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Abstract

The literature on panel cointegration is extensive but does not cover data sets where the
cross section dimension, n, is larger than the time series dimension T. This paper
proposes a novel methodology that filters out the short run dynamics using sub-sample
time averages as deviations from their full-sample counterpart, and estimates the number
of long-run relations and their coefficients using eigenvalues and eigenvectors of the
pooled covariance matrix of these sub-sample deviations. We refer to this procedure as
pooled minimum eigenvalue (PME). We show that the PME estimator is consistent and
asymptotically normal as n and T —  jointly, such that T = n?, with d > 0 for consistency
and d > 1/2 for asymptotic normality. Extensive Monte Carlo studies show that the number
of long-run relations can be estimated with high precision, and the PME estimators have
good size and power properties. The utility of our approach is illustrated by micro and
macro applications using Compustat and Penn World Tables.
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1 Introduction

This paper provides a new methodology for the analysis of multiple long-run relations
in panel data models where the cross section dimension, n, is large relative to the
time series dimension, 7". While there is an extensive literature that considers multiple
long-run (cointegrating) relations for time series models, for panel data models with
large n researchers have mainly focussed on a single long-run relation with known long-
run causal links. The panel literature that does consider multiple long-run relations
assumes n is fixed as T — oo, or adopt sequential asymptotics whereby T" — oo
first followed by n — oo, effectively requiring 7" to be large relative to n and do not
cover many applications of interest in economics and finance that involve many cross
section units, such as firms and countries, observed over relatively short time spans.
One example is empirical corporate finance, which investigates the stability of long-
run relations, including financial ratios, using accounting data, such as Compustat,
where thousands of firms are observed over relatively few time periods. |Coles and Li
(2023)  provide examples from a number of sub-fields of corporate finance, including:
propensity to pay dividends, leverage, investment policy, and firm performance.
Another example is cross country empirical growth studies that use data sets such as
the Penn World Tables that provide annual data on a range of macro variables for as
many as n = 183 countries over different time periods, with a maximum time span
of T' = 70. For both panel data sets one would expect multiple long-run relations
between the variables, some of which may be the mean reverting ratios discussed in
the macroeconomic and finance literatures.

This paper proposes an estimation and testing strategy that applies to panel data
models with n possibly much larger than 7. We consider an m x 1 vector w;; for
units ¢ = 1,2,...,n over the time periods t = 1,2, ..., T, with an unknown number,
ro € {0,1,...,m — 1}, of linear combinations that are stationary. We refer to such
linear combinations as long-run relations. If it is known that all elements of w;; are
I (1) then the stationary relations can be viewed as cointegrating relations. The fo-
cus of our analysis is to estimate ry, the number of common long-run relations, and
their coefficients, when rq > 1. We filter out the short run dynamics by means of
q (> 2) non-overlapping sub-sample time averages, Wy, £ = 1,2, ..., q, as deviations
from their full-sample counterpart, w;,, namely w;,—W,,, and then construct a pooled

sample covariance matrix of these deviations which we denote by Q5. The number of



long-run relations and their coefficients are estimated using the eigenvalues and eigen-
vectors of Qgg. We refer to this procedure as pooled minimum eigenvalue (PME),
and note that it is simple to implement, extends readily to unbalanced panels, and is
shown to be robust to stationary interactive time effects. It is semi-parametric since
it does not require modelling the short run dynamics and applies to general linear
process, thus allowing for moving average processes and is not confined to vector au-
toregressions (VAR). Most importantly, the PME approach does not require knowing
long-run causal linkages that might exist amongst the variables under consideration.
To our knowledge, no other panel estimation procedure exists for such a setting.

A

Denoting the first ro eigenvectors of Qgu by B, for j = 1,2,...,79, we then
consider structural estimation of the long-run relations assuming they are subject to
ro X 1o exact identifying restrictions. Assuming rq is known, we derive the asymptotic
distribution of the exactly identified long-run relations and propose consistent esti-
mators for their covariance matrices that does not require estimation of the dynamics
of individual w;; processes; thus allowing us to test restrictions on the elements of the
exactly identified long-run relations with relatively short 7T'. The identified long-run
relations are shown to be consistent and asymptotically normally distributed as n
and T' — oo jointly such that T' ~ n?. For consistency only d > 0 is required, but for
asymptotic normality a faster relative rate of d > 1/2 is required. Many panel time
series estimation and inference procedures require d > 1 (n/7 — 0). Our requirement
d > 1/2 indicates that the procedure should work well with large n and moderate T
allowing one to estimate the coefficients of multiple long-run relations in such cases,
without estimating short-run dynamics.

We propose to estimate ry by the number of eigenvalues of Qg5 that fall below
a given threshold Cp = CT~?, for some C > 0 and § > 0. One could use cross
validation procedures to set C' and 9, but based on extensive Monte Carlo experiments
we have found that setting C' = 1 works well ¢f we base our selection procedure on the
eigenvalues of the correlation matrix, R, = [diag (Qua)]™"* Qus [diag (Qus)] 2
Such an estimator can be written conveniently as 7 = »77" | 7 (5\] < T*‘S) , where
and Z (A) = 1 if A is true and zero
otherwise. In the Monte Carlo experiments and the empirical applications we report
results for § = (1/4,1/2), and find that overall setting § = 1/4 works well.

Monte Carlo experiments show near-perfect performance of 7 as an estimator of r,
when § = 1/4, for all n = 50, 500, 1,000, 3,000 and 7" = 20, 50, 100 sample size com-

S\j, j =1,2,...,m are the eigenvalues of R _
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binations and across a large number of VAR and VARMA data generating processes,
with and without interactive time effects, non-Gaussian errors, generalized autore-
gressive conditional heteroskedasticity (GARCH), threshold autoregressions (TAR),
and for different patterns of long-run causal ordering. 7 performs almost equally well
for the smallest sample sizes of T' = 20 and n = 50, as well as for the largest 7" = 100
and n = 3,000. As an alternative approach we considered Johansen’s trace tests
applied to each cross section unit separately, and then estimated ry by the simple
average of these individual estimates. This was done purely for comparison since to
the best of our knowledge there are no other methods that apply to panels in the lit-
erature. We found that this average type estimator performed reasonably well when
T was large, but still fell short as compared to the thresholding estimator.

The finite sample performance of PME estimator of the coefficients of the long-
run relations is found to be satisfactory with inference based on PME estimator with
g = 2 (sub-sample time averages) generally more accurate in terms of empirical size
of the tests, compared with ¢ = 4, in line with intuition that suggest a larger choice of
q is likely to result in a larger finite-sample bias. We also considered a simple VAR(1)
design with m = 2, ryp = 1 and one-way long-run causality to see how PME performs
compared to the many single equation estimators proposed in the literature (and cited
below). We found that in this simple case the PME estimator is less efficient in terms
of root mean square errors only when 7' = 100. However, PME with ¢ = 2 proved to
be less biased and performed much better in terms of size than the single equation
approaches for all sample size combinations.

To illustrate the utility of PME procedure we present one micro and one macro
application. The micro application considers a number of key financial variables (in
logs) and investigates if they are cointegrated, and whether financial ratios can be
regarded as stationary variables. To this end we used accounting data for individual
firms from CRSP/Compustat on their book value (BV), market value (MV), short-
term debt (SD), long-term debt (LD), total assets (TA) and total debt outstanding
(DO). The panels involving these variables are unbalanced and cover the period 1950—
2021. We consider firms with at least 20 years of data, with n varying between about
1,000 and 2,500. The variables are grouped into three sets, where we have prior
expectations about possible cointegration and identification. The first set considered
has just two variables: the logarithm of total debt outstanding and logarithm of
total assets: {DO;;, TA;}. The ratio of total debt outstanding to total assets is



often used as a measure of leverage, which suggests a single hypothesized long-run
relation. The other two variable sets are: the logarithms of short and long term debt
and total assets, {SD;;, LDy, TA;}; and the logarithms of total debt outstanding,
book value and market value, {DO;;, BV;;, MV;}. We expect two hypothesized
long-run relations in these sets with three variables. For each set of variables we
provide estimates for the full sample 1950-2021 as well as for a shorter sample that
ends in 2010. The estimates provide strong evidence of one long-run relation when
we consider two variables, and, with one exception, two long-run relations when we
consider panels with three variables. In the case of panels with m = 2, we illustrate
that the PME estimates are invariant to normalization, which is in contrast to the
estimates obtained using panel regressions that depend on which way the regression
is run. For the relation between logarithms of debt and total assets, we find the
estimates of the long-run coefficients are close to one in all cases, ranging from 1.113
to 1.143, and precisely estimated. In the case of panels with m = 3 we find 7 = 2,
and the null hypothesis that long-run coefficients are equal to unity is not rejected in
about a quarter of the panel estimates. These results provide partial support for use
of logarithm of financial ratio in corporate finance. In cases where the use of log ratio
is not supported, one could use the PME estimates of long-run relations in second
stage regressions on stationary variables that also include short run dynamics as well
as other stationary variables.

The macro application investigates long-run relations using unbalanced cross coun-
try macroeconomic time series data from the Penn World Tables, featuring up to
n = 177 countries over the years 1950 — 2019. This dataset has a much smaller
cross-section dimension and a larger average time dimension compared with the mi-
cro application. We focus on four key macro variables: per capita real merchandise
exports (ex;) and imports (imy), real labour productivity per hour worked (prod,),
and real wages per hour worked (wage;;). The choice of these variables was mo-
tivated by two widely maintained hypotheses. Firstly, real wages and productivity
should balance for steady state growth to be feasible. Secondly export and imports
should balance for international solvency, though the constraint may not be binding
for reserve-currency countries such as the US. These hypotheses are largely confirmed
for emerging economies, and, with notable departures from unit long-run elasticities,
also for advanced economies. In addition, when we consider all the four variables

together we uncover cross country evidence on the long-run relation between exports



and productivity without making any assumption about the direction of causality
between these variables.

Related literature: We first discuss the literature for a single time series process,
which could be viewed as the p x 1 (p = m n) stacked vector, w, = (W},, wh,, ..., w,,)".
Our approach is related to that of Phillips and Ouliaris| (1988, 1990)) in that they also
start from general linear processes. They propose testing the null of no cointegration
using the smallest eigenvalues of the spectral density of Aw; evaluated at zero fre-
quency. However, it is difficult to obtain reasonably precise estimates of the spectral
density, particularly in the presence of high persistence in first differences. Attempt-
ing to eliminate the effects of the short run dynamics by using time averages of sub-
samples of time series data is also widely used. |Miiller and Watson (2018) consider
using sub-sample averages to estimate the long-run relation between two variables
(y and x;). Their estimated long-run coefficient from regression of sub-sample aver-
ages of 3, on those of x; is not the same as the reciprocal of the estimate that will
be obtained from the reverses regression. A panel version of their procedure can be
considered, but will be subject to the same limitations, namely it can handle only
one long-run relation and will require knowing the direction of long-run causality.
In not requiring any assumptions regarding the direction of long-run causality our
approach is comparable to the maximum likelihood approach pioneered by |[Johansen
(1988, 11991) that allows for multiple long-run relations without assuming any long-
run causal orderings of the variables, but assumes a V AR(s) specification in w; where
p and s are fixed (and quite small) relative to 7. |Onatski and Wang (2018, 2019)
investigate the asymptotic properties of Johansen test when w; follows VAR(1) but
allow p, T — oo, such that p/T — ¢ € (0,1]. They provide theoretical arguments why
Johansen’s test of cointegration rank is likely to be severely over-sized even if p takes
moderate values. Extensions to higher order VARs are provided by (Bykhovskaya
and Gorin 2022). This is a promising approach which is yet to be fully developed
for the analysis of multiple cointegrations across many units, which is the primary
focus of this paper. Since the ordering of the variables in the VAR does not affect
the Johansen’s tests of the cointegration rank, without further restrictions the use of
high-dimensional VARs in w; does not distinguish between cointegration across units
as compared to cointegration between the variables specific to the cross section units.
Also, the condition p/T = nm/T — ¢ € (0,1] is unlikely to be met when m > 1 and

n is of the same order of magnitude as 7.



Turning to the panel cointegration literature, most studies consider (1) variables
with a single cointegrating vector where the direction of long-run causality is known.
These estimators are typically generalizations of the time series procedures such as the
panel Fully Modified OLS of [Pedroni (1996| 2001a, 2001b), the Pooled Mean Group
(PMG) estimator of Pesaran, Shin, and Smith (1999),or the panel Dynamic OLS of
Mark and Sul (2003). There are panel generalizations of Johansen’s approach, such as
Groen and Kleibergen (2003), and Larsson and Lyhagen (2007), which can be used to
test for the number of cointegrating relations and estimate their parameters. These
are based on a vector error correction model, VECM, which can deal with multiple
cointegrating vectors, but require 7' to be large relative to n. In their applications
Larsson and Lyhagen (2007) have m = 3, n = 4. Breitung (2005)| proposes a systems
estimator, but that requires that every cross section unit cointegrate. Chudik, Pe-
saran, and Smith (2023b) suggest system pooled mean group estimator for a single
common long-run relation coefficient 6, that can handle any long-run causal ordering
and allow some units to fail to cointegrate, but again requires 7" to be large relative
to n.

A large number of other topics have been examined within the context of a panel
with a single cointegrating relation. These include: estimation with I(1) latent factors:
Bai, Kao, and Ng (2009) and Kapetanios, Pesaran, and Yamagata (2011); structural
breaks: Banerjee and i Silvestre (2024) and |Ditzen, Karavias, and Westerlund (2025);
and non-linear effects: |de Jong and Wagner (2025). Further details can be found in
the surveys by Breitung and Pesaran (2008)| and |Choi (2015)| that also cover testing
for cointegration using residuals (Westerlund, 2005)), and second generation panel
unit root tests allowing for cross section dependence (Pesaran, 2007). As this brief
overview indicates, none of the methods advanced in the literature consider multiple
long-run relations when n >> T

Outline of the paper: The rest of the paper is set out as follows: Section
sets out the panel data model and introduces the PME estimator. Section [3| intro-
duces the assumptions and discusses the identification conditions. Section 4] gives a
formal description of the PME estimator and some of its asymptotic properties. Sec-
tion [5| considers identification and derives the asymptotic distribution of the exactly
identified PME estimator. Section [6] shows how 1y can be estimated by eigenvalue
thresholding. Section [7] allows for interactive time effects. Section [§ discusses the

choice of the number of sub-sample averages, ¢, and how to set the parameters of the



thresholding estimator of ry. Section [J] provides Monte Carlo evidence on the small
sample properties of the PME estimators of ry and 3,9, j = 1,2, ..., 70. Section dis-
cusses the empirical applications, and Section [11| provides some concluding remarks.
The proofs of the propositions and theorems are provided in an appendix, with re-
lated lemmas given in a supplement. This supplement also includes sub-sections on
extensions of PME to panels with interactive time effects, on how to implement the
proposed estimator for unbalanced panels, and gives details of the data generating
processes used in the Monte Carlo experiments, plus additional information on data
sources and the construction of the variables used in the empirical applications.
Notations: Matrices are denoted by bold upper case letters and vectors are
denoted by bold lower case letters. All vectors are column vectors. |x|| denotes
the Euclidean norm of a vector x. rank (A) denotes the column rank of A. vec(A)
denotes vectorization of A. tr(A) denotes the trace of a square matrix A. Eigenvalues
of m x m symmetric positive semi-definite real matrix A sorted in ascending order are
0 < A(A) < X(A) < .. < An(A). JA]l is the spectral norm of A. Small and large
finite positive constants that do not depend on sample sizes n and T" are denoted by
e and K, respectively. These constants can take different values at different instances
in the paper. T, ~ n? if there exist ng > 1 and positive constants ¢ and K, such
that inf,>,, (Z,/n?) > € and sup,,,, (T,/n?) < K. For simplicity of exposition we

omit subscript n and write T ~ n¢.

Convergence in probability and distribution
are denoted by —, and —, respectively. In this paper o, (1) is short for sequence
of random variables, random vectors or random matrices that converge to zero in
probability as n — oo for all values of d > 1/2. A, = O, (1) if sequence A,, is
bounded in probability. a, = O(b,) denotes the deterministic sequence {a,} is at

most of order b,,. Equivalence of asymptotic distributions is denoted by ~.

2 Preliminaries

Consider the following general linear model for w;,
W = a; + szt + Cisit + Vit, fort = 1, 2, ,T,Z = ]_, 2, Ny (1)

where w;; is an m x 1 vector of outcomes, a; is m x 1 vector of fixed effects, f; is

a vector of stationary latent factors with associated loading matrices, G;. s; is the



partial sum process defined by
Sit = W; + Wjp + ... +uy, fort > 1, and s;; =0, for ¢t < 1, (2)

u;; is independently distributed over ¢ and ¢ with mean zero and the m X m positive
definite matrix, 3;, C; is an m x m matrix of fixed coefficients, and v;; = C;(L)uy,
where C; (L) = Y, , C;,L*. This model covers many specifications of interest such as
vector autoregressions, error correction models, as well as first-differenced stationary
models. It allows for interactive time effects which reduce to time effects under the
so-called parallel trends assumption, namely setting G; = G for all i. In stacked
form the model for all n units can be written as w; = a+ Gf; + Cs; + C*(L)uy,

_ / / VAR (ol o Y _ / / 1A _
where w;, = (W}, W, ..., w,,)', a=(a},a),..,a)), G=(G,G),....G)), and u;, =

!/
nt

(u},, u,,...,u,,)’. Under our specification C and C;(L) are assumed to be block-
diagonal matrices with C; and C;(L) as their i*" block, respectively. Such restrictions
seem inevitable when n is large relative to 7', and seems plausible considering that
we allow for cross-sectional dependence through the common factors, f;.

Assuming that C; has rank m —r¢ > 0 for all i, we are interested in estimating rg,
and the associated stationary linear combinations defined by ﬁ;-ngt, 7 =12 .79,
where By = (ﬁlo, Bags - ﬁmo) is the m x ry matrix of long-run relations that are
common across all 7, and satisfies B{C; = 0. We also consider estimation of long-
run relations subject to the exactly identifying restrictions that are motivated by
the theory. The estimator we propose involves splitting the data for each unit into
q > 2 sub-samples; taking time averages of these sub-samples and forming a pooled
demeaned covariance matrix we label Qgg. The eigenvalues of this matrix allow us
to estimate 1, and the eigenvectors corresponding to the first rq eigenvalues provide
estimates of 3;,. But to simplify the exposition and focus on the main contribution
of the paper, initially we abstract from the interactive time effects, but return to this
complication in Section [7], where we show that our analysis remains valid so long as
the latent factors are stationary.

It is possible to allow for non-linear features, such as GARCH and threshold
autoregressions, so long as the effects of shocks to u;; decay exponentially fast. But
to keep the theoretical analyses relatively simple, we only consider the robustness
of our estimation and testing strategies to such non-linear effects using Monte Carlo

experiments.



3 Assumptions and identification conditions
We directly work with and make the following assumptions:

Assumption 1 The error terms, u;, are distributed independently overi =1,2,....n
and t = 1,2,...,T with E(uy) = 0, and the covariance matriz E(u;u},) = X,
where X; is a positive definite matriz, inf; A (2;) > €, sup; A, (%;) < K, and
sup;; E |lug||*™ < K, for some € > 0.

Assumption 2 The coefficient matrices C; and C},, are non-stochastic constants
such that sup; |C;|| < K and sup, ||C},|| < Kp®, where p lies in the range 0 < p < 1.

The m x m matrix C; has rank m — rq, fori=1,2,....n.

Assumption 3 (a) Let

W, =n"Y CX;Cl, and ¥ = lim,_.,¥,,. (3)

=1

Then there exists ng such that for alln > ng, rank(¥®,) = rank(¥) = m—re > 0. (b)
The orthonormalized eigenvectors associated with the ro zero eigenvalues of (q6;ql> v,
are denoted by B9, for j =1,2,...,10, and the orthonormalized eigenvectors associated
with the ordered non-zero eigenvalues of (q6;q1) W,,, namely A\y11 < g2 < oo < A,

by B;, for ro + 1,70 + 2,...,m. Specifically

qg—1 :
(6—(]) W8, =0, forj=1,2,.., 10, (4)

and

qg—1 .
(W) V.8, =\By, forj=ro+ 1,10 +2,....,m. (5)

Remark 1 Under Assumptions [[{g {vy} has absolute summable autocovariances,

Yo osup; |[Ti(h)|| < K, where T;(h) = E (Vitvg,t—h) is the autocovariance function
of vit. See Lemmal]] in the supplement, Section [S]]

Remark 2 Under Assumptions @ B;O\I'nﬁjo =0, forj = 1,2,...,19 and \; =
(‘16;(11) B;\Ilnﬂj >0, for j = ro+ 1,79+ 2,...,m. Nonzero eigenvalues \;, for j =
ro+1,70+2,...,m, and the corresponding eigenvectors 3;, for j = ro+1,r9+2,...,m,

depend on n, but to simplify the notations we avoid using the subscript n.
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Remark 3 Under part (b) of Assumption[q®,, and ¥ can be written as ¥,, = P/, P,,,
and ¥ = P'P, where P,, and P are (m—ry) X m full rank matrices, with rank (P,) =

rank (P) =m — rg, for all n > ny.

Remark 4 Condition rank (C;) = m —rq for all i = 1,2,...,n in Assumption[d can
be relaxed to allow for no stochastic trends for some cross section units, so long as
the rank condition rank (¥,) = rank (¥) = m — ro holds. Specifically, suppose that
C;, =0 fori=1,2,...,nq, but the cointegration rank condition holds for the remaining

units. Then

n 1 n
N | r_ /
¥, =n") CXC, =(1-m,) <n — > ciziq) :

=1 i=n1+1

where m, = ny/n is the proportion of units without stochastic trends. Then the rank

requirement continues to hold if =, > 0, and nfm Z?:m 1 CiXiC] tends to a matriz

having rank m — ro. But for clarity of exposition we maintain Assumption[J without

loss of generality.

4 Estimation of long-run relations

4.1 Introducing sub-sample time averages

We base our estimation procedure on non-overlapping sub-sample time averages of
w;;. For the ease of exposition, suppose the panel data under consideration is bal-
anced, T is divisible by ¢, and consider ¢ (> 2) non-overlapping time averages of
equal length 7}, defined by

o,

1
Wip = il Z wy, for 0 =1,2,...,q, (6)

9 t=(0—1)T,+1

where T, = T'/q. To simplify the exposition we abstract from interactive effects and

apply the above time average operator to to obtairﬂ

Wig :ai+ci§i€+\_’i£, for £ = 1727-"7Q7 (7)

Sections and of the supplement consider unbalanced panels and models with interactive
effects.
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_ o, o,
where v;; = Z Zlee 7,41 Vit and §; = Z Zleen 7, 41 Sit- We now use standard

de-meaning procedure and eliminate a; from @ to obtain
Wit — Wio = C; (8ir — 8i0) + (Vie — Vio), for £ =1,2,...,¢q, (8)

— 1V & ., = 1NN o - 1NN S
where W;, = ¢~ > ]_, Wi, and similarly 5,0 = ¢7' ) /_; 8y and Vo = ¢~ D> _,_; Ve

Consider now the m x m pooled sample covariance matrix
n
wa = n_l Z Qﬂ}ﬂf}i (9)
i=1

where
Qua, =T ') (Wir — Wio) (Wig — Wio) . (10)
=1
The limiting value of Qgg, as n,T — oo, plays a critical role in our approach to

estimation of long-run relations. Using in we first note that
Qi = CiQs,5,C; + CiQsyp, + Q%lglci + Qa3 (11)

where TQs;s, = ¢ Y_0_ (8ie — 8io) (Bie — 8io), TQisy5, = ¢ D07y (8ie — 8io) (Vie — ¥io) =
TQ,,;.. and TQgp, = ¢ 30, (Vie — Vio) (Vie — Vi)' Since {v;} is covariance sta-
tionary with absolute summable autocovariances and {s;} is a partial sum process

it then follows that ¥;; — =0, (T_I/Q), and 8y — 8;0 = O,(T*?). Moreover, as
established in Lemma [3] l,

sup E || Qz,q,

=0 (T72) ’ and SupE HQ§¢’L72’

=0(T7). (12)

4.2 Pooled minimum eigenvalue (PME) estimator

Our proposed estimation procedure is based on eigenvalues and eigenvectors of Qgg,

defined by @D Averaging Qg,, in over all cross section units now yields:
Qoo =n"" Z CiQ;5Ci+n' Z CiQsp, + 1" Z ngglci +n! Z Qo5- (13)
i=1 i=1 =1 =1

The pooled minimum eigenvalue (PME) estimator of Bjo, J = 1,2,...,19, is given

by the j* orthonormalized eigenvector of Qg , Bj, associated with its ry smallest

11



eigenvalues, M< <. < 5\T0. Specifically, for j = 1,2, .....m, meﬁjzﬂjﬁj, such
that B;BQ =1, and 5\3- = BjQ —ij. In matrix notations we have

B= (Bl?B%"'?Bm) )

’B” —1, (14)

A A

and the PME estimator of By is given by By = (,31, B, ..., Bm) .

4.3 Consistency of the PME estimator

Under Assumption , Qs,s; has the following exact moment (established in Lemma

z 1) /1 1
BQu) =52 (G4 ) = (19

q
and by Assumption [3] is assumed to have rank m — rq > 0. Furthermore, using

sup, ||C;|| < K and then

Hence n 'Y | CiE (Qs,5,) C, = (qgl) (l + %) W,,, where ¥, is defined by »

n

nil Z CiQ§ﬂ7¢ = Op (Tﬁl) ) nil Z Q%ZEZC; = OP (Tﬁl) ) (16)
i=1

i=1

and n_le@iﬁi = 0, (n_l/zT_2).

i=1

Using the above results in we have

(g—1)
6q

lI’n = n_l Z CZ [Qéigi —F (Qngz):I C; + Op (T_1> : (17)
=1

Further n™* Y7  C;[Qsi5 — £ (Qs5)] Ch = ¢ ' > 7, Ge — G, where

e e {(3) () -+[(5) () e oo

and § _ N N
c- e (7) (37) -2 [(05) (7)1
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Under Assumptions [I] and [2 §;; and §;, are cross-sectionally independent random
variables and sup;, ||C;|| < K. Further, qul/ *S; and T~Y/25,, are scaled partial sums of
u; and tend to bounded random variables. See, for example, result (d) of Proposition
17.1 in Hamilton (1994). Therefore, G, and Gg both converge at the rate of n~!/2
to their means that are zero, by construction. Namely G, = O, (n‘l/ 2) and Gg =
O, (n*1/2). Hence

1S Co[Qun — B (Qun)] € = 0, (n2) 18)
=1

and using this result in yields

(¢—1)
6q

¥, =0,(n"?) +0,(T").

(g—
6q

and d > 0, where ¥ = [im,,_,,oW¥,. This result is formally established in the following

V¥ asn, T — oo jointly such that 7}, ~ n?

Therefore, for a fixed ¢ (> 2), Qua —»

proposition.

Proposition 1 Consider the panel data model for w; given by without the in-
teractive time effects (G; = 0), and suppose Assumptions |1] to @ hold. Consider the
m X m pooled sample covariance matrix Qgg defined by @ Then for q > 2 and a

fixed m we have

(¢—1)
6q

U, +0,(n ) +0,(T"), (19)

QuaBjo =0, (%) + 0, (T7"), for j =1,2,..., 0, (20)

and Qupes —p (q(;ll)\Il, as n,T — oo jointly such that T,, ~ n® and d > 0, where ¥

and W,, are defined in Assumption[3.

For a known ry the PME estimator of By, is given by B, = (181;827 ...,BTO),

where Bj , j = 1,2,...,m are the orthonormalized eigenvectors of Qus, as set out
below equation (13). Then

Kot O Ven o () 00
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and BgQ@@BO is asymptotically minimized when ]36‘111:3»0 = 0, and this occurs if By
lies in the space spanned by the ry eigenvectors of ¥ that are associated with its
ro zero eigenvalues, namely if and only if B = BoH, for some 7y X 7 non-singular
rotation matrix, H. Hence, we have B,H —p ]§0 as n, T — oo jointly such that
T ~ n% and d > 0. A formal statement is provided in the following theorem with

proofs in the Appendix.

Theorem 1 Consider the panel data model for the m x 1 wvector wy given by
without the interactive time effects (G; = 0), and suppose that Assumptions |1 to @
hold and the number of long-run relations, ro, is known. Let By = <Bl,[32, ...,BTO
be the m X rq matrixz formed from the orthonormalized eigenvectors of Quw, defined
by @, associated with its ro smallest eigenvalues. Then for a fixed m and q (> 2),
BoH —>p]§0 as n,T — oo jointly such that T, ~ n? and d > 0, for any ry x 1o

non-singular matrix, H.

5 Identification and asymptotic distribution of PME

estimator

We focus on the case of exact identification of the long-run relations, noting that the

estimation of ry is invariant on how exact identification is achieved.

5.1 Exact identifying conditions

We assume there exist 72 a priori given and theoretically meaningful exact identifying

restrictions on B given by

0,2

. B
RB, = (R, Ry) ( 0t ) — A, (22)

where By is the m x ry, matrix of identified long-run relations, R;,Rs and A are
To X To, o X (m —rg) and ry X ro matrices of known fixed constants, with rank (A) =
rank (Ry) = rg < m. Then it follows that H = (RBO)_1 A, and the PME estimator
of By is given by

By= B, (RB,) A (23)

14



where By = ([310, Bzo» ey Br0,0>’ The exact identifying restrictions, , will often

o o / o
take the form By = <ITO,B672> , where By, = I, is an identity matrix of order
ro. Without loss of generality, we consider this formulation and denote EOBO,Q by ©.

Once O is estimated it is possible to estimate By ; under more general restrictions as

Bo: = R’ (A —R,0).

Proposition 2 Consider the r2 exact identifying restrictions given by , and sup-
pose m X r matriz of long-run relations By is normalized as By = (L,,©", and
Uy Uy
Wy Wy
I, + ¥ and Yoy are respectively ro X 1o and (m — 1o) X (m — rg) positive definite

Assumption |5 holds. Partition ¥ conformably with By as ¥ = . Then

matrices and © is uniquely determined by © = —\1'2_21\1121, subject to the restrictions

W, = W, WUy, A proof is provided in the Appendiz.

5.2 Asymptotic distribution

To derive the asymptotic distribution of By — f%o, note from (A.10]) that

Quasv/nT (]?0 - EO) = — (n_1/2 ZTCngﬁi) Eo—g (n—l ZTQQ@.@) By+0, (T").
=1

=1

(24)
By Lemma n 'Y T*Qgp, = O, (n/?) and since HéOH < K, then

Qu/nT (Bo — Bo) = - (n—W’ ZTciQW> Bo+0, (T71).  (29)
i=1
Further, write the first term as

(n_1/2 Z TCZQ@’T%) 1030 = <n_1/2 Z [TC’LQ@T)@ - CZE (Tleﬁl)]) 1030
=1

=1

Vi [ ¢ s
+ | n 1;CiE(T2QSivi) By,

15



and using sup; || E (Qs,5,)|| = O (T2) (established in Lemma [3))

1Y

n

n™ Y CiE (T°Qss,) Bo = O(1). (26)

i=1
Using the above results in we have

Quov/nT (f’)o — P’o) = —n /2 Zn: Z;+ O, (g) ) (27)
i=1

where Z; = C; [TQs,5, — E (TQs,5,)] Bo. Recalling that TQs,5, = ¢~ 3.0, (8ir — 5i0) (Vir — o),

then Z; can be written as

q
¢ (8ie — Sio) (Vie — Vio)|

/=1

q
By—-C; {q_l Z E [(Sit — Sio) (Vie — Vio)] } Bo.
=1
(28)
Writing in vec form

(L®Quq) vnT vec (]/23;0 - Bo) =n 1 sz; (B6®Ci> [Eiq - F (Ezqﬂ + 0, (4) ,

where Eiq =q 'Y ] &y and &, = vec [(§M — Sio) (Vie — \_/io)'] = (Vie — Vio) @ (Sie — Sio).
Under Assumption[l], ¥, Sis, V;o and §;, are distributed independently over i. Hence,
(Brecy)| = ||| sl <

K and using Lemma , it follows that for (n,T) — oo, jointly such that T~ n? and

&, is distributed independently over 7. In addition, sup,

d > 0, we have

n 23 (B [&, - F (E,)] —a N (0,9,), (29)
=1
where .
Q, = limyroo |0 B,2C; ) Q: (B,»C!)|, (30)
q 1My, T [n ;( 0 ) §Lq< 0 )
and .
Qg =Var (&) =4 Z Z Cov (&, &irr) - (31)

(=1 0'=1

16



Using in yields asymptotic normality of B, which is formally established

in the following theorem.

Theorem 2 Consider the panel data model for the m X 1 vector wy, given by
without interactive time effects (G; = 0). Suppose that Assumptions|1| to @ hold, m
and q (> 2) are fized integers, and the number of long-run relations, ro (m > 19 > 0)
s known. Suppose further that the long-run relations, ]§0, of interest are subject to
the exact identifying restrictions, RB,= A, given by , and consider the PME
estimator of B, given by

> ~ N —1
Bo= B, (RBO) A,

where By = <Blo,320, ---me,o) are the first rq orthonormalized eigenvectors of Qg

defined by (@ Then
VnT (L, ®Qgg) vec (EO - P’O) —a N (O’ Qq) ) (32)

as (n,T) — oo, jointly such that T =~ n? for d > 1/2, where Q, is defined by (@,
and Quzw —p (ngl)\Il. (see ) A proof is provided in the Appendizx.

Theorem [2] can be readily used to obtain asymptotic distribution of any linear
combination of By. One notable case of interest is to consider the exact identifying
restrictions 1030,1 = I,, discussed above. Under these restrictions 103071 = 1030,1 =1,
and ]go ~ By = ( 0 ©— 0, ) Partitioning Qg5 and €2, accordingly, we have

~ o WW ,WW 0
(i) (8 ) (ord oy )

(¢=1)
6q

¥ which is positive definite (see Proposition [2). We obtain the following corollary.

where Q250 —p Wy, and Wo, is the (m — ro) X (m — rg) lower right block of

Corollary 1 Suppose assumptions of Theorem[d hold and consider the exact identi-
fying restrictions ]§071 = ]§0,1 = 1,,. Suppose ry is known, q¢ > 2, and let © and O,
be the lower (m — ry) X ro block of B, and B, respectively. Then,

VnT vec ((:) — @0> —q N (0, ng) , (33)
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as n, T — oo, jointly such that T ~ n? for d > 1/2 ,where
Oy = () (Lows) 0, (Lewy) 34
0q — q—1 (7‘® 22) q,22(r® 22): ( )

Q.22 15 the (m — 19) X (m — rg) lower right block of 2, given by (@, and Wy s the
(m —1rg) X (m — 1g) lower right block of .

5.3 Estimation of the asymptotic covariance of <)

To consistently estimate €2y, we need a consistent estimator of 52, since [(¢ — 1)/6q] ¥ao
can be consistently estimated by Qgg,20. Consider €, given by (30). Using (8) note
that

o

(Wie — Wio) (Wit — Wio) By = [C; (5ie — Sio) + (Vie — Vio)| [(8ie — 8i0) C}; + (Ve — ¥10)'] By,
= C; (8it — 5io) (Fir — ¥i0) Bo + (Fir — ¥40) (Vir — ¥10)' Bo.

Let CiZ = vecC |:(V_Vlg — V_Vio) (V_Vig — V_VZ'O>,]§0:| N and n,y = vec [(\_/’M — \_’io) (\_/'ig — ‘_’io)/],

where recall that 1;, = O,(T~') uniformly in i and ¢. Then ¢;, = <]°3{)®Ci> & +

<]§6®Im> 1,0, and

q q q
Co=0q" Z Cie = <B6®Ci> (q_l Z£i£> +(Bf)®1m> (q_l Z"M) = <B6®Ci> £, +0,(T ),
=1 =1 =1
where Eiq =q 'Y 1 | &, as before. It follows
n_l Z zingq = n_l Z <]§6®CZ> Eiqgfiq (B[)@C;) + OP(T_1>7
i=1 i=1
and F (Eiq) = O(T™'). Hence, as n, T — oo jointly such that T ~ n? for d > 1/2,

W38 = lima [ > (BieCi) B (848.,) (BowCi)
i=1

i=1

=Q,
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Therefore, 2, can be consistently estimated by the m? x m? matrix

A "o o Q Q. 1
O —nt L ) q,11 A ’
q Z Cqulq < Qq’21 O

= = ! (=
Cip=0 ") vec |:(V_Vi€ — Wio) (Wi — Wio)' Bo} =q" {Bo (Wie — Wio) ®Im:| (Wie — Wio) -
=1

3
S
S

o)

A -~ =/
q= nt q_2 (Ew@lm) (Wig — V_Vio) (Wig/ — Wio>/ (Ew@)Im) . (35)
=1 /=1 ¢0'=1

Using the above results we now have

—

~ 1 N
Var [vec (@)} = ;}1—,7229(1,22Q15111—,,22- (36)

~1

When ry = 1, estimate of the error correction term B, (W;; — W;,) = € is a scalar

and we can write Z’iq =q! ZZZl (Wi — V_Vio)a'& and

n q

i q
Qq = p! Z gt Z (Wi — V_Vzo)ae] [q_l Z (Wi — V_Vz‘o)//é\ié] 5
—1

i=1 L =1
n [ q q
-1 ) _ _ _ N R
= n E q E E (Wié - Wz’o) (Wiz' - wio) € |
i=1 L (=1 ¢'=1

which resembles the robust covariance matrix estimator that arises in estimation of

panel data models with short T" and large n. Here ¢ plays the role of T'.

6 Estimation of ry by eigenvalue thresholding

Under Assumption [3], the true number of common long-run relations, r, is defined by
rank(®,) = m —ro > 0, where ¥,, = n~'>""  C;%,C}. Subject to this condition,
v,8,0=0, for j =1,2,...,r9, where 3,, is the 4 long-run relation (j < rq). The
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m X ro matrix of long-run relations is denoted by By. It is also worth bearing in
mind that under Assumption , v,8; #0, for j =19+ 1,79+ 2,...m, namely cannot
be spanned by the 7y columns of By. See (4) and . There is a clear shift in the
ordered eigenvalues of ¥, from \,, = 0 to A\,,+1 > 0, which allows us to propose a
thresholding estimator of ry applied to the eigenvalues of Q gz, noting that under our
assumptions Qg5 tends to (qﬁ;ql> ¥ asn and T" — oo. See result of Proposition
[I Such an estimator can be written conveniently as

P = ]Zm;z (Xj < CT> , (37)

where \; < Xy < .... < ), are ordered eigenvalues of Qgg, and Z (A) = 1 if A is true
or zero otherwise, and Cr = KT79, for some 6 > 0. This estimator is invariant to
the ordering of the eigenvalues, but using the ordering helps with the exposition and
the rationale behind the proofs.

To establish the consistency of 7 as an estimator of rg, we first note that can

be written equivalently as

7j=1 j=ro+1
which in turn yields:
0 m
Bl —ro| <> Pr (ijcT)+ Y Pr <1j<CT). (39)
j=1 j=ro+1

Again noting the ordering of the eigenvalues, Pr (5\] > C’T> < Pr (5\1 > C’T), for

~

] =2,3,...,19, and Pr ()‘T0+1 < C’T) > Pr (5\] < C’T>, for j =rog+ 2,79+ 3,...,m.
Using these results in we have

E|# — o < 7o Pr (Xl > CT> 4 (m — o) Pr (Xmﬂ < CT) . (40)

20



Similarly,

+2T0(m — To)\/PI‘ (5\1 > CT> Pr (5\,,04_1 < CT> .
Also, by Markov inequality there exists € > 0 such that

Pr (|7 — ro| > €) < (ro/e) Pr (11 > OT) +[(m — 10) /€] Pr (xw < CT> L (42)

Again by Markov inequality Pr <;\1 > C’T> < Cr g (5\1>, and using result (S.49

established in Lemma 7], we have

Pr (A > Cr) =0 (Cp'n2T2). (43)
Consider now Pr (5\r0+1 < C’T), and recall that
QM,B]- = S\jﬁj, and j\j = B;Qu—,wﬁj, for j=ro+1,70+2,...,m, (44)

with associated population values given by (see Assumption .

(¢—1)
6q

(¢—1)
6q

v, 3, = \;3;, and Bi¥,.B; =\, for j =rg+1,79+2,...,m. (45)
where ¥, =n~'Y7" | C;3,C] = 0, and 3,8; = 1. Furthermore, A; > 0 and ¥,,3; #
0, for j > ro. But using and results established in Lemma |3| and Proposition
we have F (Quyp) = Y2, + O (T72), and

6q

Qoo = Qoo—E (Qaa) =1 Y _Ci[Qss, — E(Qs5) CH+0, (T7) = 0, (n7?)+0, (T7) .
=1

Using the above results then (45]) can be written equivalently as £ (Qgs) B; = A;8;+
O(T7?), and \; = B/F (Qua) B; + O (I'"?). Therefore, together with , we have

;\j — A= B;wa,éj — 5;E (Quw) /Bj + O (T_z)
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and rearranged as

(B (Qaa) — L)) (B, - 8,) — (A =) 8, (46)
= Qo+ (N N) (8,-8,) ~ Quw (8, - 8,) +O(T72).
Also, since B5E (Qga) = A;8) + O (T?), then
5= = B5Qualy 20,68, (B, — B;) +26/Qua (B, — B;)+ (B, — ;) Quw (B, — 8;)+0 (17%)
(47)
where Qggp = O, (n_l/ 2) + O, (T™"). Pre-multiplying both sides of the above equa-

tions by y/n and stacking them in matrix notation we will have

( 1 —2),0; > \/ﬁ<5‘] - )‘j) _ ( \/ﬁB;?ww j > 4 pur
—B; E(Qua) — ML NG ([3]. _ 5j> V1 QuaB; T

where

o [ 2BAQuivi (B; — B,) + i (B, ~ 8,) Quavi (B, - 8;)

n1/2 -2 )
Vi (-2 Vi (B - 8) - vituuva (,-8) )T

Pnr =N

It then follows that p,,r is of lower order as compared toy/n <5\] — )\j> and \/n <B] -3 j) ,
and as n, T — oo jointly, such that 7'~ n for d > 1/2, we have

Vi (& =n) (Vs Qes,
v \/ﬁ@j—ﬁj) - ( —V1QuaB; >+Op(1)7

1 —2\,08,
—B; E(Qaw) — A\jln
that Q; has an inverse if ¥; = E(Qga) — AL — 2X;8,8) is invertible. To check
the invertibility of Y; we note that Y;3, = —2\;3, + O (T%), and since \; > 0 for
J > 1o it then follows that Y'; must be invertible. Therefore, we can now solve for
NZD <5\J — )\j), in terms of a linear combination ofﬁﬁ;Q@mﬁj and \/ﬁéu—,wﬁj, and its
asymptotic distribution can be derived accordingly. Consider the asymptotic distribu-

where Q2 = ( > Using partitioned inverse it is easily seen

tion of these two terms, and note that since Qs,5, =T '¢ ' > 1_, (8ie — Sio) (Sie — 5i),
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then
ﬁﬂ;waﬁj = n_1/2 Zﬂ;cl [Qéz@i —FE (Q )] C /8 - n—1/2 Z ! Z ijl zy Z)}
i=1 =1

where (;;, = T728,C; (Si — Si). Also by Minkowski inequality

(Blcsd™)" <o ([ 7"+ (-]

4+-€

Using Lemma (4 in the supplement we have sup, , HT‘I/ 25%” < K, and hence

/A+e ~
<E }Cz]€|4+6> < K and /nB3;Quas8; —a N(0,w?3), for some w? > 0. Similarly, it
follows that all m elements of \/ﬁQu—m—ﬂj =n123" G [Qsis — F(Qs5)] C)B; are
asymptotically normally distributed with zero means and finite variances. Therefore,

it also follows that \/n (5\] - ) ~ N(0, w)\ ), for some w/\ > 0. Using this result

and setting 7 = ro + 1 we have

Pr (XmH < OT) L9 { VI oy - Amﬂ)] o { Aot/ (1 _ O )} .

w)\rO-H w)\r0+1 )‘T‘0+1

Since A,y41 > 0, then Pr <5\r0+1 < CT> — 0,asn — oo if Cp < A;y41. Recall also

from 1} that Pr (5\1 > C’T) =0 (C’;lnfl/ZT*Q), and Pr (5\1 > C’T> — 0 if C*
does not rise too fast with 7. Setting 7 = KT~°, and recalling that n ~ T4,
these two conditions on Cr are met if 0 < § < 2 + (1/2d). Using this result in
and , it follows that # —, r¢o and E (7' — r0)2 — 0, asnand T — oo, if §
is set close to zero such that KT—% < X, 1. These results also suggest that the
probability of selecting too many long-run relations is more affected by n than 7', and
the probability of selecting too few long-run relations tends to zero much faster with
T than with n. We need large n for not selecting more than ry long-run relations.
This latter probability, Pr (5\3 < C’T) for j > 1y, is also affected by the size of A\, 11
which measures the degree to which there is a transition from a stationary linear
combination under which \; = 0 for j < rgp, to A; > 0 for j > 7.

Our theoretical derivations also provide some insight on how to set K and ¢ when
choosing Cr. It is clear that d need not be too large, so long as K ~ \,,+1. In practice,

this can be achieved approximately, by appropriate scaling of the observations, w;,
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as discussed below.

Remark 5 The above derivations also suggest that our proposed selection/estimation
procedure would be valid even if there were near stationary relations, namely if A\;y+1 =
n= for some b > 0. Then Pr (5\,,0+1 < C’T> — 0, so long as b < 1/2, which could be
viewed as local-to-zero eigenvalue. Such cases will not be pursued in this paper, where

we require Apy41 > 0.

7 Allowing for interactive time effects

The model with interactive time effects is given by (I]), which we reproduce here for

convenience:
W = Q; + szt =+ Cisit + Vit, fOI' t = 1, 2, ,T,Z = ]_, 27 1y (48)

where f; is an my x 1 vector of latent factors with G; the associated m x m; matrix
of factor loadings. We assume f; is covariance stationary, and treat the factor load-
ings, G;, as nonstochastic, without placing any restrictions on them, besides being
uniformly bounded. Hence, latent factors could be strong, semi-strong or weak. How-
ever, we do not allow for the possibility of unit roots in latent factors, and therefore
do not consider the case of cointegration between w;; and latent factors. Specifically,

We assume:

Assumption 4 (i) The msx1 vector of latent factors, f;, is given by f; = ®;(L)es =
Z;io éfngsf,t,g, fort = ..0,1,2,...,T, where €4 is an my X 1 vector of errors
distributed independently over t with E(es,) = 0, and sup,, E |lep||*™ < K, for some
€ > 0. ey is independently distributed of uy, for alli,t,t'. (ii) The mxmy coefficient
matrices ® y are non-stochastic constants such that | ® || < Kp*, where p lies in the

range 0 < p < 1. (ii) G; are nonstochastic constants such that sup, ||G;|| < K.

Under Assumption 4] E (Gf;) is time invariant, and together with Assumption [I]
E (w;;) continues to be time invariant. Subtracting sub-sample time averages from

the full sample time average, W;; — W;,, will therefore continue to remove unit-specific
means. More specifically, under Qu,a; given by has the following expension

(49)
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where Qf; = (TQ)_l > i1 G (ff - ?O) (8ie — 5"0), - Q/E:ﬁ:’
q
-1 g T — —
Qjo, = (T9) ") G (b —F) (Vie —¥i) = Q) 7
=1
Qjf = (Tq)™" Y Gi(f -5 (f— fo)/ G/, and the terms not involving the latent

factor are as before. By Lemma, |3 in the supplement we have

sup £ || Qg

=0 (T7?), sup E||Qj,,

=0 (T_2) , and sup B HQﬁgi

=0(T7).
(50)
Pooling over i, Qgow = n° "> 1| Qua;, and using the above results together with

those already established in (16]) and now yields
-1
Qon = L0, 4.0, (17) + 0, (T7). and QuaBo = O, (1) + 0, (T7),
(51)
which is identical to results — in Proposition (1| for models without interac-

tive time effects. Similarly, inclusion of interactive time effects does not alter the

convergence rate of the exactly identified PME estimator ]§0, given by , and its
asymptotic distribution will remain correctly centered at zero. To see this consider
the following expression for Qgg+/nT (1030 — ]§0>, which extends to panel data

models with interactive time effects,

Quav/nT <]§0 - f)’o) = - (Tll/Q ZTCngim) B, — <n1/2 Z TCz‘Q@ﬁ) B,
i=1 =1

V[ i o VN

—T LT | B

Vil oy : -
— | 1;T2QW Bo+0,(T7").

B,

n Z T° (inﬁi + Q'Difi)
i=1

The new terms involve matrices Qg 7, Qf 7 and Qg = QL 7 Using the bounds
in , we obtain E anl S T*Qrg|| < n 'Y M TPE HQﬁﬁ = O(T7?), and
similarly

B Hn_l Z?:l T (Qﬁﬁz + Q’szu)

| < K. In addition, by Lemmarecall that n™' >0 T°Quyp, =
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O, (n*1/2). Using these results and noting that HBOH < K, we have

BB = — (25" 7C, 3 — (125 10,0, - | v
Qua/nT (Bo — Bo) = (n ;Tcsz) B, (n ;TCZQM> Bo+0p( T ) -
(52)

To simplify the notations we set w;; = f;; + v;;, and note that
q
Qgiwi = Qgim + Qgiﬁ = Tﬁlqil Z (gi@ - giO) (‘Di@ - ‘:’iO),'
=1
Then (52)) can be written as

wa\/ﬁT (ﬁo - ]030> = - (n_1/2 ;TCZQ&&J1> BO + OP <g) .

Let ZF = C; [TQs,6, — E (T'Qs,5.)] Bo. Since sy, is independent of f, and E (s;;) = 0,
we have E (Qg,7) = 0, and using we obtain [[n~ Y7 | CE (T?Qs.s,) Boll < K.

It now follows that

Qawv/nT <]§0 - fj)o) = —n /2 i Z; + O, (\/_ﬁ) ; (53)

, T
=1

where Z7 = C; [TQs,5, — E (TQs,0,)] By. Writing in vec form

(L®Qgy) VT vec (]/j)\’o - EO) =n~? i (E6®Ci> [gjq kB (gjq)] +0, (ﬁ) )

- T
=1

where £, is the m® x 1 vector given by &, = ¢~ "> 1, (@is — @;) ® (8is — 5;). Al-
though &7, is not independent over i, it is a martingale difference sequence, and

n~2yn <]§6®Ci> &, — E (&,)] converges to a normal distribution as n, T — oo,

o~

jointly. Therefore, B will continue to be asymptotically normally distributed, with
its asymptotic distribution correctly centered at zero. Even though the variance of
the asymptotic distribution of PME estimator in general depends on the interactive
time effects, the estimator of the asymptotic variance given by will continue to
be consistent under Assumption [4 and inference can be carried out in the same way

as in panel data models without interactive time effects.
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Overall, we find that the PME estimator is robust to interactive time effects
so long as Assumption [4 holds. Theorems and [3| and [ in the supplement provide
formal statements regarding consistency and the asymptotic normality of the PME

estimators in presence of interactive time effects.

8 How to choose ¢ and Cp

To implement the estimation of ry and the associated long-run relations we need to

decide on ¢, and Cp = CT~? that enter the thresholding estimation of 7.

8.1 Choice of ¢

To ensure that Qgg = n 1T g 1Y S0 (Wi — Wio) (Wir — Wio)' does not de-
pend on the fixed effects, given by E(w;) = a;, we need at least two sub-samples,
namely ¢ > 2. To reduce the variance of time series dependence of W;, — W;, over the
sub-samples we need 7'/q to be reasonably large. An optimum choice of ¢ most likely
depends on 7', and not so much on n. To ensure that the mathematical derivations
are manageable and transparent, so far we have assumed that ¢ is fixed as T" — oo.
But to select ¢ we must allow ¢ to depend on 7', denoted as qr, and consider values
of gr that rise with T, but at a slower rate such that ¢r/T — 0. Analogous to the
problem of selecting the lag order in time series literature, we conjecture setting qr
to rise at the rate of T/3, and set g7 to the lower integer part of max(2, T%/3). This
would suggest that values of g equal to 2, 3 and 4 for values of 7" = 20, 50 and 100,
respectively, considered in our Monte Carlo simulations reported in Section [9] below,
where we consider the values of 2 and 4, to save space. For estimation of g, the choice
of ¢ = 2 works perfectly well for all values of T' considered. But the higher value of
g = 4 does seem to perform slightly better than ¢ = 2 for estimation of long-run
coefficients when 7" = 100.

8.2 Choices of (' and ¢ for estimation of r

It is clear that eigenvalues of Qg5 depend on the scale of the observations, w;;, and
some form of scaling of data is required to reduce the sensitivity of the eigenvalues to

scale. One could resort to cross validation procedures to set C' and 9, but based on
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extensive Monte Carlo experiments, we have found that setting C' = 1 works well if

we base our selection procedure on the eigenvalues of the following correlation matrix
Ru‘;u‘; - [dla/g (Q@m)]_l/z ww [dlag (Q@@)]_l/Q * (54)

Accordingly, our proposed estimator of rq is given by
F=Y1 (Xj < T*‘?) , (55)
j=1

where :\j, for j = 1,2,...,m are the eigenvalues of Rm

Also, based on our theoretical derivations any value of § close to zero should
work. In the Monte Carlo experiments we consider the values of § = 1/4 and 1/2 and
conclude that § = 1/4 is a good overall choice and cross-validation is not necessary

for the implementation of our estimation strategy.

9 Monte Carlo Evidence

We investigate small sample properties of the proposed PME estimator with Monte
Carlo experiments using both VARMA(1,1) and VAR(1) designs, with and without
interactive time effects. The designs we consider are all special cases of the gen-
eral linear model (I). We set m = 3, and generate the 3 x 1 vector w; as I(1)
variables under three scenarios: non-cointegration, ro = 0, and 7o = 1 and rq = 2
cointegrating relations. We consider sample size combinations, T' = (20, 50, 100) and
n = (50,500, 1000, 3000), and report results for ¢ = 2 and ¢ = 4 (sub-samples), which
are in line with our conjecture of setting ¢ in line with the max(2, T%/?) rule. See
Section 8.1l

When rq = 1, there are a range of alternative estimators of the cointegrating
relation in the literature that we can use for comparison, most of which assume

the direction of long-run causality is known. To accommodate existing estimators,

2Using the correlation matrix, R, has the advantage that it is unaffected by scaling, so long
as the same scaling is used across all cross section units. It is not invariant if the scaling varies
across units as well as across the variables. This issues is addressed in Section [S5|of the supplement
where we investigate the small sample sensitivity of 7 to differential scaling of the variables across
the units. We find that the small sample performance of 7 as an estimator of rq, is hardly affected
by such differential scaling.
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we distinguish between experiments based on long-run causal ordering. The PME
estimator does not require the direction of long-run causality to be known. When
ro > 1, to the best of our knowledge, there are no obvious alternative estimators of rg
and the associated cointegrating relations in the panel cointegration literature that we
can use. Accordingly, for the purpose of comparison, we report results using a mean
group version of Johansen’s maximum likelihood procedure, whereby we estimate rg
and associated cointegrating vectors (if any), for all individual units in the panel
separately, and report the frequency with which ry is selected by Johansen procedure
across the n units, and the mean group estimates of the cointegrating coefficients and
their standard errors.

Subsection outlines the data generating processes (DGPs). Subsection
gives the results for estimates of rg. Our results show near perfect performance for
our proposed estimator of ry, even for samples as small as T' = 20 and n = 50. This
is in line with the theory developed in Section [6] Subsection [9.3 reports the results
for the coefficients of the long-run relations assuming 7y is known, which is justified
considering the near perfect performance of our estimator of ry. The MC results
provide simulation evidence that the PME estimator performs well in panels with n

as large as 1,000 and 7" as small as 20.

9.1 Data generating processes

We consider experiments with and without long-run relations. In the experiments

with long-run relations, w;; is generated as
Awy =d; —ILiw; 1 +uy — Ozu; 1, (56)

fori =1,2,...,n,t=1,2,...,T, where I, = A;B{, A, is m X ry, By is m x ro. We
set d; = II;u,,, to ensure no linear trends in data. See, for example, Section 5.7 in
Johansen (1995). The elements of p,;,, are generated as IIDN(0,1). We consider both
VAR(1) and VARMA(1,1) designs. For VAR(1) we set ®; = 0, and for VARMA(1,1)
with set ©; = diag(6;;,7 = 1,2,...,m), and generate 0,; as IIDU [—0.5,0.5]. The
errors u;, are generated following both Gaussian and chi-squared distributions.

We initially consider m = 3 variables in w;; = (w1, W2, wir3) , with both one

and two long-run relations. For ro = 1, we set By = 3,, = (1,0, —1)" and A; =
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(@;11,a;21,...,a;31)". In this case, the long-run relation is given by

/6,17()Wit = Wit — Wir3 = B110Wit,1 + B12oWit2 + B130Wit,3, (57)

with 81,9 = 1, B39 = 0 and 313, = —1. We identify the long-run relation by

imposing 3, o = 1 and estimate (315, and 313 ,. When ry = 2, we set

1 0 ;11 Q312
By = (51,0762,0) = 0 1 , and A; = ;21 G322
-1 -1 a;31 032

In this case, the two long-run relations are given by

BloWi = Wir1 — Wiz = B110Wit1 + BraoWis2 + BizoWits, (58)

BooWit = Wita — Wi3 = o1 0Wit1 + BagoWir2 + Baz oWits, (59)

where 1,0 = B0 = 1, Bizo = Barp = 0, and f139 = P39 = —1. We identify
these long-run relations by imposing 31,9 = 89 = 1 and 8155 = 35,9 = 0, and we
estimate (3134 and (a3 ¢-

We set the values of A; to control the average speed of convergence towards
the long-run relations. For example, in the case where o = 1 then BjA; = p, =
a;11 — a;31 and p;, for i = 1,2, ....n are generated as I/ DU|0.1,0.2] representing slow
convergence, and as I1DU|[0.1,0.3] representing moderate convergence. We then set
a;21 = 0, which leaves us with one free parameter in A; which we use to set the
system measures of the fit, PR%, = 0.2 and 0.3, defined as a pooled R?, given by
equation in the supplement. Since a;1; and a; 3; are both nonzero, the long-run
causality runs from (wj 2, Wi 3) to wi 1 as well as from w; ;1 to wy 3. For rg = 2 the
rate of convergence will depend on the eigenvalues of I, — B{A,; and the details of
how we generate the elements of A; are given in the supplement.

We also consider experiments with interactive time effects, which are obtained by
augmenting the solution of with G;f;, where f; is and my x 1 vector of latent
factors. Each of these factors are generated as AR(1) process with a break in the
AR coefficient, and the individual elements of the m x m; matrix of factor loadings
G, are generated as IIDU [0.0.4]. We set m; = 4. Specifically, we augment the
general linear process versions of the above VARMA(1,1) and VAR(1) specifications
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with G;f; , namely
wi = W + Gif; + Cisie + CI(L)uy,

where C; and C;(L) are obtained from
(Is = ¥,L) [C; + CH(L)(1 — L)] = (Is — ©;L)(1 — L),

and ¥, = I3 — A;B{. See the supplement for further details.
For the experiments with no long-run relations (ro = 0) we generate Aw;; using
the VAR(1) model in first-differences:

Awy = ®;AwW; 1 + uyy, (60)

for i = 1,2,...n, t = 1,2,...,T, where uy ~ [IDN(0,%,;). The elements of the
covariance matrix ¥,; = (0;4) are generated as o, = 1 for ¢ = 1,2,...,n and
¢=1,2,3,and 0,4 ~ IIDU(0,0.5), for ¢ # ¢’ , and i = 1,2, ...,n. We use a diagonal
matrix for ®; = (¢; 4p), With ¢, elements on its diagonal, for r = 1,2,...,m. We
consider three options for ¢, ,: (i) low values ¢, ,, ~ U[0,0.8], (ii) moderate values
Gi00 ~ U[0.7,0.9], and (4ii) high values ¢, ,, ~ U[0.80,0.95]. wy is then obtained by
cumulating Aw;; from the initial value w; o = 0. Similarly to the experiment with
long-run relations given by (56), the model is a special case of (). Specifically,
leads to w;; = wyo + Gif; + C;syy + CH(L)uy, where C; = (I, — @i)_l, and
C:(L) = —®,; (I, — ®;) " (I, — ®;L)"". For experiments without interactive time
effects we set G; = 0, for all i.

In addition to the designs described above, we also consider a data generating
process taken from Section 3.1 of (Chudik, Pesaran, and Smith (2023a). For this

! .
m = 2, and w;; = (wy 44, wa;) is generated as

Awl,it = C; — Q;11 (wl,i,tfl - w2,i,t71) + U1 it

Aw2,it = U2,

where a; 11 ~ ITDU [0.2,0.3], w; = (14, uz.¢) is heteroskedastic and cross-sectionally
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independent, and u, ;; is correlated with ugﬂ-tﬂ We use this design to see how PME
compares to single-equation estimators that correctly assume long-run causality runs
from wy ;+ to wy ;z. We would expect such estimators to perform reasonably well, par-
ticularly when 7' is large relative to n, and provide a good baseline to evaluate the
performance of PME in settings favorable to the single equation techniques advanced
in the literature.

In short, we have 71 experiments. 6 experiments with m = 3 variables and no

long-run relations (ry = 0), given by 3 choices for the distribution of ¢,;, and inter-

ijo
active time effects are included or not. 64 = 2° experiments feature m = 3 variables
with long-run relations, given by combinations of the choice of model (VAR(1) or
VARMA(1,1)), ro = 1 or 2, Gaussian or chi-square error distributions, moderate or
slow speed of convergence, system measure of fit PR?, = 0.2 or 0.3, and interactive
time effects are included or not. In addition, we have one experiment with m = 2
variables, 7o = 1 long-run relation and one one-way long-run causality taken directly
from |Chudik, Pesaran, and Smith (2023a).

To save space, we report only summary results that are averages across a number
of selected experiments, with the results for the individual experiments available from
the authors upon request. Section [S4] of the supplement also provides further details
of the Monte Carlo designs, how the processes are initialized, and the rationale behind
the parameterization adopted. Additionally, Section [S6|of the supplement shows that
the results for estimation of ry the associated long-run relations are robust to GARCH

and threshold autoregressive effects.

9.2 Small sample evidence on estimation of r

We summarize the Monte Carlo findings for the estimation of ry by the eigenvalue
thresholding estimator 7 given by (55), using 6 = 1/4 and 1/2 in Tables 1-2. Table
1 reports selection frequencies of 7 = 0, 1, 2, 3 using VAR(1) based DGPs without

interactive time effects, for the three cases of ro = 0, 1 or 2[f] The theory indicated very

3 _ _ 2 2
U1,it = O1i€1,it, U2,it = 02i€2,it, 07,03 ; ~ 11DU [0~87 1'2]7

< Zl’it ) ~ IIDN (02726)7 Ee ~ ( pl pfz ) ’ and pei ~ IIDU [03’07] :
2,1t et

See Section 3.1 of |(Chudik, Pesaran, and Smith (2023a)| for details.
4These results are averaged over 3 VAR(1) experiments in first differences (ro = 0), differeing in
terms of autoregressive coefficients (low, medium and high values), and over 8 VAR(1) experiments
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fast convergence of 7 to ry, and this is confirmed by the Monte Carlo simulations.
The eigenvalue thresholding estimator 7 correctly identifies 7y in 100 per cent of
cases, except for the very small sample sizes considered. For n = 50 and T' = 20, we
see 5% probability of 7 overestimating the true number of long-run relations when
the smaller exponent § = 1/4 is used in experiments with o = 0 in Tablel. For
comparison, we also report selection frequency for the Johansen procedure using the
trace statistic and the conventional nominal level of 5 percent| Whereas there is a
single estimate for the whole panel per replication using 7, there are n such estimates
per replication using the Johansen procedure (7;, i = 1,2, ...,n). We simply use them
all in calculating the selection frequencyf| Hence n will not influence these results,
but increasing T' does improve the frequency with which the correct value is selected
using the trace statistic. For T' = 100, frequency of correctly estimating the number
of long-run relations using the Johansen trace statistics is 69 percent for ry = 0, 82
percent for rg = 1, and only 31 percent for ro = 2 in Table 1.

Simulation results for the performance of 7 as an estimator of r( in the case of ex-
periments with interactive time effects are presented in Section [S5| of the supplement,
to save space. These results continue to show near perfect performance of 7 similarly
to the experiments summarized above for the case of panels without interactive time
effects.

Overall, our findings are in line with the theoretical insights of a very fast conver-
gence of 7 to ry. For this reason, we report next on the small sample performance of

the identified PME estimator assuming ¢ is known.

in levels featuring ro = 1 and 2 long-run relationships, differing in terms of the error distributions
(Gaussian or chi-squared), fit (high or low), and speed of convergence towards long run (moderate
or low).

5We assume the true lag order of the VAR design is known.

6There are a number of ways that one might choose 7 for the panel from these n tests, based on
the modal selection or the average value of the test statistic for instance. We do not explore these
avenues here.
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TABLE 1: Selection frequencies, averaged across experiments, for the estimation of
ro = 0,1,2,3 by eigenvalue thresholding estimator, 7, given by with 0 = 1/4
and 1/2 and by Johansen’s trace statistics using VAR(1) as the DGP with
ro = 0,1, 2, and without interactive time effects.

Frequency ¥ =0 Frequency ¥ =1 Frequency 7 = 2 Frequency ¥ = 3

n\T 20 50 100 20 50 100 20 50 100 20 50 100
A. Experiments with rg =0
Correlation matrix eigenvalue thresholding estimator 7, with 6 = 1/4
50 0.95 1.00 1.00 0.05 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
500 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Correlation matrix eigenvalue thresholding estimator 7, with 6 = 1/2
50 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
500 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Selection of r based on Johansen Trace statistics (p = 0.05)
50 0.28 0.55 0.69 0.41 0.29 0.22 0.14 0.06 0.03 0.17 0.10 0.06
500 0.28 0.54 0.69 0.41 0.29 0.22 0.14 0.06 0.03 0.17 0.10 0.06
1,000 0.28 0.54 0.69 0.41 0.29 0.22 0.14 0.06 0.03 0.17 0.10 0.06
3,000 0.28 0.54 0.69 0.41 0.29 0.22 0.14 0.06 0.03 0.17 0.10 0.06
B. Experiments with rg =1
Correlation matrix eigenvalue thresholding estimator 7, with 6 = 1/4
50 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
Correlation matrix eigenvalue thresholding estimator 7, with 6 = 1/2
50 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
Selection of r based on Johansen Trace statistics (p = 0.05)
50 0.46 0.26 0.01 0.36 0.57 0.82 0.07 0.08 0.08 0.11 0.09 0.08
500 0.46 0.26 0.02 0.36 0.57 0.82 0.07 0.08 0.08 0.11 0.09 0.08
1,000 0.46 0.26 0.01 0.36 0.57 0.82 0.07 0.08 0.08 0.11 0.09 0.08
3,000 0.46 0.26 0.01 0.36 0.57 0.82 0.07 0.08 0.08 0.11 0.09 0.08
C. Experiments with rog = 2
Correlation matrix eigenvalue thresholding estimator 7, with 6 = 1/4
50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
Correlation matrix eigenvalue thresholding estimator 7, with 6 = 1/2
50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
Selection of r based on Johansen Trace statistics (p = 0.05)
50 0.36  0.06 0.00 0.39 0.61 0.43 0.09 0.15 0.31 0.16 0.18 0.25
500 0.36  0.06 0.00 0.39 0.61 0.43 0.09 0.15 0.31 0.16 0.18 0.25
1,000 0.36 0.06 0.00 0.39 0.61 0.43 0.09 0.15 0.31 0.16 0.18 0.25
3,000 0.36 0.06 0.00 0.39 0.61 0.43 0.09 0.15 0.31 0.16 0.18 0.25

Notes: For rg = 0, (panel A) there are 3 experiments: with low, medium and high serial correlation in first-difference
VAR(1) model. For rg =1, (panel B) and rg = 2 (panel C) there are 8 VAR(1) experiments differing in terms of the
error distributions (Gaussian or chi-square), fit (high or low), and speed of convergence towards long run (moderate
or low). Lag order for the computation of Johansen’s trace statistics is set equal to the true lag order for the VAR.
All experiments based on R = 2,000 MC replications. Results for individual Monte Carlo experiments are available
from the authors upon request. A summary of the different MC designs is given in Subsection [0.1] with a detailed
account of the data generating processes provided in Section @of the supplement.
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TABLE 2: Selection frequencies, averaged across experiments, for the estimation of
ro = 0, 1,2,3 by eigenvalue thresholding estimator with 6 = 1/4 and 1/2 and by
Johansen’s trace statistics using VARMA(1,1) as the DGP with ry = 1,2, and
without interactive time effects.

Frequency 7 =0 Frequency 7 =1 Frequency 7 = 2 Frequency 7 = 3
n\T 20 50 100 20 50 100 20 50 100 20 50 100
A. Experiments with rog =1
Correlation matrix eigenvalue thresholding estimator 7, with 6 = 1/4
50 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
Correlation matrix eigenvalue thresholding estimator 7, with § = 1/2
50 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
Selection of r based on Johansen Trace statistics (p = 0.05)
50 0.40 0.33 0.14 0.38 0.48 0.69 0.09 0.09 0.09 0.13 0.11 0.09
500 0.40 0.33 0.14 0.38 0.48 0.69 0.09 0.09 0.09 0.13 0.11 0.09
1,000 0.40 0.33 0.14 0.38 0.48 0.69 0.09 0.09 0.09 0.13 0.11 0.09
3,000 0.40 0.33 0.14 0.38 0.48 0.69 0.09 0.09 0.09 0.13 0.11 0.09
B. Experiments with ro =2
Correlation matrix eigenvalue thresholding estimator 7, with § = 1/4
50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
Correlation matrix eigenvalue thresholding estimator 7, with 6 = 1/2
50 0.00 0.00 0.00 0.02 0.00 0.00 0.98 1.00 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
Selection of r based on Johansen Trace statistics (p = 0.05)
50 0.42 0.34 0.10 0.37 0.42 047 0.08 0.09 0.21 0.13 0.15 0.21
500 0.42 0.34 0.10 0.37 0.42 0.47 0.08 0.10 0.21 0.13 0.15 0.22
1,000 0.42 0.34 0.10 0.37 0.42 0.47 0.08 0.09 0.21 0.13 0.15 0.22
3,000 0.42 0.34 0.10 0.37 042 0.47 0.08 0.09 0.21 0.13 0.15 0.22

Notes: For ro = 1, (panel A) and ro = 2 (panel B) there are 8 VARMA(1,1) experiments differing in terms of the
error distributions (Gaussian or chi-squared), fit (high or low), and speed of convergence towards long run (moderate
or low). Lag order for the computation of Johansen’s trace statistics is set equal to the integer part of T-1/3. All
experiments are based on R = 2,000 MC replications. Results for individual Monte Carlo experiments are available
from the authors upon request. A summary of the different MC designs is given in Subsection with a detailed
account of the data generating processes provided in Section @of the supplement.
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TABLE 3: Simulated bias, RMSE, size and power, averaged across 8 experiments,
for PME and MG-Johansen estimators of long-run relations, using a three variable
VAR(1) with 7y = 2 and without interactive time effects

Bias (x100) RMSE (x100) Size(x100) Power (x100)
n\T 20 50 100 20 50 100 20 50 100 20 50 100
A. Results for 8,34
PME estimator with ¢ = 2 sub-samples

50 -0.15  -0.13 -0.07 4.06 1.96 1.10 7.66 7.10 7.39 15.21  42.18  81.30
500 -0.02  -0.15 -0.06 1.34 0.64 0.35 7.13 5.83 5.17 67.73  99.63 100.00
1,000 0.01 -0.15 -0.07 0.97 046 0.25 7.64 6.73 6.48 90.24 100.00 100.00
3,000 -0.06 -0.14 -0.06 0.66 0.29 0.15 12.84 8.16 7.76 99.96 100.00 100.00
PME estimator with ¢ = 4 sub-samples
50 -0.62  -0.39 -0.12 329 159 0.79 7.48 833 7.63 23.13 6441 96.21
500 -0.49 -0.39 -0.11 122 0.62 0.27 10.58 13.04 7.58 91.19 100.00 100.00
1,000 -0.47  -0.38 -0.12 0.95 0.51 0.21 14.99 20.15 11.16 99.31 100.00 100.00
3,000 -0.53  -0.38 -0.12 0.76  0.43 0.15 35.96 47.89 20.91 100.00 100.00 100.00
MG-Johansen estimator
50 15.78  -3.14 -0.39 >100 >100 65.53 2.66 2.96 3.26 2.67 10.45  56.48
500 -12.34 1.92 -0.86 >100 >100 85.82 1.98 1.89 2.66 2.27  10.77  65.62
1,000 -4.83  -1.07 0.18 >100 >100 36.39 2.16 224 231 2.38  11.44  65.38
3,000 -46.82 -40.69 -0.17 >100 >100 65.14 221  2.01 2.09 2.34 1224 65.83

B. Results for 535
PME estimator with ¢ = 2 sub-samples

50 0.02 -0.15 -0.07 4.11  1.96 1.09 8.26 7.43 7.31 15.78 41.90 81.03
500 -0.21  -0.16 -0.07 1.34 0.65 0.35 6.99 5.88 5.63 67.41  99.65 100.00
1,000 -0.07 -0.14 -0.07 098 046 0.25 7.53 6.32 6.61 90.25 100.00 100.00
3,000 -0.08 -0.14 -0.07 0.66 0.29 0.16 13.13  8.56  7.98 99.97 100.00 100.00
PME estimator with ¢ = 4 sub-samples

50 -0.42  -0.38 -0.12 3.30  1.57 0.77 7.89 8.05 6.72 23.71  64.31  96.66
500 -0.71  -0.40 -0.12 1.31 0.63  0.28 13.23 13.69 8.26 91.11 100.00 100.00
1,000 -0.56  -0.38 -0.12 0.99 0.51 0.21 16.85 19.71 10.71 99.25 100.00 100.00
3,000 -0.57  -0.38 -0.12 0.78 0.43 0.16 37.17 48.16 21.74 100.00  100.00 100.00

MG-Johansen estimator

50 -21.74 3.58 0.52 >100 >100 65.06 2.56  2.74  3.43 14.82  15.76  56.87
500 -6.62  -1.29 0.65 >100 >100 79.29 2.23  1.94 2.58 15.19 15.74 65.54
1,000 13.31 0.70 -0.18 >100 >100 40.82 2.34 2.14 2.56 15.74 15.99 65.71
3,000 13.99 55.84 0.04 >100 >100 56.04 2.09 217 2.23 15.49 17.06 65.86

Notes: The long-run relations are given by 3,1,0Wit = wi¢,1 — w4t,3 and ﬁlzyowit = wjt,2 — W4,3, and identified using
B11,0 = Bago =1, and B3 o = Ba1,0 = 0. The 8 experiments differ with respect to distribution (Gaussian or
chi-squared), fit (high or low), and speed of convergence toward long run (moderate or low). Size and power are
computed at the five percent nominal level. Reported results are based on R = 2,000 Monte Carlo replications.
Simulated power are computed under Hj : B3 = —0.97, 853 = —0.97, as alternatives to —1 for both coefficients
under the null. Results for individual Monte Carlo experiments are available from the authors upon request. A
summary of the different MC designs is given in Subsection with a detailed account of the data generating
processes provided in Section of the supplement.

9.3 Estimation of coefficients of long-run relations

9.3.1 Comparison of PME with MG-Johansen in VAR(1) designs with

multiple long-run relations

We first investigate how PME estimators of multiple long-run relations compare with
the Mean Group estimator based on Johansen’s estimator of individual cointegrating
vectors (MG-Johansen). To this end, we focus on the VAR(1) design with multi-
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ple long-run relations (ro = 2 long-run relations among m = 3 variables) and no
interactive time effects. We assume the true lag order is known in the case of MG-
Johansen. This is a set up which we believe is most favorable to Johansen procedure
when applied to the individual units. But we note that the PME estimator does not
require the knowledge of the true lag order. These long-run relations are identified
according to - for both PME, and MG-Johansen’s estimators. While mo-
ments of Johansen’s estimator do not exist, we expect the simulated size and power
of MG-Johansen to be good for a sufficiently large T relative to n.

Table 3 provides a summary of the results for estimation of 3,53, (= —1) in part A,
and for 343, (= —1) in part B. The table report bias, root mean square error (RMSE),
size of the tests at 5% nominal level, and power of the tests (H; : ;3 = —0.97,
Bazo = —0.97). All entries in this table are multiplied by 100, and averaged across
8 experiments, defined in terms of error distributions (Gaussian or chi-squared), fit
(high or low), and speed of convergence towards the long run (moderate or low).

We first note that the PME estimator works quite well, with relatively small bias
and RMSE that decline with n and T'. The choice of ¢ = 2 works well for most n and
T combinations, and ¢ = 4 performs better in terms of RMSE only when 7" = 100.
In terms of size, PME with ¢ = 2 does better than with ¢ = 4 for all n and T' combi-
nations, and has size close to the nominal 5 per cent level, together with satisfactory
power that rapidly rises to 100 per cent as n and T are increased. However, even
when ¢ = 2 there is some evidence of moderate size distortions, particularly when
T = 20 and n = 3,000. The size distortion of PME when ¢ = 4 seems to be largely
due to its bias that does not decline with 7', despite the fall we observe in its RMSE.

The results for the MG-Johansen estimator, also reported in Table 3, show size
below 5 percent and a very low power in comparison to PME. The very large RMSE
and bias entries could be due to lack of moments for the unit-specific estimators ob-
tained using the Johansen procedure. Clearly, further research is needed for adapting
the use of Johansen maximum likelihood approach for use with large panels. We
are using MG-Johansen estimators here only for the purpose of comparisons when
ro > 1. Below we do consider other panel cointegration procedures when ry = 1, and
we will no longer report results for MG-Johansen as they are very similar to those
summarized in Table 3.

The above summary results do not depend much on which of the two coefficients

is considered.
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TABLE 4: Simulated bias, RMSE, size and power, averaged across 8 experiments,
for PME estimators of long-run relations in the case of a three variables
VARMA(1,1) with 79 = 2, and without interactive time effects

Bias (x100) [ RMSE (x100) [ Size(x100) [ Power (x100)
n\T 20 50 100 [ 20 50 100 [ 20 50 100 [ 20 50 100
A. Results for 35

PME estimator with ¢ = 2 sub-samples

50 -0.20 -0.27 -0.14 6.92 405 244 849 7143 7.99 10.44 16.84  33.66

500 0.16 -0.22 -0.13 2.24 1.31 0.77 7.25 5.80  5.81 29.62 72.41 96.88

1,000 0.23 -0.20 -0.13 1.66 0.93 0.55 8.40  5.98 5.79 48.41 92.58  99.92

3,000 0.16 -0.21 -0.11 1.08 0.56 0.32 1296 6.78  6.73 86.03  99.99 100.00
PME estimator with ¢ = 4 sub-samples

50 -0.83° -0.73 -0.24 5.60 330 1.80 713 739 7.52 12.72 25.58 52.34

500 -0.51 -0.64 -0.20 1.94 1.20 0.60 8.33 9.94 7.7 53.05 92.56  99.86

1,000 -0.46 -0.63 -0.21 1.50 0.96 0.44 10.73  13.52 8.18 76.78 99.49 100.00

3,000 -0.53 -0.63 -0.20 1.11  0.75 0.30 24.57 32.18 14.53 98.21 100.00 100.00

B. Results for §,3 g

PME estimator with ¢ = 2 sub-samples

50 0.06 -0.23 -0.12 6.84  4.07 240 850 7.71 7.AT 10.87 1745 3351

500 -0.06 -0.25 -0.13 2.25 1.31 0.77 6.94 5.81 6.01 29.10  72.41 96.82

1,000 0.11 -0.21 -0.13 1.64 0.93 0.55 8.03  5.81 5.99 48.22 92.34  99.93

3,000 0.12 -0.20 -0.11 1.09 0.56 0.33 12.66  6.92 7.06 86.06  99.98 100.00
PME estimator with ¢ = 4 sub-samples

50 -0.51 -0.65 -0.22 548 328 1.74 736  7.20 6.68 1336 26.04 5I.75

500 -0.77 -0.67 -0.21 2.04 1.21 0.60 9.54 10.01 7.12 52.29  92.70  99.88

1,000 -0.59 -0.63 -0.21 1.53 0.96 0.44 11.66 14.24  8.08 76.76  99.49 100.00

3,000 -0.57 -0.63 -0.20 1.13 0.75 0.31 24.94 32.18 14.91 98.21 100.00 100.00

) . . , _ . , - . . . .
Notes: The long-run relations are given by ﬂLOw“ = wj¢,1 — w4t,3 and ﬁzowit = w;¢,2 — Wit,3, and identified using

Bi1,0 = Baz,o = 1, and By 9 = Baq,0 = 0. The 8 experiments differ with respect to distribution (Gaussian or
chi-squared), fit (high or low), and speed of convergence toward long run (moderate or low). Reported results are
based on R = 2,000 Monte Carlo replications. Simulated power are computed under Hy : $13 = —0.97 and
Bag = —0.97, as alternatives to —1 for both coefficients under the null. Results for individual Monte Carlo
experiments are available from the authors upon request. A summary of the different MC designs is given in

Subsection with a detailed account of the data generating processes provided in Section of the supplement.
Size and Power are computed at 5 percent nominal level.
TABLE 5: Simulated bias, RMSE, size and power, averaged across 8 experiments,
for PME estimators of long-run relations in the case of three variables VARMA(1,1)
with rg = 2, and with interactive time effects

Bias (x100) [ RMSE (x100) [ Size(x100) [ Power (x100)
n\T 20 50 100 [ 20 50 100 [ 20 50 100 [ 20 50 100
A. Results for 3,3

PME estimator with ¢ = 2 sub-samples

50 -0.20 -0.26 -0.14 6.89 4.05 244 856 746 8.00 10.59 16.85  33.76

500 0.16 -0.21 -0.13 2.23 1.31 0.77 7.15 5.83 5.79 29.86  72.38  96.91

1,000 0.24 -0.20 -0.13 1.65 0.93 0.55 8.38 594 5.76 48.74  92.63  99.92

3,000 0.16 -0.21 -0.11 1.08 0.56 0.32 12.91 6.78 6.71 86.23  99.99 100.00
PME estimator with ¢ = 4 sub-samples

50 -0.8T -0.72 -0.23 554 329 1.0 704 741 7.53 12.85 25,58 52.38

500 -0.50 -0.63 -0.20 1.92 1.20 0.60 8.21 9.96 7.13 53.69  92.61 99.85

1,000 -0.44 -0.63 -0.20 1.47 0.95 0.44 10.59 13.56  8.22 77.28  99.50 100.00

3,000 -0.52 -0.63 -0.20 1.09 0.75 0.30 24.09 32.06 14.57 98.36  100.00 100.00

B. Results for 553

PME estimator with ¢ = 2 sub-samples

50 0.05 -0.22° -0.12 6.8T 4.06 240 84T 7.76 754 1T.00 T7.61 33.53

500 -0.06 -0.24 -0.13 2.23 1.31 0.77 6.90 5.79  6.00 29.31 72.36  96.86

1,000 0.11 -0.21 -0.13 1.64 0.93 0.55 7.99 581 6.06 48.69  92.39  99.93

3,000 0.12 -0.20 -0.11 1.08 0.56 0.33 1246  6.91 7.06 86.13  99.98 100.00
PME estimator with ¢ = 4 sub-samples

50 -0.49  -0.64 -0.22 543 327 174 7.45 723 6.63 13337 2583 5I.71

500 -0.75 -0.67 -0.21 2.01 1.21 0.60 9.43  9.98 7.16 52.87  92.71 99.88

1,000 -0.57 -0.63 -0.21 1.51 0.96 0.44 11.54 14.21 8.06 77.26  99.50 100.00

3,000 -0.55 -0.62 -0.20 1.11 0.75 0.31 24.68 32.24 14.89 98.32 100.00 100.00

Notes: See the notes to Table 4.
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Long run parameters
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FIGURE 1: Empirical power curves for the tests based on PME estimators of 3,3,
and (93, parameters of 7y = 2 long-run relations, using VARMA(1,1) without
interactive time effects, slow speed of convergence, PR?, = 0.2, and Gaussian

errors. PME estimators use ¢ = 2 sub-samples.
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FIGURE 2: Empirical power curves for the tests based on PME estimators of 3,3,
and (93, parameters of 7o = 2 long-run relations, using VARMA(1,1) with
interactive time effects, slow speed of convergence, PR?, = 0.2, and Gaussian
errors. PME estimators use ¢ = 2 sub-samples.

40



TABLE 6: Simulated bias, RMSE, size and power for estimation of long-run
relation using VAR(1) with m = 2 variables, ry = 1, and one-way long-run causality

Bias (x100) RMSE (x100) Size (x100) Power (x100)
n\T 20 50 100 20 50 100 20 50 100 20 50 100
PME estimator with ¢ = 2 sub-samples
50 -0.98 -0.19 -0.03 492 211 1.05 7.95 6.90 6.30 1590 37.65 82.40

500 -0.98 -0.16 -0.06 1.77 0.70 0.34 10.35 6.75 5.70 78.30  99.85 100.00
1,000 -0.93 -0.17 -0.06 1.42 0.51 0.24 15.90 7.40 4.70 96.30 100.00 100.00
3,000 -0.91 -0.18 -0.05 1.09 0.32 0.14 33.00 10.50 5.60 100.00 100.00 100.00

PME estimator with ¢ = 4 sub-samples
50 -1.46 -0.36 -0.09 4.09 1.79 0.85 9.05 7.35 6.30 23.30  52.00 95.40

500 -1.47 -0.33 -0.10 1.89 0.64 0.28 23.65 9.65 5.45 97.50 100.00 100.00
1,000 -1.41 -0.35 -0.10 1.65 0.53 0.21 39.95 15.50 6.20 100.00 100.00 100.00
3,000 -1.40 -0.35 -0.09 1.48 0.42 0.14 82.65 36.05 12.65 100.00 100.00 100.00

System Pooled Mean Group Estimator
50 -0.33 0.05 -0.01 7.10 1.87 0.81 58.50 24.95 15.00 62.80 67.95 99.05

500 -0.05 0.03 0.00 2.21 0.58 0.25 59.45 25.10 13.20 83.15 100.00 100.00
1,000 -0.01 0.01 0.00 1.59 0.41 0.18 59.25 2290 13.05 92.40 100.00 100.00
3,000 -0.01 0.00 0.00 0.89 0.24 0.10 57.45 24.30 13.65 99.75 100.00 100.00

Breitung’s 2-Step Estimator
50 5.25 1.28 0.36 6.45 2.03 0.84 53.95 23.30 12.30 28.55 33.056 96.15

500 5.25 1.26 0.36 5.39 1.35 0.43 99.70  84.00 41.90 70.55  97.95 100.00
1,000 5.27 1.25 0.35 5.34 1.29 0.39 99.90 97.75  63.75 91.00 100.00 100.00
3,000 529 1.24 0.36 5.32 1.26 0.37 100.00 100.00  98.20 99.90 100.00 100.00

Pooled Mean Group Estimator
50 1.69 0.40 0.08 5.63 1.76 0.78 44.90 19.90 10.85 43.55  59.50 98.70

500 191 0.36 0.08 2.52 0.64 0.25 66.25 28.45 12.80 52.45 100.00 100.00
1,000 1.92 0.33 0.08 2.25 0.50 0.19 79.65 33.55 14.35 61.00 100.00 100.00
3,000 1.90 0.32 0.08 2.02 0.39 0.13 98.30 56.95 22.00 80.95 100.00 100.00

Pooled Bewley Estimator
50 3.70 0.75 0.19 5.17 1.70 0.76 20.05 10.20 7.20 7.15  35.65 96.80

500 3.76 0.73 0.18 3.92 0.86 0.29 92.40 34.15 12.65 11.60  99.95 100.00
1,000 3.78 0.71 0.18 3.87 0.79 0.24 99.80  58.55  19.80 18.45 100.00 100.00
3,000 3.80 0.71 0.18 3.82 0.73 0.21 100.00  95.75  50.20 41.95 100.00 100.00

Panel FMOLS estimator
50 10.27 4.27 2.01 11.08 4.69 2.24 96.10  90.85  85.70 85.30 47.05 52.85

500 10.30 4.27 2.03 10.38 4.32 2.05 100.00 100.00 100.00 100.00 88.95 98.10
1,000 10.33 4.25 2.03 10.37 4.28 2.04 100.00 100.00 100.00 100.00  97.90  99.95
3,000 10.36 4.25 2.03 10.37 4.26 2.04 100.00 100.00 100.00 100.00 100.00 100.00

Panel Dynamic OLS Estimator
50 4.15 1.15 0.36 6.51 2.15 0.91 23.45 15.10 9.40 12.85 24.85 90.25

500 4.13 1.12 0.35 4.44 1.25 043 72.85 58.95 30.50 16.05  94.50 100.00
1,000 4.19 1.11 0.35 4.35 1.18 0.39 87.45 84.20 50.80 21.65 99.80 100.00
3,000 4.21 1.10 0.35 4.26 1.13 0.37 91.25 99.45 93.10 39.50  99.80 100.00

Notes: The long-run relation is given by 8] oWit = wit.1 — wit,2 = /511,0111#,1 + ,[3127010“727 and identified with
B11,0 = 1. Coeflicient 8199 = —1is estimated. Data generating process used for results reported in this table is
taken from |Chudik, Pesaran, and Smith (2023a). Section 3.1 of |(Chudik, Pesaran, and Smith (2023a) provides full
account of this design. Reported results are based on R = 2,000 Monte Carlo replications. Size and Power are
computed at 5 percent nominal level. Simulated powers are computed under Hy : 815 = —0.97, compared to null
value of —1.

41



9.3.2 Performance of PME in VARMA (1,1) designs

Results when using VARMA(1,1) designs with ry = 2 are presented in Tables 4 for
models without time effects, and in Table 5 for models with interactive time effects.
As before, these results are averages across eight VARMA(1,1) experiments featuring
ro = 2 long-run relations that differ in terms of error distributions (Gaussian or chi-
squared), fit (high or low), and speed of convergence toward long run (moderate or
low). Figures 1-2 give empirical power curves for tests on 3,3, and (3,3, using PME
estimators computed with ¢ = 2 sub-samples, in VARMA(1,1) designs with ry = 2
long-run relations, and for n = 50, 500, and 1000. Separate panels show T = 20,
T = 50, T = 100. This experiment has a slow speed of convergence, PR, = 0.2,
Gaussian errors and without interactive time effects (Figure 1) or with interactive
time effects (Figure 2). In both cases, the power increases with n and T" as expected.

Qualitatively, the VARMA results in Table 4 are similar to the VAR results sum-
marized in Table 3, with one important exception. Allowing for an MA component
in the DGP tends to reduce power of the tests. For example, in the case where
n =500, T"= 20, and q = 2, the power of testing 3,3, = —1 against the alternative
B3 = —0.97 is 67.73 per cent when using VAR design (Table 3) as compared to
29.62 per cent when using the VARMA design (Table 4). Otherwise, the results for
bias, RMSE and size are comparable across the two designs. Similarly, allowing for
interactive time effects (Table 5) does not alter these conclusions, and PME seems to
be quite robust to the inclusion of interactive time effects, in line with the theoreti-
cal results of Section [7} so long as the time effects are not trended (deterministic or

stochastic).

9.3.3 Comparisons with available estimators in the design with single

long-run relation and one-way long-run causality

Last but not least, we investigate how PME compares with existing approaches for
the estimation of a single long-run relation, in a design that is favorable to single
equation estimators, some of which rely on the direction of long-run causality to be
one-way and known, and the lag order of the VAR to be well specified. We report
results for panel FMOLS estimator by Pedroni (1996, 2001a, 2001b), the Pooled Mean
Group (PMG) estimator by Pesaran, Shin, and Smith (1999), panel Dynamic OLS
(PDOLS) by Mark and Sul (2003), the two-step system estimator of Breitung (2005)),
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the system PMG estimator of |(Chudik, Pesaran, and Smith (2023b), and the pooled
Bewley estimator by |(Chudik, Pesaran, and Smith (2023a). For large 7" panels with
moderate n, we would expect these single equation techniques to perform better than
the PME that allows for MA components and does not assume long-run causality.
This is confirmed by the results summarized in Table 6. When 7' = 100 and n = 50,
PME (g = 2) has higher RMSE than all other estimators reported in Table 6 except
for the FMOLS estimator. In contrast, PME estimator (¢ = 2) is much more balanced
in terms of bias, RMSE and size of the tests, when 7" is small (= 20), and n quite
large (= 1000). None of the alternative estimators to PME in the case of 7y = 1 (and
known one-way long-run causality) work well in samples where T' is not very large
and n much larger than 7.

In terms of bias and size, the PME estimator with ¢ = 2 performs much better
than all the other single equation estimators under consideration, even if we consider
T = 100 and n = 50. Overall, Monte Carlo findings show that the PME estimator
with ¢ = 2 can have satisfactory performance for panels where n is quite large relative
to T, in particular for panels with n and T combinations similar to the ones we

consider in our empirical application discussed below.

10 Empirical Applications

We provide two empirical applications to illustrate wide applicability of the PME

approach to both micro and macro panels.

10.1 Estimation of long-run financial relations

The fist application considers micro panels of firms where n is quite large relative to
the available time dimension. We use logarithms of six key financial variables from
CRSP/Compustat, available from Wharton Research Data Services. The six variables
(measured in logarithms) are book value (BVj;), market value (MV}), short-term
debt (SD;), long-term debt (LD;), total assets (T'A;;) and total debt outstanding
(DO;t). These are variables among which one would expect some key relations. We
consider them in three sets of two or three variables, using two unbalanced panels
both begin in 1950, the shorter one ends in 2010 and the longer one in 2021. The

maximum 7" is 71. We set a minimum 7' of 20, and the average T is around 30.
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The number of firms n varies from about 1,000 to 2,500 depending on the set of
variables under consideration. As well as estimating the number of long-run relations
and their parameters we test whether the coefficients in the linear combinations of
logarithms take the value -1, to relate our results to the ratios used in corporate
finance. In corporate finance accounting ratios, constructed from balance sheet data,
are commonly used to measure the profitability, liquidity, and solvency of a firm. The
rationales for the use of ratios include correcting for size in the cross section dimension
and eliminating common trends in the time series dimension to render the ratios
stationary. These two objectives are not always compatible. In an early contribution,
that remains relevant, |Lev and Sunder (1979)|comment “It appears that the extensive
use of financial ratios by both practitioners and researchers is often motivated by
tradition and convenience rather than resulting from theoretical considerations or
from a careful statistical analysis.” (Geelen et al. (2024) provide a more recent study
of the use of financial ratios in empirical corporate finance literature.

Given that the theory is often not very specific, it is desirable to have a statis-
tical criteria to judge which are the appropriate long-run relations among the set
of variables considered and whether the logarithm of their ratios is stationary. The
time series stationarity of finance ratios like the aggregate dividend price ratio have
been studied, but the question has not, to our knowledge, been addressed in corpo-
rate finance, where the context is somewhat different. Corporate finance studies tend
to use unbalanced panels with large n and relatively small 7" and and the vector of
accounting variables, of the sort one gets from Compustat, may include multiple long-
run relations. Thus the PME estimator which is appropriate for multiple long-run
relations in a large n, moderate T' panel seems well designed to determine whether
there are long-run relations in accounting data.

Using a multiplicative specification, the relation between y;;, z;; and z; can be
readily cast in terms of w; = (Inyy,Inxy,Inz;) and the PME procedure can be
used to test (a) if Byw; is stationary; and (b) if 5,0 = 1, f159 = —1, B130 = 0; to
validate the the use of In (y;;/x;;) or y;/x; in econometric analysis. If step (a) cannot
be validated then Byw; will not be stationary and its use in econometric analysis
could lead to spurious results. But if step (a) is validated but not (b), whilst it would
not be advisable to use In y;; —In x;;, one can still consider using B,Wit, where B could

be the exactly identified PME estimator of 3, in second stage panel regressions that
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allow for short term dynamics as well as other stationary variables[’| Such a two-step
procedure is justified, noting that B is super consistent, converging to 3, at the rate
of T'\/n.

Data sources, full definitions of the variables, summary statistics and additional
details on construction of the samples for each of the three variable sets are provided
in Section [S7] of the supplement. The following data filters are applied sequentially
to each variable set and sample period, separately. Firms are omitted if, for a given
variable set and sample: they do not have data for all variables in the set (without
gaps and covering at least 20 time periods); have nonpositive entries on any of the
variables, since we are using logarithms; and average value of key ratios fall below
the 1st or above the 99th percentiles estimated after the application of the first two
filters. This is similar to the filtering Geelen et al. (2024) use, except that we require
a longer time series dimension [

The variables are grouped into three sets, where we have prior expectations about
possible cointegration amongst them. To illustrate the procedure we start with the
simplest case where m = 2 and w;; include the logarithm of total debt outstanding
and logarithm of total assets: {DO;, T'A;:}. The ratio of total debt to total assets
is often used as a measure of leverage, so there is a single hypothesized long-run
relation. To showcase the performance of the PME procedure with multiple long-
run relations, we consider two other sets of variables with m = 3. They are: the
logarithms of short and long term debt and total assets, {SD;, LD;, TA;}; and
the logarithms of total debt outstanding, book value and market value, {DO;;, BV,
MV;}. We expect two hypothesized long-run relations in both of these sets. Since
these variables are often used to construct accounting ratios, whether the long-run
relation has a unit coefficient is also of interest. Because of missing firm observations
on some variables, the number of firms with minimum of 20 data points on all the
variables under consideration falls as we include more variables in a set. For this
reason we do not consider all six variables together.

Table 7 gives the estimates of the number of long-run relations for two and three

"To simplify the notations, we use the symbol tilde in this section to denote PME estimates of
the exactly identified long-run relations.

8Geelen et al. (2024) state: “We winsorize all variables at the 1% and 99% levels to mitigate
the impact of outliers. We drop all observations with missing values on one or more variables of
interest. We remove observations with a market-to-book ratio larger than 20, negative book equity
or negative EBITDA. Our final sample consists of 68,833 firm-year observations with 6,001 unique
firms.” This gives T = 11.5, though some regressions use less.
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variable models for the 1950-2021 and 1950-2010 unbalanced samples using the eigen-
value thresholding procedure, given by . It also reports the eigenvalues of the
correlation matrix, R, defined by , together with the associated threshold val-
ues, Ta_vi, where T,,c = n~! ZLI T;. Since the panel is unbalanced we base the
thresholds on T,,. and provide 7 for § = 1/2 and 6 = 1/4, using ¢ = 2 sub-sample
time averages.

The preferred threshold based on 6 = 1/4 gives # = 1 long-run relation for the
panel data models with m = 2, and 7 = 2 long-run relations for the two cases with
m = 3. The threshold with 6 = 1/2 also yields # = 1 in the case with m = 2, but
when used in the case of panels with m = 3 it selects 7 = 1 rather than 7 = 2. Given
the theoretical discussion above and the Monte Carlo results, we proceed using the
estimates of the number of long-run relations obtained using the preferred value of
0 = 1/4, namely one long-run relation when m = 2 and two long-run relations when
m = 3

Tables 8-10 present PME estimates of the coefficients in the long-run relations,
their standard errors and t-statistics for testing the null hypothesis that the long-
run coefficient in question is equal to —1. The first set of estimates, in Table 8, are
for panels with w;; = (DO, TAy)'. Recall that DO;; and T'A;; are logarithms of
debt outstanding and total assets. There is a single hypothesized long-run relation:
B11,0D0it+B120T Air. Panel A of Table 8 uses the exact identifying condition 3,; 3 = 1
and provides PME estimates of (3,5, and t-statistics for the null value of 8, = —1.
The PME estimates of 3,5, at —1.142 and —1.113 for the two sample periods ending
in 2021 and 2010, respectively, are similar and close to but significantly different
from —1. To illustrate that, unlike regression based methods, the PME estimator
is invariant to normalization, part B of Table 8 uses the exact identifying condition

B12,0 = 1, and reports the PME estimate of 3, . It is confirmed that up to rounding
error 31y = 1/f1,.

9Table S10 in the supplement reports IPS panel unit root tests by Im et al. (2003) (using a
40-year balanced panel), which do not reject the null of unit root in all cases except for short-term
debt (SD). Given the 5 per cent chance that the IPS test could be in error, we proceed assuming
that all the six variables are I(1).
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TABLE 7: Estimates of the number of long-run relations (7) by eigenvalue
thresholding using firm-level data and ¢ = 2 sub-sample time averages

Variables: wit = (DOyt, TAir) wit = (SDjt, LDit, TAi)'  wit = (DOgt, BVig, MVyy)'
Sample end year: 1950-2021 1950-2010 1950-2021 1950-2010 1950-2021  1950-2010
Estimated number of long-run relations (7)

F(5=1/2) 1 1 1 1 1 1
7 (6 =1/4) 1 1 2 2 2 2
Eigenvalues
A1 0.090 0.079 0.106 0.100 0.058 0.046
X2 1.910 1.921 0.251 0.223 0.226 0.198
A3 - - 2.644 2.678 2.717 2.756
Threshold T,
0=1/2 0.176 0.178 0.177 0.179 0.178 0.182
d=1/4 0.419 0.422 0.421 0.423 0.422 0.426
Sample dimensions
n 2,555 1,901 1,373 1,101 1,415 1,164
Tave 324 31.6 31.8 31.1 31.5 30.3
max; T; 73 61 73 61 61 49
Ty 82,837 60,118 43,621 34,262 44,592 35,293

Notes: This table reports eigenvalues ;\j for j =1,2...,m (in ascending order) of R, given by using ¢ = 2

W

sub-sample time averages and the corresponding eigenvalue thresholding estimates of the number of long-run
relations given by 7 = Z;”Zl z (5\] < T&,‘i), for § = 1/4,1/2, where Toype =n~ 13" T;, and T; > 20 for all 4. The

i=1
elements of wy; are logarithms of book value (BVjt), market value (M V), short-term debt (SD;t), long-term debt
(LDjy), total assets (T'A;;) and total debt outstanding (DO;¢). See Section of the supplement for variable
definitions, data sources and availability, and filters applied.

For panels with m = 3 and 7 = 2 we need two exactly identifying conditions on
each of the two long-run relations. In the case where w;; = (SDy, LDy, T A;)', we use
the conditions 31,5 = 1 and 3,55 = 0 to exactly identify the first long-run relation,
and conditions Sy 5 = 0 and 7 = 1 to identify the second long-run relation.
Hence the two identified long-run relations are S D;; + 313 0T Ay and LDy + B3 T Ass.
PME estimates for (,3, in Table 9 are -1.025 and -1.024 for the two unbalanced
samples, both very close to -1 and statistically not different from -1. PME estimates
for B43 are -0.875 and -0.899, both statistically different from -1 at the one percent
level. Rotation of the two identified long-run relations reported in Table 9 imply the
long-run relations SD;; — 1.156 LD;; and SD; — 1.130LD;; for the samples ending
in 2021 and 2010, respectively. Both of these PME estimates, —1.156 and —1.130,
are statistically significantly different from —1 at the one per cent level. Hence, in
the case of the variable set {S Dy, LD, T A;}, the unit long-run elasticity hypothesis

could be accepted for short term debt to total assets only..
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TABLE 8: PME estimates for the set {DO;;, T A;}, using ¢ = 2 sub-sample time
averages and one long-run relation

A. Exact identifying condition ;=1

Exactly identified long-run relation
B owit = DOyt + B 0T Az
1950-2021  1950-2010

Sample ends:

Bia 1142 1113
s.e. (0.010) (0.011)
(8100 = —1) 14.6 104
n 2,555 1,901

nT 82,837 60,118

B. Exact identifying condition 8,55 =1

Exactly identified long-run relation
B1.oWit = B11,0D0it + T Ay
1950-2021 1950-2010

Sample ends:

B 20.875 20.899
s.e. (0.010) (0.012)
(B 0= —1) -12.8 8.7
n 2,555 1,001
"o 82,837 60,118

Notes: T'A;; and DO;; are logarithms of total assets and total debt outstanding. Left panel reports PME estimate
of B13,0 using the exact identifying condition B81; g = 1. Right panel reports PME estimate of 3, ( using the exact
identifying condition /3’1270 = 1. PME estimator, given by , is computed using ¢ = 2 sub-sample time averages,
subject to T; > 20, for all 4. To simplify the notations we use the tilde symbols to denote the exactly identified PME
estimates. The row labelled t(815,9 = —1) and t(811 o = —1) gives the t statistic for testing Ho : 81599 = —1 and
Ho : B11,0 = —1, respectively. See Section Eof the %upplcmcnt for variable definitions, data sources and availability,
and filters apphed

TABLE 9: PME estimates for the variable set {S Dy, LD;;, TA;}, using g = 2
sub-sample time averages and two long-run relations

First exactly identified
long-run relation
B owit = SDit + B13 0T Azt

Second exactly identified
long-run relation
B5.0Wit = LDt + Boz o T A

Sample end year: 1950-2021 1950-2010 Sample end year: 1950-2021 1950-2010

B3 -1.025 -1.024 Bas -1.185 -1.158

s.e. (0.019) (0.019) s.e. (0.015) (0.016)

t(B130 = —1) -1.4 -1.3 t(Baz g = —1) -12.0 -9.7

n 1,373 1,101 n 1,373 1,101
T 43,621 34,262 T 43,621 34,262

Notes: Long run relations are Bg,owit = 5j1,OSDit + szyoLDit + ﬁj3,oTAit7 for j = 1,2, where SD;¢, LD;s and

T A;¢ are logarithms of short-term and long-term debts, and total assets. The first long-run relation (j = 1) is
identified using the exact identifying conditions §1; o = 1 and 813 = 0. The second long-run relation (j = 2) is
identified using the exact identifying condltlons Baz,0 =1 and Bg; o = 0. This table reports estimates for 83 ¢ and
Basz,0 using PME estimator given by (23) with ¢ = 2 sub- sample time averages, subject to T; > 20, for all 4. To
slmphfy the notations we use tilde symol to denote the exactly identified PME estimates. See Section Eof the
supplement for variable definitions, data sources and availability, and filters applied.

TABLE 10: PME estimation results for the variable set {DO;;, BV;;, MV, }, using
q = 2 sub-sample time averages and two long-run relations

First exactly identified
long-run relation
B1.0Wit = DO + 13 ¢BV

Second exactly identified
long-run relation
Bb.oWit = BV 4 Ba3 oMV

Sample end year: 2021 2010 Sample end year: 2021 2010
Bia “1.055 20.990 Baos 20937 0.927
s.e. (0.019) (0.020) s.e. (0.008) (0.009)
t(B13.0 = —1) 2.8 0.5 t(By3.0 = —1) 7.7 -8.6
n 1,415 1,164 n 1,415 1,164
ST 44,592 35,293 > Ti 44,592 35,293

Notes: Long run relations are B oWit = 631 oDO;: + 6]2 oBVit +,833 oMV, for j =1,2, where DO;;, BV;; and
MYV;; are logarithms of total debt outstanding, book, and market values. The first long-run relation (j = 1) is
identified using the exact identifying conditions 511’0 =1 and B3 ¢ = 0. The second long-run relation (j = 2) is
identified using the exact identifying conditions 855 o = 1 and f57 9 = 0. See also the notes to Table 9.
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Table 10 reports similar results for w; = (DOy, BVy, MV;;) and two exactly
identified long-run relations associated with logarithms total debt, market value, and
book value. PME estimates are close to -1, but the unit long-run elasticity between
pairs of variables in this set is rejected for all cases except the logarithms of total
debt outstanding and market value in the sample ending in 2010/

Overall, the results support the existence of long-run relations between the log-
arithms of a number of key financial variables considered in the corporate finance
literature. But with the notable exception of the logarithm of short term debt to
total asset ratio, the use of other financial ratios as stationary variables in financial
analysis is not supported by our empirical findings. Instead our study recommends us-
ing estimated long-run relations such as DO; ;1 —1.14TA; 1, LD;; 1 —1.19TA; ; 1,
and BV;; 1 —0.927TMV;,_4, as error correction terms in dynamic panel regressors that
allow for short term dynamics and other stationary variables. This allows the analysis
of short term dynamics of financial variables to be coherently embedded in a long-run

equilibrating framework.

10.2 International macro applications using Penn World Ta-
ble

Our second empirical application considers cross country macroeconomic time series
data from the Penn World Tabld']| (PWT), where n (the number of countries) is
smaller and the average time dimension is larger as compared to the corporate fi-
nance data. Given the good small sample performance of the PME approach even
for smaller values of n in our Monte Carlo experiments, we have confidence in using
the PME estimation also in the case of the macro application. We focus on four key
macro variables, namely real merchandise exports per capita (ex;), real merchan-
dise imports per capita (im;), real productivity per hour worked (prod;;) and real
wages per hour worked (wage;;). The choice of these variables was motivated by two

widely maintained hypotheses. Firstly, real wages and productivity should balance

10Rotation of the two identified long-run relationships reported in Table 10 imply the long-run
relations DO;; — 0.888BV;; and DO;; — 0.937BV;; for the samples ending in 2021 and 2010, respec-
tively, both of these PME estimates are statistically significanlty different from -1 at the 1 percent
level.

e use version 10.01 of PWT database, available at
https://www.rug.nl/ggdc/productivity /pwt/, see [Feenstra et al. (2015). See also the supple-
ment for a detailed description of data constructions.
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for steady state growth to be feasible. Secondly export and imports should balance for
international solvency, though the constraint may not be binding for reserve-currency
countries such as the US. We first consider the two pairs that we expect to cointegrate
separately, then we consider all four variables together. As with the corporate finance
application, we are interested both in whether they cointegrate and whether there is
a unit coefficient. In both cases, labour market balance and trade balance, there is
no clear causal ordering between the variables. Since the constraints that produce
balance may be somewhat different for advanced and emerging economies, we report
estimates for the country groupings separately as well as together.

The PME results for the analysis of a possible long-run relation between ex;; and
tm;; are summarized in Table 11. This table gives the two eigenvalues of R, for
wir = (exy,imy) and ¢ = 2. (See (54)) As can be seen there is a clear separation be-
tween the first and second eigenvalues supporting the existence of a long-run relation
between ex;; and im;. This result holds for both choices of the threshold parameter
d = 1/2 and 1/4, and for all three country groupings. Given this result we then
estimated the long-run relation B'w;; = By;exy + B199my, normalizing on 3,5 = 1,
for all three country groupings. There is a marked difference between the estimates
of 8,; across the advanced and emerging economies. For the advanced economies
we have 311 = —0.914 (0.029), which strongly rejects the null hypothesis of —1 and
suggests systematic differences can persist between merchandise imports and exports
for advanced economies. In contrast the estimate for the emerging economies, namely
By, = —0.992 (0.045), is not significantly different from —1. For all countries pooled,
By, = —0.972 (0.034) and does not reject the null of 5, = —1. The difference in
the estimates obtained for advanced and emerging economies could be due to greater
ability of advanced economies in financing their goods trade imbalances by increasing
their export of services and having easier access to international capital market.

Similar results are obtained when we consider the relation between wages and
labour productivity. For all country groupings and both choices of the thresholds
we find 7 = 1. See Table 12. The PME estimates of the long-run relation, 3'w; =
B, wagey + prod, for advanced and emerging economies are 3;, = —0.953 (0.013)
and 311 = —0.984 (0.043), respectively. Once again estimates of 3,; are quite close

to —1, but as in the case of imports and exports the null of 3,; = —1 is rejected for

12Normalizing on (3, yields the same results for 3,5 since PME estimate of (3, is exactly equal
to 1/8,; and by construction Var(8,5) = Var(1/811)-
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advanced economies but not for emerging economies.

TABLE 11: PME estimates for w;, = (ex;,imy)’, using ¢ = 2 sub-sample time
averages.

Sample: Advanced Emerging All economies
given by (54) (in ascending order)

Eigenvalues of R

W W

A1 0.026 0.102 0.084
A2 1974 1.898 1.916
Threshold 7—°
6=1/2 0.128 0.134 0.132
6=1/4 0.357 0.366 0.364
Estimated number of long-run relations (7)
7 (6 =1/2) 1 1 1
7 (6 =1/4) 1 1 1

Exactly identified long-run relations

B'wir=(pB1 1) ( f:;; ) = Br1emit + imye
B11 -0.914 -0.992 -0.972
(0.029) (0.045) (0.034)
Sample dimensions
n 38 139 177
T=n"10 T, 61.3 56.1 57.2

Notes: Standard errors are reported in parentheses. See Section [S8]of the supplement for variable definitions, data
sources and availability, and filters applied.

TABLE 12: PME estimates for w;, = (wagey, prody)’, using ¢ = 2 sub-sample time
averages.

Sample: Advanced Emerging All economies
Eigenvalues of R, given by ([54) (in ascending order)

A1 0.004 0.042 0.015
X2 1.996 1.958 1.985
Threshold T
6=1/2 0.135 0.146 0.139
6=1/4 0.367 0.382 0.373
Estimated number of long-run relations (7)
7 (6 =1/2) 1 1 1
7 (6 =1/4) 1 1 1

Exactly identified long-run relations
ﬁlwit = ( 611 1 ) ( Zzzciz ) = 5111’7"0512'15 + wage;t
B11 -0.953 -0.984 -0.962
(0.013) (0.043) (0.016)
Sample dimensions
n 35 24 59
T=n"13" T 55.5 47.4 52.2

Notes: See notes to Table 11.
To illustrate how our proposed methods perform in the case of multiple long-run re-
lations we now consider all the four variables together and set wy; = (exy, img, prody;, wages) .

Given the above pair-wise results we would expect at least two long-run relations
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amongst these four variables. But the four eigenvalues of R, reported in Table 13
clearly suggest that there are three long-run relations among the four variables, ir-
respective whether we use = 1/4 or 1/2 as the threshold parameter. This result
highlights the advantage of considering the possibility of multiple long-run relations
and can help with discovery of hitherto unnoticed or overlooked long relations. For
the third long-run relation we consider a possible long-run relation between exports
and productivity. There is extensive microeconomic evidence suggesting exporting
firms tend to have higher productivity. See, for example, |Bernard and Jensen (2004 ).
However, there is controversy about whether the relation arises because high pro-
ductivity firms export more or whether the competitive pressure of exporting boosts
productivity. See for example Aghion et al. (2018). Also, while the firm level micro
relation has been examined for many countries, the country level macro relation has
been less intensively explored. Our application provides cross country evidence on the
relation between exports and productivity without making any assumption about the
direction of causality between these variables. Accordingly, we consider the following

exactly identified long-run relations assuming that o = 3 amongst the four variables

Wit, eT;
1M
Bwy=| 0 0 By 1 L. (61)
prod
B 01 0
wage

PME estimates for 3;; and (355 in Table 13 are in line with the estimates in Tables 11
and 12. For the third long-run relation, we obtain 85, = —0.509 (0.023) for advanced
economies and 331 = —0.426 ( 0.032) for emerging economies. Hence, we discovered
that exports and productivity are related with the expected sign. Unlike the other
two long-run relations, we do not have any a priori reason to believe the estimates
of 4, should be close to —1.

To corroborate the evidence in Table 13 regarding the third long-run relation,
Table 14 reports PME findings for w;; = (prody, e:z:it)'. There is a clear separation of
eigenvalues, indicating existence of a long-run relation, in line with findings in Table
14 for the four-variable vector w;;. In addition, the estimated coefficients in Table 14

are very similar to the corresponding coefficients reported in Table 13.

TABLE 13: PME estimates for the variable set {wage;, prody, im;, exy }, using
q = 2 sub-sample time averages.
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Sample: Advanced Emerging All economies
Eigenvalues of R given by (54)) (in ascending order)

W W

1 0.003 0.012 0.014
X2 0.010 0.037 0.015
X3 0.064 0.111 0.088
A4 3.923 3.840 3.883
Threshold 7-°
§=1/2 0.135 0.146 0.139
5§=1/4  0.367 0.382 0.373
Estimated number of long-run relations (7)
F(6=1/2) 3 3 3
7 (6=1/4) 3 3 3
Exactly identified long-run relations
By 1 0 0 it
Bwii=| 0 0 By 1 it
Bz O 1 0 prodi
wage;t
B -0.882 -1.005 -0.928
(0.027) (0.031) (0.023)
Boz  -0.952 -0.954 -0.953
(0.013) (0.041) (0.015)
Bs1  -0.509 -0.426 -0.478
(0.023) (0.032) (0.021)
Sample dimensions
n 35 24 59
T=n"'5" T 55.5 47.4 52.2

Notes: See Section [S8]of the supplement for variable definitions, data sources and availability, and filters applied.

TABLE 14: PME estimates for w;; = (ex;, prodit)/, using ¢ = 2 sub-sample time
averages.

Sample: Advanced Emerging All economies
Eigenvalues of R, given by (|54)) (in ascending order)

A1 0.025 0.080 0.061
A2 1975 1.920 1.939
Threshold T
6=1/2 0.135 0.146 0.139
6=1/4 0.367 0.382 0.373
Estimated number of long-run relations (7)
7 (6 =1/2) 1 1 1
7 (6 =1/4) 1 1 1

Exactly identified long-run relations
B'wi=( B 1) ( oot ) = Birewit + prodit
B11 -0.510 -0.357 -0.432
(0.023) (0.044) (0.036)
Sample dimensions
n 35 29 64
T=n"130 T, 55.5 47.0 51.7

Notes: See notes to Table 11.
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10.3 Comparison of PME and their estimates in the case of

pair-wise relations

Here we provide comparative estimates for the pair-wise long-run relations for which
a number of alternative estimators are proposed in the literature. Specifically, we
compare PME estimates reported in Tables 11, 12, and 14 with the SPMG, Breitung’s
2-step, PMG, PB, FMOLS, and PDOLS estimators discussed in Sub-Section
The results are summarized in Table 15. PME and SPMG are the only estimators
that are invariant to the normalization imposed on B'w;; = B1,wy i + Biowa . As a
result, the equality Bn fi 1> = 1 holds only in the case of PME and SPMG estimators.

The estimates of 3,; and (3,5, are generally similar but there are some large differ-
ences. For instance, the PME estimate of the long-run coefficient in 8, ex;; + prod;
in the case of advanced economies is —0.510 (0.023) compared with SPMG estimate
of —0.367 (0.004). Such difference could arise from the possibility that some of the
SPMG modeling assumptions regarding short-run dynamics are not met, whereas the
PME estimator is more general in that it does not require modeling of short-run
dynamics. We also observe that standard errors of the estimates proposed in the
literature are in some cases 2 to 10-fold smaller compared to PME. As we have seen
in Monte Carlo experiments all of the estimators proposed in the literature severely
over-reject the null, whilst this is not the case if we consider the MC results for size

reported in Table 6.

11 Concluding remarks

This paper provides a new, pooled minimum eigenvalue (PME), methodology for the
analysis of multiple long-run relations in panel data models where the cross section
dimension, n, is large relative to the time series dimension, 7. It uses non-overlapping
sub-sample time averages as deviations from their full-sample counterpart and esti-
mates the number of long-run relations and their coefficients using eigenvalues and

eigenvectors of the pooled covariance matrix of these sub-sample deviations. It ap-

13The SPMG estimator is proposed by |Chudik, Pesaran, and Smith (2023b), the Breitung’s two-
step system estimator is proposed by [Breitung (2005), the PMG estimator is proposed by [Pesaran,
Shin, and Smith (1999), the PB (Pooled Bewley) estimator is proposed by |Chudik, Pesaran, and
Smith (2023a)l, the panel FMOLS estimator is proposed by |Pedroni| (1996, 2001al 2001b), and the
panel DOLS estimator is proposed by Mark and Sul (2003)k
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plies to unbalanced panels generated from general linear processes with interactive
stationary time effects and does not require knowing long-run causal linkages. The
PME estimator is consistent and asymptotically normally distributed as n and T
— oo jointly, such that T' ~ n¢, with d > 0 for consistency and d > 1/2 for asymp-
totic normality. Extensive Monte Carlo studies show that the number of long-run
relations can be estimated with high precision and the PME estimates of the long-
run coefficients show small bias and RM S E and have good size and power properties.
The utility of our approach is illustrated with both micro and macro applications.
The micro application uncovers long-run relations among key financial variables in an
unbalanced panel of US firms from merged CRSP-Compustat data set covering 2, 000
plus firms over the period 1950 — 2021. The macro application uses cross country
macroeconomic time series data covering up to 177 countries over slightly shorter
time period, 1950 — 2019.

As well as application in other areas than corporate finance and macroeconomics
the procedure opens up a range of theoretical developments. One question that we are
considering investigating is whether it is possible to develop a unit root test based on
similar principles. Our method is semi-parametric, in that it does not model the short
run dynamics. Because the estimates of the long-run relations are super consistent,
then having estimated them, the PME estimates of the long-run relations could be
used as inputs into second stage models using stationary variables. For instance, they
can provide estimates of the disequilibrium terms in error correction models of the
short run dynamics, to measure speeds of adjustment. Such models could also be

used for medium-term forecasting and counterfactual analysis.
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A Appendix

This appendix provides proofs of propositions and theorems stated in the paper. This

appendix follows the same notations as in Section [4l Sub-sample time averages for
o,
= (—1)T,+1

the full-sample time average by X;o = ¢~ 'Y ¢_, Xis, where ¢ (> 2), m is fixed, and

a generic vector x;; are defined as X;; = 7%1 > X, for £ = 1,2,...,q, and
T, = T/q is an integer. Small and large finite positive constants that do not depend
on sample sizes n and 1" are denoted by € and K, respectively. They can take different
values at different instances. All lemmas referenced in the proofs below are provided
in the supplement.

Proof of Proposition Consider the last three terms on the right side of (13).
For its second term we have E|n ™'Y " CQssl < n 'Y |G| El Qs <
sup; ||C:| sup; F | Qs |Ci|| < K, and using in
Lemma (3| of the supplement we have sup; F ||Qs,,|| = O (T™'). Hence, it follows
that E [n~' Y7 CiQs5,ll = O(T1). Similarly, E|n 'Y, Q};Cll| =0 (T™),

and, using (S.9) of Lemma 3, E|n~* Y7 | Qs ll = O (T~2). Using these results in
(13) now yields

. By Assumption 2| sup,;

E wa —n! zn: CngigiC;

i=1

Consider n—! Z?Zl C;Q;,;5,C; and note that it can be written as

=0(T™). (A1)

n_l zn: CZQ§1§7C; = n_l i CZE <Q§1§7> C; + n_1 i Vi? (AQ)
i=1 1=1 =1

where V; = C; [Qs,5, — £ (Qs;5,)] Ch. Using result (S.3) of Lemma [2/ and noting that
sup; ||2;|| < K under Assumption [1] we obtain

1S G (Qun) € = 6‘q1> ¥, 40 (1), (A.3)
=1

where ¥, = n~'Y "  C,;3,C.. In addition, uniformly bounded fourth moments of
individual elements of u;; ensure variances of individual elements Q3,5 are bounded.
Since sup; ||C;|| < K by Assumption[2] it also follows that the variances of the individ-
ual elements of V; are uniformly bounded. Noting that F(V;) = 0 by construction,
and that V; is independently distributed of V; for all i # j (by Assumption , we
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have

nt ZVZ- =0, (n?). (A.4)
i=1

Using (A.3)) and (A.4) in (A.2) yields

- - / (q_l) - -
n I;Ciqgﬁici =5 Tt O (n'?) +0 (177, (A.5)

(¢=1)
6q

particular order), where ¥ = lim,, .., ¥,,. This completes the proof of . Result
follows from by noting that C;]°30: 0 for all 7 by Assumption , which in
turn yields \I'n]§0: \Il]°30 =0. m

Proof of Proposition Under Assumption (n~'Y ", C;x;Cl) Bo= ¥, By= 0,
for any n and as n — oo. Then we have By = 0 = (P'P) By= 0. But by condition

and using this result in (A.1)), we obtain Qgzs — ¥ as n,T — oo (in no

rank (¥) = m—rq of Assumption [3} P is an (m — rq) X m full row rank matrix. Then
PP’ is non-singular, and we must also have PB, = 0. Combing this result with

now yields
R\ . A
By= . A6

Under Assumptions (3| and the exact rZ restrictions given by (22)) with rank (A) =
P, P
rank (R) = rog < m, condition rank ( R | rank R)=" holds, R’'R + P'P

is a positive definite matrix, and 3 is uniquely determined by
. _ A _ A
B, = (RR+PP)"’ ( o > — (RR+9)" ( 0 ) .

Now using the normalizations R = (ITD, 0) and A = I,, and conformably partitioning

¥ we have

RIR+‘P:<ITO+\1111 ‘11/2].>

l:[121 ‘1’22

Since R'R + W is a positive definite matrix then the rq X 7o and (m —1rg) X (m — ro)

matrices I, + Wy, and Wy, are also positive definite. Solving the following system of

o8



equations now yields

L, +%;; ¥y ]j)’O,l Ly
() ()= ()
and we obtain (I, + ¥11)Boy + ¥5,0 = I, and ¥, 3, + ¥5,0@ = 0. Also, since
Bo, = I, it follows that (I, + ¥1;)+ ¥}, © = I, and © = — W' ¥, which implies
that ¥y, = W, W)Wy, and in turn ensures that ¥ is rank deficient, as required
under Assumption [3). m

Proof of Theorem Multiplying 1) by B6 from the left and by By from the

right, and noting eigenvectors By are normalized so that ]:3)6]:3)0 = I, yields

(g—1)
6q

B{QuuBo = B\, B, + 0, (n"?) +0,(T7?), (A7)
where lim, . ¥, = ¥ as n — o0o. Under Assumption we have rank (¥) = m —ro,
rank (1030> =r and 1036\11 = 0. Hence the space space spanned by the column vectors
of m x ro matrix By is the same as the space spanned by the first ry eigenvectors of
W associated with its r smallest eigenvalues. It now follows from that the space
spanned by the column vectors of By converges to the space spanned by the column
vectors of ]_030, as n,T — oo (in no particular order), and B,H —p Eaﬁo, for a suitable
choice of ry x ry nonsingular matrix HE-] [

Proof of Theorem Multiplying both sides of by B, from the right, and
noting that C/By = 0 under Assumption [3, we have

Qmwﬁo = (n_l Z CiQEiﬁi) 1030 + QW]OBO (A~8)
i—1
Lemma [7] established HQ@@BOH = O, (n™'/2T?), and given that By is an O, (1)

rotation of By, it follows R
QuaBo =0, (Tl*l/QTﬁ) : (A.9)

Lot
B{)B} , see Lemma 13.1 of |Johansen (1995).

!4The rotation matrix is given by H = [(B{)]O?)O)
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Subtracting from yields
Qua <]§0 - ]§0> == (n_l z": CiQsZ—u,L-) By — QuBo + 0, (n1?772) . (A.10)
i1
Result of Lemma (B)) implies Qg5 = O, (n~*/*T~2), and we have
Qua/nT (f’éo - éo) S <n1/2 i TciQsm) By + 0, (T7). (A.11)

i=1

The first term on the right side of (A.11]) can be written as

2N TCQ | By = (025 Z0 | By + Y
(n Zzl ZQSZU1> 0 (n ZZI 7 O+ T

where Z; = C; [T Qs,5, — E (TQs,5,)] Bo. Using result 1} of Lemma we obtain

BO:

n_l Z C,LE (TQQgi,,—)i)
=1

< T2sup | Cill sup | (Qsr) | | Bo| < K, (A12)

n_l Z CzE (TQQgigi) ]ij)()
i=1

where HBOH < K and sup, ||C;]|, < K by Assumption Using the above result in
(A.11)) it follows that

wa\/ﬁT <]§0 - P’O) = _n71/2 Z Z’i + Op (g) + O;D (Tﬁl) )
i=1
Vectorizing the above equation we have

(1®Q4) vnT vec (f;’o - P’O) =n /2 Z (BB@)CZ) éiq + 0, (4) +0, (Tﬁl) ,
i=1
(A.13)

o

where éiq =&,— E(&,), and &, is given by (recall Z; = C; [T'Qs,5, — E (TQs,5,)] Bo
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and Qg,5, = T2 220, (Bir — Sio) (Vi — Vo))

[}

q
§g = gt Z vec [(Sie — 8io) (Vie — Vio)' | = ¢ (Vie — Vio) ® (Sie — Bio)

/=1 /=1
q q q
= ¢ ') Vu®s; - (q‘l > w) ®io — Vio® (q‘l > §ie) + V10 @Bio-
(=1 (=1 (=1

Using ¢ *>.7_, Vi = Vio and ¢ 'Y 7_, Sy = Sio, the expression for Eiq simplifies
to Eiq =q! 22:1 (Vie — Vio) ® (Sir — 8jo) = qg! ZZZI (Vie®8y) — Vio®5;. Lemma

established convergence in distribution for n=%/2Y"" | <B’ ®CZ~> Eiq. Using this
Lemma in , and noting that d > 1/2 implies\/n/T — 0 as n,T — oo, we
obtain (32), as required. m
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This supplement is organized in seven sections. Section [ST| presents lemmas and their
proofs. Section describes implementation of the PME estimator for unbalanced
panels. Section [S3| provides theorems and proofs for the consistency and asymptotic
distribution of the PME estimator for the model with interactive time effects. Sec-
tion [S4] describes the Monte Carlo data generating processes and provides a list of
individual Monte Carlo experiments. Section [S5| investigates sensitivity of the PME
estimator of ry, 7 given by , to different scaling of the observations on wy;. Sec-
tion [S6| presents Monte Carlo findings for robustness of PME estimators to GARCH
and threshold autoregressive effects. Section [S7] describes data sources and variable
constructions for the micro application, and Section [S8| provides supplementary in-

formation for the macro application.

15The views expressed in this paper are those of the authors and do not necessarily reflect those
of the Federal Reserve Bank of Dallas or the Federal Reserve System.
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S1 Lemmas

Lemma 1 Let vy = C;(L)uy = Z;‘;O Ciw;—; and suppose Assumptz’ons and
hold. Then there exist finite positive constants Ky, Ky, and 0 < p < 1 such that

sup [|Ti(h)[| < K1p", (S.1)

and

Zsup IT;(h)| < Ko, (S.2)

where I';(h) = E (vitv;’t_h) , for h=20,1,2,... is the autocovariance function of v;.

Proof. The autocovariance function of v;; is
I‘z(h) = F (Vitvg,tfh) =F <Z C;‘jui,t_j> (Z U.Zt —j'— C;}C)
§=0
= > ) CyE (uiyjui, ;) Ch = Zc*zcu L =T"(=h).

=0 j'=0

Taking spectral norm and supremum over ¢ yields

Koﬂ
sup [[Ti(h) fionll < KOZW B e T
i =h
where sup, || %;|| < K by Assumption (1| and sup,
Assumption [2} It follows Y77 sup; [|[T(h)|| < K>. =
Lemma 2 Consider the m x m matriz Qs;s, = T ¢ ' > ¢_, (Sit — Sio) (Sie — 5i0),

where 8 and 8;, are sub-sample and full sample time averages of the partial sum
process Si; = 22=1 u;. Suppose E(uyul,) =3; fori=1,2,...,nandt =1,2,..,T,
and E(uyul,) =0 fori=1,2,...n, and allt #t', t,t' =1,2,....,T. Then

B(Qu.) =11 (é N L) s, 5.3)

forq>2andi=1,2,...n

S.2



Proof. We note that

q q
E(TQss) = F [¢7) (8 —5i) (5 —50)' | = a7 ' F (8uSj)—F (8:5%) - (S4)
=1 =1

Also

_ 1 1

Si1 = T (Sil +Sig+ ...+ Si,Tq) =7 [uil + (Wi +wip) + ... (uil +up+...+ ui,Tq)] )
q q
1

= T [Tquﬂ + (Tq - 1)112'2 + (Tq - 2)111'3 + .+ 2ui,Tq_1 + ui,Tq} s

_Q

which can be written more compactly as §;; = Tq_1 ZtTil (T; —t+ 1) u;. Similarly

1

Si2 = & (Si,Tq-H + ST 42 o+ Si,qu)
q
] 2T,
= T Tq (uil + u;o + + ui,Tq) + Z (QTq —t + ].) Wit |
q t=T,+1
T, L
= Zuit + Tq Z (2Tq —t+ 1)uit,
t=1 t=T,+1
and more generally
(t-1)T, ] T,
Sy = Z uit"‘f] Z (T, +1—t)uy, for  =1,2,....q. (S.5)
t=1 t=(0—1)Ty+1
It now readily follows that
1 2 Ty
E(s:8,) = |((—1)T,+ <T) oo, —t+17°| %,
97 =(—1)Ty+1
But
al T,(T, + 1)(2T, + 1)
o UT, =t + 1) =T+ (T, = 1)+ ..+ 1= -1 R
t=(0—1)T;+1
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and we obtain

1\ T,(T, + 1)(2T, + 1 T, +1)(2T, + 1
B = |- 07+ (1) PO 5y, g Gt Dt D
Ty 6 67,
and . .
_ _ _ T,+1)2T,+1
LR S (AR
=1 =1 4
Noting that
q
_ _ 1 qlg—1 q— 1)T,
gy (-, =q¢ ' [T, +2T,+ ...+ (¢ - V)T,]=q 'T, ( 5 ) _ | 2) -3
=1
we have .
— T, T,+1)(2T,+ 1
q—l E(gieggg): (q ) q+< g T )( g T ) 3.
2 67,
=1
Recalling that T, = T'/q, we can write the expression above as
q
_ - - )T (T +q)2T +q)
IS B (548 — | Y >N 3.6

Similarly, for the full sample average we have §;, = 7! Zthl (T'—t+1)uy, and

_ 1 T(T+1)2T +1)
FE (Siosio) = ﬁ [Tz + (T — 1)2 + ....+ ]_} Ez = 612 2@ (S?)
Using (S.6)) and (S.7)) in (S.4)), yields
T(g—1) (T+q)(2T +q) (T +1)(2T + 1) (q—1) (T
E(TQs5)= > . — -
(TQs;5,) % + 6Tq i T i - p +
(S.8)

and result (S.3) follows. m

Lemma 3 Consider m x m matrices Qup, = T2 S0, (Vie — ¥io) (Vie — Vio) and
Qs,o = T2 >0 (8i — Sio) (Vie — ¥4o)', where Sig, Sio are the sub-sample and full
sample time averages of the partial sum process s; = 22:1 u;;, where m and q (> 2)

are fixed. Also Vi and V,, are the sub-sample and full sample time averages of v;; =

S.4
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Ci(L)wi =372, Ciui—j, and Assumptions and@ hold. Then

sup 2 | Qo |l = O (T77),, (S.9)
sup |72 E (Qu,0)|| = O (T7") + O (p™9) (S.10)
sup  ||Qs,0, || = O (771, (S.11)
and
sup || B (Qs,0,)| = O (T72) . (S.12)
Proof. Consider
q q
TQos =g "> (Fie —Vio) (Vi — io) = ¢ Y Fuu¥ly — V3oV,
(=1 =1

where V;, = ¢~' >°1_, ¥;. Taking spectral norm and expectations yields

q
E|TQuull <a7' Y Elal® + E 5],

/=1

and it follows

sup E | TQuz, || < Sung 1¥3]|” + sup £ %517 - (S.13)

Term E ||¥4]° can be written as
E|[vull® = B (V%) = E [tr (ie¥iy)] = tr[E (ie¥i,)]

where, under Assumptions process v;; = Cf(L)uy is covariance-stationary with

uniformly (in ) absolutely summable autocovariances, and

E(9.7) = - {n<o> £ 3 (1= ) 0 + r;um} SCEn

in which T;(h) = E (viv},_,). Using Lemma it follows sup; , I/ %> = O (7,71),
and given that ¢ is fixed (does not change with the sample size), then T, ~ T, and
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we in turn obtain
suépE %3] = O (7). (S.15)

Similarly, E || |° = tr [E (¥:,¥,,)], where

T-1
1 h
E(9.9) = & {n<o> + Y (1= ) e+ r;<h>]} S s19)
h=1
and using Lemma [I}, we obtain
sup E |[¥;o||* = O (T7) . (S.17)

)

Using (S.15) and (S.17) in (S.13)) yields result (S.9). Consider now ([S.10)) and note
that

q
T E(Quo)=0q" Z E (Vi) — E(9ic¥,) |
=1

and upon using (S.14) we have (recall that T, = T'/q)

0! ZE (VieVly) = % {Pi(o) + qz <1 - T%) [I;(h) + P;(h)]} .

Also using ([S.16)) we now have

T E(Qus) - % (1-7) e + i - % (1= ) mm + rim,
_ %/ (1-%) - (1-7)| mw + on
R S A T
R th:f( o
1 B (Qup) = LY /Z PILR) + TR - Z/ (1= 7) m + T,
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and

T/q 1 T—1
T | E(Quw)ll < Z RITi)+ > TR
h=T/q+1

Since sup; ||T;(h)|| < K1p", (see (S.1)) in Lemma (1)) it now follows that

T/q—1

K1 Z ho" + K, Z o (S.18)

h=T/q+1

T2 Sup; ||E (Q7711_11)

Also

e N (S 4
hol = hot~1| = _ _ e (rP=r < K
S hph=p > hp —4 p dp( = :

and Zg;%/qﬂ ph = (p"/4*1 — pT') /(1 — p). Using these results in (S.18) we have 7>
sup; | E (Qa5,)|| = O (T) + O (p™/4) , as required. We establish (S.11)) next.

q

q
-1 — — _ _ — - _ _ —
TQEiﬁi =q E (SM - Sio) (VM - Vio), =dq ! E Sz‘eV;e - SioV;ov
=1 /=1

where V;o = ¢~ 'Y 7, Vi and similarly §;; = ¢~' > 7_,8;. Taking spectral norm

yields || TQs,s,

< g 300 118V + |ISio Vi || By Cauchy-Schwarz inequality,

q
_ _ 172 _ i 1/2 _ 1/2 NG
<q ') (BlEal®) " (ElFl®) "+ (Bl5l®) ™ (Ell¥iel®)
=1
(S.19)
Assumption |1] stipulates sup; ||3;|] < K. Using this bound in (S.6]) and (S.7) yields

E ||TQ§Z7-_)’L

sup E ||5;0|° = suptr [E (5:5,,)] = O (T'), and similarly sup E ||5;||> = O (T).
i i o
(S.20)
In addition, we have already established sup, , & 1¥:l]> = O(T1) (see ) and

sup; E ||¥:0]|> = O (T1) (see (S.17)). Using these results in (S.19) yields sup; E | TQs,s,
O (1), which in turn implies result (S.11)).

S.7



We establish (S.12)) next. Taking expectation of Qs,s,, we have
E(Que) =T Z (8u¥) — B (8u¥h) — £ Gu¥ly) + B (L), (S21)

where §;y = Ei_ll) w,+7," ZETQZ o1 Ty + 1 —t) g, 5o = TS (T —t+ 1) uy,
Vi = Tq_1 Zfzq(zq)TqH Vit, Vie = T~ lzt:1 vy, and v;; = Cf(L)u; with CH(L) =
Z]ﬁo C;‘ij. We consider each of the four terms inside the summation operator on

the right side of in turn. For E (§5;V/,), we have

-1, (T, 1 o, o,
E (84V},) = Z Z E (uitv;t,)—{—ﬁ Z Z (T, +1—1t)E(uyviy) .
=(—-1)Ty+1 9 t=(—1)Ty+1t'=(L—1)Ty+1
(S.22)
Noting that
3G, for t < ¢
E(uyvy,) =< 0" - S.23
(witvie) {O,fort>t’, (5.23)
we obtain
G (-1, (T,
Z > Eluvi) = Z > =L
t=1 ¢=(0—1)Ty+1 t=1  H=(0—1)Ty+1
Recalling that under Assumptions [1{and , sup; [|3]| < K and sup; |
p < 1, then it follows that
| o L un
sup || 7 Z Z E(uyvi)|| < = Z Z sngE HsupHC”/ ol
9 =1 ¢=(-1)T,+1 T =1 ¢=(-1)Ty+1
G
S T Z Kpt’_ta
T =1 ¢=(-1)Ty+1
K (T, T,
< " PUEDTyt41 Zp;.
7 t=1 j=0

5.8



But both sums Z] o7 and ST DTt gre hounded in T (recall T, = T'/q
where ¢ does not change with sample size and is fixed). Hence
(f 7T, (T,

sup Z Y E(uvi)||=0(T). (S.24)

=(0—1)Ty+1

For the second term on the right side of ([S.22)), we have

0T,
> > (T +1—t)E(uyv,) =

e,
t=(0—1)Ty+1 t/=(l—1)Ty+1
1 T, t—1 Ty
= 73 Z (0T, +1—1) Z E (uyvi,) + Z E(uvi) |,
9 t=(—1)T4+1 t'=(0—1)Ty+1 t'=t
and substituting (S.23)), we obtain
] e, e,
= Dl > (T +1—t) E(uyviy)
9 t=(0—1)Ty+1 t'=(—1)Ty+1
] e, e, , Tl T,
*/ -
= = Yo (T +1-1)) mCY, = EZ(EZ-CMZ]),
q —(z—l)Tq+1 t'=t 9 k=0 j=k+1

(T, +k + 1) (T, — k
i + )= )5 o (S.25)

Using (S.24) and (S.25)) in (S.22) yields

T,—1
1 <~ (T, +k+1) (T, — k
sup E(gw‘_’ﬁﬁ_ﬁz( L= sorl o). )
g q k=0

Next consider F (8,V],), and note that

-1)Tq T 1 o, T
/
— ; E uthzt/ ,_Tq_T ; g gT +1 - t (uitvit/) )
(8.27)

'ﬂIH

E( SMV
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For the first term on the right side of (S.27)), we obtain

1 (-7, T 1 (1T [t—1 1 (-7, T
= ZE uyv,) = Z ZE u;vi) +ZE u,vi) | = T ”,
t=1 t'=1 t'=1 t=1 t'=t
and using k = t' — t, we have
1 -1y T 1 (—-1)Tq T—¢ —1)T, 1 -1)Ty Tt
> Bavi) =7 ) ZECM— Z ECZ‘H > > BCi
t=1 t'=1 t=1 t=1 k=0 t=1 k=T,—1
where (noting that 7' = ¢T,) T~* ZE VT, S RCH = g (0 -1) 3, =Gy,

and (noting that ||C}j|| < Kp’ and || %] < K)

L 0T T | DT T
sup |7 Z Z .Gl < Z Zsup||2||sup||C | <
tlkTq—l t=1 k=T, "

01, T T—t-T,

K 6_1) Y= e, T,

S W
=1 k=T,

where |p| < 1. Hence
L On T g_qul
sup Z Z E (uyvi,) — Z %Gl =0 (p") . (5.28)
t'=1

For the second term on the right side of (S.27]), we have

T
% ST, +1— 1) B (ugvly) =
I =(t—1)Ty+1 t'=1
1 LTy t—1 T
T (T, + 1 =) B (wieviy) + Z (0T, +1 =) E(wiviy) |
7 =(-1)T,+1 Lv=1 t=t
1 0Ty T
- 77 S (T, +1-)C

S.10



Using k =t' —t and j =t — (¢ — 1)T;, we obtain

1 T, T 1 T, T—({—1)Ty—j
2 : 2 : _ § : . NYatl
T = (0—1)Ty+1 /=t = =1 k=0

Consider the case ¢ < g and ¢ = ¢ in turn. For ¢ < ¢, we can write

T—(t—1)Ty—j T,—1 T—(t—1)Ty—j
Y, Ci=>) Ci+ Y Ci
k=0 k=0 k=T,
where
T—(-1)Ty—j T—(-1)Tq—j T—(-1)Tq—j
sup|| Y. Call< > sup ICull <K Y pF <Ky,
! k=T, k=T, k=T,

since |p| < 1. Hence, for ¢ < ¢, we have

1 T, T—(—1)T,—j 1 T, Ty—1
= (T,+1—j)=,Co = TTz (T, +1—7) <ZC
9= =1 k=0 j=1
Ty Tg—1
1 q q
— B Y X @4 1-) GO (M),
7j=1 k=0
Ty—1
1 (T,+ )T, ~
= ) C+0 :
3 0o ()

where the O ( ) term is uniform in 7. Noting that

1 (I,+1)1T, 1 .
= T
T.T 2 2q+0( )’

q

and using the fact that upper bound O (p™) is dominated by O (I'""!), we obtain (for
{<q)

q

T, T
T—lT Z Z€T+1 DBCl = o Z Ci+0 (T,
-1T, '=t k=

S.11
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where the O (T™!) term is uniform in i. For ¢ = ¢, we have

T, T—Hy—1—j

Z Z (T,+1—j)=,C = T—lTZ (T, +1—j)=,CY,

Q

7j=1 k=0
Ty—1
_ 1 (Tq—l—k—i—l)(Tq—k)E‘ "
T,T 2 Tk
k=0
But
T,—1 Ty—1 T,—1
L S Gk ) (=K L SN0, L, L S Dk
=0y = Xex 5.0,
T,T 2 *T,T 2 2 T, T 2 i
k=0 k=0 k
where the second term can be bounded by
Ty—j Ty—
1 (k+1)k K (k+1)k _
.Cj F=0 (T
Sup TT Z 2 ik TqT £ 2 P ( )
Hence regardless of ¢/ = g or ¢ < ¢, we have
1 e, | Tl
*/ o -1
sup || — > Z€T+1 t)2,Clh_y — ch =0 (T7") (S.29)

! T = (0—1)T,+1 /=

Using (S and (S.28) in (S.27) and noting that O (p™*) is dominated by O (T1),

we obtain

T,—1
sup || E (Si¢¥:o) _5—1220 ——ch

7. (S.30)
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Consider the term F (§;,¥},) next.

T LTy
1
FE (giovgﬁ) = 7_‘— Z Z (T —1t4 1) E (ul-tvgt/) 5

=1 ¢/=(4—1)Ty+1
1 0Ty t T
= = Y Tt Euv) + Y (T -t 1) (V)|
T p=(—1)Ty+1 Lt=1 t=t'+1

o,

:% S Z 1) RCY

9 p=(0—1)Ty+1 t=1
Using k=t —t and j =t' — H,_1 — 1, we obtain

Ty—1j+(-1)T,

E (5.,¥),) = TT Z Z — (=T, - j+k)=:C5, (S.31)

L Tq—l CNT (P — (0= )T, — j + k) Z:C
(-1)T, ‘ a )
TT, Zﬁg 1T+1[ — (=11, — j+ k] %Cj

But

JHE-1)1,
sup || Y (T— (=T, —j+k) =Cy (S.32)
b ||k=(e—1) 1,41
J+(-1)T, =T,
< (T = (€= 0T, = j+k)sup [Sillsup [Ci| < KT 3 p" < Kl
k=(—1)Ty+1 k=(—1)T,+1
where |p| < p; < 1. In addition,

T,—1 (0—1)T, —1(t-1)T, Ty—1 (0—1)T,

T > kmC; siT > HIZHICH < 77 > >
jO = a g _ ]0 —

Since Z,(f;ODTq kp* < K, we obtain
T,—1 (0-1)T,

sup TT Z Z kS Cll =0(T7). (S.33)

%
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Using (S.32) and (S.33)) in (S.31), it follows

] T,—1 (¢—1)T,
sup || B (810¥it) — o Y (T—(-1DT, - ) ECh||=0(T7).

v 7 j=0 k=0

Given that
1 Tq‘l (@ —2(0- )T, - T, + )T, (-1 1
— — (0 —1)T, ' — — R I 4O (T!
it further follows
01 ] (—1)T,
sup FE (57;0‘_’%) — <1 - — 2—) Z EZC:IQ =0 (Tﬁl) . (834)
i q 7 1=

For the purpose of this proof, it is convenient to decompose

ZE ZE +Zzzk’

k=T,
where, as before,
(t—1)T, (t-1)T, (t-1)T,
swp | >0 ZC| < Y swp|Tllsup [C < K Y ot < Kip™
k=T, k=1, " ' k=T,
Using this result in (S.34) yields
(-1 1\ <
sup || E (8;0¥,) (1 - 2-) Y ECh|l=0(1T). (S.35)
i q 47 =
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Finally for the last term, E (5;,V,), we have

T
Z —t + 1 (uz‘tvgt/) y

T
o 1
E(Siovgo) = ZTQZ
t=1 t'=1
1 T t—1
— ﬁZ(T—zﬁ—i—l ZE w vy —{—ZE (w;viy)
t=1 t'=1 t'=
1 T T
= ﬁZ(T—H1)2211-(:;;;,_“
t=1 t'=t
1 T—-1
. ( oLy )
k=0 Jj=k+1
1 = (T+k+1)(T—k)o
_ 72 : >,C1. (S.36)

It is further useful to split the sum above into first 7; terms and the remainder, which

can be appropriately bounded, namely

T—1
1 T+k+1 YT —k) o, o,
ﬁz Z:C
k=
Tg—1 T—1
1 «~ TH+Ek+1)(T—k) 1 (T+k+1)(T—k)
- 3, 3,
T? 2 Cik T2sz 2 iCiks

where (noting that (T'+ k + 1) (T — k) /2T7?% = O(1))

T-1 -1
1 T+k+1)(T—k)o (T+k+1)(T—k
ap| L3 JT=Mg el < Z ) >sup||2||sup||c I,

i || T? 2 277
k=T, k=T,
T-1
< K pF < Kip'a.
k=T,

Q

Hence, we obtain for the last term F (8,,V,),
1 N (T+k+1)(T—k)

T2 2
k=0

sup || F (8;0Vio) —

%

Chll = 0 (p™). (S.37)
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Consider now E (8,V},) — E (8:V},) — E (8ioV},) + E (8:0¥},). Using (S.26]), (S.30),

(S.35)), and (S.37), we obtain

Ty—1

ZakZC

sup || E (8iViy) — E (5iVio) — E (8iViy) + E (5io 30|, < sup
v k=0

where ay, for k =0,1,...,T, — 1, are given by

ap =

2T? q 2q 272
T, —k— k? T—k—kQ_k( 1 1 k 1 1 k)

7 B TE 2kKT, 272 212 2Tk 272 272

T,—1 T,—1 PR,
sup Z a2, Ch|l < Z ]ak|sup (DA sup||C | < = Z kpF = ).
"l k=0
Hence

sup || B (8e¥iy) — E (8:e¥i,) — B (8io¥y) + E (8:¥io) | = O (T77)

and using this bound in (S.21) yields sup; ||E (Qs,5,)
completes the proof of (S.12)).

. = O(T7?), as required. This

Lemma 4 Suppose Assumptions I 1| and @ hold, m and q (> 2) are fixed, and con-
sider E = E - F (é’lq) where Ezq = ¢ 'Y, (Vu®Si) — Vio®Sio, Sie and S, are,
respectively, the sub-sample and full sample time averages of the partial sum process
Sit = 22:1 u;, and Vi and v, are, respectively, the sub-sample and full sample time
averages of viy = C(L)uy = 32 Ciu;j. Let k= (4+¢€) /2 > 2, where € > 0 is

the constant from Assumption[l. Then

swp EE,.| <K, (S.38)

ik, T

fiqk

S.16

(Tq+k+1)(Tq—k)_<€—1+i>_(1 (-1 1>+(T+k:+1)(T—k;)

Y



2K
sup £ H\/T(\_/ig —Vio)|| <K, (S.39)

0T

and

sup || T~ 1/2_%!! < K, (S.40)
1,0,T

where %iqk 18 k-th element of éiq.

Proof. Denote the individual elements of v;, and §;; by v; and S, for k£ =
1,2, ...,m,respectively. These vectors depend on T}, but the subscript 7T} is suppressed
to simplify notations. Given that m and ¢ are fixed, sufficient condition for (S.38)) is

sup F |17igk§ig/k/|n < K, (841)
i 00 kKT

where k = (4+¢€)/2 > 2 since € > 0 by Assumption [I} It is convenient to write
VinSiew as (T V) (T7Y/25;01s). Using Cauchy-Schwarz inequality, we obtain

2”) v (E %) " . (S42)

Consider VT, first, and note that it can be written as

Sierk

E‘<\/T@zk> Sw\//%/ <

(E ‘ \/T@igk

0T, 0T,
VT = \/TTq_1 Z €}, Vir = qT_1/2 Z Zek inWit—hs
t=(0—1)T4+1 =({—1)Tg+1 h=0
0o Ty ()
= q Z e, C, T2 Z Uit—n | =4 Z €,Cl, (Tﬁl/Z'ﬁifhﬂ@;’ZB)
h=0 t=(0—1)Ty+1 h=0

where e;, is m x 1 selection vector for k-th element, and 94, 7 = ZfT{Z )T /g+1 Wit—h
is sum of T, = T'/q independent random vectors distributed with zero means. Under

4+-¢

Assumption (1, sup;, F ||uy||** = sup;, F |uy||*T* < K. Hence, using the result on

moments of the sums of independent random variables given by equation (2) of |Petrov,
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(1992) we have (for a fixed q) supg,p E | @iz || = O (T*), and it follows

sup B ||T"V20.1 | < K, (S.44)
WhT

2K
Consider F Hﬁ@wkH next. Using ([S.43)) and the Minkowski inequality, we obtain
the following upper bound

K % o 1
<E Hﬁ@wk i ) 2 < QZ [E |exCh, (T7*Oiun.1) H%] ",
h=0

e} 1
> ICH (BT 290 ) ™
h=0

IN

Using (S.44) and noting that under Assumption 2| sup,;, >, ||Cs || < K, we obtain

2K
sup E HﬁmkH < K. (S.45)
kT

Existence of a uniform bound for E |T*1/ 2§igk|2’£ is established next in a similar way.
Using (S.5)), sip is given by

(t—1)T, e, e,

1
Sitk = Z Uikt + 7 Z (T + 1 —t) upe = Z Citke, 1>
t=1 t=1

9 t=(6—1)Ty+1
where (g, = Qoo 7Uikt

1 fort=1,2,...(( —1)T,
a =
T TONT, 41— 1) fort = (0— V)T, +1,.., (T,

Y

and we have |a;r| < 1. Hence s;4, is sum of independent random variables distributed
with zero means. In addition, Assumption and |ay 7| < 1imply sup,pr E |Ci€kt’T‘2H.
Using equation (2) of Petrov (1992) we obtain sup,q E |5 = O (T%), and it

follows
2K

Sitk | _ g, (S.46)

VT

Let X1, X5, ..., X, be independent random variables and let S, = Sy Xe. If E(Xy) =0 for
(=1,2,..,n,and p > 2 then E|S,|" < c(p)n?/?713)_| E|X,|", where c(p) > 0 depends only on
p. See [Petrov (1992)!

sup F
kT
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Using and (S.46) in (S.42) establishes (S.41). This completes the proof of
. Consider next. Given that m and ¢ are fixed, sufficient condition for
to hold is , which was already established. Similarly, the last result of
this lemma, , follows from ([S.46)). This completes the proof. m

Lemma 5 Consider Quy =T 'n"2q7 13" 37 (Vi — ¥io) (Vie — Vo) and suppose
Assumptions [1] and [3 hold, q (> 2) is fized and m is fived. Let k = (4+¢€) /2 > 2,
where € > 0 is the constant from Assumption [l Then for any m x 1 vector b of unit

length, ||b|| =1, we have
E (|b'Qusb|") = O (n="/2T772%) . (S.47)

Proof. Denote (k, ¢)-th element of the scaled m x m matrix \/nT?Qy; as Quv ke, Which

can be written as
n

~ —1/2
Quu,ke = T / E VikVie,
i=1

where v;;, is k-th element of ¢ 71 °7_, VT (Vie — Vio). Consider v;;vy. Using Cauchy-
Schwarz inequality,
K K 1/2 K 1/2
Eviprgl™ < (E\Vikﬁ ) (E’Vié‘2 ),

and by result (S.39)) of Lemma 4, we obtain F |v;v;|" is uniformly bounded, namely

sup E |vipvil” < K.

Ky
Since v;,v4 is independently distributed over i, we can use the result on moments
of the sums of independent random variables given by equation (2) of [Petrov (1992),
and obtain F |Gy ke|” = O (1). This implies E (b’ (v/nT?Qgs) b|") = O (1) for any
m X 1 vector b of unit length. Result now readily follows. m

Lemma 6 Consider Quep =T 'n~q 130 S0 | (Wie — Wio) (Wie — Wio)' and sup-
pose the m x 1 wvector w; s given by without interactive time effects (G; = 0),
Assumptions[1] to[d hold, q (> 2) is fived and m is fived. Then

E|B0QuaBjo] = O (n™V?*T72), for j =1,2,...,r, (S.48)
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where B, are eigenvectors of (69) " (¢ — 1) W, defined in Assumption @

Proof. Premultiplying by Bj, postmultiplying by By, and noting B{C; = 0 for

i =1,2,...,n under Assumption [3| we obtain
BE)Qu?wBO = B{)QT)@Bﬂa

where by the orthonormality requirement B{Bo = I,,. Using Lemma [f], there exists

a positive constant K such that for any j =1,2,...;r,
2 P
E (8,0QuwB8;0) < Kn'T.
Result (S.48) directly follows. m

Lemma 7 Consider Qug = T 'n"1q Y0 S0 (Wie — Wio) (Wie — Wio) and the
associated m x 1 matriz By given by orthonormal eigenvectors of Qg correspond-
g to its ro smallest eigenvalues collected in the ro X ro diagonal matrix Ao =
diag (2\1, Ao, oo, 5\T0>. Suppose the m x 1 vector wy; is given by without interactive
time effects (G; = 0), Assumptions [1] to[3 hold, m and q (> 2) are fived integers.
Then

B||A| =0 (n12172). (S.49)
QuaBo = O, (n71/2T72) . (S.50)
Proof. We have waBo = BOAO, where Ay = diag <5\1, 3\2, e S\TO) is consisting of

ro smallest eigenvalues of Qgg, denoted as 0 < 5\1 < 5\2 < ... < A\, and 136]“30 =1I,.

Noting B{By = I, then

T0

0 S tr (]\0) =1tr <B6Q@@BO> S tr (BBQ@@BO) .
But result 1) of Lemma@implies E[tr (ByQuaBo)] = O (n"/2T-2) and it follows
that E HAO =0 (nil/QT*Q), as required. Taking norm of waBo = BOAO, and
waEOH <
S.49) yields F HQU—,@EOH = O (n~Y*T~?), and result (S.50) follows. =

noting that HBOH = 1, we obtain ’

AO“. Taking expectations and using

Lemma 8 Suppose Assumptions to@ hold, q (> 2) is fixzed and m is fixed. Consider

Eiq =q¢ Y0, (Vu®Si) — Vio®8io, where Sy, Sio are the sub-sample and full sample
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time averages of the partial sum process s;; = Zzzl u;, and Vi,V are the sub-
sample and full sample time averages of viy = CI(L)u; = Z;io Chiwiy—j. Let Q¢ =
Var (éiq) and suppose €2, = lim, 7_,o <]§6®Ci) ngi (1030®C;> is positive definite.
Then .
Y (E()@Ci) £, —a N (0,9,), (S.51)
i=1

for n,T — oo jointly (in no particular order), where éiq =£&,— E(&,).

Proof. Let ny = n (T') be any non-decreasing integer-valued function of 7" such that
limr_ .. ny = 00, and let w be any m? x 1 vector of unit length, namely ||w|| = 1.

Define the following triangular array

1 '0-1/2 (1! P P
tnri = ', (B C) (6, B (€)]
where m? x 1 vector Eiq depends on 7', but this subscript is suppressed for notational
simplicity. By construction array {a,,;} is zero mean. By assumption , u;; is
independently distributed over ¢ and ¢, and therefore a,,, ; is independent of a,,, ; for
it # j. In addition,

nr
Z Var (ap,;) = 1.
i=1

We establish next the Liapunov’s condition, given by

nr
lim Z E |, i|*" = 0 for some € > 0, (S5.52)

n—o0 4
=1

is met. Since ¢ is positive definite then Hw’ﬂglﬂ <]§6®Ci>
q
hold if

‘<K, and (S.52) will

2+€
< K for some € > 0, (S.53)

sup E giqk

ik, T

where Siqk is k-th element of éiq. Lemma 4] establish holds, and therefore
(S.52) is met, as required. Then, by Liapunov’s theorem (Theorem 23.11 in Davidson
(1994))), the Lindeberg condition is also met, and follows by Theorem 23.6 in
Davidson (1994). m

Lemma 9 Consider m x m matrices Qss = T 'q7 "> 7, (Sie — Sio) (Vie — Vio)

where Sy, S;o are the sub-sample and full sample time averages of the partial sum
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Process s;; = 2221 W, and Vi, Vi, are the sub-sample and full sample time averages
of vip. = CH(L)uy = Z;io Cjui;—;. Suppose Assumptions and hold, q(> 2) is
fixed and m is fived. Then

Y CiQsp =0, (nVPT7) + O (T7?) (S.54)
=1

Proof. For the purpose of this proof, define m? x 1 vector b, obtained by vector-
ization of n™' Y~ | C;Qs,5:,

b, = vec (nl Zn: Cngi@) “ipt Z zq)
i=1

where Eiq =q¢ 'Y 1, (Vu®8y) — V;u®8;o. Denote the k-th element of b,y as by, =
e.b,r, where e, is m? x 1 selection vector for the k-th element, k = 1,2, ..., m?. Define

ZB;MT = bgnr — E (bgnr). Using result {) of Lemma 3| and noting sup;, ||C;|| < K
by Assumption [2, we obtain

sup E (bynr) = O (T7?). (S.55)

. 2
Consider £ (bk,n;r) next. We have

- 2
B (bk,nT> _E

n
-1, -1 /
n E e ([,
=1

where éiq = Eiq - F (Eiq). By construction E (é’iq> = 0. In addition, Eiq is indepen-
dent of & jq, for any i # j. Tt follows

E(gk,nT>2 = nQiE(ez (Im®0i>éiq)27
HZHek n e GO (€

IN
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Using result (S.38) of Lemma [4 and sup, ||C;|| < K (by Assumption [2)), then
N 2
sup F/ (bka) =0 (n’lT’Q) ) (S.56)
k

Using (S.55) and (S.56) in byur = brwr + E (buur), we obtain (S.54). m

Lemma 10 Consider m xm matrices Qjr =T ¢ ' > 0_, G; (£ — &) (£, — fo)' G/,

Qo =T '¢7' 30, Gy (fz - fo) (Vie — ¥io)' and Qrs, =T '¢' > G (fﬁ — fo) (Sic — Si0),
where £, and £, are the sub-sample and full sample time averages of f, = Z;io b Lles,

Sie and 8, are the sub-sample and full sample time averages of the partial sum process

Sy = Zzzl u;, and Vi and Vv, are the sub-sample and full sample time averages of

vie = C;(L)wy = 372, Cju; ;. Suppose Assumptions @ and hold, and q(> 2),

m and my are fixed. Then,

sup £ [|Qz.|| = O (T7%)., (S.57)

sup 7 || Q. || = O (T7%) (S.58)
and

sup B | Qg [| =0 (T7) . (S.59)

Proof. Consider (S.57) first. We can write Qy, 7, as
Qj7. = GiQfrG,

where

_Q

Q=TS (f-£)(E-T)

(=1

Taking norm, expectation and sup over i, we have

2
s £ |TQu] < (swlGill) EllQufl < 5 EllrQp]l. (560

where sup, ||G;|| < K by Assumption |4 In addition, f; is a covariance stationary

process that satisfies essentially the same assumptions as the covariance stationary

process v;;. Hence, using the same arguments as in the proof of result (S.9)) in Lemma
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[Bin Appendix, we obtain

LI =0, (S.61)

B||TQs]| < sup B [&]|" +sup £

where

EI°=0(T). (S.62)

sup E/ Hngz =0 (T_l) and sup &
¢ i

Using (S.61]) in (S.60]), we obtain (S.57)).
Consider ([S.58) next. We can write TQj,;, as

Q

q
TQfs = a4 Z Gi(f,—F) (Vi — Vi) =q7' ) G, — Gif.v],.

/=1 /=1

Hence

2\ 1/2 _ 1/2
) (Bl

(S.63)
Using (S.15), (S.17)), (S.62) and sup, ||G;|| < K (by Assumption {4]) in , result

(S.58]) follows.
Consider the last result, (S.59)). Similarly to (S.63), we have

d _ 1/2 _
<q ') |G (EHngQ) (E[19:all?)"*+1IG <E f,

(=1

L - 1/2 _ 1/2 - 1/2 _ 1/2
ETQpal < a7 DoIG (B &) ™ (B 15l Gl (EE]) ™ (2 1s:l7) "
=1
(S.64)
Using ([S.20)), and sup; ||G;|| < K (by Assumption [4) in (S.64)), result (S.59)
follows. m

Lemma 11 Consider Qug = T 'n 2 230 S0 (Wi — Wio) (Wie — Wio) and sup-
pose the m x 1 vector wy 1s given by (@ featuring interactive time effects, Assump-
tions[1] to[4 hold, and q (> 2), m and my are fized. Then

E ‘,B;Owa,B;o‘ =0 (T7?), for j=1,2,...,r0, (S.65)

where B,y (for j =1,2,...,19) are defined in Assumption @
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Proof. Premultiplying by By, postmultiplying by By, and noting B;C; = 0 for

1 =1,2,...,n under Assumption [3| we obtain
B;QusBo = B{Q;7Bo + Bj) (Q; + Qs7) Bo + By QusBo,

where by the orthonormality requirement B{By = I,,. By Lemmal[5], £ | B;QuBo| =
0 (nil/QT”). Using results and of Lemma, we obtain £ HBf)foBo” =
O (T7?) and

E||Bf (Qfs + Quf) Bo|| =0 (T?). Hence, the dominant term is O (T~2) and result
follows. m

Lemma 12 Consider Qgg =T 'n"1q >0 S (Wir — Wio) (Wie — Wio) and the
associated m x r matrix Bg given by orthonormal eigenvectors of Qgw corresponding
to its ro smallest eigenvalues. Suppose the m x 1 vector w;, is given by @ featuring
interactive time effects, Assumptions |1| to |4| hold, and q (> 2), m and my are fived.
Then

QuaBo =0, (T7?). (S.66)

Proof. Similarly to proof of result in Lemma m in Appendix, when w;; is
given by continue to have 0 < tr (A) =tr (]AB(]QU—W—)BO) < tr (B{QuaBo)-
But result (S.65) of Lemma [11] implies F [tr (B{QuuBo)] = O (T72) and it follows
E|A|| = O (T—?). Taking norm of QuoBo = BoA and noting ‘BOH = 1, we ob-

tain HQU—@BOH < H[XH Taking expectations and using EHAH = O(T7?) yields

E HQMBBOH = O (T~2), which is sufficient for (S.66]). This completes the proof. m

Lemma 13 Suppose Assumptz’ons to hold, and q (> 2), m and my are fized. Con-
sider &, = ¢ Y (@i — @) ® (8ie — 8;), where Sy, S;o are the sub-sample and full
sample time averages of the partial sum process s; = 22:1 u;;, and @;;,0; are the sub-
sample and full sample time averages of w; = £ + vy, £iy = Z;’io @fig[}&f’tfg, Vi =
Z?io Ciui—j. Let Qﬁ; =Var (E;) and suppose by = limy, 7 <B6®Ci> QE; (]§0®Cg>
is positive definite. Then

n

2N (BeC:) &, —a N (0,9;), (S.67)

=1

et

for n, T — oo jointly (in no particular order), where E:q =&, E (éjq)
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Proof. (S.67) can be established in a similar way as the proof of (S.51), but we
rely on a central limit theorems for martingales (Theorem 24.3 in Davidson (1994)),
since é:q is no longer independently distributed over i in the presence of unobserved

common factors. m

S2 PME estimator for unbalanced panels

We assume there are n cross section units, ¢ = 1, 2, ..., n, with each cross section unit
having T; consecutive observations. We do not allow for gaps. Let T,, = maxT;.
We also assume all T}’s expand at the same rate with n. Specifically, there exists
a positive constant s, > 0, which does not depend on the sample size, such that
T; > s, - T, fori=12.....,n.

In practice, these assumption may require excluding some observations to avoid
gaps, and excluding individual cross section units where 7T; is very small compared
with the rest of the panel (see Subsection . In the exposition below, we assume
that the unbalanced panel satisfies the assumptions above.

To accommodate unbalanced panels, we consider the following generalization of

sub-sample time averages defined in Section [4] (see (0)),

Hi,

1
Wip = — Z Wi, for ¢ = 1,2, -ey 4y (Sl)

T;
t=H; ¢ 1+1

where T}y = H;y — H; 4, is the sample size for computing sub-sample time average ¢
for unit 7. We continue to assume H;y > H; 1, T; = Zzizl T, with T}, being of the
same order as T;, namely there exists positive constants K > 0 that do not depend
on the sample size such that Tj,/ max,—12 ., {7} > Ko for all i and all £. The
number of sub-sample time averages, ¢;, in are allowed to vary across units with
2 < ¢; < @, Where g, does not depend on the sample size. The time average w;, is

now defined by
qi
Wio = ¢; ' ZV_VM;
=1

and
qi

Quiw: =T, ¢ Z (Wie — Wio) (Wie — Wio)'

(=1
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with the associated pooled version given by

n n
~1 -1, -1 ~1
Qoo =n Z Qum; = Topent Z (@%
i=1 =1 L

where

qi
(Wip — Wio) (Wi — v‘vi())’) ,

=1

7\ . B
o= (7) mmes (g

Following the same arguments as in the case of balanced panels, it can be es-
tablished that F ||Qs5ll, < K/T?, E||Qss:ll, < K/T;, and E[|Qs,5] < K. These

results imply Quu8 = O, (T,,.) and we can use the eigenvectors corresponding to

the ro smallest eigenvalues of Qg to estimate long-run relations subject to the exact
identifying assumptions.

To derive asymptotic distribution, let

ai
@qz'_l Z (8i0 — Bio) (Vie — ¥40)

/=1

qi

gbqu_l Z E (gif - §io) (‘_/if - ‘_/io)/
- (5.2)

o

Z; = C, B,—C; B,

and following the same arguments as in Section [4 we obtain

= . e NG
Qoo v/ Tave (Bo - Bo) = _—n /2 ; Z,+ 0, (Tave : (S.3)

° ° /
Consider the exact identifying restrictions By = (ITO, B6,2> , where I, is an identity

matrix of order ry. Let ® and ©, be the lower (m —rg) X ro block of B, and ]§0,

respectively. Then, \/nT,,.vec ((:3 — @0> converges to a normal distribution and the

variance of ® can be estimated as

— A ]_ _ bl _
Vor (6) = iz, WeltnQiden (S4
where
R n 9 4 _ —
Q. =n1) ¢lq? (Ei®Ly) (Wie — Wio) (Wi — Wio)' (Ejp®L,) . (S.5)
=1 =1 =1

and, as before, Qa2 55 and QZQQ are the (m — rg) X (m — rg) lower blocks of matrices
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Quo and 2., respectively.

S2.1 Implementation of unbalanced PME estimator in em-
pirical application

Let T,, = max7;. In empirical application in Section we exclude cross section
units with gaps in data and we exclude units with 7; < 20 years. The remaining
units are used for estimation, and we denote the number of these units as n.
Definition of sub-sample sample time averages in is quite general, and allows
for a variety of asymptotically justified options to implement the PME estimator for
unbalanced panels. In view of inference in small samples being adversely affected by a
larger choices of ¢, we set ¢; = 2 for all 7, and we divide the T} consecutive observations
into two halves when T; is even. If T} is odd, we compute the first sub-sample time
average based on (7; + 1) /2 observations, and the second sub-sample time average
based on the remaining (7; — 1) /2 observations. This version of unbalanced PME

estimator is considered in the empirical application.

S3 Consistency and asymptotic distribution of PME
estimator in the model with interactive time

effects

Theorems BH4 extends Theorems [1H2] to model with interactive time effects.

Theorem 3 Consider the panel data model for the m x 1 vector wy given by (@
and suppose that Assumptions[] to[f] hold, and the number of long-run relations, 1o,
is known. Let By be formed from the first ro orthonormalized eigenvectors of Quw
gien by (@, associated with its ro smallest eigenvalues. Then for a fixed m, my and
q(>2), BH —>p]°30 as n, T — oo jointly such that T,, =~ n® and d > 0, for some

ro X 1o non-singular matriz H.

Proof of Theorem Using in (51]), we have

Qoo =¥, + 0, (n_l/Q) + 0, (T_l) .
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Multiplying this expression by Bg from the left and by By from the right, and noting

eigenvectors BO are normalized so that B{)BO =1, yields

B\w, B, +0,(n 3 +0, (T, (S.1)

where lim, ¥, = ¥ as n — oco. (S.1) is the same as (A.7]) with the exception of
the O, (T~") term (as opposed to O, (T~2)). Consistency of By now follows using the

same arguments as in the proof of Theorem I m

Theorem 4 Consider the panel data model for the mx1 vector w;; given by @, and
suppose that Assumptions (1| to |4 hold, m, my and q(> 2) are fived, and the number
of long-run relations, ro (m > ro > 0) is known. Suppose further that the long-run

relations, B, of interest are subject to the exact identifying restrictions, RB)= A,

. > . .o\ -1
gien by , and consider the PMFE estimator of By given by Bo= By <RB0> A,

where By = <,f310,,f320, --me,o) are the first ro orthonormalized eigenvectors of Quw
defined by (9). Then

VnT (L,@Q,,) vec <]§0 — Eo30> —q N (0, QZ) , (S.2)

as n, T — oo, jointly such that T ~ n? for d > 1/2, where

n

Y (Bg@@ci) Qe <]§0®Cg)

=1

: (S.3)

N .
Q .= limy, 700

and Qe:, = Var (€,), and Qg —, LW

iq 6q

Proof of Theorem Averaging over i, we have
Qoo = n! Z CngigiC; +n! Z Cngm +n7! Z Cngifi +
i=1 i=1 i=1

+n 'Y QL CiAn Y QL Ci+ Qi+ Qpy + Qo + Quse (S4)
i=1 =1
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Multiplying both sides of 1} by B, from the right, and noting that C;]éo = 0 under
Assumption [3, we have

waﬁo = (n_l Z Cz‘Qsm) B+ (”_1 Z CiQsiﬁ-) B0+fo]°30+Qfa]§o+Qaff30+Qw]§o,
i=1 i=1

(S.5)

where by results 1}1) of Lemma , Qi =0,(T7?), Q= v =0p (T—2),

and by result (S.47) of Lemma Qss = O, (n7Y?T~2). Using result (S.66) of

Lemma we have HQU;U—JBO” = 0, (T7?), and given that B, is an O, (1) rotation
of By, it follows R

waBo = Op (T_Q) . (S.6)

Subtracting (S.5) from (S.6) yields (noting O, (T%) dominates O, (n~'/2T-2))

Qu’)u’) (ﬁ - BO) - - <TL_1 zn: CZQ§1’1_11> 1030 + (n_l zn: CZQSLfL> 1030 + Op (T_Q) :
i=1 =1

Defining Qs,5,= Qg,5, + Qs, 7, and multiplying above equation by \/nT we obtain,

Quav/nT (]/3\0 — ]§0> =— <n1/2 ZTCngiwi) By + 0, (\/Tﬁ) . (S.7)
=1

Noting s;; is independently distributed of f; for all ¢,t', the first term on the right
side of (S.7) can be written as

12N 7C.Q.. | Bo= 02y 77 | B vn
(” 2 ZQW’L>° (" 2% Bt

where Z7 = C;[TQs, — E(TQs,2.)]Bo, and E (T°Qs5,) = E(1°Qs5,). Using
(A.12)), it follows that

Quuv/nT <]§o - Eo) = —n~ /2 Zn: Z; + O, (\/Tﬁ) ;
i=1

BO:

'Y CiE(T°Qs,)
=1
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Vectorizing the above equation we have

(L&Qu) VAT vee (By —~ Bo) =n 23" (BieC:) €, + 0, (@) . (S8)
i—1

where E;kq = qu_E (E:q)7 and E;kq is given by (recall Z: - CZ [TQ§iLT)z‘ —FE (TQEzu—)z)] BO
and Qsz, = T ¢! Y07, (Bi — §io) (@ir — @i0)')

q q
5; =q! vaec [(5ie — Si0) (@i — @) = ¢~ Z (Di@8ir) — Dio®@Fjo.

/=1 /=1

Lemma (13| established convergence in distribution for n=%/2 3" | <]§6®Ci> é;. Using

this Lemma in (S.8)), and noting that d > 1/2 implies\/n/T — 0 as n,T — oo, we
obtain ([S.2)), as required. m

S4 Description of Data Generating Processes

We have experiments with ry = 0,1, 2 long-run relations, and with and without inter-
active time effects. Overview of all experiments is provided in the paper. Subsection
below provides full details of the DGPs with long-run relations and without in-
teractive time effects. Subsection provides details of the DGPs without long-run
relations and without interactive time effects. Subsection provides details on

augmentation of each of these DGPs with interactive time effects.

S4.1 Experiments with 7y = 1 and 2 long-run relations and

m = 3 variables

We consider the following data generating process for w;,
Aw; =d; — ILiw; g +uy — Oqugy g, (S.1)

where
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Aw; ism x 1, A; is m X rg, Bg is m X rg. To ensure that w;; is not trended we impose
the restriction

We set m = 3 and consider two cases, one and two long-run relations, rg = 1 and
To = 2.
For ro =1, Bo= 3, = (1,0, —1)’, and for ro = 2

1 0
BOZ<510 520)1 0 1
-1 -1
The VARMA representation of (S.1)) is given by
Wit = dz + (Im — AZB:)) Wi,t—l + W — @iu@t_l (83)
which can be written more compactly as

where ¥,(L) =1, — ¥,L, and ¥, =1, — A;B[.

S4.1.1 Relation to Granger Representation

Aw,; can be written as

Aw = [C+ (1 — )G} (L)] (5.5
where C; (L) = Y72, C;,L". First differencing (S.4),

V(L) Awy = (I, — ©;L)Auy,
and using (S.5)), we obtain

v, (L)[C;+ (1 —-L)C: (L) = (1, —6,;L)(1 - L). (S.6)
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Using the above we obtain C; and C}, ¢/ = 1,2, ... in terms of ¥; and ©,. Hence we

can relate the parameters of to the general linear representation

wi = a; + C;sy + C; (L)uy. (S.7)
where s;; = w;; + ;2 + .... + 1. Pre-multiplying by By, we obtain

Byw;: = Ba; + ByC; (L)u,.

S4.1.2 Parameterization

We would expect By to be more difficult to estimate the more persistent is Byw;;. In

the extreme case where A; = 0, By is not identified. Pre-multiplying both sides of

by B}, yields
ByAw;; = Byd; — BA;Byw; ;-1 + Bouiy — BiO,u; ;1. (S.8)
Let &,;, = Byw;; then
i = Bod; + (I, — BoA)E, , + Bouy — BOu; ;. (S5.9)

In the VAR(1) case where ©; = 0, the persistence of &, = Bywy, is fully determined
by the largest eigenvalue of (I, —B{A;). Allowing for the MA component complicates
the analysis of persistence of §,,, but it will still depend on the size of the eigenvalues
of (I, — B{A;). As an approximation it is reasonable to control the eigenvalues of
(I - BjA,).

S4.1.3 Long run relations

When ry = 1, we set By, = 3, = (1,0, —1) and A; = (a;11,a;21,a:31) , and hence

BoA; = ainn — aiz = p;- (S.10)
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In the case of VAR(1) the persistence of €;, does not depend on a; 21, which we set to 0,

for all i. We consider two sets of values for p, and generate them as (for i = 1,2,...,n)

slow p, ~ [1IDU0.1,0.2], and
moderate p; ~ [IDU[0.1,0.3].

Slow speed of convergence corresponds to a median half-life of 4.3 periods (years)
and moderate speed of convergence corresponds to a median half-life of 3.1 periods
(years). Since both a;1; and a; 3, are nonzero, long-run causality runs from w;;; to
(Wit2, wir 3) as well as from w3 t0 Wy ;. leaves us with one free parameter to
determine A; which we choose to control a system measure of fit, as described below.

When ry = 2, we set the long-run relations as

1 0
By = (/BloaﬁZO) = 0 1
-1 -1
Let
;11 Ai12
A= ;21 4,22 )
;31 @32
then
;11 Aq,12
1 0 —1 ’ '
L-BiA;, = I, - ai21 G 3
2 0 2 ( 01 —1 ) 21 ,22
;31 A;32
B 1—(aig1 —aiz1) — (@12 —a;32)
- (%21 - ai,31) 1- (%22 - ai,32)
Hence
1—p, —p,
:[2 . B{)Al _ pz,ll pz,12 ) (Sll)
—Pi21 I Pi 22
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The eigenvalues of this matrix are given by

1 1

1
A= 1- oPin = 5Pi22 5\/012,11 — 20, 110520 T Py + 40i19Pi 215

1 1 1
Ao = 1— 5101‘,11 - 5/%,22 + 5\/)0@2,11 - 2/%,11,01‘,22 + 03,22 + 491‘,12/%',21-

To simplify the design we set p; 15 = (@12 —a;32) =0 = Pio1 = (@21 —a;31) = 0.
then

Pian = (a1 — aiz1) and p; 9 = (@22 — ai32),

and the eigenvalues are \; = 1 — p; 1, and Ay = 1 — p; 5. A stable solution arises
so long as sup; ; |1 — pi’jj’ < 1. We consider two sets of values for p,;; and p; 5, and

generate them as (fori =1,2,...,n)
Slow p; 11 ~ 11DU [0.1,0.2] ; Moderate p, ;; ~ [1DU [0.1,0.3]

Slow p; 99 ~ I1DU [0.1,0.2] ; Moderate p; 5 ~ I1DU [0.1,0.3] .

We set a; jo values below, to achieve a balance between the speed of convergence to

equilibrium, p;;, and the fit of the error correction equations.

S4.1.4 Deterministic terms, errors and initial values

We generate p;, = (f1;.,) 8s fij,, ~ IIDN(0,1), for j = 1,2,3; and i = 1,2,...,n.
These parameters do not enter the distribution of the estimators of By.

Errors: u;; are generated as
u; = Pyei, (S.12)

fort =1,2,...,n,and t = 1,2, ..., T, where two cases for considered for the distribution
of ;4 Gaussian case with elements of €;; generated as I/ DN (0, 1), and non-Gaussian
case with individual elements of €; generated as IID from a chi-squared distribu-
tion with 4 degrees of freedom normalized to mean zero and unit variance, namely
[x? (4) — 4] /V/8. Matrix P, is a lower-triangular matrix computed as Choleski fac-
torization of ¥, = PP/, where individual elements of 3;, denoted as o;,,, for
p,q = 1,2,3 are generated as follows. We set the diagonal elements to one, namely

oipp =1forp=1,23, and 7 = 1,2,...,n. We generate the off-diagonal elements as
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Tipg = Oigp ~ 1IDU (0,0.5) for (p,q) € {(1,2),(1,3),(2,3)},and i = 1,2, ...,n. This
ensures 3; is symmetric and positive definite with a probability one.

For the MA part we consider two cases ®; = 0 (VAR design), and ®; = diag(;;,j =
1,2,3), with 6;;, j = 1,2,3 ~ U(0,0.50).

Initial values: We first generate Awy, for t = 1,2,..., T, using the represen-
tation, (S.1), and then cumulate these differences to obtain w;. To this end we

require the initial values B'w;y and Aw,;y. Using the Granger representation let
T (L)=[Ci+ (1 —-L)C;(L)] =>,2, TiL", and

AW’iO = Z Ti’,guL,g, (813)
=0
and Byw,o = Bpa; + .2 ByC;_ju; . Hence, E (Bywy|a;) = E(§;,]a;) = Ba,.
Also using (S.9), and noting that E (Aw;;_1) = 0, we have

E(&;]di,0;) =B'd; + (I, — BoA)E (&, |ou)

and assuming |Apin (I, — BjA;)| < 1 we obtain F (£,,) = (BjA;)"'Bd;. Therefore,
recalling that d; = IT;u;,, (see (S.2))

BSWZ'() = BE)IJ’zw + Z Bi)ci_gui,—ﬁ-
=0
Using (S.7) we also have
Var (Bywy) = Var (Bywy) = B) (Z c;;{vp;;) Bo. (S.14)
s=0
We generate Aw;, and B{w,y according to
M M
AWiO = Z Tz"_zuL_Z, and B{)WZ() = B:)H’zw + Z B:)C:’feui’_g,
£=0 (=0

where we set M = 50.
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S4.1.5 Fit of error correction equations and setting the error correction

coefficients

An average measure of fit for the mx1 system of equations for Aw;;, = (A1, Aty o, ...

is given by . ,
m n
B Zj:l D1 Diet Ut
T -
Z;n:1 D oimt 2y (Awij — Ay )

where Aw;r; = T ! ZtT:1 Aw ;. This system measure places equal weights on the

PR, =1 : (S.15)

fit of the m different error-correcting (EC) equations. We can control for PR?;, by

generating remaining free parameters in A,;.

S4.1.6 Case of ryp = 1 long-run relation in VAR(1) design

Using (S.15)), and for ®; = 0, under stationarity and for large n, (T' does not need to

be large given the cross-sectional independence of u;) we have

B 27:1 > E (u?t])
> i1 2iey B(Awi; — Ay ;)2
> iy tr (AAY)

PR? = 1

S (AQAD £ 3 (V) (510
where Q; = Var (Byw;;_1). Using (when ©; = 0)we note that
& = Bow,; ;1 = Byd, + (I, — BA)&;, ; + Byuy,
and €Q; is given by
Q; = (I, — B,A)Q (I, — B,A,) + B,V,By. (S.17)

In the case where 7y = 1, €2; is a scalar, By = 3, ;, and we have

Q — B1oViBio.
' 1—(1- pi)2’
Hence ( )
n AA;)BY o Vi,
PR2 o Zi:l 1_(1igi)2 -
T wn (ALA)BL VB, n '
D ie1 ( 1—)(1;1)2 =4 2 (Vi)
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For a given value of p;, it is now possible to use AjA; = a7, + a7, + 074 as a scaling
factor to achieve a desired value of PR2. But we need to take account of the fact

that p; = a;11 — a; 31 and both a;1; and a; 3, can not be scaled up. Given p; we set

/ 2 2 2 2
AJA; = (p; +a;z1)” + Ajo1 + Q531 = 27,

and then derive a;2; and a;3; that satisfy the above equation. Then »? can be set in

terms of PR? :

1—-PR? S tr(Vi)
%2 N ( PR? ) n BII,OViBI,O ’ (818)
" 2iimt T 1-p)?

We can allow variations across a;s; and a; 21, so long as (p; + a;31)” + 7o)+ ajgy =
s?. To check the feasibility of the above procedure (results in real-valued a; j,) we
set a;21 = 0, and note that a;3; must now satisfy the quadratic equation a12731 +
P31 + %(pf — %) = 0. For this equation to have real solutions we must have
p? —2(p? — %) > 0, or 3* > sup, p?/2. We consider two values of PR? = (.20 and

0.30.

S4.1.7 Case of 1y = 2 long-run relations in VAR(1) design
Setting Q; = (I, — ByA,), and using (S.17), we havd!|

vee () = (Q; ® Q;) vee (Q;) + vee (ByV,;By)

Then .
vee (2;) = Lz — (Qi®@ Q;)|  vee(ByViBo).
Also since
tr (A;QA)) = tr (QALA}) = vee (AJA;) vee (),
then

-1

tr (A;Q;A]) = vec (AL A;) [Irg - (Qi® QZ)] vec (ByV;By),

Irg - (Qi ® Q;) = diag(1 — P?,na - Pi11Pi225 1- Pi11Pi225 1- 03,22)-

1"Note that vec (ABC) = (C’ ® A)vec (B).
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As before A’A; can be scaled up/down fixing the value of Q;. Recall from (|S.11))

that (since p; 19 = (ai,12 — as32) = 0, and p; 1 = (a;21 — ai31) = 0),

T, = Pi11 0
0 Pi 22

where p; ; = (a;11 — ai31) and p; 59 = (@i 32 — a422). Noting that

Z?:l tr (A;;Af)

PR? =
o Do tr (AGAL) 437 tr(V3)
then ) .
1 - PR, _ > iz tr(Vi)
PR} S vee (ALA) L2 — (Qi ® Q)] vee (BYV,By)’
where

ai11  Ag12

a; a; a;

/ o 3,11 4,21 3,31
AA, = i1 Q22

Qi12 A;22 Q532
;31 A;32

3 2 3
_ pIp Q5 51 D oy Qis10i s
= 3 . ) ‘
25:1 a’i,Slai,$2 ZS:I ai,s2

As before p; ;; and p; 5, are pre-set:
Slow p; 11 ~ 11DU [0.1,0.2] ; Moderate p; ;; ~ 11DU [0.1,0.3],

Slow p; o9 ~ I1DU [0.1,0.2] ; Moderate p; 5, ~ I1DU [0.1,0.3] .

and pi,lQ = (CLZ'JQ - ai,gg) =0= pi,21 = (ai’gl —ai’gl) = 0. OVGI'&H, we have the

following restrictions

i1l = @31+ P11, and a; 92 = a;32 + Pi,22

ai12 = @a;32 and G;21 = G331
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We are left with two free parameters to control the fit of the model. To this end note
that

AA; =

(ai731+pi711)2+2ai31 (%31 + Pi,n) a; 32105 31 (%32 + P¢,22) +a; 310532

(%,31 + Pi,n) a;32+a; 31 (%‘,32 + Pi,zz) +@i3104,32 (%32"‘&,22)2"‘2@?,32

and AJA,; can scaled up by scaling on a;3; and a;32. We set a;31 = a;32 = > which

yields

AA — ,012,11+2%Pz‘,11+3%2 (p@n + ,02-’22) 2+ 3522
Z (Piny + Pigg) 2+ 357 plogt25ep; go+352°

Then we solve the following equation for s that yields a desired value of PR?

1-— PR% B Z?:l tr(V;)
PR? S vee (ALAY) [Te — (Q; ® Q)] vee (BYV,By)’

where

1 1 1

L2 — (Qi ® Q)] = diag( ; 7 ,
1- /012,11 I Pi11Pi,22 1- Pi11Pi,22 1- 012722

).

We consider the same two values of PR% = (.20 and 0.30.

S4.1.8 Case of VARMA(1,1) design

When ©; # 0, it is cumbersome to solve for PR2 analytically. We proceed by

computing s using stochastic simulations to ensure desired value of PR%, - (5), where

R
1
PR%MT (%) = }_% Z PRELT (T€p7 %)7

rep=1

and 9
m T n re.
Zj:l Zt:l Zi:l (uz(t,jp)>
m T n re _(re )
Zj:l D i1 Zi=1<Aw§t,jp) o sz(T,;'D))2

in which we use rep = 1,2, ..., R to denote individual MC replications (R = 2000).

PRfLT (rep, ) =1—

We solve PR?%, - (») = 0.2 or 0.3 using grid search method.

S.40

)



S4.2 Experiments with no long-run relations

Experiment with 7 (1) variables and ry = 0 are based on the DGP given by
Aw; = ®;Aw; ;1 + uy,

fori =1,2,..,n,t = 1,2,...,T, where uy; = P;eyy, €4 ~ IIDN(0,1,,), the error
covariance matrix P,P}, = X,; = [0, 4,] , is generated using o, =1 for i =1,2,...,n
and ¢ = 1,2,3, and 0,4, ~ I[IDU(0,0.5), for ¢ # ¢, and ¢ = 1,2, ...,n. Matrix ®,
is diagonal with ¢,; elements on the diagonal, for j = 1,2,...,m. We consider three
options for ¢,;: (i) low values ¢;; ~ U[0,0.8], (i7) moderate values ¢,; ~ U[0.7,0.9],
and (éii) high values ¢;; ~ U[0.80,0.95]. Initial values are generated as Aw;y; ~
[IDN [0, (1- ¢3j)*1} for j =1,2,....,m,andi = 1,2, ...,n, and w;_, is set to 0. This
DGP is also a special case of . Specifically, it leads to w;; = w;o + G;f;, + C;s5 +
C#(L)uy, where C; = (I, — ®;)"", and C*(L) = -, (I, — ®;)"' (I, — ®;L)".

S4.3 Experiments with interactive time effects

We augment the general linear process versions of the above VARMA and VAR

specifications with G;f; , namely
wir = Wi + Gify + C;si + C (L) uyy, (S.19)

where C; and C;(L) are obtained from the VARMA and VAR models above. f; is
an my x 1 vector of unobserved common factors, G; is an m x m; matrix of factor

loadings. We set m; = 4 and generate latent factors, f;, to be serially correlated with

fi = ppfia+ /1 —phvp, fort=1,2,..[T/2] -1,

fi = ppofi1+ /1= piyvy, for t = [T/2],[T/2] +1,..,T -1,

a break,

where p;yy = 0.6, ppo = 0.4, and v, ~ [IDN (O,Imf). Individual elements of G; are
generated as [1DU [0.0.4].
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S4.4 Design from Chudik, Pesaran and Smith (2021)

This design features m = 2 variables in w; = (wy, wg,it)/, generated according to
the cross-sectionally independent DGP described in Section 3.1 of |Chudik, Pesaran,
and Smith (2023a). In this design, w;; is generated as

Awy e = ¢ —a; (Wyi4-1 — Wajg—1) + Uit (5.20)

Awg iy = Ugg, (S.21)

where a; ~ I1DU[0.2,0.3], uy 4 = 015€1t, Uit = Ooi€2t, 01,05, ~ I1DU[0.8,1.2],
i 1 '
(“t>~UDNm%&LEuv< T>,wd%~JUWW&OW
€2 it Pei

Full details of this design are provided in Section 3.1 of |(Chudik, Pesaran, and Smith
(2023a)

S4.5 List of individual experiments

Overall, we conducted 71 experiments for the estimation of ry and 65 experiments for
the estimation of By. Table provide a summary of these experiments. Monte Carlo

findings for individual experiments are available from authors upon request.
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TABLE S1: List of Monte Carlo experiments

A. Experiments with no long-run relations used for estimation of ro only

Number of Interactive
experiments effects Pi e
6 yes, no low, moderate, high

B. Experiments with long-run relations and two-way long-run causality

Number of Interactive Error
experiments rg effects Model distribution PR? Speed of convergence
64 1,2 yes, no VAR(1), VARMA(1,1) Gaussian, chi-squared 0.2, 0.3 moderate, slow

C. Ezperiments with single long-run relation and one-way long-run causality

Number of
experiments
1 Design from Chudik, Pesaran and Smith (2021)

Notes: This table lists 71 Monte Carlo experiments.

S5 Sensitivity of 7 to scaling

It is clear that eigenvalues of Qg5 depend on the scale of the observations, w;; =
(Wit1, Wit 2, -, Wit.m) , and some form of scaling of data is required to reduce or elim-
inate the sensitivity of the estimator of rg to scaling. In Section [§]in the body of the
paper, we proposed using eigenvalues of the correlation matrix R, given by ,

which, for convenience, we reproduce here:

R,, = [diag (Qua)] "> Que [diag (Qua)] .

Accordingly, we defined in equation the following estimator of ry,
F=>1(h<1).
=1

where S\j, for j =1,2,...,m are the eigenvalues of R .

Consider the scaled vector w;; = Dw;,, where D = diag (d11,da2, ..., dym) is a
diagonal m x m scaling matrix with dg; > 0 for all £k = 1,2, ..., m. Then matrix RM
computed based on scaled variables W;; remains unaffected by the scaling matrix D,

namely R . = R, .

ww *

However, this no longer true when differential scaling is consid-

ered, given by W;; = D;w;;, where D; = diag (d; 11, di22, ..., dimm), for i = 1,2, ..., n,

S.43



are unit-specific diagonal scaling matrices with d;, > 0 for all £ = 1,2,...,m and
1 =1,2,...,n. In this case, matrix I"{M, computed based on Wy, is affected by scaling,
namely R, # R

To investigate impact of differential scaling given by w;; = D,;w;; on the small

. 1 the general case where D; differs over .
sample performance of 7, we consider additional Monte Carlo experiments below.
We generate D; = 313, for i = 1,2,...,n, where s, ~ IIDU[1,2]. We compare
the small sample performance of 7 based on the original data w;; and the scaled data
w;; = D;wy; = s, wy, for three experiments. Table S2 reports selection frequencies for
the estimation of ry using 7 based on original and scaled data as well as two choices of
g = 2 and 4 and two choices of exponent § = 1/4 and 1/2, in experiments with ry = 0
(no long-run relations), given by the first-differenced VAR(1) design with high
persistence ¢, 5, ~ U[0.80,0.95]. Table S3 reports the same set of results in the case
of VAR(1) experiments with 7o = 1 long-run relation, interactive effects, low speed
of convergence, low value of PR? = 0.2 and chi-squared distributed errors. Table
S4 below reports findings for VAR(1) experiments with o = 2 long-run relations,
interactive effects, low speed of convergence, low value of PR? = 0.2 and chi-squared
distributed errors. Overall, these Monte Carlo findings show a very small dependence
of 7 on the adopted differential scaling. In addition, these findings also show that

performance of 7 is almost identical for the two choices of ¢ = 2 and 4.
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TABLE S2: Selection frequencies for the estimation of ry by eigenvalue thresholding
estimator 7 with 06 = 1/4 and 1/2, ¢ = 2 and 4, and using original and scaled data,
in experiments with no long-run relation (o = 0), ¢,; ~ U[0.8,0.95], and with

interactive time effects

Frequency 7 =0 Frequency 7 =1 Frequency 7 = 2 Frequency 7 = 3
n\T 20 50 100 20 50 100 20 50 100 20 50 100
A. 7 is computed using original data w;¢
Estimator 7 with § =1/4 and ¢ = 2
50 0.95 1.00 1.00 0.05 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
500 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Estimator 7 with § =1/4 and ¢ =4
50 0.97 1.00 1.00 0.03 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
500 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Estimator # with § =1/2 and ¢ = 2
50 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
500 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Estimator 7 with § =1/2 and ¢ =4
50 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
500 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
B. 7 is computed using scaled data s;;w;¢, s, ~ IIDU [1, 2]
Estimator # with § =1/4 and ¢ = 2
50 0.92 1.00 1.00 0.08 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
500 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Estimator 7 with § = 1/4 and ¢ =4
50 0.95 1.00 1.00 0.05 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
500 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Estimator 7 with § =1/2 and ¢ = 2
50 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
500 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Estimator 7 with § =1/2 and ¢ =4
50 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
500 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Notes: This table reports selection frequencies for the number of estimated long-run relations. rg denotes the true
number of long-run relations. 7 is given by 1} namely 7 = Z;‘n:1I (;\J < T"5>, with S\j, 7 =1,2,...,m, being the
eigenvalues of R defined by (54). See Subsection in the paper for a summary of the design and Section in
the supplement for the full description. Reported results are based on R = 2000 MC replications.
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TABLE S3: Selection frequencies for the estimation of ry by eigenvalue thresholding
estimator 7 with 06 = 1/4 and 1/2, ¢ = 2 and 4, and using original and scaled data,
in VAR(1) experiments with ry = 1 long-run relation, slow speed of convergence
toward long run, chi-squared distributed errors, PR2,. = 0.2, and with interactive

time effects

Frequency 7 =0 Frequency 7 =1 Frequency 7 = 2 Frequency ¥ =3
n\T 20 50 100 20 50 100 20 50 100 20 50 100
A. 7 is computed using original data w;;
Estimator 7 with § = 1/4 and ¢ = 2
50 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
Estimator # with § =1/4 and ¢ =4
50 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
Estimator 7 with § =1/2 and ¢ = 2
50 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
Estimator 7 with § =1/2 and ¢ =4
50 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
B. 7 is computed using scaled data s;;w;¢, s, ~ IIDU [1, 2]
Estimator 7 with § = 1/4 and ¢ = 2
50 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
Estimator 7 with § =1/4 and ¢ =4
50 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
Estimator 7 with § =1/2 and ¢ = 2
50 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
Estimator # with § =1/2 and ¢ =4
50 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00

Notes: See notes to Table S2.
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TABLE S4: Selection frequencies for the estimation of ry by eigenvalue thresholding
estimator 7 with 06 = 1/4 and 1/2, ¢ = 2 and 4, and using original and scaled data,
in VAR(1) experiments with 7y = 2 long-run relations, slow speed of convergence
toward long run, chi-squared distributed errors, PR2,. = 0.2, and with interactive

time effects

Frequency 7 =0 Frequency 7 =1 Frequency 7 = 2 Frequency ¥ =3
n\T 20 50 100 20 50 100 20 50 100 20 50 100
A. 7 is computed using original data w;;
Estimator 7 with § = 1/4 and ¢ = 2
50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
Estimator # with § =1/4 and ¢ =4
50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
Estimator 7 with § =1/2 and ¢ = 2
50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
Estimator 7 with § =1/2 and ¢ =4
50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
B. 7 is computed using scaled data s;;w;¢, s, ~ IIDU [1, 2]
Estimator 7 with § = 1/4 and ¢ = 2
50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
Estimator 7 with § =1/4 and ¢ =4
50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
Estimator 7 with § =1/2 and ¢ = 2
50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
Estimator # with § =1/2 and ¢ =4
50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00 0.00 0.00 0.00

Notes: See notes to Table S2.
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S6 Robustness of PME estimators to GARCH and

threshold autoregressive effects

We also conduct Monte Carlo experiments to investigate robustness of PME estima-
tors to GARCH and threshold autoregressive (TAR) effects. To this end, we replace

£ =01 (€i,t71 > 0) i1+ 071 (Ei,tfl < 0) i1 T Vit

for t = =50, —49,...,0,1,2, ..., T, with initial values §, 5 =0,

I(&1>0) 0
I (Ez}t—l > 0) =10 I (fit,z > 0) 0 ;
0 I(&s>0)

I (.) is an indicator function,
® = ¢ T, and & = ¢TI,

Vit = (Vit1, Vit 2, Uz't73)/ is generated according to v;; = D;;P;e;;, where g;; is generated
as before, namely individual elements are either IIDN (0, 1), or generated as 11D
from a chi-squared distribution with 4 degrees of freedom normalized to mean zero
and unit variance, namely [y? (4) — 4] /v/8. P; is Choleski factor of R; = P;P}, and

1 Peil2  Peil3
Ri~ | paiz 1 pass | Peipg ~ 1IDU0,0.5],

Pei13  Pei23 1

for (p,q) € {(1,2),(1,3),(2,3)}, and i = 1,2,...,n. We generate Dy, for i =
1,2,...,n,and t = —50,—49,...,0,1,2,....T, as

Oit,1 0 0
Diy=1 0 ou2 0 |,
0 0 Oit,3

where
2 2 2
Oitq = (1 - ¢i1,q - ¢z2,q) + ¢11,q5i,t—1,q + 1/Ji1,qo-i,t—1,qa
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forg=1,2,3, and t = —50,—49,...,0,1,2, ..., T, with initial values 0127751’(1 =1.
Experiments with GARCH effects are given by

Vg~ 1IDU (0.2,0.3), 1y, ~ 1IDU (0.3,0.6),

i2,q
forq=1,2,3 and i = 1,2, ...,n. Experiments with TAR effects are given by ¢~ = 0.2
and ¢ = 0.6.

Overall, we consider baseline experiments without GARCH and TAR effects (¢, , =
Ying, =0 = ¢ = 0), experiments with GARCH effects, experiments with TAR ef-
fects, and experiments featuring both GARCH and TAR effects. Tables S5 and S6
report Monte Carlo findings for three-variable VARMA(1,1) as the DGP with ry = 2
long-run rlations, chi-squared distributed errors, PR?, = 0.2, moderate speed of

convergence toward long run, and with interactive time effects.
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TABLE S5: Selection frequencies for the estimation of ry = 2 by eigenvalue
thresholding estimator, 7 with § = 1/4 and 1/2 using three-varaible VARM A(1,1)
as the DGP with rq = 2 long-run relations, chi-squared distributed errors,
PR2,. = 0.2, moderate speed of convergence toward long run, and with interactive

time effects.

Frequency ¥ =0 Frequency ¥ =1 Frequency 7 = 2
n\T 20 50 100 20 50 100 20 50 100
A. Baseline experiments without GARCH and without TAR effects
Correlation matrix eigenvalue thresholding estimator 7, with § = 1/4

50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00

Correlation matrix eigenvalue thresholding estimator 7, with 6 = 1/2
50 0.00 0.00 0.00 0.05 0.00 0.00 0.95 1.00 1.00

500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00

B. Experiments with GARCH effects
Correlation matrix eigenvalue thresholding estimator 7, with 6 = 1/4

50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
Correlation matrix eigenvalue thresholding estimator 7, with § = 1/2

50 0.00 0.00 0.00 0.07 0.00 0.00 0.93 1.00 1.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00

C. Experiments with TAR effects
Correlation matrix eigenvalue thresholding estimator 7, with § =1/4

50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
Correlation matrix eigenvalue thresholding estimator 7, with § = 1/2

50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00

D. Experiments with GARCH and TAR effects
Correlation matrix eigenvalue thresholding estimator 7, with 6 = 1/4

50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
Correlation matrix eigenvalue thresholding estimator 7, with § = 1/2

50 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
500 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
1,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00
3,000 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 1.00

Notes: This table reports selection frequencies for the number of estimated long-run relations. rg denotes the true
number of long-run relations. 7 is given by , namely 7 = Z;’;ll (5\J < T"5>, with S\j, 7 =1,2,...,m, being the
eigenvalues of R, defined by . See Sections and in the supplement for the full description of the design.
Reported results are based on R = 2000 MC replications.
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TABLE S6: Simulated bias, RMSE, size and power for the PME estimation of 3,3
in three variable VARMA(1,1) experiments with ro = 2 long run relations,
chi-squared distributed errors, PR?, = 0.2, moderate speed of convergence toward

long run, and with interactive time effects

Bias (x100) RMSE (x100) Size (x100) Power (x100)

n\T 20 50 100 20 50 100 20 50 100 20 50 100

A. Baseline experiments without GARCH and without TAR effects

PME estimator with ¢ = 2 sub-samples

50 -1.12 -0.38 -0.20 8.60 4.85 2091 7.95 7.20 7.65 10.50 13.40 25.95
500 -0.59 -0.34 -0.15 2.76 1.58 0.90 6.85 5.65 5.70 28.10 59.50 94.20
1,000 -0.44 -0.28 -0.14 1.95 1.13 0.66 6.35 6.05 6.00 46.60 85.55 99.70
3,000 -0.59 -0.29 -0.11 122 0.70 0.38 9.05 7.15 5.35 92.10 99.95 100.00
PME estimator with ¢ = 4 sub-samples
50 -1.86 -0.90 -0.30 7.00 397 2.8 6.50 6.50 7.00 12.55 19.30 38.25
500 -1.48 -0.81 -0.23 2.62 147 0.70 10.50 9.55 5.90 52.95 86.95 99.60
1,000 -1.39 -0.75 -0.22 2.07 114 0.53 14.70  12.20 7.55 81.00 98.90  100.00
3,000 -1.51 -0.76 -0.21 1.74 091 0.34 38.25 29.70 11.60 99.95 100.00 100.00
B. Experiments with GARCH effects
PME estimator with ¢ = 2 sub-samples
50 -1.55 -045 -0.25 9.95 5.29 3.07 9.05 8.80 8.15 11.70 14.45 26.90
500 -0.54 -0.32 -0.15 3.28 1.76 0.94 6.70 6.35 4.65 22.85 51.05 90.55
1,000 -0.43 -0.32 -0.13 2.33 127  0.71 6.90 6.45 6.65 34.50 77.15 99.50
3,000 -0.58 -0.31 -0.11 146 0.79 0.41 7.60 7.50 5.90 76.10 99.00  100.00
PME estimator with ¢ = 4 sub-samples
50 -2.23 -097 -0.34 8.22 4.37 230 7.80 7.65 7.85 14.10 19.30 36.95
500 -1.45 -0.82 -0.25 297 161 0.75 8.95 9.70 6.90 41.60 77.35 98.90
1,000 -1.35 -0.78 -0.22 230 1.25 0.56 11.20 12.20 6.85 63.25 96.00  100.00
3,000 -1.50 -0.77 -0.21 1.83 096 0.36 27.50  26.40 10.20 97.50  100.00  100.00
C. Experiments with TAR effects
PME estimator with ¢ = 2 sub-samples
50 1.56 -0.12 -0.08 6.564 3.50 1.71 9.60 7.90 8.55 7.90 17.70 50.25
500 2.78 0.30 0.05 344 1.11  0.53 30.40 5.90 4.80 6.30 71.10  100.00
1,000 2.84 0.33 0.08 3.18 0.82 0.39 52.15 6.90 5.70 5.95 94.25  100.00
3,000 2.74 0.31 0.07 2.86 0.55 0.23 92.00 12.10 6.15 6.65 100.00 100.00
PME estimator with ¢ = 4 sub-samples
50 148 -0.36 -0.12 5.38 3.02 1.43 9.50 7.40 8.45 7.10 22.95 64.40
500 2.64 -0.03 0.06 3.12 091 043 36.70 3.95 4.80 6.00 90.80  100.00
1,000 2.68 0.01 0.07 293 065 0.32 63.40 4.95 5.60 6.15 99.35 100.00
3,000 2.58 0.01 0.07 2.67 038 0.19 96.75 5.25 6.10 9.50  100.00  100.00
D. Experiments with GARCH and TAR effects
PME estimator with ¢ = 2 sub-samples
50 1.32  -0.09 -0.06 6.80 3.45 1.66 8.35 8.20 6.85 7.80 18.55 51.60
500 2.64 0.34 0.07 3.41 1.12  0.52 23.95 6.25 4.70 6.55 70.65  100.00
1,000 2.66 0.34 0.09 3.04 0.82 0.39 42.45 7.30 6.70 5.55 94.05  100.00
3,000 2.54 0.31 0.07 2.69 0.55 0.22 82.10 10.85 5.90 8.35 100.00 100.00
PME estimator with ¢ = 4 sub-samples
50 1.23  -0.32 -0.12 5.52 297 1.37 7.25 7.00 7.20 7.00 22.90 66.10
500 2.46 0.01 0.07 3.02 092 043 28.00 4.90 5.40 5.50 89.20  100.00
1,000 2.48 0.04 0.08 2.76  0.65 0.32 50.15 4.90 7.05 5.70 99.40  100.00
3,000 2.36 0.02 0.07 247 038 0.19 91.05 5.05 6.40 13.00 100.00  100.00

Notes: The long-run relations are given by ﬁll,owit = wj¢,1 — w4t,3 and ﬂ/zyowit = w;¢,2 — Wit,3, and identified using
B11,0 = Baz,0 = 1, and B39 = Bay,0 = 0. Reported results are based on R = 2,000 Monte Carlo replications.
Simulated power are computed under Hj : B13 = —0.97, as alternatives to —1 under the null. A detailed account of
the data generating processes provided in Section [S4] and [S6] of this supplement. Size and Power are computed at 5

percent nominal level.
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S7 Supplementary information for micro applica-

tion

S7.1 Data sources

All data is from Wharton Research Data Services, WRDS, available at wrds.wharton.upenn.edu,
accessed on 2023-04-20. Specifically, our variables come from annual “CRSP /Compustat
Merged” database available through WRDS. We follow literature (Geelen et al. (2024))

in constructing the variables listed in Table S5.

TABLE S5: Variable description™

Variable Definition Compustat item
MV Market value CSHO x PRCC_F
BV Book value See Note 1

DO Total debt outstanding, DO=SD+LT DLC+DLTT

SD Short-term debt DLC

LD Long-term debt DLTT

TA Total assets AT

Notes: (*) The source for all variables is Wharton Research Data Services, wrds.wharton.upenn.edu, accessed on
2023-04-20. Variables come from annual “CRSP/Compustat Merged” database available through WRDS.

(1) Book value = the book equity of sharcholders + compustat item TX DITC - book value of preferred stocks. The
book equity of shareholders is given by (in sequential order, depending on availability): (¢) compustat item SEQ, or
(4t), common equity (compustat item CEQ) + par value of preferred stock (compustat item PSTK), or (4i7) total
assets (compustat item AT) - total liabilities (compustat item LT). The book value of preferred stocks is computed
as (in sequential order, based on availability): (¢) the redemption value (compustat item PSTKRV), or (i) the
liquidation value (compustat item PSTKL), or (4i%) the par value (compustat item PSTK).

S7.2 Data availability, variable construction and summary

statistics

Data availability is summarized in Table S6, for the three variable sets we consid-
ered: {DO, TA}, {SD, LD, TA},{DO, BV, MV}. We apply following data filters (in

sequential order) to each of the variable set and data sample separately.

Filter 1. We omit firms with gaps in the data for the given variable set and sample, and

firms with 7; < 20 (unbalanced samples).

Filter 2. We omit firms with nonpositive entries on any of the variable in the given set

and sample.
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Filter 3. We omit firms where, for a given sample and variable set, average value of key
ratios fall below 1 or above 99 percentiles estimated after the application of the
first two filters.

Filter 1 ensures that sufficient data exists, Filter 2 excludes firms with negative or
zero values, and Filter 3 is the outlier filter based on percentiles of key ratios. Tables

S3-S5 report summary statistics for each variable set after all filters were applied.

TABLE S6: Number of firms with available data

1950-2021 1950-2010
Variable set DO, TA

Filter 1 4193 3010
Filter 1, 2 2546 1909
Filter 1, 2, 3 2531 1901
Variable set SD, LD, TA

Filter 1 4193 3010
Filter 1, 2 1379 1110
Filter 1, 2, 3 1365 1101

Variable set DO, BV, MV

Filter 1 2907 2196
Filter 1, 2 1419 1172
Filter 1, 2, 3 1403 1164

Notes: Variable definitions are provided in Table S5. Filter 1 omits firms with gaps in the data for
the given variable set and sample, and firms with fewer than 20 years. Filter 2 omits firms with
nonpositive entries. Filter 3, omits firms where average value of key ratios fall below 1 or above 99

percentiles after the application of the first two filters
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TABLE S7: Summary Statistics (min, mean, median, max) for individual variables
and ratios in the variable set {DO, TA} after the application of all filters.

1950-2021  1950-2010

Variable DO

min 0.001 0.001
median 160.4 94.77
mean 3,405 1,837

max 889,300 889,300
Variable TA

min 0.283 0.126
median 689.8 371.7
mean 13,809 6,621

max 3,743,567 3,001,251
Ratio DO/TA

min 0.000 0.000
median 0.270 0.276
mean 0.290 0.294
max 4.434 6.789

Notes: Unit for the top part of this table reporting the summary statistics for individual variables
is million U.S. dollars.
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TABLE S8: Summary Statistics (min, mean, median, max) for individual variables
and ratios in the variable set {SD, LD, TA} after the application of all filters.

1950-2021  1950-2010

Variable SD

min 0.001 0.001
median 21.77 12.98
mean 2,081 1,071

max 614,237 562,857
Variable LD

min 0.001 0.001
median 133.4 78.77
mean 2,882 1,453

max 486,876 486,876
Variable TA

min 0.652 0.652
median 795.7 419.2
mean 19,510 8,482

max 3,743,567 2,264,909
Ratio SD/TA

min 0.000 0.000

median 0.039 0.041

mean 0.066 0.067

max 1.585 1.585

Ratio LD/TA

min 0.000 0.000

median 0.215 0.217

mean 0.233 0.233

max 1.752 1.752

Notes: Unit for the top part of this table reporting the summary statistics for individual variables
is million U.S. dollars.
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TABLE S9: Summary Statistics (min, mean, median, max) for individual variables
and ratios in the variable set {DO, BV, MV} after the application of all filters.

1950-2021  1950-2010

Variable DO

min 0.002 0.002
median 138.9 91.61
mean 2,178 1,212

max 889,300 889,300
Variable BV

min 0.079 0.079
median 269.2 178.7
mean 2,752 1,594

max 595,878 212,294
Variable MV

min 0.177 0.177
median 377.0 227.4
mean 5,007 2,908

max 662,627 504,240
Ratio DO/MV

min 0.000 0.000

median 0.455 0.486

mean 0.832 0.869

max 63.26 63.26

Ratio BV/MV

min 0.002 0.003

median 0.773 0.833

mean 0.997 1.066

max 27.85 31.89

Notes: Unit for the top part of this table reporting the summary statistics for individual variables

is million U.S. dollars.
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TABLE S10: IPS unit root test results for 40-year balanced sample ending 2021

Panel unit root test results

Lag order: p=1 p=2 p=1 p=2 p=1 p=2
A. Panel unit root test results for the variable set DO, TA (n = 336)
DO TA
IPS stat.: -1.534  -1.504 -1.45 -1.457

B. Panel unit root test results for the variable set SD, LD, TA (n = 176)
SD LD TA
IPS stat.: -2.344** -2.067**  -1.492 -1.419 -1.561 -1.585

C. Panel unit root test results for the variable set DO, BV, MV (n = 175)
DO BV MV
IPS stat.: -1.328 -1.215  -1.153 -1.1656  -1.328 -1.351

Notes: This table reports IPS panel unit root test statistics by Im, Pesaran, and Shin (2003)| for balanced sample
using 40 years ending 2021. Rejections at 5 and 1 percent nominal level are highlighted by * and **, respectively.

S8 Supplementary information for macro applica-

tions

We use Penn World Table database, version 10.01, available at
https://www.rug.nl/ggdc/productivity /pwt/. This dataset contains unbalanced an-
nual macroeconomic data covering the period 1950—2019. The following variables are

constructed (variable names correspond to the variable identifiers in PWT database)

1. (Exports per-capita and imports per-capita), exppc=csh_xXxrgdpna/pop and
imppc=-csh_mxrgdpna/pop

2. (Real wages and productivity per hour worked) ewageph=labsh x rgdpna/(empx avh)
and prodph=rgdpna/(empx avh)

3. (Output and Capital in efficiency units) connapc=(csh_cxrgdpna)/pop, in-
vnapc=(csh_ixrgdpna)/pop, rgdpnapc=rgdpna/pop,

where: rgdpna is Real GDP at constant 2017 national prices (in mil. 2017USS$),
pop is population (in millions), c¢sh_z is share of merchandise exports at current

PPPs, csh_m is share of merchandise imports at current PPPs, labsh is share of
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labour compensation in GDP at current national prices, emp is number of persons
engaged (in millions), avh is average annual hours worked by persons engaged, csh_ ¢
is share of household consumption at current PPPs, and csh ¢ is Share of gross
capital formation at current PPPs.

We use the following variables in our analysis: exz; = In (exppc;,), im;; = In (imppe,,),
wagey = In(ewageph,,), prod; = In(prodph,), invy = ln(invnapc,), cons; =
In (connapc), and gdp; = In (rgdpnapc;,).

For for each variable-pair, we apply the following filters : (A) Incldue countries
with 7; > 20. (B) Drop countries with annual per capita observations that are below
e =0.01.
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