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Abstract

This paper, using the Bewley (1979) transformation of the autoregressive distributed lag
model, proposes a pooled Bewley (PB) estimator of long-run coefficients for dynamic
panels with heterogeneous short-run dynamics, in the same setting as the widely used
Pooled Mean Group (PMG) estimator. The Bewley transform enables us to obtain an
analytical closed form expression for the PB, which is not available when using the
maximum likelihood approach. This lets us establish asymptotic normality of PB as n, T —
oo jointly, allowing for applications with n and T large and of the same order of magnitude,
but excluding panels where T is short relative to n. In contrast, asymptotic distribution of
PMG estimator was obtained for n fixed and T — oo. Allowing for bothn and T large seems
to be the more relevant empirical setting, as revealed by numerous applications of the
PMG estimator in the literature. Dynamic panel estimators are biased when T is not
sufficiently large. Three bias corrections (simulation based, split-panel jackknife, and a
combined procedure) are investigated using Monte Carlo experiments, of which the
combined procedure works best in reducing bias. In contrast to PMG, PB does not weight
by estimated variances, which can make it more robust in small samples, though less
efficient asymptotically. The PB estimator is illustrated with an application to the aggregate
consumption function estimated in the original PMG paper.
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1 Introduction

Estimation of cointegrating relationships in panels with heterogeneous short-run dynamics is im-
portant for a number of applications in open economy macroeconomics as well as in other fields
in economics. Existing estimators in the literature are Fully Modified OLS (FMOLS) by |[Pedroni
(2001), panel Dynamic OLS (PDOLS) by Mark and Sul (2003), likelihood based Pooled Mean
Group (PMG) estimator by Pesaran, Shin, and Smith (1999), and the parametric approach by Bre-
itung (2005)E| In this paper, we propose a pooled Bewley (PB) estimator of long-run relationships
under a similar setting as PMG, relying on the Bewley transform of ARDL model (Bewleyl, 1979)E|
PB estimator is computed analytically using a simple formula, and it does not rely on numerical
maximization of the complex likelihood function of the PMG estimator. In contrast to PMG, we
also adopt robust equal weighting in pooling of the long-run coefficients, and therefore our esti-
mator will not be as efficient as PMG in general, but our simulations suggest very small efficiency
losses when time dimension (T) is large (" = 200), and gains for smaller values of T' (notably
T = 30), in the relevant case with cross sectional error heteroskedasticity and heterogeneous speed
of convergence towards the long-run relationships, which is when PMG estimator has asymptotic
advantage.

We derive the asymptotic distribution of the PB estimator when the cross-section dimension (n)
and the time dimension diverge to infinity jointly such that sup,, p Vn/T'=¢ < K, for some small
€ > 0 and a fixed positive constant, K, which allows for the relevant empirical setting where both n
and T are large and of similar order of magnitude, whilst it excludes panels where T is short relative
to n. In contrast, asymptotic results for the PMG, PDOLS, FMOLS and Breitung’s estimators
have been developed in the case with n fixed and T" — oo and/or a sequential asymptotics 1" — oo
followed by n — oo. Allowing for n,T to increase concurrently is more relevant for applications
where n and T are both large.

Like PMG, FMOLS, PDOLS as well as Breitung’s estimator, the proposed PB estimator will
suffer from a small-T" bias in panels where 7" is not sufficiently large in relation to n. Our simulations

suggest this bias can be important for finite samples of interest, and therefore we also propose three

!There are numerous applications in the literature adopting these estimators. We do not provide a review here.
The referenced four papers have a total 8,364 citations in Google Scholar as of 21 May 2021.
?See [Wickens and Breusch (1988)|for a discussion of the Bewley transform.



bias-corrected PB estimators, relying either on stochastic simulations and/or split panel jackknife
approaches. While all methods perform well in reducing the overall bias, a combined procedure
where the split panel estimates are combined together in a data-dependent way tends to outperform
the others in terms of bias, for our design and sample sizes. The usefulness of the proposed estimator
is also illustrated in the context of a consumption function application for OECD economies taken
from |Pesaran, Shin, and Smith (1999).

The remainder of this paper is organized as follows. Section [2| presents the model and as-
sumptions, introduces the PB estimator, provides asymptotic results, and proposes bias-corrected
estimators. Section [3| presents Monte Carlo evidence. Section [ revisits the aggregate consumption
function empirical application in [Pesaran, Shin, and Smith (1999)l Section [5| concludes. Some of
the mathematical derivations and proofs are presented in an Appendix. The online Supplement

provides a description of bias-corrected PMG estimators.

2 Pooled Bewley estimator of long-run relationships

Our setup is similar to [Pesaran, Shin, and Smith (1999). Let z;; = (i, 2:) and consider the

following illustrative model

Ay = ¢ —a; (Yit—1 — BTit—1) + Uyt (1)

Az = Ugu, (2)

fori=1,2,...,n,and t = 1,2,...,T. Extension to include additional lags and regressors is relatively
straightforward. We keep the model and notations simple for expositional purposes. The following

assumptions are postulated.
Assumption 1 (Coefficients) There exists € > 0 such that € < a; < 1 for all i.

Assumption 2 (Innovations) ug ;i ~ I1D (0, Uii), and uy i s given by

Uy,it = OiUz.it + Vit, (3)

for all i and t, where vy ~ 11D (0, agi), and ug ;1 is independently distributed of vy for all i,7,t,



andt'. In addition, sup; ; luie|'® < K and sup; 4 I luzit|® < K, and limits lim,_oon ™' S0 02, =

2 52 (60412) = w? exist.

2 ; -5
ot and lim n—ooT Zi:l 0 2i0vi v

Assumption 3 (Initial values and deterministic terms) z;o = (yi,o,xi,o)/ is given by
zio = p; + C; (L) o, (4)
for all i and t, and ¢; = a;p;; — aifp; o for all i, where ug = (uy,i70,um,i,g)', W, = (ui71,ui72)’,

1l < K, and C; (L) is defined in Section [A.1] in Appendia.

Remark 1 Assumption rules out zero as a limit point of {c,i € N}, where we use N to denote
the set of natural numbers. Assumption@ allows for ug ;¢ to be correlated with wy ;. Cross-section
dependence of u; is ruled out. Assumption @ (together with the remaining assumptions) ensure

Az and (yix — Bzi) are covariance stationary.

Substituting first for w4 in , and then substituting u, ;; = Ax;;, we obtain the following

ARDL representation for y;;
Ayt = ¢ — oy (yi,t—l - 5901‘,15—1) + 0;Amit + vyt (5)

The pooled Bewley estimator takes advantage of the Bewley transform (Bewley, [1979)). Subtracting

(1 — ;) i from both sides of and re-arranging, we have
iyt = ¢i — (1 — ;) Ayir + iBrir + Az + vit, (6)
or (noting that a; > 0 for all 4 and multiplying the equation above by a; ')

Yit = ai_lci + Bxi + I/J;AZZ't + a;lvit, (7)

/
where Az = (Ayy, Azy), and ; = (— 1=a; i—i) . Further, stacking for t = 1,2,...,T, we

g

have

Vi = a; e %8 + AZip; + a; v, (8)



where y; = (Vi1, Yiz, -, Yir) s Xi = (Ti1, Tizy oy i)y AZj = <AZ;,17 AZQQ, e AZQ’T)/, vi = (V1,02 -, 1)
and 77 is T x 1 vector of ones. Define projection matrix M, = Iy — 7777.. This projec-

tion matrix subtracts the period average. Let ¥; = (%1, %i2,.... %) = M,y;, and similarly

%; = (Fi1, %o, o @) = Myxi, AZ; = M,AZ;, and ¥; = M,v;. Multiplying (8) by M,, we

have

Vi = %iB + AZip, + ] 'V,
Consider the matrix of instruments

H; = (¥i-1,%i,%i—1) = M;H;, H; = (yi—1, %, Xi,—1) 9)

where y; -1 = (¥i.1,Yi1, ...,yLT_l)' is the data vector on the first lag of y;, similarly x; 1 =

(@1, Ti1y on xi7T,1)'. The PB estimator of 3 is given by

n -1 n
B = (Z xMx> (Z xMy> : (10)
i=1 =1

where
~ ~ ~\—1
M; = P; — P;AZ; (AZQPiAZi) AZ/P;, (11)
and
~ - o~ -1 -
P, = H, (H'H) f, (12)

is the projection matrix associated with H,.
In addition to Assumptions we also require the following high-level conditions to hold in
the derivations of the asymptotic distribution of the PB estimator under the joint asymptotics

n, T — oo.
Assumption 4 There exists Ty € N such that the following conditions are satisfied:

(i) sup;en, 13 E (A2 (Bir)] < K, where Bip = AZP;AZ;|T, P; is given by , and AZ;
is defined below (@



min

(i1) supsen, > B [)\72 (ATFI;”f{:ATﬂ < K, where

Tt 0 -
Ar = H = (%, 0%, 1), (13)
0 T2
- _ . ro 3 3 N 3
§i-1 = (fi,Ofi,p---fi,Tﬂ) s &itm1 = Uit—1 — BTir—1, Yir and Ty are defined below (H);

= ~ ~ ~ ! = ~ ~ ~ /
X; = (.%‘ﬂ,.%'iz, -'-7xiT) s and AXZ' = (A.%'il, A.’L’ig, ceey A{EiT) .

Remark 2 Under Assumptions (and without Assumption , we have plimy_, B; 1 = By,
where B; is nonsingular (see Lemma in Appendiz). Similarly, it can be shown that Assumptions
are sufficient for plimp_, ATI:I;-” I:I’{AT to exist and to be nonsingular. However, these results
are not sufficient for the moments of HBz_lH and H(ATH;?"H;?‘AT)*1 H to exist, which we require for
the derivations of the asymptotic distribution of the PB estimator. This is ensured by Assumption

4

2.1 Asymptotic results

The following theorem establishes the asymptotic distribution of B .

Theorem 1 Let (y;, xit) be generated by model —(@ and suppose Assumptions hold. Con-
sider the PB estimator B given by (@ Then,

TV (B = 8) —a N (0,9), @ =w;*?, (14)

asn, T — oo such that sup,, 7 /n/T' ¢ < K, for some e > 0, where w? = 02/6, 03 = lim, oo n ' Y 1 02,

2 _ 1 -1y 2 2 2
and w? = lim p_oon ' Y1 02,02,/ (602).

All proofs are provided in Appendix.

Remark 3 Like the PMG estimator in |Pesaran, Shin, and Smith (1999), the PB estimator will
also work when variables are integrated of order 0 (the I(0) case), which is not pursued in this

paper. In the 1(0) case, the PB estimator converges at rate vVnT .



To conduct inference, let

n !
. _ x:M;x;
2 =nt Y (15)
i=1
and
1 o= (X Mo\
~2 7
= () (16
1=

where ¥} is the vector of residuals from (8], namely

9 =M, (yi - sz) . (17)

2.2 Bias mitigation

When n is not sufficiently small relative to T, specifically when /n/T — K > 0, then /nT (B — B)
is no longer asymptotically distributed with zero mean. The asymptotic bias is due nonzero mean
of XM;V;, and it can have important consequences for finite sample performance, as the Monte
Carlo evidence in Section [3] illustrates. We consider a simulation based and split-panel jackknife

methods to mitigate this bias[]

2.2.1 Simulation-based bias reduction

Once an estimate of the bias of B is available, denoted as 13, then the bias-corrected PB estimator
is given by

B=p-b (19)
One possibility of estimating the bias in the literature is by stochastic simulation. We consider the

following algorithm.

1. Compute 3. Given pooled estimate 3, estimate the remaining unknown coefficients of ele-

ments of — by least squares, and compute residuals iy ¢, Uz it

3 There are numerous approaches that could be considered for bias reduction, besides the three methods considered
in this paper. Comprehensive comparison of different bias-reduction methods is outside the scope of this paper.



(r)

x,it

(r)

x,it

2. For each r = 1,2, ..., R, generate new draws for zlgz)t = agzt

(r) (r)

ay,it’az,it

Uy it, and U, ;, = a, ;, Uz ¢, Where

are randomly drawn from Rademacher distribution (Davidson and Flachaire, 2008,

r) —1, with probability 1/2
Apit = )
1, with probability 1/2
for h = y,x. Given the estimated parameters of — from Step 1, and initial values y;1, z;1
generate simulated data yg),xz(;) fort =2,3,....,7 and ¢ = 1,2,...,n. Using the generated

data compute B(T).
3. Compute b= |R! Ele 3(T) - B]

The above procedure can be iterated by using the bias-corrected estimator, B, in Step 1. This
is not considered in this paper.

We conduct inference using bootstrapped critical values instead of asymptotic critical values to
make more accurate small sample inference. In particular, the o percent critical values are computed

using the 1 — « percent quantile of {!t(rw}fﬂ, where (") = B(T)/se (B(r)), B(T) = B(T)

— b is the
bias-corrected estimate of 8 using the r-th draw of the simulated data, se (B(T)) = T~ 1p=1/2Q)
is the corresponding standard error estimate, and Q) is computed in the same way as Q in

but using the simulated data.

2.2.2 Jackknife bias reduction

We consider half-panel jackknife bias correction methods[] which can be written as

Bjk:/Bjk(’i):B—’i<Ba2+/6b—B>a (20)

where B is the full sample PB estimator, Ba and Bb are the first and the second half sub-sample PB
estimators, and k is a suitably chosen weighting parameter. In stationary setting, where the bias

is of order O (T‘l), k is chosen to be one, so that % — K- (TL/2 — %) = 0 for any arbitrary K.

4For other panel applications of split-panel jackknife methods, see for example Dhaene and Jochmans (2015)/ and
Chudik, Pesaran, and Yang (2018)k



In general, when the bias is of order O (T'~¢) for some ¢ > 0, then x can be chosen to solve
£k <ﬁ — %) = 0, which yields k = 1/ (2° — 1). Under our setup with I(1) variables, we
need to correct J3 for its O (T_2) bias, namely e = 2, which yields x = 1/3.

Asymptotic arguments need not perform well for some 7', therefore we also consider a simulation-

based adaptive jackknife correction where x = & is data-dependent and computed by stochastic

simulation,

>
I

—, 21
3 (21)

)

where b = R0 B f and by = (ba +Br) /2, b = RS B -5, by = RS B

By-
. ~jk . ~2
Inference using 5~ can be conducted based on 1' but with @; replaced by

2

]

L [(1 + 1) XM — 26x, M| ¥7

/
x! M, ;
Xabi — ) Mab,i = s

M, ;

x! . (xAi) and M, ; (My;) are defined in the same way as x;, and M; but using only the first

a,i
(second) half of the sample.

We use bootstrapped critical values to conduct more accurate small sample inference, for both

choices of k (1/3 and k). Specifically, the o percent critical value is computed as the 1 — « percent

R ~(r ~(r ~(r
t;? } X where tg.z) = 5§k) /se (,6’5-,3), B;-k) is the jackknife estimate of 5 using the r-th

r=

quantile of {

draw of the simulated data generated using the algorithm described in Subsection [2.2.1} se (Bg?)

is the corresponding standard error estimate, namely se <B§?) = Tfln*1/2f2§7,;), QEZ) = d);%r)&)g (r)?

in which w, () and d)i (r) are computed using the simulated data, based on expressions and

(15)), respectively.



3 Monte Carlo Evidence

3.1 Design

The Data Generating Process (DGP) is given by -, fori =1,2,...n, T = 1,2,....,T, with
starting values satisfying Assumption (3| with p; ~ ITDN (72,12), and ¢; = a;p;; — i 5. We

_ o L — o 2 2
generate uy it = Oy i€y.it, Uz it = Og,i€x,its Oy ;s Og; ~ IIDU [0.8,1.2],

e 1 1 i
| CIIDN (05, %.), S ~ Pi || and p; ~ ITDU [0.3,0.7].

€x,it p; 1

This setup features heteroskedastic (over i) and correlated (over y & z equations) errors, namely
x,it 1)

E (“@%zt) = Ug’i, E <u2 ) =02 . and cov (Wy,its Uz,it) = p;- We generate o; ~ I11DU [0.2,0.3]. We

consider n, T = 30, 50, 100, 200 and compute Ry;c = 2000 Monte Carlo replications.

3.2 Objectives

We report bias, root mean square error (RMSE), size (Hpy : 8 = 1, 5% nominal level) and power
(Hy : B = 0.98, 5% nominal level) findings for the PB estimator A given by , with variance
estimated using . Moreover, we also report findings for the three bias corrected versions of
PB estimator as described in Subsection We compare the performance of PB estimators with
the PMG estimator proposed by Pesaran, Shin, and Smith (1999) and its bias-corrected versions

proposed in the online supplementﬁ

3.3 Findings

Table 1 reports the findings for all estimators. The top panel reports results for PB and PMG
estimators uncorrected for their small-T" bias. Uncorrected PB estimator features notable negative
bias, which declines with T', and does not change much with n. This bias contributes to oversized
inference when T is small relative to n. These findings illustrate an important scope for bias-
correction methods. The bias of PMG estimator is about 50% smaller as compared to that of the

PB estimator. Despite the differences in the bias, the reported RMSE values of the two estimators

®We use R = 5000 replications for PB bias correction methods described in Subsection and for PMG bias
correction methods described in the online supplement.



are quite similar for sample sizes where T' > n. When n > T, PMG tends to dominate in terms of
RMSE due to its lower bias. Interestingly, for the smallest sample size considered, n = T = 30, the
RMSE of PB estimator is smaller compared with PMG (0.0719 vs. 0.0749), despite almost twice
larger bias (-0.0515 vs. -0.0312). Both, PMG and PB estimators are grossly oversized when T is
not sufficiently large relative to n, in part also due to underestimation of standard errors in small
samples (in addition to the consequences of the bias for inference).

Bias-corrected methods are quite successful in reducing the bias, and in the majority of cases also
RMSE of the PB and PMG estimators. The best performing bias reduction method in reducing
the bias is split-panel jackknife with K = Ry7 chosen by simulations as opposed to asymptotic
considerations (k£ = 1/3). In terms of RMSE, the best performing method is bias reduction by
stochastic simulations. For T' = 30, application of any bias-reduction method also resulted in
improved RMSE compared with the uncorrected estimators. Bias-corrected PB (using any of the
three bias-reduction methods considered) achieved lower RMSE values compared with PMG (bias-
corrected or uncorrected) for 7" = 30, and all choices of n.

Another important observation is the dramatic improvement in size performance. Notably,
the size is very good for jackknife-corrected PB estimators (both choices of k) for all sample sizes
considered, whereas only a relatively moderate size distortions for smaller choices of 7" (30 and 50)
are observed for bias-corrected PMG estimators.

We conclude that bias-corrected PB estimators can perform better (notably in terms of RMSE)
compared with corrected or uncorrected PMG estimators for smaller values of T' (especially for
T = 30). For large values of T' (> 200) there does not seem to be any particular advantage of PB
over PMG, as both estimators seemingly perform very close with PMG performing slightly better
due to its asymptotically efficient weighting of cross-section units, as to be expected. For large
values of 7' (> 200) and n/T sufficiently small, there also does not seem to be any notable benefit
of bias reduction methods, since both PB and PMG perform without any noticeable drawbacks.
Bias-corrected PB estimators are consequently useful addition to the literature as a complement of
PMG estimator, considering that the sample size in terms of time periods is often quite limited in

many applications in economics.

10



4 Empirical Application

This section revisits consumption function empirical application undertaken by [Pesaran, Shin, and

Smith (1999), hereafter PSS. The long-run consumption function is assumed to be given by
cit = di + Bryl + Bomit + Vit

for country i = 1,2,...,n, where ¢; is the logarithm of real consumption per capita, yﬁ is the
logarithm of real per capita disposable income, 7;; is the rate of inflation, and ¥;; is an I (0) process.
We take the dataset from PSS, which consists of N = 24 countries and a slightly unbalanced time
period covering 1960—1993@ PSS assume all variables are I (1) and cointegrated; and they estimate
the coefficients 3, and 3, using an ARDL(1,1,1) specification, which can be written as the following

error-correcting equation
Acit = —a; <Cz‘,t—1 —di — Bryfy 1 — 527Tz',t—1) + i Ayl + Sia Amrie + Vi, (23)

where all coefficients, except the long-run coefficients 3, and 3, are country-specific.

Table 2 presents alternative estimates of the long-run coefficients. The first column reports the
PMG estimates, the second column reports the PB estimates, and the subsequent columns report
bias-corrected versions of these two estimators. Uncorrected PMG estimates are Bl, pyvc = 0.904
and 32, pymc = —0.466, for y;-it, and 7;, respectively. Bias-corrected PMG estimates are not too far
from the uncorrected PMG estimates, suggesting that the bias is small. PB estimates for the income
elasticity (;), are slightly larger but generally very close compared with the PMG estimates. The
uncorrected PB estimate for the income elasticity is 3 1 = 0.912) and the bias-corrected PB estimates
are slightly larger in the range 0.918 to 0.926. In contrast, PB estimates for the inflation effect
coefficient (f35) are all substantially smaller compared with the PMG estimates. PB estimates of
B4 lie in the relatively narrow range —0.153 to —0.120, compared with the range of PMG estimates
—0.474 to —0.403. While the income elasticity PB estimates are very close to the PMG estimates,

PB estimators suggest much smaller long-run inflation effect.

%We have downloaded data at http://www.econ.cam.ac.uk/people-files/emeritus/mhpl/pmge prog.zip. Codes
for Monte Carlo and empirical applications in this paper is available from authors’ websites.
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5 Conclusion

This paper proposed a simple alternative to the Pesaran, Shin, and Smith (1999) PMG estimator
of long-run relationships in heterogeneous dynamic panels. Taking advantage of Bewley transform,
the proposed PB estimator has an analytical closed-form expression, and since it does not weight by
estimated variances, it is more robust in small samples, though less efficient asymptotically. Since
dynamic panel estimators are biased when 7T is small relative to n, this paper also considered bias-
correction methods for the PB and PMG estimators. Monte Carlo experiments show good small
sample performance of bias-corrected estimators with (corrected) PB estimators achieving better
RMSE compared with (corrected) PMG for small T' (in particular 7' = 30), whereas PMG slightly
outperforms PB estimator for large values of T' (> 200). The usefulness of the PB estimator was
also illustrated by revisiting the aggregate consumption function estimated in the original PMG

paper, where we found similar income elasticity, but substantially smaller inflation effect.

12



Table 1: MC findings for the estimation of long-run coefficient

Bias (x 100) RMSE (x 100) Size (5% level) Power (5% level)
n\T 30 50 100 200 30 50 100 200 30 50 100 200 30 50 100 200
PB
30 -5.15 -2.18 -0.58 -0.18  7.19 3.91 1.74 0.81 24.70 15.75 10.45 7.65 15.15 8.35 19.65 66.30
50 -5.34 -2.26 -0.61 -0.17 6.63 3.42 1.43 0.66 33.90 18.60 10.00 7.40 18.10 8.00 23.10 84.15
100 -5.08 -2.17 -0.58 -0.17 5.77 2.77 1.06 0.46 53.15 27.80 12.10 7.45 25.00 6.70 39.80 98.70
200 -5.04 -2.10 -0.57 -0.14 5.38 2.41 0.83 0.34  78.65 45.75 16.70 8.35 41.65 6.45 67.45 100.00
PMG
30 -3.12 -1.14 -0.29 -0.10  7.47 3.89 1.75 0.80  39.40 23.85 14.40 8.50 35.35 23.25 31.45 74.25
50 -3.04 -1.16 -0.29 -0.08 6.09 3.18 1.42 0.65 41.20 25.35 14.65 8.20  35.00 25.15 41.80 90.30
100 -2.70 -1.09 -0.26 -0.08 4.56 2.28 0.97 0.44 45.85 29.50 15.10 8.80 36.25 25.95 63.45 99.70
200 -2.68 -1.05 -0.26 -0.06 3.68 1.74 0.70 0.32  57.45 34.05 16.25 9.95 34.95 31.95 88.30 100.00
Bias-corrected PB estimators
Jackknife-corrected PB using k = 1/3
30 -2.31 -0.67 -0.08 -0.04 6.16 3.66 1.76 0.84 7.30 5.65 5.75 4.90 4.95 7.00 19.10 58.85
50 -2.37 -0.66 -0.10 -0.02  5.03 2.92 1.39 0.68 6.85 5.85 5.25 5.70 3.80 7.10 28.10 81.30
100 -2.14 -0.58 -0.08 -0.02  3.75 2.00 0.95 0.47 6.15 5.00 5.65 5.00 2.45 9.95 52.35 98.25
200 -2.14 -0.55 -0.06 0.00 3.03 1.42 0.64 0.33 7.60 5.15 4.40 5.50 1.50 15.70 84.10 100.00
Jackknife-corrected PB, using k = AT
30 -0.11 -0.04 0.00 -0.03 6.52 3.82 1.79 0.85 6.10 6.05 5.60 4.95 5.85 8.65 19.85 58.25
50 0.01 0.02 -0.02 -0.01 5.08 3.03 1.41 0.69 5.00 5.50 5.20 5.85 5.70 10.85 29.35 81.20
100 0.16 0.07 0.00 -0.02 3.53 2.04 0.96 0.47 4.50 5.10 5.50 4.90 8.45 16.95 54.20 98.10
200 0.09 0.06 0.00 0.00 2.45 1.38 0.65 0.33 4.75 4.80 4.85 5.55 12.75 31.10 85.45 100.00
Bias-corrected PB using stochastic simulations
30 -1.71 -0.47 -0.06 -0.04 5.65 3.40 1.66 0.79 7.60 6.35 5.65 5.15 6.55 8.45 22.35 65.35
50 -1.73 -0.46 -0.06 -0.02 4.58 2.70 1.31 0.64 8.50 6.70 5.05 5.45 6.80 10.60 32.40 86.70
100 -1.53 -0.41 -0.05 -0.02  3.31 1.84 0.90 0.44 9.95 6.65 b5.10 4.75 6.50 16.05 60.05 99.20
200 -1.53 -0.38 -0.04 0.00 2.54 1.30 0.61 0.31 13.50 6.90 5.20 5.80 6.65 27.85 88.75 100.00
Bias-corrected PMG estimators
Jackknife-corrected PMG using k = 1/3
30 -1.35 -0.28 -0.03 -0.03  8.16 4.24 1.88 0.85 14.30 9.75 6.80 4.85 13.10 12.15 21.40 64.05
50 -1.11 -0.22 -0.04 -0.02 6.40 3.40 1.50 0.68 13.95 8.95 6.90 5.80 13.40 13.15 29.80 82.65
100 -0.85 -0.17 -0.02 -0.01 4.42 2.28 1.01 0.47 12.90 8.70 5.75 5.25 12.55 16.75 54.00 99.00
200 -0.86 -0.17 -0.02 0.00 3.08 1.56 0.71 0.33 11.55 6.75 6.95 6.60 13.00 24.55 82.55 100.00
Jackknife-corrected PMG using kK = AnT
30 -1.19 -0.19 -0.02 -0.03 8.30 4.31 1.89 0.85 14.50 9.75 6.85 4.65 13.55 12.45 21.50 63.75
50 -0.84 -0.14 -0.03 -0.02 6.56 3.46 1.51 0.68 14.05 9.15 6.65 5.75 14.15 14.05 29.45 82.90
100 -0.58 -0.10 -0.02 -0.01 4.52 2.31 1.01 0.47 12.95 8.70 5.80 5.15 13.80 17.55 53.40 98.95
200 -0.59 -0.11 -0.01 0.00 3.11 1.58 0.71 0.33 11.80 6.55 7.05 6.55 14.80 26.20 82.80 100.00
Bias-corrected PMG using stochastic simulations
30 -2.08 -0.56 -0.09 -0.04 7.27 3.81 1.74 0.80 14.10 8.95 6.45 4.55 11.60 9.65 22.00 68.40
50 -1.97 -0.56 -0.08 -0.02 5.76 3.06 1.40 0.64 14.80 8.70 7.00 5.35 11.45 11.15 32.00 86.75
100 -1.66 -0.51 -0.07 -0.02 4.12 2.09 0.94 0.43 16.05 8.35 5.50 4.20 11.70 14.55 56.60 99.65
200 -1.66 -0.49 -0.07 -0.01  3.08 1.49 0.66 0.31 18.75 9.85 6.45 5.30 11.95 23.70 86.35 100.00

Notes: DGP is given by Ays = ¢; — ai (Yi,e—1 — BTit—1) + Uy,ie and Aziyy = Ugit, for i =1,2,...,n, T =1,2,...,T,
with 8 =1 and a; ~ IIDU [0.2,0.3]. See Section for complete description of the DGP. The pooled Bewley
estimator is given by , with variance estimated using (18). PMG is the Pooled Mean Group estimator proposed
by [Pesaran, Shin, and Smith (1999). Bias-corrected versions of the PB estimator are described in Subsection
Bias-corrected versions of the PMG estimator are described in the online supplement. The size and power findings
are computed using 5% nominal level and the reported power is the rejection frequency for testing the hypothesis
B =0.98.
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Table 2: Estimated consumption function coefficients for OECD countries

Bias-corrected estimators

Jackknife, k =1/3 Jackknife, & Stochastic simul.
(1) (2) (3) (4) (5) (6) (7) (8)
PMG* PB** PMG PB PMG PB PMG PB
B1: Income .904 912 915 .926 901 .926 .904 0.918
95% Conf. Int.  [.889,919]  [.845,980]  [.885,.945]  [.846,1.006]  [.877,.926]  [.848,1.005]  [.879,.929]  [.852,.984]
Bo: Inflation -.466 -.134 -.403 -0.120 -.432 -.153 -.474 -0.126
95% Conf. Int.  [-.566,-.365]  [-.260,-.008]  [-.583,-.222]  [-.211,-.029] [-.603,-.262]  [-.326,.020]  [-.637,-.310]  [-.320,-.067]

*PMG stand for Pooled Mean Group estimator, **PB stands for pooled Bewley estimator

Notes: This table revisits empirical application in Table 1 of |Pesaran, Shin, and Smith (1999), Column (1) of this
table reports the PMG estimates of long-run income elasticity (5;) and inflation effect (8,) coeflicients and their
95% confidence intervals in the ARDL(1,1,1) consumption functions for OECD countries using the dataset
from [Pesaran, Shin, and Smith (1999)! Column (2) reports the PB estimator. Columns (3)-(8) report bias-corrected
versions of the PMG and PB estimator. Jackknife bias correction using x = 1/3 is reported in columns (3)-(4),
jackknife bias correction using simulated value & is reported in columns (5)-(6), and simulation-based bias
correction is reported in columns (7)-(8). Description of bias correction methods is provided in Subsection for

PB estimator and in the online supplement for PMG estimator.
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A Appendix

This Appendix is organized in three sections. Section introduces some notations and definitions.
Section presents lemmas and proofs needed for the proof of Theorem [Il Section presents
proof of Theorem

A.1 Notations and definitions

Define C; (L) = Y32, CyL* and C} (L) = Y 32, C Lt, where

Cio = Io
Cu = (&;-L)® ' (=12,
l—a; a8
;= , Al
: ( Y ) (A1)
0
Ci(l):Cio—i-Cil—l- ..... = lim {)f: ( B )
{—00 0 1
and
x 1 —p
o = Cio—Ci(l) = ( 0 0 )
¢ ¢
1 — o —(1 = v
= Cl 1 +Cyu= (1= a) (1-ai)"p ,for 0 =1,2,....
b 0 0
Model — can be equivalently written as
®; (L) zit = c; + uy,
for i =1,2,...,nand t = 1,2,...,T, where ¢; = (c;,0)’,
®; (L) =1, — ®;L, (A.2)

and Iy is a 2 x 2 identity matrix. The lag polynomial ®; (L) can be re-written in the following

(error correcting) form

®,(L)=-ILL+ (1-L)I,, (A.3)
where
I = — (I — ®;) = ( _((:i aff)- (A.4)
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The VAR model (A.5)) can be also rewritten in the following form
@i (L) (zit — p;) = i, (A.5)

where ¢; = —II;u; = (c;,0)’, namely ¢; = Qipli 1 — Qi o
Using Granger representation theorem, the process z;; under the assumptions has represen-

tation

o

it = fyit Bsi+ Y (1—ai) (uyip—r — Bugis—s), (A.6)
(=0

Tit = fgi t Sit, (A7)

where

t
Sit = Z Ug,it (A-S)
(=1

is the stochastic trend.

A.2 Lemmas: Statements and proofs

. . ~ ~ ~ ~ i
Lemma A.1 Suppose Assumptions @ and @ hold, and consider X; = (Z;1,Zs2,....,&; 1), where
~ _ . t _ 1 T
Tip = Tit — T, Tit = D g q Uzyit, and Ty =T >, x4. Then

nogrg 2
T

nt Z % —p w2 = %, as n,T — oo, (A.9)

2

2 1: -1 n
where 0y, = lim,_oon™" ) 1", 05,

Proof. Recall M, = I — TTT’T, where I is T x T identity matrix and 77 is 7' x 1 vector of ones.
Since X; = M;x;, and M, is symmetric and idempotent (M. M, = M, = M) we can write X/X;

SIS / / _ / ! - g/ 2
as X;X; = x, M. M,x; = x;Mx; = X/x;. Denote S; 1 = Xx;/T*. We have

N ~y~ n n

_ X, X _ _ _

I e S YL
i=1 i=1 i=1

K2

[Sir — E(SiT)]. (A.10)
=1

Consider E (S;r) first. Noting that Z; = 2221 Uy it — Tiy Ty = T7F Zstl (T — s+ 1) ug, and

A2



Tit = Zizl Uz 4t, Si7 can be written as
T
1 -
Sit = T2 E TitTit
t=1

L Z [/ ¢ 2 t
= Ug,is — T Uz is
720 | 2w D ta,
t=1 s=1 s=1

T t 2 t
- 7Y (Z) ST
t=1 s=1

s=1 s=1

-

Taking expectations, we obtain

Uii ¢ T—s+1
B - 3o 32
t=1 s=1
Using >0, =8 =5 (1 —s/T+1/T) =t~ (t+1)t/(2T) +t/T, we have
?”ZT: 1)t_£ (Dt ¢
T2 P T| T2 £ 2T T

Finally, noting that >.° | (t 4+ 1)t = (T +2) (T +1)T/3, and Y.{_, t = (T + 1) T/2, we obtain
E(SZ'7T) = O‘ii%T < K < o0, (A.ll)

for all T > 0, where

(A.12)

[T+ (T +1)T  (T+1)T
%T_{ 673 P }

In addition, s¢p — 1/6, as T' — oo, and

1 < I , o2
TLZ;E(Si’T):%Tnz;O-xi_)g’
1= 1=

as n,T — oo. This establishes the limit of the first term on the right side of (A.10). Consider the

second term next. Since E [S;7 — E (S;r)] =0, and S; 7 is independent over i, we have

n 2 n n
E {nl Y ISir—E (Si,T)]} = % > E(Sir) - % S IES).
=1 =1 1=1

But it follows from ([A.11]) that there exist finite positive constant K; < oo (which does not depend
on n,T) such that [E (S;7)]* < K1. In addition, due to existence of uniformly bounded fourth mo-

ments of u j, it also can be shown that £ (SZT) < K5 < 0o. Hence, F {nil Yoy 1Sir — E(Sir)) }2
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0] (nfl), which implies n=! >0 [Sir — E(Si1)] —p 0, as n,T — oo. This completes the proof.
n

Lemma A.2 Suppose Assumptions[I{ hold. Then there exists finite positive constant K that does
not depend on i and/or T such that

T e
1 -
E <T E ux,itl‘it> < K, (Al?))
t=1
and

T e
1 -
E (T E A%ﬂu) <K, (A14)

=1
~ _ t = _ =17 —
for o =4, where Ty = Ty — Ty, Tip = D g q Uayits Ti = T D> ;1 Tit, and Ayy = Oiug it + Vi —

iy o (1 - a;) ! Wit—e+ (0 — B) Ugit—]-

Proof. Consider Zle uiZiy /T and ¢ = 2 first, and note that Z;; = Zizl Ug,is — Tj, where
Z;=T71 ZST:1 (T — s+ 1) ugis. We have

2
T T T
1 - 1 .
TtE—1 Uz, it Tit = 7T2 g g Ug,it Uy 5t Tit Lit!

t=1t'=1
t/
= T2 § § Uit Uit/ <§ Uz is jz) (E Ug,is jz)
t=1¢'=1 s=1

= A1+ Aire— Airs— Aira,

where

T T t/
1
Ai,T,l = ﬁ § § Ug it Uy it! § Ug,is E Ug,is
t=1t'=1 s=1
T T
1 =2
Airo = T2 g g Ug, itUg it/ Tj 5
t=1¢'=1
T T
1
Ai,T,3 = ﬁ Ug it Uy, it Ti E Uz s,
t=1t'=1

1 T T
Ai,TA = T7§ § :cztu:vzt’xz§ Ug js-

t=1¢=1

Taking expectations and noting that u, ;; is independent of u, ;» for any ¢ # t', we have

T t—1 T T t—1
E(AZTI (Z 0-121+ZE Uy, it +ZZU’L2I>
1

t=1t'= t=1t'=1
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Under Assumption ' there exists a finite constant K that does not depend on ¢ and/or ¢, such
that 02, < K and F (ux Zt) < K. Hence |E (A;11)| < K. Similarly, we can bound the remaining

elements, |E (A;r;)| < K, for j = 2,3,4. It now follows that E (% Zthl um7iti’it)2 < K, where
the upper bound K does not depend on ¢ or T'. This establishes hold for o = 2. Sufficient
condition for ({A.13)) to hold for o = 4 are E (A?,T,j> < K for j = 1,2,3,4. These conditions
follow from uniformly bounded eights moments of u, ;;. This completes the proof of . Result

(A.14)) can be established in the same way by using the first difference of representation (A.6). m

Lemma A.3 Suppose Assumptions[IHf hold, and consider s;r given by
- - N1 -
where P; is given by , and %; and AZ; are defined below (@ Then,

_1ZSZT —p 0, asn, T — oco. (A.16)

Proof. Consider s; /T, which can be written as

37’% < al;Bar, (A.17)
where _
AZ'x; AZx;
M= T (4.18)
and - -
AZ'P;AZ;
B,r = ’# (A.19)

Using these notations, we have

1 " SiT
EZT2

=1

1 — -1
= ﬁzE ‘a;TBiT r| -
i—1

Using |a); B, a2T| < )\mm( i7) alpa;r, and Cauchy-Schwarz inequality, we obtain

1 / /
Z . ’I’LT Z zTalT mm ZT
=1

Lemma[A.2)implies the fourth moments of the individual elements of a; 7 are uniformly bounded in
¢ and T, which is sufficient for £ [(agTa,-T)z} < K. In addition, E [)\_ (Bir)] < K by Assumption

min

E|—-

"For the cross-product terms, note that |E (A; 7 jAi7.s)| < \/E (AfTJ)\/E (AiT’s). Hence, E (A} 1) < K, for
7 =1,2,3,4, is sufficient.
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Hence, there exists K < oo, which does not depend on (n,T) such that

n~1 Z SN P (A.20)
and result follows. m
Lemma A.4 Suppose Assumptions[1Hf hold. Then
IZXMXl ?gzag’:, asn,T — oo, (A.21)

where 032& = lim,,_,oon ! Z?:l o2, M, is defined in and X; is defined below (@)

xt’

Proof. Noting that X; is one of the column vectors of H;, we have P;X; = X;, and X,M;X; can be
written as
X M;%; = X;%; — si,T, (A.22)

where s; 7 is given by (A.15). Sufficient conditions for result (A.21]) are:

3% 2
nt Xi XZ = %, asn,T — oo, (A.23)
and
nt SZT —p 0,as n,T — oo. (A.24)

Condition ([A.23) is established by Lemma and condition (A.24) is established by Lemma [A.3]

Lemma A.5 Let Assumptions hold. Then

~)~

\FZ>;VZ —q N Ow),asn,Tﬂoo, (A.25)
Q;
where w? =1im _oon ' Y10 02,02,/ (602), and X; and v; are defined below (@

Proof. Recall M, = Iy — TTT’T, where I is T x T identity matrix and 77 is T x 1 vector of ones.
Since M. M, = M’ we have

T

=/~ _ ! R ! Y
x,vi =x; M M,v;, =x;M_v;, = X,v;
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Let C; = %‘3“ and Q; 7 = C; lx Yi We have F (Qi;r) =0, and (under independence of v;; over ¢

and independence of v;; and umt/ for any t,t')

i;vi
TCVZ'
where F (v?t) = 012”-. In addition, 1) established that % Z?zl E (ilzt) = aii%T, where sep is

given by (A.12). Hence,

T
E Q?ZE

t=1

It follows that

where s — 1/6 < oo. Finite fourth moments of ug ;; and v imply Q 18 uniformly bounded in
T, and therefore Q?T is uniformly integrable in 1. We can apply Theorem 3 of |Phillips and Moon
(1999)| to obtain

S/
Xiv;
'Z HdN(O,w%),as n, T — oo

1 1 %
ﬁ;CiQi,T:\/ﬁ;T ;

where w2 = limy, 0o C25ep = lim 5, _0on ™ * S 0202, (6a ) ]

Lemma A.6 Suppose Assumptions hold, and consider q;;7 = a;lAngi\?i/ﬁ. Then,
Ellair|; < K, (A.26)

and
B (i) < j} (A.27)

Proof. Denote the individual elements of 2 x 1 vector q;r as g7, j = 1,2. Sufficient conditions

for (A.26]) to hold are

E(qr;)* < K, for j = 1,2. (A.28)

We establish ((A.26]) for j = 1 first. We have

AYIPV;
qiT,1 /T )
where Ay; can be written as
AY; = —ai; 1 + 6;0%; + v, (A.29)

~ ~ ~ ~\—1 - ~
where & _; = §i 1 — %;_1. Note that P; = H; (H'H) I and H; = (§i_1,%;,%;_1). Hence

AT



AX'P; = AX’ and £ P; = & . since A%; and €, _, can be both obtained as a linear combina-
) ) 3,—1 i,—1> i,—1

tions of the column vectors of H;. Hence

~/ -
& Vi AXv; VPV,
s 7 A -
G111 = — JT + = CaiT + SbiT + SeiTs
T Cki\/T Ozi\/T

(A.30)

where we simplified notations by introducing ¢, 7 = —527_1% / VT, ShiT = 0 1A>~<§\7¢ / VT and
SeiT = a;lAf/;Pi\?i / VT to denote the individual terms in the expression 1' for ¢;7,1. Sufficient
conditions for F (q;"TJ) <K are E ( S, ZT) < K for s € {a,b,c}.

For s = a, we have

~/

Sa,iT = _Ei’\/%‘,i = Z gzt 1= g’L 71) (U'Lt Zgzt 1Vit + \/>€1 _10i,

- e
where & =171, & 1, and

WE

§ir = (1 — )" (uyipt — Buugir—e)
=0
(0.) [o.0]
= Z (1- %)z (6; = B) Uz, it—e + Z (1—- Oéz‘)f Vit -
=0 (=0

Noting that sup; (1 — a;) < 1 under Assumption and fourth moments of u, ; ; and eights moments

of v;; are bounded, we obtain

< 75 |
— = Zfz’,tlvit) <K,
VT =

and

4

B (&_0!) < K,

which are sufficient conditions for £ ( S, ZT) < K.

For s = b, we have

AR T
SbiT = \/T = \/» Z Ux it — Ug z) (Uzt Z Ug it Vit — uz zvz
(87

Using Assumption [2] we obtain the following upper bound

T
1
E (Spur) < o7 | 55 Y B (upu) B (vi) + |0 | TE () B (7)) < K, (A.31)
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where |o; 4| < K, B (ul ;) < K, B (v}) < K, B () < K/T? and E (v}) < K/T*.

For s = ¢, we have

AV, () 9,
SeiT = =
T aiV/T

Consider I:I;" = (ii, AX;, é’i’_1> and note that

H; = (§i_1,%;,%,1) = B'H},

where

~ ~ ~ \—1 -~ -1 -
is nonsingular (for any ). Hence P; = H; (H;H,) H’ H* (H:" H;‘) H}', and we can write

SeiT as

Consider the scaling matrix

Ar=| 0o T2 0 : (A.32)
0 0o T2

We have

Cear = AL (ATH*’H*AT>_ A-HYS; > 0.
az\f

Using the inequality x’A~1x < Apin (A) [|x]|%, we have
-~ - 2
0< Gt < — fxm}n (ArE;H; A7) | AES, 2

Using Cauchy-Schwarz inequality, we obtain

B (ki) < [ P (Ar R AL ] [ A

But oz;4 < K under Assumption and F {A;fn (ATIjI;-”I‘:I;‘ATﬂ < K under Assumption It
follows

K E
E(scir) < 75 EHATH;’"W )

A9



Let ATIjI;-” v; = hy;r and consider the individual elements of h,;7, denoted as hy;7; for j = 1,2, 3,

1T -~ ~
huit 1 T e Tit Vit
S B 1 T ~ ~
hyir = ArHV = | hyira | = 7 2= itDit
1 T 7 =~
hyir3 YT Zt:1 fi,t_lvz‘t

Under Assumption [2] it can be shown that
E (hyr;) < K, for j =1,2,3,

- 8
which is sufficient for F HATH;-” v;i|| < K. It follows that
2

K

This completes the proof of (A.26) for j = 1.
Consider next ({A.26]) for j = 2, and note g;r 2 is the same as ¢ ;7, namely
AXP;v; AXV;
QT2 = = = SbiT-
' aNT — aVT '

But F <§b ZT) < K, see (|A.31)). This completes the proof of (A.26|).
We establish (A.27)) next. As before we consider the individual elements of 2 x 1 vector q;r,

denoted as ¢;7 s for s = 1,2, separately. For s = 1 we have (using the individual terms in expression
(1A.30]))

|E (git1)| =

~/
E' — i~’i A}"(/-{fi A{”PZ\?%
E<_ Vi T o <|E (sair)| + 1B (spir)| + |E (seir)] . (A.34)

+
VT aNT VT
For the first term in (A.34)), we obtain

~/

E 1V 1
|E (Sair)| E Z’\/% - = ~ 7 .

i1~

(fi,tfl - gi,fl) (vit — Uz)] ‘
1« ,
S ﬁ ; |E (é.i,t_l'vit)‘ + \/TE ‘gi,—lﬁi‘ .
But £ (giytflvit) =0and E }517,1@¢| < K/T under Assumptions Hence,

|E (Sa,iT)| <

R
v
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For the second term in (A.34)), we obtain

vT
( \/— Z Ug it Vit — o Uy Z'Ui> ‘

< fZ’E Uz itVit) ]—i—K\F\E(uva)].

|E (spir)] =

But E (ugitvir) = 0 and E (u;,;0;) = 0 under Assumption [2 Hence

|E (Sp,i7)| = 0.

Finally, for the last term we note that

|E(§czT)| < E|§CZT’ < \/m

and using result (A.33]), we obtain
K
|E (Se,ir)| < ﬁ
It now follows that |E (gir1)| < K/VT, as desired.
Consider |E (gir,s)| for s = 2 next. We have

\E (qiT,2)| = | E (Spi7)| = 0.

This completes the proof of result (A.27). m

Lemma A.7 Let Assumptions hold, and consider B;r defined by . Then we have

7% |Bir — Bi| —p 0 as T — oo, for any a < 1/2, (A.35)
where
’E 5702, 8i02;
Bi = phm BiT = Olz ( ) * v xl 10-211 5 (A36)
T—o0 502, lop

and € = 3020 (1 — i) (uyiv—o — Buigis—r)-
Proof. We have

B AZIPAZ; 1 < AyiP;Ay; AyP;AX; ) ( bit11 bir12 )
T T m = :

AXP;Ay; AXP;AX; bir21 biT22

All



Consider the element b;r 29 first. Since AX;P; = AX}, and AZj; = ugy it — Uy, we have

|
2 )
bir,12 = fE Uit | — Uz
=1

Under Assumption |2 ug ¢ ~ 11D (0, o2 ) with finite fourth order moments, and therefore

T

T

T

1

T ( Uch,it - ail) 2,0, for any o < 1/2.
t=1

In addition, F (ﬂi,J < K/T, which implies T%u2 L0, for any a < 1/2. Tt follows

T,
T (bir22 — aii) 2,0, for any o < 1/2. (A.37)

Consider the element b;7 11 next. We will use similar arguments as in the proof of Lemma @ In

particular, Ay; can be written as in 1' and, since Pi§i7_1 = §i7_1 and P;Ax; = AX;, we have

AY'P;Ay;
birn = # = Caair T Cobir T Cecim + 2Cabir + 2Cac,ir + 2Cpe i (A.38)
where
£ €
28i-18i-1
Caa,iT = o %7
AXLAX;
2
Copir = O; ZTZ,
VPV,
Ccc,iT = T
and the cross-product terms are
£ 1A%
,’71 X
CapiT = ai(silTZ
~/
&1V
Cac,iT - O‘iZ’Tla and
AXV;
CociT = 51’#

We consider these individual terms ¢ next. Note that

(1= )" (uyip— — Buaip—0)

NE

fit =

Iy
o

(1—a)f Ug i t—05

Nk

(1 — ) vig g+ (6 — B)

I
M8

~
Il
o
~
Il

0
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where sup; (1 — «;) < 1 under Assumption |1} and innovations v and u.;; have finite fourth order
_ )
T! ZtT:1 gzz,tfl -E (f?,tfl)] —p 0, & (fiﬁl) < K/T,

moments under Assumption [2, Hence, T%
and we obtain
T {caaﬂ — o?E (5?},1)} —, 0, for any o < 1/2. (A.39)

Noting that Cy,;p = 5?bi,T,12, and using result |D we have
T [Cppir — 5220%] —p 0, for any o < 1/2. (A.40)

Consider (.. ;r and note that (.., = %gc,m, where ¢.;r = a; 'AV/P;¥;/v/T was introduced in

A.30) in proof of Lemma|A.6 But E (giiT) < % by (A.33]), and it follows

T*Ceeir —p 0, for any a < 1/2. (A.41)
Using similar arguments, we obtain for the cross-product terms,

T*Copir —p 0, TCoeir —p 0, and Ty ip —p 0, for any a < 1/2, as T — oo. (A.42)

Using (A.39)-(A.42)) in (A.38), we obtain

1Y T

T (bira1 — B (£,) — 0202)) 2,0, for any o < 1/2. (A.43)
Using the same arguments for the last term b; 712 = b; 721, we obtain

T (bi,T,12 — (5102 ) £> 0, for any a < 1/2.

xi

This completes the proof of (A.35). m

Lemma A.8 Let Assumptions hold, and consider B;p defined by and B; = plimp_, . Bir
defined by . Then we have

T2 |Biy =B =5 0 as T — oo, for any a < 1/2. (A.44)
Proof. This proof closely follows proof of Lemma A.8 in |Chudik and Pesaran (2013). Let p =

B
notations, but it is understood that the terms p, ¢, depend on (i, T"). Using the triangle inequality

, q = HB;T1 — B;lH, and r = ||B;r — B;||. We suppressed subscripts 4,7 to simplify the

A13



and the submultiplicative property of matrix norm ||.||, we have

g = |By Bi—Bir)B |,
< B[ p,
< |By =B ) + B rp,

IN

(p+aq)rp.
Subtracting rpg from both sides and multiplying by 7%/2, we have, for any o < 1 /2,
(1 —rp) (Ta/Qq) < p? (TO‘/2T> . (A.45)

Note that 7%/2r £ 0 by Lemma and |p| < K since B; is invertible and Api, (B;) is bounded
away from zerd| Tt follows
(1—rp) 21, (A.46)

and

p? (Ta/2r> 7. (A.47)

1}1) imply T7%/2q £ 0. This establishes result 1) ]
Lemma A.9 Let Assumptions[1{f] hold, and consider ;1 defined by
- _ -\ -1 =
£ = X/AZ; [ AZIP;AZ; AZPV;

where P; is given by , and %; and AZ; are defined below (@ Then

1 n
— 7 —p 0, A48
ﬁnT ; ézT p ( )
as n, T — 0o such that sup,, 7 /n/T'"¢ < K for some € > 0.

Proof. Term ;7 can be written as

&ir = air B qir, (A.49)
where a;r is given by (A.18), B;r is given by (A.19), and
AZP ¥,
e nEAMY (A.50)

%T—W

8This follows from observing that both ¢2; and E (fi) as well as o in 1) are bounded away from zero.
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We have
1 o 1 . / —1
T Z §ir = T Z ajr (B — By ') dir + —— Z ajrB; 'qir. (A.51)
=1 i=1

Consider the two terms on the right side of in turn. Lemma established fourth moments
of a;7 are bounded, which is sufficient for ||a;r| = O, (1). Result of Lemma established
second moments of individual elements of q;r are bounded, which is sufficient for ||q,r| = O, (1).
In addition, Lemma established

T/ HBz_Tl - Bi_lH —p 0as T — oo, for any a < 1/2.

Let e = (1 — «) /2 so that 1 — e = 1/2 4 /2. Then we obtain

1 & -1 -1 Vol 1, /2 (rat .
— Z ajr (B —B; ) air = JETeRn Z ajp [T (B;7 — B; )} Qr
VILE =1 P

T ( Znaz | (72| - B7')) ||qz-T||> —§A.52)

IN

as n,T"— oo such that sup, p % < K for some € > 0.
Consider next the second term on the right side of 1) Let p;p = E (a;TBilch'T) and
consider the variance of (nT")~ 1/2 Yoy ZTB q;7- By independence of a},;B; Yqir across i,

1 - ’ -1 1 - ! —1
T —Y— Z aiTBi qiT) = — Z Var (aiTBi qiT)
( vnT = nT =

1 — _ 2
< 5 B (airBilar)” (A.53)
i=1
Denoting individual elements of B, L as b; s individual elements of a;r as a;7;, and individual
elements of q;7 as g7, for s,j = 1,2, we have
2 2
arB 'qir = > ) bt
s=1 j=1
= 0, 11@TAGT,1 + b 91T 2GiT,1 + b 190iT 14T 2 F b; 000iT 20T, 2, (A.54)
where
1 & 1 &
GT1 = Zj'itAgit =7 Z (w3t — T5) Ayit, (A.55)
t=1 t=1
1 T 1 T
wT2 = % ; Ty ATy = T tz_; (@it — Z3) Ug it (A.56)
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AYIP;v;

= , A5T
qir1 = /T ( )

and

1 Uy ztvzt

T

M%

qir2 = (A.58)

t=1

(b;,sj)Q

inequality for the individual summands on the right side of (A.54)), we obtain

Note that sup;, HBZ_ 1“ < K| and therefore < K. Using this result and Cauchy-Schwarz

E (B qir)” < KY M \/E (afm) \/E (q;*T,j) <K, (A.59)

where F (a§T7s> < K by Lemma [A.2] and F (q;lT’j) < K by result (A.26) of Lemma |A.6l Using

(A.59) in (A.53)), it follows that

1 < K
Var | —— Y alyB lair | < —
“ (ﬁizl T q”) T

and therefore

1 S ! -1 *
— Z (ajrB; 'air — pir) —gm. 0 asn, T — oo. (A.60)
AL it
We establish an upper bound for |ujy| next. We have (using (A.54) and noting that |b; .| < K)
2 2
il < K- B (aimsgirg)| -
s=1 j=1
It follows that if we can show that
K
|E (air,sqir 5)| < Vi (A.61)
holds for all s,j = 1,2, then
K
| < —=, A.62
|H’7,T’ \/T ( )

hold. We establish (A.61)) for s = j = 2, first, which is the most convenient case to consider. We

have

Ug it Vs
E (azT 2qu2 (T Z Tit — ux it * \/— Z IZ;‘ lt) = 0, (A63)
— i

B; is invertible and inf; Amin (B;) is bounded away from zero. This follows from observing that both o2; and
E (fff) as well as a7 in li are bounded away from zero.
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since vy is independently distributed of u, ;s for any ¢,¢'. Consider next s = 1, j = 2. We have

T T
1 1 Ug itV
E(airiqir2) = E (T > (@i — Ti) Ay - Wi Z it lt) (A.64)
=1 =1

where (first-differencing (A.6)) and substituting (3)))

o0
Ayt = g i +vit — oy Z (1= ) oiso+ (0 — B) tzisi],
/=1
= Nuit + Mv,it> (A65)
in which -
Muit = Oittait — i ¥ (1= i) ™" (6 = B) uaii—r, (A.66)
/=1
and -
Nyit = Vit — @ Z (1-— ai)zfl Vi t—o- (A.67)
/=1
Hence, E (ai7,1¢iT,2) can be written as
1 & 1 L Ug it Vg
it Uit
E(airagire) = E (T > (@ Nuit * Z S )
t=1 VT t=1
1 <& 1 O g itv
E (TZ(ZM = Ti) Nyt - ?Z S Zt)
t=1 t=1

The first term is equal to 0, since vy is independently distributed of u, ;+ for any ¢,¢'. Consider the

second term. Noting that E [(zi — Z;) uzs] < K and {ai_l‘ < K for any 1i,t, s, we obtain

N

T
1 1 .
g <T > (=) =3 “x;ti“@t) = S Bl ) ] B (1, 00)

t=1 t=1 s=1
< T3/2 ZZE Tl isVit) -
t=1 s=1
But
0, for s < t,
E (ny55vi) = 0% < K, for s =t,

< Kp*7t for s > t,

where p = sup; (1 — ;) < 1 by Assumption Hence ‘23:1 E (nv,isvit)‘ < K forany t =1,2,...T,

and

T
1 Ug it Vit K
— J < — A.68
(a2 )| < 7y .
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as desired. This establish (A.61) hold for s =1, j = 2.

Consider next (A.61) for s € {1,2} and j = 1. Using expression (A.30)), we can write a;r sqiT 1,
for s=1,2, as

;T,sQiT,1 = QiT,sSa,iT T QT sSb,iT + QiT,sSc,iT, (A.69)

where as in the proof of Lemma SaiT = —é;_li'/i/\/f, SbiT = a;lAigﬁi/\/T and e =
ai_lAi'ngi\"fi / VT. Using similar arguments as in establishing 1) we obtain

K
|E (ai1,sSa,iT)| < —=, for s =1,2.

vT

Noting next that ¢, ;7 = o qZ T,2, it directly follows from results and (| that

K
|E (aiT,sSp,i1)| < —=, for s =1,2.

VT

Consider the last term, a; 7S¢, for s = 1,2. Using Cauchy-Schwarz inequality we have

|E (air,sSc,im)| < \/E (a?:ns) \/E <§c ZT) for s = 1,2.

But E ( sz) < K, for s =1,2 by Lemma|A.2, and F ( CZT) < K/T is implied by (A.33). Hence

|E(asz§czT)’ < \/— for s=1,2.

This completes the proof of (A.61) for all 5,5 = 1,2, and therefore (A.62)) holds. Using (A.62)), we

1 « 1 « 1 - K NG
= ir| < = < —=) ==K -0, A.70
o] < i < 3 =Y a0
as n, T — oo such that /n/T — 0. Results (A.60) and (A.70) imply
B it — 0, (A.71)

= LS
=1
as n,T — oo such that /n/T — 0. Finally, using and - in -, we obtain ,

as desired. m
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A.3 Proof of Theorem

Proof of Theorem Substituting y; = x;8 + AZi'g[)i + a;li'fi in , and using M;X; = X;,
and M;AZ; = 0, we have

-1 n -~ ~
X M;X; 1 XM, ¥;

=1

Consider the first term on the right side of (A.72) first. Lemma [A.4] establishes

ML,
—ZX X p w2 >0,asn,T — oo, (A.73)

where w2 = 02 /6, 02 = lim, o n ' > 1, 02.. Consider the second term on the right side of (A.72).
Noting that X;P; = X/, we have

%5

7

\/}Zia v }z T+fzgm (A.74)
1 i=1

1=

where

P ~ ~ —1 ~
RAZ [ AZIPAZ;\  AZP¥,
_% ( z ) P (A7)

Using Lemma (for the first term on the right side of (A.74)), and Lemma (for the second
term on the right side of (A.74))), we obtain

\f Z XM, Vl —a N (O,wg) , (A.76)

asn, T — oo and sup,, p/n/T' "¢ < K, for some € > 0, where w? = lim poon 30 02,02,/ (6a2).
Using (A.73) and (A.76) in (A.72) establishes (14). m
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