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Intratemporal tlelfare and the 0ptimal

of Exhaustible Resources

by  Rona l  d  H.  Schmid t

Depl etion

1.  In t roduc t i  on

The op t ima l  dep le t ion  I  i te ra tu re  has  o f ten  g iven normat ive

s ign i f i cance to  par t i cu la r  dep le t ion  p lans  fo r  exhaust ib le  resources .

Opt ima l  dep le t ion  s tud ies  typ ica l l y  re ly  on  mode ls  tha t  use  the  ob jec t ives

of  a  "soc ia l  p1  anner , "  o r  equ iva len t ly ,  a  soc ia l  we l fa re  func t ion  in  the

objective functional .  The m0st commonly used welfare function has been

the  unweigh ted  aggreqate  sum o f  consumer 's  surp lus  ( j .e . ,  the  area  under

the  demand curve) .  Us ing  th is  par t i cu la r  measure  o f  soc ia ' l  we i fa re  and

abst rac t ing  f rom prob lems caused by  the  ex is tence o f  ex te rna l i t ies ,

uncer ta in ty ,  o r  ex t rac t ion  cos ts ,  Hote l l ing  (1931)  es tab l i shed an

equ iva lence be tween the  dep le t ion  pa ths  resu l t ing  f rom an un fe t te red

competit iVe systern and that produced by a social planner.

The pub l  i  c  f i  nance I  i  te ra tu re ,  on  the  o ther  hand,  has  exp l  o red  the

I  im j ta t ions  o f  aggregate  consumers '  surp ' lus  as  a  measure  o f  soc ia l  we l fa re
' in  s ta t i c  mode ls  and has  iso la ted  severa l  impor tan t  assumpt ions  necessary

fo r  i t s  use  as  an  unb iased measure .  I f  the  u t i l . i t y  der ived  f rom

consumpt ion  by  d i f fe ren t  ind iv idua ls  i s  no t  we igh ted  d i f fe ren t ly ,

aggregate  consuner  surp lus  p rov ides  a  use fu l  neasure  o f  soc ia l  we l fa re .

I f  there  is  reason to  doubt  the  op t ima l  i t y  o f  the  under ly ing  d is t r ibu t ion

of income that generates the observed dernand for the good, however, the

assumpt ion  tha t  aggregate  consumer  surp lus  appropr ia te ly  captures  soc ia l

we l fa re  i s  more  d i f f i cu1  t  to  jus t i f y .U
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Th is  paper  examines  the  imp l ica t ions  o f  re lax ing  tha t  assumpt ion  in

the  case o f  the  op t ima l  dep le t ion  o f  exhaust ib le  resources .  The soc ia l

we l fa re  func t ion  is  a l  lowed to  app ly  d i f fe ren t  we. igh ts  to  the  consumer

surp lus  o f  d i f fe ren t  consumers .  A1 though some inves t iga t ion  o f  the

prob lems o f  in te r tempora l  we l fa re  op t im iza t ion  has  been under taken,4 /  the

ef fec t  o f  the  " in t ra tempora l "  we l fa re  func t ion  ( i .e . ,  the  soc ia l  we l fa re

func t ion  a t  any  po in t  in  t ime)  on  the  op t ima l  dep le t . ion  pa th  has  no t  been

adequate ly  exp  lo red .

Two results are derived in this paper for the more general case where

wi th in  per iod  we l fa re  and in te r tempora l  we l fa re  a re  jo in t l y  t rea ted  us jng

a genera l i zed  ind iv idua l i s t i c  soc ia l  we l fa re  func t ion  (GIS l^ lF)  .  F i rs t ,  i t

i s  shown tha t  the  use  o f  d i f fe ren t ia l  we l fa re  we igh t ing  resu l ts  in  the

f ind ing  tha t  a  per fec t l y  compet i t i ve  sys tem no longer  necessar i l y  y je lds  a

dep le t ion  pa th  equ iva len t  to  the  soc ia l l y  op t ima l  pa th .  Ins tead,  the

opt ima l  dep le t ion  pa th  i s  s lower  ( fas te r )  than the  compet i t i ve  pa th

depend ing  on  whether ind iv idua ls  w i th  la rger  we l fa re  we igh ts  have less

(more)  e las t i c  demands fo r  the  resource  than those w i th  smal  le r  we jgh ts .

Second,  we l fa re  we igh t jng  is  shown to  ra ise  prob lems w i th  second order

cond i t ions .  I f  ren ts  a re  more  heav i l y  d . i s t r ibu ted  to  those w i th  low

weigh ts ,  i t  i s  poss ib le  tha t  the  soc ia l  we l fa re  func t ion  becomes convex  in

consumpt ion  o f  the  resource ,  imp ly ing  tha t  the  Eu ler  equat ions  fa i l  the

suff iciency cri terion. Both of these resu.l ts are demonstrated for the

tr 'ro-person case.

The genera l i zed  so lu t ion  o f  the  op t ima l  dep le t ion  prob lem jn  a

mul t i -consumer  f ramework  is  p resented  f i rs t  in  Sec t ion  2 .  Prob lems ra iseo
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for  second-order  cond i t ions  by  we l fa re  we igh t ing  are  then addressed in

Sect ion  3 ,  In  Sec t ion  4 ,  the  two-person case is  ex tended to  inc ' lude  tne

poss ib i l i t y  o f  ren t  t rans fers  be tween consumers .  I t  i s  shown tha t  the

inc lus ion  o f  ren t  red is t r ibu t ion  inc reases  the  l i ke l jhood o f  genera t ing  a

convex  soc ia l  we l fa re  func t ion .  F ina l  1y ,  imp l ica t ions  o f  the  resu l ts  a re

presented  in  sec t ion  5 .

2 . I  The Mode l

Using a GISWF to determine an optirnal deplet. ion path generates

add ' i t iona l  res t r i c t ions  on  the  fami ly  o f  admiss . ib le  soc . ia l  we l fa re

func t ions .  Th is  sec t ion  deve lops  the  op t ima l  cond i t jons  fo r  a  dep le t ion

path  when the  we l fa re  func t ion  is  expanded to  inc lude n  consumers .

The na ture  and i rnp l i ca t ions  o f  the  GISIJF are  d iscussed f i rs t .  0nce

th is  we l fa re  func t ion  is  de f ined,  the  Eu ler  equat ions  are  der ived  to

charac ter ize  the  op t ima l  dep le t ion  pa th  o f  an  exhaust jb le  resource .  The

spec ia l  case w i th  we l fa re  measured by  aggregate  consumer  surp lus  i s  then

compared to  a  we igh ted  soc ia l  we l fa re  func t ion  in  bo th  the  genera l  case

and two-person cases .  F ina l ' l y ,  jmp l ica t ions  o f  . incorpora t ing  ren ts  f rom

the resource  tha t  a re  d is t r ibu ted  unequa l  l y  a re  examjned.

Let the GISWF be defined by

(1 )  l J (h ( t ) )  =  t t (u . (h . f r ) )  r r  /h  f r \ \1' '  \ : : r  - ,  /  . '  \  -  
I  

\  '  !  
1  \  '  t  ,  t  .  .  .  r u n \ , , n \ ! / . / /  t

where  i l (h ( t ) )  i s  de f ined as  the  soc ia l  we l fa re  der ived  f rom the  nx l  vec tor

o f  ind iv idua l  leve ls  o f  consumpt ion  o f  the  resource ,  h ,  in  per iod  t .  The

func t ion  Ur (hr )  i s  the  u t i l i t y  person i  der ives  f rom the  consumpt ion  o f  h .1

un i ts  o f  the  resource ,  where  h( t )  i s  the  sum o f  a l l  h . ,  in  per . iod  t .
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Equat ion  1  assumes tha t  the  u t i l i t y  der ived  by  each ind iv idua l  can  be

u l t imate ly  descr ibed as  a  reduced fo rm func t ion  o f  resource  use .  To

s imp l i f y  the  ana lys is ,  i t  i s  assumed tha t  a l I  consurnpt ion  and produc t ion

dec is ions  occur  in  the  presence o f  per fec t  in fo rmat ion ,  and tha t  the

produc t ion  leve l  o f  the  resource  is  the  on ly  po l  i cy  too l  the  cont ro l  le r

possesses .  The quant i t y  h ,  i s  the  share  o f  h  wh ich  is  embedded in  the

f ina l  consumpt ion  bund le  o f  person i  in  the  per iod  spec i f ied ,

The op t ima ' l  dep le t ion  pa th  i s  one wh ich  so lves  the  prob lem:

> 0

rr
I t ' ( t )

d

h i  ( t )

(2)  Mur f^Tu- t tw1t ' ( t ) )d t  +  t^ t (T)
h  J "

sub jec t toR=-h( t ) ,

d t  <  R (0 ) ,  and

fo r  a l l  i  and  t ,

where  R is  the  s tock  o f  the  resource  ava i lab le ,  r  i s  the  soc ia l  ra te  o f

t ime pre ference,  and h I (T)  i s  a  f ina l  func t ion  spec i fy ing  the  leve l  o f

we l fa re  poss ib le  w i thout  the  resource .  The prob lem in  equat ion  2

determines  a  leve l  o f  resource  use  eacn Der iod  tha t  max imizes  tne

d iscounted  present  va lue  o f  we l fa re ,  tak ing  in to  account  the  a l loca t ion  o f

the  g iven resource  across  the  n  consumers .  The equat ions  so lve  th is  leve l

fo r  each per iod  in  t ime sub jec t  to  the  res t r i c t ions  tha t  (a ) ,  the  resource

s tock  is  decreased by  the  leve l  o f  cument  consunpt ion ,  (b ) ,  cumula t jve

consumpt ion  over  t jme cannot  exceed the  ava i lab le  s tock ,  and (c ) ,

consumpt ion  each per iod  is  nonnegat ive .
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The Eu ler  equat ion  can be  der ived  w i th  the  a id  o f  the  present  va lue

Hami 1 toni an ,

(3)  H( t )  = e-r tw(r r ( t ) )  -  r ( t )h( t ) .

Since aHia R = -  i ( t )  =  0 ,  t r is  not  a  funct . ion of  t ime.  Therefore,
' l -  ho  an r reJ ' i nn

(4)  a t ' /ah  =  - " - r tp r ( ! t ) )  - r=  0 ,

def ines  the  Eu le r  equa t jon .  S ince  u - r tw ,  1 l1 t ;1  i s  equa l

cons tan t ,  \ , the  Eu ler  equat ion  spec i f ies  a  pa th  sa t is fy ing

(s , )  e - r ( t - s ) l t ,  ( ! ( t ) )  =  w , (h (s ) ) ,

o r  equ i  va l  en t l  y :

t ' J ' (h )\r/ II'Th-i 
= r-

to

can

In

be

cont ras t ,  the  or ig ina l  soc ia ) ly  op t ima l  pa th  der ived  by  Hote l l  ing

wri t ten :

i , r t tto/ FiTi 
= r,

where  P is  the  pr ice  o f  the  resource  ne t  o f  ex t rac t ion  cos ts  (assumed

constan t  )  .  Th i  s  l  a t te r  ru l  e ,  tha t  the  ne t  p r i  ce  o f  the  resource  shou ld

r ise  a t  the  ra te  o f  d iscount ,  i s  a  spec ia l  case o f  5  when h l (h )  i s  de f ined

by  aggregate  consumer  surp lus  because rnarg ina l  soc ia l  we l fa re  i s  equa l  to

the  pr ice  a long the  demand curve .  Equat ions  5  and 6  are  no t  equ iva len t  i f

the  marg ina l  soc ia l  we l fa re  func t ion  is  no t  p ropor t iona l  to  the  aggregate

demand curve  fo r  a l I  p r ices  a t  wh ich  some consumpt jon  occurs .  To
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demonst ra te  the  cond i t ions  under  wh ich  5  and 6  d i f fe r ,  i t  j s  use fu l  ro

examine the two person case.

2 ,2 .  The Two Person Case

For  two persons ,  the  we l fa re  func t ion ,  [ ^ l (h ) ,  can  be  wr i t ten  as

(7 )  l . l (h )  =  l , l (uA(hA) 'uB(hB) )

where  UA(hA)  and UB(hB)  a re  the  u t i ' l  i t i es  der ived  f rom ind iv idua l

consumption of the r"esource by A and B respectively. Equation 5' impl ies

that

alJ  duA( t )  dhA( t )  ,  a | , l  duB( t )av l  duA( t )  dhA( t )  ,  aN duB( t )  dhB( t )
aq ' dqriT ' ah-rir * 4' 

' d6GT 'dFftT =

_r(s_t)  a l . l  duo(s)  dhA(s)  .  a l ' . I  aur(s)  anr(s)
e ah- 

'd-qfsT 'a--h1-sT * au;' dh;CsT 'diTsf

Let  soc ia l  we l fa re  in  any  per iod  be  approx imated by

(e) r,r(!(t)) = *o /lor,ro, * n, /lurrro,Jo Jo

where  DO(hO( t ) )  t s  t t re  demand curve  fo r  consumer  A,

DB(hB( t ) )  i s  the  demand curve  fo r  consumer  B,  and

wA and wB are  the  we igh ts  ass igned to  A  and B respec t ive ly .

Equat ion  9  i s  a  soc ia l  we l fa re  func t ion  in  wh ich  we l fa re  i s  approx imated

by  the  we igh ted  sum o f  consumer  surp luses .  For  th is  case,  op t ima l i t y

woul <i requi re
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(10 '  )  e- r t fwos( t )+ wr(1-s( t ) )1r( t )  =

[wos(0)  +  we(1-s(0)  ) ]P(0) '

or ,  to  use the a l ternat ive form in  equat ion 5 and rearranging terms ,

r^r ' ' (h)  P S[wr-wsl
(1u/ lTffi = P - ITW + will:Tlf r

where  s ( t )  i s  de f ined by  dhO/dh and ( l -s ( t ) )  i s  de f ined by  dhr /dh .

Us ing  equat ion  10 ,  i t  i s  c lear  tha t  d j f fe rences  be tween the

compet i t i ve  and soc ia l l y  op t ima l  p r ice  pa ths  deve lop  i f  wo does  no t  equa l

wB or  i f  3  i s  no t  equa l  to  zero .  I f  wO.  w,  (as  w i l I  be  assumed th roughout

th is  sec t ion) ,  then d i f fe rences  depend on  the  s ign  o f  3  (no te  tha t  the

denominator ,  wAs +  (1 -s )wB,  i s  g rea ter  than zero) .  I f  3 .0 ,  imp ly ing  tha t

the  share  o f  an  add i t iona l  un i t .  o f  h  consuned by  person A dec l  ines  as  the

pr ice  o f  h  inc reases ,  the  op t ima l  p r ice  pa th  i s  s lower  than the

compet i t i ve  pa th .  The oppos i te  i s  t rue  i f  i ' 0 ,  imp ly ing  tha t  consumers

wi th  low we igh ts  have increas ing ly  more  jne las t ic  dernands than those w i th

h igh  we igh ts  as  the  pr ice  
" i r . r . f /

Equat ion  10  demonst ra tes  tha t  Hote l l ing 's  compet i t i ve  p r ic ing  ru le  i s

soc ia l l y  op t ima l  i f  there  is  no  we l fa re  we igh t ing ,  o r  i f  demand func t ions

by  a l l  househo lds  are  propor t iona l .  Fur thernore ,  p ropor t iona l i t y  rnus t

ho ld  fo r  a l l  p r i ces ,  i . e . ,  Ho te l l i ng 's  compet . i t i ve  pa th  w i l l  no t  be

opt ima l  i f  some househo lds  have zero  consunpt ion  a t  h igh  pr ices  (wh i le

o thers  a re  s t i l l  consuming)  and ye t  have pos i t i ve  consumpt ion  a t  lower

pri  ces .
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Di f fe rences  in  the  pr ice  pa ths  can be  shown graph ica l l y  us ing  a

four -quadrant  d iagram,  Assuming tha t  two a l te rna t ive  func t ions  ! ' l (h )  and

l , l * (h )  ex is t  and are  concave in  h ,  the  op t j rna l  dep le t ion  pa ths  . imp l ied  by

the two functions can be compared.

Le t  t ^J (h)  be  aggregate  consumer  surp lus ,  wh i le  W"(h)  app l ies

d i f fe ren t ia ' l  we l fa re  we igh ts .  Assuming tha t  3  <  0  (wh. ich  aga in  imp l  ies

tha t  B 's  share  o f  consumpt ion  o f  the  marg ina l  un i t  . inc reases  as  the  pr ice

o f  h  r i ses  over  t ime) ,  equat ion  10  imp l  ies  tha t  the  soc ia l l y  op t ima l  p r ice

path ,  P* ,  shou ld  g row a t  a  s lower  ra te  than the  compet i t i ve  pa th ,  p .

The e f fec t  on  consumpt . ion  is  shown in  F igure  l .  The two pr ice  pa ths

are  shown in  the  f i rs t  quadrant ,  and the  marke t  demand (wh ich  a l loca tes

the  resource)  i s  shown in  the  second quadrant .  The th i rd  quadrant  maps

consumpt ion  f rom the  pr ice /quant i t y  d . imens ion  to  the  quant i t y / t ime

d imens ion ,  shown in  quadrant  four ,  Th is  las t  quadrant  maps the  aggregate

consumpt' ion path over t . ime for each price path.

The optinal price and consumption paths shown in the f igure are

deter rn i  ned us ing  two equat ions .  F i rs t ,  the  s lope o f  each pr . i ce  pa th

sa t is f ies  the  ru . le  der ived  in  equat ion  10  tha t  marg ina l  soc ia l  we l fa re

r ises  a t  the  d iscount  ra te .  Second,  endpo. in ts  ( in i t ia l  and f ina l  p r ices)

are  f i xed  us ing  the  Eu ler  equat ion  and the  resource  cons t ra in t .  Th is

cons t ra in t  i s  represented  graph ica l l y  by  the  area  bounded by  the  func t ion

in  quadrant  IV  and the  axes  and represents  cumula t ive  use  over  t ime.  Th is

cunulat ive use cannot exceed the total stock of the resource which is

ava i lab le .
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Figure 1; Comparison ol price and
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Given the  pr ice  pa ths ,  endpo in ts  can be  es tab l i shed by  choos ing  an

in j t ia l  p r ice ,  app ly ing  the  Eu ler  equat ion ,  and compar ing  the  to ta l  s tock

consumed cond i t iona l  on  tha t  s ta r t ing  po in t  to  the  to ta l  s tock  ava i lab le .

I f  the  aggregate  use  over  t ime exceeds ( i s  less  t .han)  the  to ta l  s tock ,  the

s tar t ing  pr ice  is  ra ised  ( lowered)  so  tha t  consumpt ion  in  a l1  per iods  is

decreased ( ' inc reased) .  Th is  p rocedure  is  fo l lowed un t i l  the  s ta r t ing

pr ice  and the  Eu ler  equat ion  exac t ly  exhaust  the  resource  s toc t . t /

Because the  pr ice  pa th  fo r  the  soc ia l l y  op t ima l  case is  s lower  than

the  compet i t i ve  pa th ,  the  consunpt ion  pa th  fo r  H* (h)  supp l  ies  less  o f  the

resource  than wou ld  resu l t  f ro rn  W(h)  in  the  in i t ia l  per iods ,  In  la te r

per iods ,  however ,  the  quant i t y  supp l  ied  in  the  soc ia l l y  op t ima l  case

exceeds tha t  supp l ied  in  the  compet i t i ve  case.

The imp l ica t ion  o f  F igure  l  and equat ion  10  is  tha t  a  un ique op t ima l

pa th  ex is ts  fo r  each we l fa re  func t ion .  The "op t jma l  , '  dep le t ion  pa th

genera ted  by  per fec t  compet i t ion  is  soc ia l  1y  op t ima l  i f  and  on ly  i f  the

marg ina l  soc ia l  we l fa re  func t jon  t^ l ' (h )  i s  p ropor t iona l  to  the  aggregate

demand curve .  Thus ,  the  ru le  tha t  the  ne t  resource  pr jce  shou ld  r j se  a t

the  ra te  o f  d iscount  i s  no t  necessar i l y  an  op t ima l  ru le  un less  aggregate

consumer  surp lus  i s  an  acceptab le  we l fa re  rneasure .

3 .  Second 0rder  Cons idera t ions

To th is  po in t ,  i t  has  been assumed tha t  the  we l fa re  func t ions  are

concave in  resource  consumpt ion .  The use o f  unequa l  we l fa re  we igh ts ,

however ,  can  resu l t  in  convex  we l fa re  func t jons .  To  s imp l i f y  the

nota t ion ,  the  t ime subscr ip t  w i l l  be  suppressed wh i le  examin ing  concav i ty

cond i  t i  ons .
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Concav i ty  requ i res  tha t  b l ' ( I )  z  O and l , . l , ' (h )  s  0 .  Assuming tha t  there

is  no  sa t ia t ion ,  i t  i s  no t  necessary  to  look  a t  the  case where  i { " (n1=g.

The prob lem,  there fore ,  i t  to  show cond i t ions  where  W,( t r )  r  O-  ana

t , l " ( t r )  .6 .

The f i rs t  o rder  cond i t ion  fo r  a  max imum requ i res  tha t

(11)  d[ l^ l (u l , . . . ,un) l /an = o.

Carry ing  ou t  the  d i f fe ren t ia t ion  y ie lds :

(12)  (au la6r1 (du1 /dh1) (dh l /dh )

+. . .+(awlaun)  (dun/dhn) (dhn/dh)  =  0 .

The express ion  0W/0U,  i s  g rea ter  than zero  fo r  a l l  i  as  long as  the

wel fa re  func t ion  does  no t  ass ign  negat ive  va lues  to  the  u t i l i t y  o f  some

persons .  The second te rm in  each produc t ,  du j /dh i ,  i s  pos i t . i ve  as  long as

ut i  l j t y  inc reases  monoton ica l  l y  w i th  add i t iona l  consumpt ion  o f  tne

resounce.  The express ion  dhr /dh  . i s  pos i t . i ve  fo r  a l l  . i  i f  persons  inc rease

the i r  own use o f  the  resource  as  a  un i t  o f  h  i s  added.  I f  h  i s  a l loca ted

by  a  p r ice  mechan ism,  th is  cond i t ion  s imp ly  requ i res  tha t  the  der ived

demand curves  fo r  a l l  consumers  s lope downward .  (Equat ion  12  wou ld  a lso

be sa t is f ied  as  long as  some ind iv idua ls  have downward  s lop ing  demand

curves  and are  ab le  to  ou twe igh  those w j th  upward  s lop ing  demands) .

The su f f i c iency  cond i t ion  fo r  the  Eu ler  equat ion  requ i res  t , l " (h )  <  0 .

To s i rnp l i f y  the  no ta t ion ,  le t  w i=  AW/AIJ :  he  a  we l fa re  we igh t  fo r  consumer

i ,  le t  l ' lU .=dUr /dh '  and le t  dhr /dh=sr (h) .  Equat ion  12  can be  rewr i t ten  as
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(12 ' )  w ' ( ! )= :  (w . '  .  MU,  .  s i (h ) )

i

To further simpli fy the prob' lem, let w. '

h .  For  the  Eu ler  equat ion  in  equat ion

and su f f i c ien t  fo r  12 '  to  be  sa t is f ied

be independent of the magnitude of

5  to  be  op t ima l  ,  i t  i s  necessary

and

(13)  !1 " ( -L )= :  w . i .  [ (dMUi /dh)  .  s . , (h )  +  MU,  .  (ds . i (h ) /dh )1 .0 .

Def ine  the  express ions  l - (dMUi /dh)  .  s i (h ) l  as  J ,  and IMU. '  .  (ds . '  (h ) /dh)_ l

as  K.  S ince  s r (h )  cannot  be  less  than zero  ( tha t  wou ld  imp ly  tha t  i t

wou ld  be  poss ib le  to  use  negat ive  amounts  o f  h ) ,  d imin ish ing  marg ina l

u t i l i t y  o f  consumpt ion  is  a  su f f i c ien t  cond i t ion  to  make J  negat ive  fo r

a l  I  i .

The sign of K is arnbiguous. The value of l ' !U., is greater than zero by

assumpt ion .  The second te rm in  K ,  dsr (h ) /dh  ( the  ra te  a t  wh ich  person i

inc reases  consumpt ion  o f  h  as  to ta l  consumpt ion  inc reases) ,  however ,  i s

l i ke ly  to  d i f fe r  depend ing  on  the  ind iv jdua l ' s  p re fe rence fo r  goods  wh ich

use h  in tens ive ly  versus  goods wh ich  do  no t  use  h  in tens ive ly .  I f  s . (h )

does  no t  change w i th  h  ( i ,e .  ,  consuners  cont inuous ly  purchase the  same

share  o f  each new un i t  o f  h ) ,  then ds . , /dh=0,  and K=0.  Fur thermore ,  i f

ds . r /dh .0  fo r  persons  w i th  h igh  we l fa re  we igh ts ,  o r  h igh  MU re ' la t i ve  to

those w i th  dsr /dh  >  0 ,  then K is  less  than zero  and l ^1" (h )<  0 .  F ina l l y ,

even i f  K '0 ,  as  long as  lE  w,  J  |  '  lE  w. i  K  |  ,  t i j (h )  w i l l  s t i l l  be  concave.

For  the  spec ia l  case where  soc ia l  we l fa re  in  a  per iod  is  de f ined by

aggregate  consumer  surp lus ,  the  Eu ler  equat ions  are  op t ima l  .  Def in ing
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for  h  by  consumers ,  the wel fa re  func t i  on  is

(14) r.r(!)
n
D(z )dz .

0pt ima l i t y  i s  assured  as  long  as  D(h )>0  and  D ' (h ) .0  fo r  a l l  l eve ls  o f  h .

G iven nonnegat ive  pr ices  and downward  s lop ing  demand curves ,  the  pa th

descr ibed by  Hote l l  ing 's  ru le  i s  op t ima l  .

4 .  Second 0rder  Cond i t ions Rent and the Two Person Case

The soc ja - l  we l fa re  func t ion  is  a lso  a f fec ted  by  the  inc lus ion  o f

unequa l  we l fa re  we igh ts  fo r  d i f fe ren t  consumers  i f  ren ts  f rom the  sa le  o f

the  resource  are  d is t r ibu ted  d ispropor t ionate ly  to  d i f fe ren t  g roups .  In

the  unweigh ted  case,  the  d is t r ibu t ion  o f  ren ts  had no  impact  on  the

so lu t ion  because the  soc ia l  va lue  o f  a  do l la r  o f  ren t  was  the  same fo r  a l l

househo lds .  When d i f fe rences  in  we igh ts  a re  a l lowed,  however ,  a  do l la r  o f

ren t  rece ived by  househo ld  A  may have a  d i f fe ren t  soc ia l  va lue  than a

do l la r  o f  ren t  rece ived by  househo ld  B .  As  a  resu l t ,  un less  each

househo ld  rece ives  a  lump sum t rans fer  equa l  to  the  ren t  der ived  f rom i ts

expend i tu re  on  the  resource ,  the  soc ia l  we l fa re  func t ion  must  a lso  take

in to  account  the  fac t  tha t  consumpt ion  a lso  imp l  ies  a  t rans fer  o f  wea l th

th rough scarc i ty  ren ts ,

The imp l ica t ions  o f  us ing  we l fa re  we igh ts  on  the  op t ima l  dep le t ion

path can be shown by modifying the social welfare function defined in the

prev ious  example  to  incorpora te  ren t .  Rent  in  th is  case is  de f jned as  the

o
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djfference between the price charged for h and the marginal extract ion

cos t  (assumed to  be  zero  in  th is  example) ,  mu l t ip l ied  by  the  quant i t y

consumed by  A and B.  I f  the  ren t  f rom person B 's  consumpt ion ,  n ( t )h r ( t ) ,

i s  d is t r jbu ted  to  A ,  then the  measurement  o f  we l fa re  de f ined jn  9  w i l  I  be

i n correct .

To  inc lude the  poss ib i l  i t y  tha t  ren t  w. i l l  be  red is t r ibu ted ,  the

wel fa re  we igh ted  func t ion  in  g  can be  redef ined as

(15) r ,r*( !)  = -  c  (wr-wO) hrP,

where  the  parameter  c  (0  =  c  <  1 )  i s  the  f rac t jon  o f  B 's  ren t  t rans fer red

to  A  by  v i r tue  o f  A 's  la rger  ownersh ip  share  o f  the  resource .  I f  c=0,

then the  prob lem co l lapses  to  the  prob lem presented  above jn  9 .  The f ina l

te rm jn  15  represents  the  new we igh t  p laced on  the  ren t  der ived  f rom B,s

consumpt ion  when par t  o f  i t  i s  d is t r ibu ted  to  A .  (person A is  assumed ro

own a larger shane of the resource than B, although the natur.e of the

problem is unaffected i f  roles are reversed). The term (wr-wn) is the

wejgh t  app l  ied  to  the  ren t  f rom B 's  consumpt ion  o f  h  and Dr (hr )h r ( t )  i s

the  magn i tude o f  tha t  ren t  a t  t ime t .V

Di f fe ren t ia t ing  15  w i th  respec t  to  h  y ie lds

h^  h^
- A  - 6

woJ DoQ)dz + wr; f  Dr(z)dz
oo

( t01 t^ l * ' (h )  =  (wo.  s+wr .  (1-s) )p  -  c (wu-wo) [ (dp ldh)hB + (1-s)p ] .

The effect of adding rent to the model on the optimal

in  the  f ina l  te rm.  I f  c=0 or  wA=wB,  then the  f ina l

op t ima l  pa th  i s  tha t  spec j f ied  jn  10 .  As  long as

De seen

and the

term l 's

use

term

the

path can

van i  s  hes

f ina l
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nonzer0 ,  however ,  the  op t ima l  pa th  i s  a ' l te red  by  tak ing  in to  account  the

d is t r ibu t ion  o f  ren ts .  (Note  tha t  [ , | * '  >  0  s ince  (1 -s )  and c  a re  bo th  in

the  jn te rva l  t0  ,11  )  .

Equat ion  16  can be  d i f fe ren t ia ted  w i th  respec t  to  h  to  y ie ld  the

necessary second order cond i  t i  on :

( iz1 (wos+wr(1-s)) | f i  + zc(wr-wo)(1-s)dpldh <

. 2  9 .(wu-wO)L-c (d 'P /dh '  )hB +  p(  l+c )  (ds /dh)  l .

I f  c=0 or wO=w* then the r ight hand side term vanishes and downward

s lop ing  demands fo r  A  and B and pos i t i ve  we l fa re  we igh ts  a re  su f f i c ien t ,

l l i t h  c .0  and  wU> wA,  i t  i s  poss ib le  tha t  17  w i l l  no t  be  sa t i s f ied .

Concav i ty  in  17  depends on  the  re la t i ve  s lopes  o f  the  demands by  A and

B fo r  h .  As  long  as  dP ldh<  0  ( i .e , ,  demand s lopes  downward) ,  the  le f t

hand s ide  o f  17  is  less  than zero .  S ince  (wr -wO)  t  0  by  assumpt ion ,  a

su f f i c ien t  cond i t ion  fo r  concav i ty  i s  fo r  the  te rm jn  b rackets  on  the

r igh t  hand s ide  to  be  pos i t ' i ve .

The f irst term in the bracket depends on the curvature of the

aggregate  demand cunve,  I f  the  demand curve  is  approx imate ly  l inear ,  then

the  f i rs t  te rm is  ins ign i f i can t .  Fur thermore ,  the  s ign  may be  pos i t i ve  o r

negat ive .  The f ina l  te rm,  however ,  i s  negat ive  when consumer  B has  a  more

ine las t ic  demand curve  fo r  h  than A:  because the  demand curve  fo r  B  is

nore  ine las t ic  than the  aggregate  demand curve ,  more  o f  an  add i t iona l  un i t

o f  h  w i l l  go  to  A  than to  B .  As  a  resu l t ,  the  share  o f  B 's  marg ina l

consumpt ion  inc reases  as  h  fa l l s .  In  o rder  to  v io la te  concav j ty
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cond i t ions ,  however ,  j t  j s  necessary  fo r  th is  f ina l  te rm to  be  re la t i ve ly

la rge  ( tn  abso lu te  va lue)  so  as  to  o f fse t  the  o ther  te rms in  tne

express ion .

Hote l l ing 's  ru le ,  there fore ,  can  break  down i f  there  is  a  la rge

d iscrepancy  in  we l fa re  we igh ts ,  most  o f  the  ren t  accrues  to  persons  w i th

low we igh ts ,  and persons  w i th  h igh  we igh ts  have re la t i ve ly  ine las t i c

demand curves .  Cons ider  the  ex t reme case w i th  a  per fec t l y  ine las t i c

demand curve for B and al l  rent transferred to person A. I f  the price of

h  inc reases ,  an  amount  equa l  to  the  pr ice  change t imes the  quant i t y

demanded (wh ich  is  f i xed)  becomes producer  surp lus  ( ren t )  ra ther  than

consumer  surp lus .  I f  p roducer  surp lus  rece ives  a  lower  we igh t  than

consumer  surp lus  fo r  B ,  we l fa re  ' in  the  per iod  wou ld  be  decreased a t  an

' inc reas ing  ra te .  In  o ther  words ,  I , l (h )  w i l l  no t  be  concave in  h  i f  an

increas ing  propor t ion  o f  consumer  surp lus  p lus  ren t  goes  to  persons  w i th
' low 

we igh ts ,  and persons  w i th  h igh  we igh ts  have re la t i ve ly  ine las t i c

demand curves .  I f  | , l (h )  i s  no t  concave in  h ,  then Hote l l ing 's  ru le  fa i l s

the  su f f i c iency  c r i  te r i  on .

5 .  Imp l  i ca t ions

The resu l ts  o f  th is  ana lys is  have in te res t ing  imp l ica t ions .  Consumer

groups ,  such as  the  C i t i zens /Labor  Energy  Coa l i t ion  and the  Energy  Ac t ion

Educat iona l  Foundat ion  (1981)  have argued fo r  ma in ta in ing  pr ice  cont ro ls

on na tura l  gas  to  keep the  pr ice  be low marke t  leve ls  on  the  grounds tha t

such a  po l i cy  he lps  the  poor ,  Assuming tha t  the  soc ia l  we l fa re  func t ion

is  concave,  the  resu l ts  o f  th is  exerc ise  seem to  imp ly  the  oppos i te :  as
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long as  the  poor  have re la t i ve ly  less  e las t . i c  demands fo r  na tura l  gas  and

are  ass igned h igher  we l fa re  we igh ts ,  the  bes t  way  to  he lp  the  poor  may be

by  encourag ing  h igher  cur ren t  p r ices .

In tu i t i ve ly ,  low income consumers ,  j t  i s  assumed,  a re  hur t  more  than

the  wea l thy  fo r  each un i t  o f  decreased consumpt ion  o f  na tura l  gas .  A

recofimendation of high prices assurnes that current prices are below tne

soc ia l  va lue  o f  the  marg ina l  un i t  o f  na tura l  gas .  Fur thermore ,  the

so lu t ion  must  a lso  cons ider  consumpt ion  by  fu tu re  genera t . ions  o f  poor .  By

go ing  to  the  "soc ia l l y  op t ima l ' r  pa th  - -  w i th  h igher  near - te rm pr ices  and

less  near - tenn consumpt ion  today 's  poor  su f fe r  so  tha t  fu tu re

generations of poor are better off .  A pol icy of price controls below

market  leve ls ,  on  the  o ther  hand,  harms in te r tempora l  soc ia l  we l fa re  by

encourag ing  excess ive  consumpt ion  today  ( in  add i t ion  to  d iscourag ing

conserva t ion  and new techno log ies) ,  a t  the  cos t  o f  fu tu re  consumpt ion .

Th is  p rescr ip t ion ,  however ,  must  be  tempered by  o ther  fac to rs .  F i rs r ,

the  cho ice  o f  a  d iscount  ra te  i s  c r i t i ca l .  I f  a  d iscount  ra te  approach ing

in f in i ty  i s  used,  fu tu re  consumpt ion  does  no t  con t r ibu te  s ign . i f i can t ly  to

soc ' ia l  we l fa re ,  so  a  po l i cy  o f  1ow pr ices  wou ld  max imize  the  present  va lue

of  soc ia l  v {e l fa re  by  he1 p ing  the  cur ren t  genera t ion  o f  consumers .  Secono,

cos ts  o f  ad jus tment  need to  be  taken jn to  account .  Rather  than pursu ing

bang-bang op t ima l  con t ro l  ( i .e . ,  mov ing  f rom cur ren t  p r ices  to  op t ima l

pr ices  immedia te ly ) ,  phased deregu la t ion  programs may be  pre fer red .

Because i t  j s  cos t ly  and t ime consuming to  change f rom gas  use to  o ther

energy  fo rns ,  i t  cou ld  be  argued tha t  ex tens ive  soc ia l  cos ts  wou ld  occur

w i th  an  immedia te  swi tch  to  a  "soc ia l l y  op t ima l "  pa th .
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F ina l l y ,  the  d is t r ibu t ion  o f  ren ts  f rom the  sa le  o f  na tura l  gas  cou ld

a lso  a f fec t  the  op t ima l  pa th .  I f  ren ts  a re  heav i  l y  d is t r ibu ted  to  upper

jncome households away from low income households, consumer groups may

argue tha t  a  po l  i cy  o f  ho ld ing  down cur ren t  p r ices  max imizes  soc ja l

we l fa re ,  because the  soc ia l  we l fa re  func t ion  may be  convex .
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Footnotes

1. The debate surrounding the use of aggregate consumer surplus can be

found in  Harberger  (197 i ) ,  i l i l l  i 9  (1976) ,  Burns  (1973) ,  Boadway

(1974) ,  and  S i lbe rberg  (L97?) .

So low (1974) ,  fo r  example ,  exper imented w i th  the  concept  o f  a

"Rawls ian"  in te r tempora l  soc ia l  we l fa re  func t ion ,  H is  approach re1  ied

on us ing  the  d iscount  ra te  to  re f lec t  soc ie ty 's  eva lua t ion  o f  the

re la t i ve  marg ina l  u t i l i t i es  o f  d i f fe ren t  genera t ions .

In  th is  ana lys is ,  i t  j s  assumed tha t  the  re la t i ve  demand func t ions  o f

d i f fe ren t  consumers  are  s ta t ionary  over  t ime.

Given the  cons t ruc t ion  o f  th is  mode l  ,  w i th  zero  ex t rac t ion  cos ts ,  a

f in i te  choke pr ice ,  and known reserves ,  the  s tock  o f  reserves  can be

shown to  be  dep le ted  comple te ly  jn  f in i te  t ime.  (See Dasgupta  and

Hea l  (  1974) ) .

The we igh t  wr -wO is  used ra ther  than wA to  avo id  count ing  the  ren t

f rom B 's  consumpt ion  tw i  ce .

?

4.
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