk, Dollarization, and Currency Substitution in Mexico (William Gruben and John Welch)
9314 Technological Unemployment (W. Michael Cox)
9315 Output, Inflation, and Stabilization in a Small Open Economy: Evidence from Mexico (John H. Rogers

and Ping Wang)
9316 Price Stabilization, Output Stabilization and Coordinated Monetary Policy Actions (Joseph H. Haslag)
9317 An Alternative Neo-Classical Growth Model with Closed-Form Decision Rules (Gregory W. Huffman)



9318 \Vhy the Composite Index of lrading Indicators Doesn't [-ead (Evan F. Koenig and Kenneth M.
Emery)

9319 Allocative Ineffrciency and Local Government: Evidence Rejecting the Tiebout Hypothesis (Inri L.
Taylor)

9320 The Output Effects of Government Consumption: A Note (Mark A. Wynne)
9321 Should Bond Funds be Included in M2? (John V. Duca)
9322 Recessions and Recoveries h Real Business Cycle Models: Do Real Business Cycle Models Generate

Cyclical Behavior? (Mark A. Wynne)
9323* Retaliation, Liberalization, and Trade Wars: The Political Economy of Nonstrategic Trade Policy

(David M. Gould and Graeme L. Woodbridge)
9324 A General Two-Sector Model of Endogenous Growth with Human and Physical Capital: Balanced

Growth and Transitional Dynamics (Eric W. Bond, Ping Wang,and Chong K. Yip)
9325 Gro*th and Equity with Endogenous Human Capital: Taiwan's Economic Miracle Revisited (Maw-Lil

Lee, Ben-Chieh Liu, ard Ping Wang)
9326 Clearinghouse Banks and Banknote Over-issue (Scott Freeman)
9327 Coal, Natural Gas and Oil Markets after World War II: What's Old, What's New? (Mine K. Yiicel ald

Shengyi Guo)
9328 On the Optimality of Interest-Bearing Reserves in Economies of Overlapping Generations (Scott

Freeman and Joseph Haslag)
9329* Retaliation, Liberalization, and Trade Wars: The Politicai Economy of Nonstrategic Trade Policy

(David M. Gould and Graeme L. Woodbridge) (Reprint of 9323 in error)
9330 On the Existence of Nonoptimal Equilibria in Dynamic Stochastic Econornies (Jeremy Greenwood and

Gregory W. Huffman)
9331 The Credibility and Performance of Unilateral Target Zones: A Comparison of the Mexican and

Chilean Cases (F.aul A. Feliz and John H. Welch)
9332 Endogenous Gro$th and International Trade (Roy J. Rutrin)
9333 Wealth Effects, Heterogeneity and Dynamic Fiscal Policy (Zsolt Becsi)
9334 The Ineffrciency of Seigniorage from Required Reserves (Scott Freeman)
9335 Problems of Testing Fiscal Solvency in High Inflation Economies: Evidence from Argenlina, Brazil,

and Mexico (John H. Welch)
9336 Income Taxes as Reciprocal Tariffs (W. Michael Cox, David M. Gould, and Roy J. Ruffrn)
9337 Assessing the Economic Cost of Unilateral Oil Conservation (Stephen P.A. Brown and Hillard G.

Huntington)
9338 Exchange Rate Uncertahty and Economic Growth in I-atin America (Darryl Mcleod and John H.

Welch)
9339 Searching for a Stable M2-Demand Eqution (Evan F. Koenig)
93,10 A Survey of Measurement Biases in Pric€ Indexes (Mark A. Wynne ard Fiona Sigalla)
9341 Are Net Discourt Rates Stationary?: Some Further Evidence (Joseph H. Haslag, Michael

Nieswiadomy, and D. J. Slottje)
9342 On the Fluctuations Induced by Majority voting (Gregory w. Huffman)
9401 Adding Bond Funds to M2 in the P-Star Model of Inflation (Zsolt Becsi and John Duca)
9402 Capacity Utilization and the Evolution of Manufacturing Output: A Closer took at the "Bourne-Back

Effect" (Evan F. Koenig)
9403 The Disappearing January Blip and Other State Employment Mysteries (Fratrk Berger and Keith R.

Phillips)
9404 Energy Policy: Does it Achieve its Intended Goals? (Mine Yiicel and Shengyi Guo)
9'105 Protecting Social Interest in Free Invention (Stephen P.A. Brown and William C. Gruben)
9406 The Dynamics of Recoveries (Nathan S. Balke and Mark A. Wynne)
9407 Fiscal Policy in More ceneral Equilibriium (Jim Dolman and Mark wynne)
9408 On the Political Fronomy of School Deregulation (Shawna Grosskopf, Kathy Hayes, Lori Taylor, and

William Weber)
9409 The Role of Intellectual Property Rights in Economic Growth (David M. Gould and William C.

cruben)



9410 U.S. Banks, Competition, and the Mexican Banking System: How Much Will NAFTA Matter?
(william C. Gruben, John H. Welch and Jeffery W. Gunther)

9411 Monetary Base Rules: The Currency Caveat (R. W. Hafer, Joseph H. Haslag, andscott E. Hein)
9412 The Information Content of the Paper-Bill Spread (Kenneth M. Emery)
9413 The Role of Tax Policy in the Boom/Bust Cycle of the Texas Consiruction Sector (D'Arm Petersen,

Keith Phillips and Mine Ytcel)
9414 The P* Model of Inflation, Revisited (Evan F. Koenig)
9415 The Effects of Monetary Policy in a Model with Reserve Requirements (Joseph H. Haslag)

9501 An Equilibrium Analysis of Central Bank Independence and Inflation (Gregory W. Hufftnan)
950? Inflation and Intermediation i.n a Model with Endogenous Growth (Joseph H. Haslag)
9503 Country-Bashing Tariffs: Do Bilateral Trade Deficits Matter? (W. Michael Cox ard Roy J. Ruffin)
9504 Building a Regional Forecasting Model Utilizing Long-Term Relationships and Short-Term Indicators

(Keith R. Phillips and Chih-Ping Chang)
9505 Building Trade Barriers and Knocking Them Down: The Political Economy of Unilateral Trade

Liberalizations (David M. Gould and Graeme L. Woodbridge)
9506 On Competition and School Efficiency (Shawna Grosskopf, Kathy Hayes, Lori L. Taylor and William

L. Weber)
9507 Alternative Methods of Corporate Control in Commercial Banks (Stephen Prowse)
9508 The Role of Intratemporal Adjustment Costs in a Multi-Sector Economy (Gregory W. Huffman

and Mark A. Wynne)
9509 Are Deep Recessions Followed By Strong Recoveries? Results for the G-7 Cormtries (Nathan

S. Balke and Mark A. Wynne)
9510 Qil Prices and Inflation (Stephen P.A. Brown, David B. Oppedahl and Mine K. Yucel)
9511 A Comparison of Altemative Monetary Environments (Joseph H. Haslag))
9512 Regulatory Changes and Housing Coefficients (John V. Duca)
9513 The Interest Sensitivity of GDP and Accurate Reg Q Measures (John v. Duca)
9514 Credit Availability, Bank Consumer lrnding, and Consumer Durables (John v. Duca and

Bonnie Garrett)
9515 Monetary Policy, Banking, and Growth (Joseph H. Haslag)
9516 The Stock Market and Monetary Policy: The Role of Macroeconomic States (ChihiPing Chang

and Huan Zhang)
9517 Hyperinflations and Moral Hazard in the Appropriation of Seigniorage: An Empirical Implementation

With A Calibration Approach (Carlos E. Zanzaga)
9518 Targeling Nominal Income: A Closer Look (Evan F. Koenig)
9519 Credit and Economic Activity: Shocks or Propagation Mecha:rism? (Nathan S. Balke and

Chih-Ping Chang)
9601 The Monetary Policy Effects on Seignorage Revenue itr a Simple Growth Model (Joseph H. Haslag)
9@2 Regional Productivity and Efficiency in the U.S.: Effects of Business Cycles and Public Capital

(Dale Boisso, Shawna Grosskopf ald Kathy Hayes)
9603 Inflation, Unemployment, and Duration (John V. Duca)
9604 The Response of Local Govemments to Reagan-Bush Fiscal Federalism (D. Boisso, Shawna

Grosskopf and Kathy Hayes)
%05 Endogenous Tax Determination and the Distribution of Wealth (Gregory w. Huffman)
9606 An Exploration into the Effects of Dynamic Economic Stabilization (Jim Dolmas and Gregory W.

Huffman)
9607 Is Airline Price Dispersion the Result of Careflrl Plaruring or Competitive Forces? (Kathy J.

Hayes and l.eola B. Ross)
9608 Some Implications of Increased Cooperation in World Oil Conservation (Stephen P.A. Brown

and Hillard G. Huntington)
%09 An Equilibrium Analysis of Relative Price Changes and Aggregate Inflation (Nathan S. Balke

and Mark A. Wynne)



%10 What's Good for GM...? Using Auto Industry Stock ReturrB to Forecast Business Cycles and Test the

Q-Theory of Ilvestment (Gregory R. Duffee and Stephen Prowse)
9611 Does the Choice of Nominal Alchor Matter? (David M. Gould)
961? The Policy Sensitivity of Industries and Regions (Lori L. Taylor and Mine K. Yiicel)
9613 Oil Prices and Aggregate Economic Activity: A Study of Eight OECD Countries (Stephen P.A. Brown,

David B. Oppedahl and Mine K. Yiicel)
9614 The Effect of the Minimum Wage on Houls of work (Madeline Zavodny)
9615 Aggregate Price Adjusrment: The Fischerian Altemative (Evan F. Koenig)
9701 Nonlinear Dynamics and Covered Interest Rate Padty (Nathan S. Balke and Mark E. wohar)
9702 More on Optimal Denominations for Coins and Currenry (Mark A. Wynrn)

Name: Organization:

Address; City, State and Zip Code:

Please add me to your mailing list to receiv€ future R€search Papers: Ye.s _ No



Research Papers Presented at the
199 Texas Conference on Monetary Economics

April23-24, 1994
held at the Federal Reserve Bank of Dallas. Dallas. Texas

Available, at no charge, ftom the Research Deparfinent
Federal Reserve Bank of Dallas, P. O. Box 655906

Dallas, Texas 75265-5m6

Please check the titles of the Research Paoers vou would like to receive:

1 A Sticky-Price Manifesto (I-aurence Ball and N. Gregory Mankiw)

2 Sequentia.l Ma.rkets and the Suboptimality of the Friedman Rule (Stephen D. Wiuiamson)

3 Sources of Real Exchange Rate Fluctuations: How Important Are Nominal Shocks? (Richard Clarida
and Jordi Gali)

4 On IJading Indicators: Getting It Straight (Mark A. Thoma and Jo Anna Gray)

5 The Effects of Monehry Policy Shocks: Evidence From the Flow of Funds (Lawrence J. Christiano,
Martin Eichenbaum and Charles Evans)

Name: Orgallzation:

Address: City, State and Zip Cod€:

Plesse add me to youi mailing lisl to receive futue Research
Prp€rs: Y€€ No




