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This online theory supplement has two sections. First section provides the complementary

lemmas needed for the proofs of the lemmas in Section A.2 of the paper. Second section

explains the algorithms used for implementing Lasso, Adaptive Lasso and Cross-validation.

Complementary Lemmas

Lemma S.1 Let zt be a martingale difference process with respect to F zt−1 = σ(zt−1, zt−2, · · · ),
and suppose that there exist some finite positive constants C0 and C1, and s > 0 such that

sup
t

Pr(|zt| > α) ≤ C0 exp(−C1α
s), for all α > 0.

Let also σ2
zt = E(z2

t |F zt−1) and σ̄2
z,T = T−1

∑T
t=1 σ

2
zt. Suppose that ζT = 	(T λ), for some

0 < λ ≤ (s+ 1)/(s+ 2). Then for any π in the range 0 < π < 1, we have,

Pr
(
|
∑T

t=1 zt| > ζT

)
≤ exp

[
−(1−π)2ζ2T

2T σ̄2z,T

]
.

if λ > (s+ 1)/(s+ 2), then for some finite positive constant C2,

Pr
(
|
∑T

t=1 zt| > ζT

)
≤ exp

(
−C2ζ

s/(s+1)
T

)
.

Proof. The results follow from Lemma A3 of Chudik et al. (2018) Online Theory Supple-

ment.
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Lemma S.2 Let

cp(n, δ) = Φ−1

(
1− p

2f(n, δ)

)
, (S.1)

where Φ−1(.) is the inverse of standard normal distribution function, p (0 < p < 1) is the

nominal size of a test, and f(n, δ) = cnδ for some positive constants δ and c. Moreover,

let a > 0 and 0 < b < 1. Then (I) cp(n, δ) = O
[√

δ ln(n)
]
and (II) na exp

[
−bc2

p(n, δ)
]

=

	(na−2bδ).

Proof. The results follow from Lemma 3 of Bailey et al. (2019) Supplementary Appendix

A.

Lemma S.3 Let xi, for i = 1, 2, · · · , n, be random variables. Then for any constants πi,

for i = 1, 2, · · · , n, satisfying 0 < πi < 1 and
∑n

i=1 πi = 1, we have

Pr(
∑n

i=1 |xi| > C0) ≤
∑n

i=1 Pr(|xi| > πiC0),

where C0 is a finite positive constant.

Proof. The result follows from Lemma A11 of Chudik et al. (2018) Online Theory Supple-

ment.

Lemma S.4 Let x, y and z be random variables. Then for any finite positive constants C0,

C1, and C2, we have

Pr(|x| × |y| > C0) ≤ Pr(|x| > C0/C1) + Pr(|y| > C1),

and

Pr(|x| × |y| × |z| > C0) ≤ Pr(|x| > C0/(C1C2)) + Pr(|y| > C1) + Pr(|z| > C2).

Proof. The results follow from Lemma A11 of Chudik et al. (2018) Online Theory Supple-

ment.

Lemma S.5 Let x be a random variable. Then for some finite constants B, and C, with

|B| ≥ C > 0, we have

Pr(|x+B| ≤ C) ≤ Pr(|x| > |B| − C).

Proof. The results follow from Lemma A12 of Chudik et al. (2018) Online Theory Supple-

ment.
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Lemma S.6 Let xT to be a random variable. Then for a deterministic sequence, αT > 0,

with αT → 0 as T →∞, there exists T0 > 0 such that for all T > T0 we have

Pr

(∣∣∣∣ 1
√
xT
− 1

∣∣∣∣ > αT

)
≤ Pr(|xT − 1| < αT ).

Proof. The results follow from Lemma A13 of Chudik et al. (2018) Online Theory Supple-

ment.

Lemma S.7 Consider random variables xt and zt with the exponentially bounded probability
tail distributions such that

sup
t

Pr(|xt| > α) ≤ C0 exp(−C1α
sx), for all α > 0,

sup
t

Pr(|zt| > α) ≤ C0 exp(−C1α
sz), for all α > 0,

where C0, and C1 are some finite positive constants, sx > 0, and sz > 0 . Then

sup
t

Pr(|xtzt| > α) ≤ C0 exp(−C1α
s/2), for all α > 0,

where s = min{sx, sz}.

Proof. By using Lemma S.4, for all α > 0,

Pr(|xtzt| > α) ≤ Pr(|xt| > α1/2) + Pr(|zt| > α1/2)

So,

sup
t

Pr(|xtzt| > α) ≤ sup
t

Pr(|xt| > α1/2) + sup
t

Pr(|zt| > α1/2)

≤ C0 exp(−C1α
sx/2) + C0 exp(−C1α

sz/2)

≤ C0 exp(−C1α
s/2)

where s = min{sx, sz}.

Lemma S.8 Let x, y and z be random variables. Then for some finite positive constants

C0, and C1, we have

Pr(|x| × |y| < C0) ≤ Pr(|x| < C0/C1) + Pr(|y| < C1),

Proof. Define events A = {|x| × |y| < C0}, B = {|x| < C0/C1} and C = {|y| < C1}. Then
A ∈ B ∪ C. Therefore, Pr(A) ≤ Pr(B ∪ C). But Pr(B ∪ C) ≤ Pr(B) + Pr(C) and hence

Pr(A) ≤ Pr(B) + Pr(C).

S.3



Lemma S.9 Let A and B be n× p and p×m matrices respectively, then

‖AB‖F ≤ ‖A‖F‖B‖2,

where ‖.‖F denotes the Frobenius norm and ‖.‖2 denotes the spectral norm. Moreover,

‖AB‖F ≤ ‖A‖2‖B‖F .

Proof.

‖AB‖2
F = tr(ABB′A′) = tr[A(BB′)A′]

By result (12) at page 44 of Lütkepohl (1996),

tr [A(BB′)A′] ≤ λmax(BB′)tr(AA′) = ‖A‖2
F‖B‖2

2,

where λmax(BB′) is the largest eigenvalue of BB′. Therefore,

‖AB‖F ≤ ‖A‖F‖B‖2.

Similarly,

‖AB‖2
F = tr(B′A′AB) = tr[B′(A′A)B] ≤ λmax(A′A)tr(B′B) = ‖ A‖2

2‖B‖2
F ,

and hence

‖AB‖F ≤ ‖A‖2‖B‖F .

Lemma S.10 Let zij be a random variable for i = 1, 2, · · · , N , and j = 1, 2, · · · , N . Then,
for any dT > 0,

Pr(N−2
∑N

i=1

∑N
j=1 |zij| > dT ) ≤ N2 supi,j Pr(|zij| > dT )

Proof. We know that N−2
∑N

i=1

∑N
j=1 |zij| ≤ supi,j |zij|. Therefore,

Pr(N−2
∑N

i=1

∑N
j=1 |zij| > dT ) ≤ Pr(supi,j |zij| > dT )

≤ Pr[∪Ni=1 ∪Nj=1 (|zij| > dT )] ≤
∑N

i=1

∑N
j=1 Pr(|zij| > dT )

≤ N2 supi,j Pr(|zij| > dT ).

S.4



Lemma S.11 Consider two N ×N nonsingular matrices A and B such that

‖B−1‖2‖A−B‖F ≤ 1.

Then

‖A−1 −B−1‖F ≤
‖B−1‖2

2‖A−B‖F
1− ‖B−1‖2‖A−B‖F

.

Proof. By Lemma S.9,

‖A−1 −B−1‖F = ‖A−1(B − A)B−1‖F ≤ ‖A−1‖2‖B − A‖F‖B−1‖2

Note that

‖A−1‖2 = ‖A−1 −B−1 + B−1‖2 ≤ ‖A−1 −B−1‖2 + ‖B−1‖2

≤ ‖A−1 −B−1‖F + ‖ B−1‖2,

and therefore,

‖A−1 −B−1‖F ≤ (‖A−1 − B−1‖F + ‖B−1‖2)‖B − A‖F‖B−1‖2.

Hence,

‖A−1 −B−1‖F (1− ‖B−1‖2‖B − A‖F ) ≤ ‖B−1‖2
2‖B − A‖F .

Since ‖B−1‖2‖B − A‖F ≤ 1, we can further write,

‖A−1 −B−1‖F ≤
‖B−1‖2

2‖A−B‖F
1− ‖B−1‖2‖A−B‖F

.

Lemma S.12 Let Σ̂ be an estimator of a N ×N symmetric invertible matrix Σ. Suppose

that there exits a finite positive constant C0, such that

sup
i,j

Pr(|σ̂ij − σij| > dT ) ≤ exp(−C0Td
2
T ), for any dT > 0,

where σij and σ̂ij are the elements of Σ and Σ̂ respectively. Then, for any bT > 0,

Pr(‖Σ̂−1 −Σ−1‖F > bT ) ≤ N2 exp

[
−C0

Tb2
T

N2‖Σ−1‖2
2(‖Σ−1‖2 + bT )2

]
+

N2 exp

(
−C0

T

N2‖Σ−1‖2
2

)
.
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Proof. Let AN = {‖Σ−1‖2‖ Σ̂−Σ‖F ≤ 1} and BN = {‖Σ̂−1−Σ−1‖F > bT}, and note that
by Lemma S.11 if AN holds we have

‖Σ̂−1 −Σ−1‖F ≤
‖Σ−1‖2

2‖Σ̂−Σ‖F
1− ‖Σ−1‖2‖Σ̂−Σ‖F

.

Hence

Pr(BN |AN) ≤ Pr

(
‖Σ−1‖2

2‖Σ̂− Σ‖F
1− ‖Σ−1‖2‖Σ̂−Σ‖F

> bT

)

= Pr

[
‖Σ̂−Σ‖F >

bT

‖Σ−1‖2(‖Σ−1‖2 + bT )

]

Note that ‖Σ̂−Σ‖F =
(∑N

i=1

∑N
j=1(σ̂ij − σij)2

)1/2

. Therefore,

Pr(BN |AN) ≤ Pr

( N∑
i=1

N∑
j=1

(σ̂ij − σij)2

)1/2

>
bT

‖Σ−1‖2(‖Σ−1‖2 + bT )


= Pr

[
N∑
i=1

N∑
j=1

(σ̂ij − σij)2 >
b2
T

‖Σ−1‖2
2(‖Σ−1‖2 + bT )2

]

By Lemma S.10, we can further write,

Pr(BN |AN) ≤ N2 sup
i,j

Pr

[
(σ̂ij − σij)2 >

b2
T

N2‖Σ−1‖2
2(‖Σ−1‖2 + bT )2

]
= N2 sup

i,j
Pr

[
|σ̂ij − σij| >

bT

N‖Σ−1‖2(‖Σ−1‖2 + bT )

]
≤ N2 exp

[
−C0

Tb2
T

N2‖Σ−1‖2
2(‖Σ−1‖2 + bT )2

]
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Furthermore,

Pr(AcN) = Pr(‖Σ−1‖2‖Σ̂−Σ‖F > 1)

= Pr(‖Σ̂−Σ‖F > ‖Σ−1‖−1
2 )

= Pr

( N∑
i=1

N∑
j=1

(σ̂ij − σij)2

)1/2

> ‖Σ−1‖−1
2


= Pr

[
N∑
i=1

N∑
j=1

(σ̂ij − σij)2 > ‖Σ−1‖−2
2

]

≤ N2 sup
i,j

Pr

[
(σ̂ij − σij)2 >

1

N2‖Σ−1‖2
2

]
≤ N2 sup

i,j
Pr

[
|σ̂ij − σij| >

1

N‖Σ−1‖2

]
≤ N2 exp

[
−C0

T

N2‖ Σ−1‖2
2

]
Note that

Pr(BN) = Pr(BN |AN) Pr(AN) + Pr(BN |AcN) Pr(AcN),

and since Pr(AN) and Pr(BN |AcN) are less than equal to one, we have

Pr(BN) ≤ Pr(BN |AN) + Pr(AcN).

Therefore,

Pr(BNT ) ≤ N2 exp

[
−C0

Tb2
T

N2‖Σ−1‖2
2(‖Σ−1‖2 + bT )2

]
+N2 exp

[
−C0

T

N2‖Σ−1‖2
2

]
.

Lemma S.13 Let Σ̂ be an estimator of a N ×N symmetric invertible matrix Σ. Suppose

that there exits a finite positive constant C0, such that

sup
i,j

Pr(|σ̂ij − σij| > dT ) ≤ exp
[
−C0(TdT )s/s+2

]
, for any dT > 0,

where σij and σ̂ij are the elements of Σ and Σ̂ respectively. Then, for any bT > 0,

Pr(‖Σ̂−1 −Σ−1‖F > bT ) ≤ N2 exp

[
−C0

(TbT )s/s+2

N s/s+2‖Σ−1‖s/s+2
2 (‖ Σ−1‖2 + bT )s/s+2

]
+

N2 exp

(
−C0

T s/s+2

N s/s+2‖Σ−1‖s/s+2
2

)
.
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Proof. The proof is similar to the proof of Lemma S.12.

Lemma S.14 Let {xit}Tt=1 for i = 1, 2, · · · , N and {zjt}Tt=1 for j = 1, 2, · · · ,m be time-

series processes. Also let Fxit = σ(xit, xi,t−1, · · · ) for i = 1, 2, · · · , N , F zjt = σ(zjt, zj,t−1, · · · )
for j = 1, 2, · · · ,m, Fxt = ∪Ni=1Fxit, F zt = ∪mj=1F zjt, and Ft = Fxt ∪ F zt . Define the projection
regression of xit on zt = (z1t, z2t, · · · , zm,t)′ as

xit = z′tψi,T + νit

where ψi,T = (ψ1i,T , ψ2i,T , · · · , ψmi,T )′ is the m× 1 vector of projection coeffi cients which is

equal to
[
T−1

∑T
t=1 E (ztz

′
t)
]−1

[T−1
∑T

t=1 E(ztxit)]. Suppose, E[xitxi′t − E(xitxi′t)|Ft−1] = 0

for all i, i′ = 1, 2, · · · , N , E[zjtzj′t − E(zjtzj′t)|Ft−1] = 0 for all j, j′ = 1, 2, · · · ,m, and
E[zjtxit − E(zjtxit)|Ft−1] = 0 for all j = 1, 2, · · · ,m and for all i = 1, 2, · · · , N . Then

E [νitνi′t − E(νitνi′t)|Ft−1] = 0,

for all j, j′ = 1, 2, · · · , N ,

E [νitzjt − E(νitzjt)|Ft−1] = 0,

for all i = 1, 2, · · · , N and j = 1, 2, · · · ,m, and

T−1
∑T

t=1 E(νitzjt) = 0,

for all i = 1, 2, · · · , N and j = 1, 2, · · · ,m.

Proof.

E(νitνi′t|Ft−1) = E(xitxi′t|Ft−1)− E(xitz
′
t|Ft−1)ψi′,T−

E(xi′tz
′
t|Ft−1)ψi,T +ψ′i,TE(ztz

′
t|Ft−1)ψi′,T

= E(xitxi′t)− E(xitz
′
t)ψi′,T − E(xi′tz

′
t)ψi,T+

ψ′i,TE(ztz
′
t)ψi′,T = E(νitνi′t).

E(νitzjt|Ft−1) = E(xitzjt|Ft−1)− E(z′tzjt|Ft−1)ψi,T

= E(xitzjt)− E(z′tzjt)ψi,T = E(νitzit).

T−1
∑T

t=1 E(νitzt) = T−1
∑T

t=1 E(xitzt)−ψ′−1
i,T

∑T
t=1 E(ztz

′
t)]

= T−1
∑T

t=1 E(xitzt)− T−1
∑T

t=1 E(xitzt) = 0.

Lemma S.15 Let {xit}Tt=1 for i = 1, 2, · · · , N and {zjt}Tt=1 for j = 1, 2, · · · ,m be time-series
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processes. Define the projection regression of xit on zt = (z1t, z2t, · · · , zm,t)′ as

xit = z′tψi,T + νit

where ψi,T = (ψ1i,T , ψ2i,T , · · · , ψmi,T )′ is the m × 1 vector of projection coeffi cients which

is equal to
[
T−1

∑T
t=1 E (ztz

′
t)
]−1

[T−1
∑T

t=1 E(ztxit)]. Suppose that only a finite number of

elements in ψi,T is different from zero for all i = 1, 2, · · · , N and there exist suffi ciently large

positive constants C0 and C1, and s > 0 such that

(i) supj,t Pr(|zjt| > α) ≤ C0 exp(−C1α
s), for all α > 0, and

(ii) supi,t Pr(|xit| > α) ≤ C0 exp(−C1α
s), for all α > 0.

Then, there exist suffi ciently large positive constants C0 and C1, and s > 0 such that

sup
i,t

Pr(|νit| > α) ≤ C0 exp(−C1α
s), for all α > 0.

Proof. Without loss of generality assume that the first finite ` elements of ψi,T are different
from zero and write

xit =
∑`

j=1 ψji,T zjt + νit.

Now, note that

Pr(|νit| > α) ≤ Pr
(
|xit|+

∑`
j=1|ψji,T zjt| > α

)
,

and hence by Lemma S.3, for any 0 < πj < 1, j = 1, 2, · · · , `+ 1 we have,

Pr(|νit| > α) ≤
∑`

j=1 Pr
(
|ψji,T zjt| > πjα

)
+ Pr (|xit| > π`+1α)

=
∑`

j=1 Pr
(
|zjt| > |ψji,T |−1πjα

)
+ Pr (|xit| > π`+1α)

≤ ` supj,t Pr (|zjt| > |ψ∗T |−1π∗α) + supi,t Pr (|xit| > π∗α) .

where ψ∗T = supi,j{ψji,T} and π∗ = infj∈1,2,··· ,`+1{πj}. Therefore, by the exponential decaying
probability tail assumptions for xit and zjt we have

Pr(|νit| > α) ≤ `C0 exp(−C1α
s) + C0 exp(−C1α

s),

and hence there exist suffi ciently large positive constants C0 and C1 , and s > 0 such that

sup
i,t

Pr(|νit| > α) ≤ C0 exp(−C1α
s), for all α > 0.
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Lemma S.16 Let {xit}Tt=1 for i = 1, 2, · · · , N and {z`t}Tt=1 for ` = 1, 2, · · · ,m be time-

series processes and m = 	(T d). Also let Fxit = σ(xit, xi,t−1, · · · ) for i = 1, 2, · · · , N , F z`t =

σ(z`t, z`,t−1, · · · ) for ` = 1, 2, · · · ,m, Fxt = ∪Ni=1Fxit, F zt = ∪m`=1F z`t, and Ft = Fxt ∪F zt . Define
the projection regression of xit on zt = (z1t, z2t, · · · , zm,t)′ as

xit = z′tψi,T + νit

where ψi,T = (ψ1i,T , ψ2i,T , · · · , ψmi,T )′ is the m× 1 vector of projection coeffi cients which is

equal to
[
T−1

∑T
t=1 E (ztz

′
t)
]−1

[T−1
∑T

t=1 E(ztxit)]. Suppose, E[xitxjt − E(xitxjt)|Ft−1] = 0

for all i, j = 1, 2, · · · , N , E[z`tz`′t−E(z`tz`t)|Ft−1] = 0 for all `, `′ = 1, 2, · · · ,m, and E[z`txit−
E(z`txit)|Ft−1] = 0 for all ` = 1, 2, · · · ,m and for all i = 1, 2, · · · , N . Additionally, assume
that only a finite number of elements in ψi,T is different from zero for all i = 1, 2, · · · , N
and there exist suffi ciently large positive constants C0 and C1, and s > 0 such that

(i) supj,t Pr(|z`t| > α) ≤ C0 exp(−C1α
s), for all α > 0, and

(ii) supi,t Pr(|x`t| > α) ≤ C0 exp(−C1α
s), for all α > 0.

Then, there exist some finite positive constants C0, C1 and C2 such that if d < λ ≤
(s+ 2)/(s+ 4),

Pr(|x′iMzxj − E(ν ′iνj)| > ζT ) ≤ exp(−C0T
−1ζ2

T ) + exp(−C1T
C2)

and if λ > (s+ 2)/(s+ 4)

Pr(|x′iMzxj − E(ν ′iνj)| > ζT ) ≤ exp(−C0ζ
s/(s+1)
T ) + exp(−C1T

C2)

for all i, j = 1, 2, · · · , N , where νi = (νi1, νi2, · · · , νiT )′, xi = (xi1, xi2, · · · , xiT )′, and Mz =

I− T−1ZΣ̂
−1

zz Z′ with Z = (z1, z2, · · · , zT )′ and Σ̂zz = T−1
∑T

t=1(ztz
′
t).

Proof.

Pr [|x′iMzxj − E(ν ′iνj)| > ζT ] = Pr [|ν ′iMzνj − E(ν ′iνj)| > ζT ]

= Pr
[
|ν ′iνj − E(ν ′iνj)− T−1ν ′iZΣ−1

zz Z′νj − T−1ν ′iZ(Σ̂
−1

zz − Σ−1
zz )Z′νj| > ζT

]
where Σzz = E[T−1

∑T
t=1(ztz

′
t)]. By Lemma S.3, we can further write

Pr [|x′iMzxj − E(ν ′iνj)| > ζT ]

≤ Pr [|ν ′iνj − E(ν ′iνj)| > π1ζT ] + Pr(|T−1ν ′iZΣ−1
zz Z′νj| > π2ζT )+

Pr
[
|T−1ν ′iZ(Σ̂

−1

zz −Σ−1
zz )Z′νj|) > π3ζT

]
.
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where 0 < πi < 1 and
∑3

i=1 πi = 1. By Lemma S.9,

Pr(|T−1ν ′iZΣ−1
zz Z′νj| > π2ζT ) ≤ Pr(‖ν ′iZ‖F‖Σ−1

zz ‖2‖Z′νj‖F > π2ζTT ),

and again by Lemma S.4, we have

Pr(|T−1ν ′iZΣ−1
zz Z′νj| > π2ζT )

≤ Pr(‖ν ′iZ‖F > ‖Σ−1
zz ‖

−1/2
2 π

1/2
2 ζ

1/2
T T 1/2) + Pr(‖Z′νj‖F > ‖Σ−1

zz ‖
−1/2
2 π

1/2
2 ζ

1/2
T T 1/2).

Similarly, we can show that

Pr(|T−1ν ′iZ( Σ̂
−1

zz −Σ−1
zz )Z′νj| > π3ζT )

≤ Pr(‖ν ′iZ‖F‖Σ̂
−1

zz −Σ−1
zz ‖F‖Z′νj‖F > π3ζTT )

≤ Pr(‖Σ̂−1

zz − Σ−1
zz ‖F > δ−1

T ζT ) + Pr(‖ν ′iZ‖F > π
1/2
3 δ

1/2
T T 1/2)

+ Pr(‖Z′νj‖F > π
1/2
3 δ

1/2
T T 1/2)

where δT = 	(Tα) with 0 < α < λ.

Note that Pr(‖Z′νi‖F > c) = Pr(‖Z′νi‖2
F > c2) = Pr[

∑m
`=1(

∑T
t=1 νitz`t)

2 > c2], where c

is a positive constant. So, by Lemma S.3, we have

Pr(‖Z′νi‖F > c) ≤
∑m

`=1 Pr[(
∑T

t=1 νitz`t)
2 > m−1c2]

Hence, Pr(‖Z′νi‖F > c) ≤
∑m

`=1 Pr(|
∑T

t=1 νitz`t| > m−1/2c). Also, by Lemma S.14 we have∑T
t=1 E(νitz`t) = 0 and hence we can further write

Pr(‖Z′νi‖F > c) ≤
∑m

`=1 Pr{|
∑T

t=1[νitz`t − E(νitz`t)]| > m−1/2c}.

Note that ‖Σ−1
zz ‖2 is equal to the largest eigenvalue of Σ−1

zz and it is a finite positive constant.

So, there exists a positive constant C > 0 such that,

Pr(|x′iMzxj − E(ν ′iνj)| > ζT )

≤ Pr{|
∑T

t=1[νitνjt − E(νitνjt)]| > CT λ}+∑m
`=1 Pr{|

∑T
t=1[νitz`t − E(νitz`t]| > CT 1/2+λ/2−d/2}+∑m

`=1 Pr{|
∑T

t=1[νjtz`t − E(νjtz`t]| > CT 1/2+λ/2−d/2}+∑m
`=1 Pr{|

∑T
t=1[νitz`t − E(νitz`t]| > CT 1/2+α/2−d/2}+∑m

`=1 Pr{|
∑T

t=1[νjtz`t − E(νjtz`t]| > CT 1/2+α/2−d/2}+

Pr(‖Σ̂−1

zz −Σ−1
zz ‖F > δ−1

T ζT )
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Let

κT,i (h, d) =
m∑
`=1

Pr{|
T∑
t=1

[νitz`t − E(νitz`t]| > CT 1/2+κ/2−d/2}, for h = λ, α,

and i = 1, 2, ..., N . By Lemmas S.7, S.14, and S.15, we have νitνjt − E(νitνjt) and νitz`t −
E(νitz`t) are martingale difference processes with exponentially bounded probability tail,
s
2
. So, depending on the value of exponentially bounded probability tail parameter, from

Lemma S.1, we know that either

κT,i (h, d) ≤ m exp
[
−	

(
T h−d

)]
or

κT,i (h, d) ≤ m exp
[
−	

(
T s(1/2+h/2−d/2)/(s+2)

)]
,

for h = λ, α. Also, depending on the value of exponentially bounded probability tail para-

meter, from Lemmas S.12 and S.13 we have,

Pr(‖Σ̂−1

zz −Σ−1
zz ‖F > δ−1

T ζT ) ≤ m2 exp

[
−C0

Tδ−2
T ζ2

T

m2‖Σ−1
zz ‖2

2(‖Σ−1
zz ‖2 + δ−1

T ζT )2

]
+

m2 exp

(
−C0

T

m2‖Σ−1
zz ‖2

2

)
,

or

Pr(‖Σ̂−1

zz −Σ−1
zz ‖F > δ−1

T ζT ) ≤ m2 exp

[
−C0

(Tδ−1
T ζT )s/s+2

ms/s+2‖ Σ−1
zz ‖

s/s+2
2 (‖Σ−1

zz ‖2 + δ−1
T ζT )s/s+2

]
+

m2 exp

(
−C0

T s/s+2

ms/s+2‖Σ−1
zz ‖

s/s+2
2

)
.

Therefore,

Pr(‖Σ̂−1

zz −Σ−1
zz ‖F > δ−1

T ζT )

≤ m exp[−	 (Tmax{1−2d+2(λ−α),1−2d+λ−α,1−2d})]+

m exp[−	 (T 1−2d)],

or,

Pr(‖Σ̂−1

zz −Σ−1
zz ‖F > δ−1

T ζT )

≤ m exp[−	 (T s(max{1−d+λ−α,1−d})/(s+2))]+

m exp[−	 (T s(1−d)/(s+2))].
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Setting d < 1/2, α = 1/2, and λ > d, we have all the terms going to zero as T → ∞ and

there exist some finite positive constants C1 and C2 such that

κT,i (λ, d) ≤ exp
(
−C1T

C2
)
, κT,i (α, d) ≤ exp

(
−C1T

C2
)
,

and

Pr(‖Σ̂−1

zz −Σ−1
zz ‖F > δ−1

T ζT ) ≤ exp(−C1T
C2).

Hence, if d < λ ≤ (s+ 2)/(s+ 4),

Pr(|x′iMzxj − E(ν ′iνj)| > ζT ) ≤ exp(−C0T
−1ζ2

T ) + exp(−C1T
C2),

and if λ > (s+ 2)/(s+ 4),

Pr(|x′iMzxj − E(ν ′iνj)| > ζT ) ≤ exp(−C0ζ
s/(s+1)
T ) + exp(−C1T

C2),

where C0, C1 and C2 are some finite positive constants.

Lasso, Adaptive Lasso and Cross-validation algorithms

This section explains how Lasso,K-fold cross-validation and Adaptive Lasso are implemented

in this paper. Let y = (y1, y2, · · · , yT )′ be a T × 1 vector of target variable, and let Z =

(z1, z2, · · · , zT )′ be a T ×m matrix of conditioning covariates where {zt : t = 1, 2, · · · , T}
are m×1 vectors and let X = (x1,x2, · · · ,xT )′ be a T ×N matrix of covariates in the active

set where {xt : t = 1, 2, · · · , T} are N × 1 vectors.

Lasso Procedure

1. Construct the filtered variables ỹ = Mzy and X̃ = MzX = (x̃1◦, x̃2◦, ..., x̃N◦), where

Mz = IT − Z(Z′Z)−1Z′, and x̃i◦ = (x̃i1, x̃i2, · · · , x̃iT )′.

2. Normalize each covariate x̃i◦ = (x̃i1, x̃i2, · · · , x̃iT )′ by its `2 norm, such that

x̃∗i◦ = x̃i◦/‖x̃i◦‖2,

where ‖.‖2 denotes the `2 norm of a vector. The corresponding matrix of normalized

covariates in the active set is now denoted by X̃∗.

3. For a given value of ϕ ≥ 0, find γ̂∗x(ϕ) ≡ [γ̂∗1x(ϕ), γ̂∗2x(ϕ), · · · , γ̂∗Nx(ϕ)]′ such that

γ̂∗x(ϕ) = arg min
γ∗x

{
‖ỹ − X̃∗γ∗x‖2

2 + ϕ‖γ∗x‖1

}
,
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where ‖.‖1 denotes the `1 norm of a vector.

4. Divide γ̂∗ix(ϕ) for i = 1, 2, · · · , N by `2 norm of the x̃i◦ to match the original scale of

x̃i◦, namely set

γ̂ix(ϕ) = γ̂∗ix(ϕ)/‖x̃i◦‖2,

where γ̂x(ϕ) ≡ [γ̂1x(ϕ), γ̂2x(ϕ), · · · , γ̂Nx(ϕ)]′ denotes the vector of scaled coeffi cients.

5. Compute γ̂z(ϕ) ≡ [γ̂1z(ϕ), γ̂2z(ϕ), · · · , γ̂mz(ϕ)]′ by γ̂z(ϕ) = (Z′Z)−1Z′ê(ϕ) where ê(ϕ) =

ỹ − X̃γ̂x(ϕ).

For a given set of values of ϕ’s, say {ϕj : j = 1, 2, · · · , h}, the optimal value of ϕ is chosen
by K-fold cross-validation as described below.

K-fold Cross-validation

1. Create a T × 1 vector w = (1, 2, · · · , K, 1, 2, · · · , K, · · · )′ where K is the number of

folds.

2. Let w∗ = (w∗1, w
∗
2, · · · , w∗T )′ be a T × 1 vector generated by randomly permuting the

elements of w.

3. Group observations into K folds such that

gk = {t : t ∈ {1, 2, · · · , T} and w∗t = k} for k = 1, 2, · · · , K.

4. For a given value of ϕj and each fold k ∈ {1, 2, · · · , K},

(a) Remove the observations related to fold k from the set of all observations.

(b) Given the value of ϕj, use the remaining observations to estimate the coeffi cients

of the model.

(c) Use the estimated coeffi cients to compute predicted values of the target variable

for the observations in fold k and hence compute mean square forecast error of

fold k denoted by MSFEk(ϕj).

5. Compute the average mean square forecast error for a given value of ϕj by

MSFE(ϕj) =
K∑
k=1

MSFEk(ϕj)/K.

6. Repeat steps 1 to 5 for all values of {ϕj : j = 1, 2, · · · , h}.
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7. Select ϕj with the lowest corresponding average mean square forecast error as the op-

timal value of ϕ.

In this study, following Friedman et al. (2010), we consider a sequence of 100 values of

ϕ’s decreasing from ϕmax to ϕmin on log scale where ϕmax = maxi=1,2,··· ,N

{
|
∑T

t=1 x̃
∗
itỹt|

}
and

ϕmin = 0.001ϕmax. We use 10-fold cross-validation (K = 10) to find the optimal value of ϕ.

Denote γ̂x ≡ γ̂x(ϕop) where ϕop is the optimal value of ϕ obtained by the K-fold cross-
validation. Given γ̂x, we implement Adaptive Lasso as described below.

Adaptive Lasso Procedure

1. Let S = {i : i ∈ {1, 2, · · · , N} and γ̂ix 6= 0} and XS be the T × s set of covari-

ates in the active set with γ̂ix 6= 0 (from the Lasso step) where s = |S|. Addition-
ally, denote the corresponding s × 1 vector of non-zero Lasso coeffi cients by γ̂x,S =

(γ̂1x,S , γ̂2x,S , · · · , γ̂sx,S)′.

2. For a given value of ψ ≥ 0, find δ̂
∗
x,S(ψ) ≡ [δ̂

∗
1x,S(ψ), δ̂

∗
2x,S(ψ), · · · , δ̂∗sx,S(ψ)]′ such that

δ̂
∗
x,S(ψ) = arg min

δ∗x,S

{
‖ỹ − X̃Sdiag(γ̂x,S)δ∗x,S‖2

2 + ψ‖δ∗x,S‖1

}
,

where diag(γ̂x,S) is an s × s diagonal matrix with its diagonal elements given by the
corresponding elements of γ̂x,S.

3. Post multiply δ̂
∗
x,S(ψ) by diag(γ̂x,S) to match the original scale of X̃S, such that

δ̂x,S(ψ) = diag(γ̂x,S)δ̂
∗
x,S(ψ).

The coeffi cients of the covariates in the active set that belong to Sc are set equal to
zero. In other words, δ̂x,Sc(ψ) = 0 for all ψ ≥ 0.

4. Compute δ̂z(ψ) ≡ [δ̂1z(ψ), δ̂2z(ψ), · · · , δ̂mz(ψ)]′ by δ̂z(ψ) = (Z′Z)−1Z′ê(ψ) where ê(ψ) =

ỹ − X̃S δ̂x,S(ψ).

As in the Lasso step, the optimal value ψ is set using 10-fold cross-validation as described

before.10

10To implement Lasso, Adaptive Lasso and 10-fold cross-validation we take advantage of glmnet package
(Matlab version) available at http://web.stanford.edu/~hastie/glmnet_matlab/
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